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Nonparabolic Asymptotic Limits of Solutions of the
Heat Equation on RY
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In thisﬂpaper, we construct solutions u(r, x) of the heat equation on RV such
that tfu(t,xtﬂ) has nontrivial limit points in CO(RN) as t — oo for certain
values of >0 and B> 12. We also show the existence of solutions of this
type for nonlinear heat equations.
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1. INTRODUCTION

In this paper, we study the long time behavior of solutions of the heat
equation

u; — Au=0

in RN with respect to nonparabolic rescalings. In the analysis of the
asymptotic behavior of global solutions (in time) of parabolic evolution
equations in RV, one often encounters solutions which decay to 0 as
t — oo. In the case where this decay is power-like, the finer asymptotic
behavior is often studied after applying a rescaling. There are two ways to
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carry out such a rescaling. On the one hand, one considers the behavior
as t — oo of a spatially rescaled version of the solution, for example

v(t, x) =t%u(t,x\/;),

where u(z, x) is a solution. The hope is that the rescaled solution wv(z, -)
will converge to some function f. In this case, undoing the rescaling gives
the first term of an asymptotic development of u(z,-) as t — oo, in terms
of f. On the other hand, one can study the limit of space-time dilations
of the solutions, for example

u; (t, x) = M u(A2t, Ax)

as A — oo. If the transformation u+> u; leaves invariant the set of solu-
tions, then any limit of the u; as A — oo should also be a solution. In this
case, since u ;(1,x) =v(r,x), these two limiting procedures are formally
equivalent. Indeed, if v(¢,-) — f, then at least for ¢ > 1 u, (¢, x) > w(t, x)
as A — oo, where w is the solution with w(l,-)=f.

The first of these two procedures was extended by the authors in
[2-4] and by Vazquez and Zuazua [9] to allow different limits of v(z, x)
along different sequences 7, — oo, all with respect to the same rescaling.
In [5-7] the authors proved the existence of solutions of the heat equation
which have different rates of decay along different sequences ¢, — co. Such
a solution admits different limits of t%u(t,xﬁ) along different sequences
t, — oo and for different values of .

The spatial dilation x — x4/ comes from the invariance properties of
the heat equation: if u(z, x) is a solution, then so is u; for all A>0. The
purpose of the present paper is to investigate limits of t%u(t,xtﬁ) along
sequences t, — oo where u is a solution of the heat equation and 8 >0
is not necessarily equal to 1/2. Surprisingly, we find that certain solutions
of the heat equation give rise to nontrivial limits of this sort. Also, in this
case the corresponding space-time dilations A*u(A%f, A2/ x) no longer leave
the set of solutions invariant. Nonetheless, we also find nontrivial limits
along sequences A, — 0o. These limits are all with respect to the uniform
topology on R, which is the natural one to use because of the smoo-
thing effect of the heat semigroup. Indeed, using weaker topologies, one
can obtain limits which clearly are not related to the genuine asymptotic
properties of the solution. See Remark 2.3.

At this point, we give precise definitions of the objects we study. The
heat semigroup (e'®);=9 on R is given by

li—y[?

u(t,x):e’Auo(x)=(4nt)7%/Nefiluo(y) dy (1.1)
R
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for up € Co(RM) and r>0. We want to consider the limit points in Co(RY)
of t2u(t,xt?) with u,8 >0 (and in particular B # 12). Therefore, we
define

" (up) = { f € Co(RN); 3, — 00 sit. D“ffe’”Auo — fin L®[®RM)),
n n—oo

(1.2)
where the dilation Dﬁf s given by
DIPw(x) = 1w (xa?P) (1.3)
for all u, B,2>0, and so
D%et"Auo =tn%u(tn, -tf). (1.4)
We define the space-time dilation I“; P by
TP ug)(t, x) = 2 u (2, x12P) (1.5)

for all u, B, 2 >0 where u(z, -) =e'®ug(-), and the corresponding w-limit set
y"P (up) ={heC((0,00), Co(RN)); In, — 00 st. T1Pug — h
n n—o0

in L®((e,T) xR") for all 0 <& <T < o0}.
(1.6)

As mentioned above, if =12 the transformation I'} # leaves invariant the
set of solutions of the heat equation. This is equivalently expressed by the
commutation relation

1 - 1
Df’zem — T ZADI;’z (L.7)

for all w, A > 0. For arbitrary 8 > 0, the following generalization of (1.7)
holds:

o (1.8)

for all 7, u, 8, A >0, as can verified by an elementary calculation. In addi-
tion,

2 2-4p
[Ff\}“’ﬂuo](t, ~)_—Df\"ﬁ[e)‘ Bugl=e A[fo’ﬂuo] (1.9)
and in particular
1-28
Df;’;‘gem = AD%ﬂ (1.10)

for all ¢, u, B, 2> 0.
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If B <12, then formally PN 50 as 1 0. Thus, by (1.10), if

D’fﬁﬁ uo is bounded in some sense, the limit in (1.2) is 0. In other words,

one expects that if 0 <p <1/2, then either w"# (ug) =0 or else WP (ug) =
{0}. This turns out to be true, see Theorem 4.1. On the other hand, if 8>
12, then 112 — 0 as t — 0o so that formally e A 1d as 1 0. Thus,
formally again, the limit points in (1.2) are the limit points of D" ’lﬂ ug. The
precise situation is more delicate, see Theorem 5.6 and its proof (and in
particular formula (5.43)).

From another point of view, wzFf A ug is a solution of

B,w =k2_4ﬁAw.

Thus, by a formal passage to the limit, one would expect that if & €
y*F (up), then

Ah=0 if B<1p2,
dh=0 if p>10.

Since the only harmonic function in Co(R") is 0 one expects that if g <12
then either y*#(ug) =0 or y*P(ug) ={0}. This turns out to be true, see
Corollary 3.2. On the other hand, if g > 12 it follows formally that if
hey*B(up), then h is constant in time. This is also true, see Proposition
3.1 (iii). The surprising fact, and this is the main point of the paper, is that
if > 12 then y*#(ug) (and w*#(ug)) can nonetheless be highly nontri-
vial. (See Theorems 5.1 and Corollary 6.3.) Furthermore, if f gw“*ﬁ (uo),
f#0 and D%“,’I”Auo—) f in Co(RY), then for any g’ #8, D% e"“ugy has
no limit points in Co(RY). It follows that the full asymptotic behavior of
e'®ug is not completely described by the standard parabolic rescaling. See
Remark 5.5 for a further discussion of this point.

The rest of the paper is organized as follows. In Section 2, we show
that nothing new for B # 12 is obtained if we allow only full limits in
Definitions (1.2) and (1.6). (see Proposition 2.1.) It follows that allowing
convergence along sequences A, — 0o or t, — oo is essential to our ana-
lysis. In Section 3, we study the interplay between the limits in Defini-
tions (1.2) and (1.6). As a consequence, we show that if 0 <8 < 1/2, then
y*B(up) is either empty or trivial. (see Corollary 3.2.) In Section 4, we
conclude the study of the case 0 < 8 < 12 by showing that w*f(ug) is
either empty or trivial (see Theorem 4.1.). Sections 5 and 6 constitute the
heart of the paper, where we study the case g > 1/2. In Theorem 5.1 and
Corollary 6.3, we construct initial values ug e Co(RV) for which y*# (ug)
and w"#(ug) are nontrivial for some values of e (0, N) and > 12. In
Section 7, we give an analogous result for > N but only for oscillatory
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solutions (see Theorem 7.2.). Finally in Section 8, we show a result ana-
logous to Theorem 5.1 for the nonlinear equation u, — Au + |u|*u=0 (see
Theorem 8.1).

2. LIMITS AS 1L — o0

The purpose of this section is to prove that if we only allow limits
as A— oo or as t — oo in Definitions (1.6) and (1.2), then nothing new is
obtained if B #1/2. More precisely, we prove the following result.

Proposition 2.1.  Suppose w, >0, B#£12. Let ug, f € Co(RN) and let
h e C((0, 00), Co(RN)).

W If
tult, ~tﬂ)t—o>of Q2.1
in Co(RN), then f=0.
() If
Mu(Ae, .xzﬂ)A—> h(t, ) (2.2)

in C([e, T1, Co(RN)) for all 0 <& <T < oo, then h=0.

The proof uses the following lemma, which depends only on scaling
properties.

Lemma 2.2. Let B, ;>0 and u € C((0,00), Co(RN)). The following
properties are equivalent.

(i) There exists f € Co(RN) such that (2.1) holds.
(ii) There exists he C((0,00), Co(RN)) such that (2.2) holds.

In additon, if these properties are true, then h(t,x) =13 f(xt=Py for all
t>0 and x eRV.

Proof. Note first that property (il) implies property (i) by setting
t=1 in property (ii).
Next, assume property (i) and define

w; (8, x) =M u(A’t, 3% x). (2.3)
If we set t =22, then
w(t, )=t~ Tt Tu(r, P (xtP)) — 177 f(xtP) (2.4)
T—> 00

in Co(RY), uniformly for ¢ €[e, T]. This concludes the proof. O
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Proof of Proposition 2.1. By Lemma 2.2, it suffices to prove statement
(ii). Let 7 e C((0, 00), Co(RM)) and assume (2.2). Also by Lemma 2.2, we
know that h(t,x):t_%f(xt’ﬂ) with f=h(1,-). On the other hand, it fol-
lows from Proposition 3.1 below that # is independent of ¢ > 0; and so, f
must be homogeneous of degree —%. Since f e Cy(RY), we conclude that
f =0 and thus 2 =0. |

Remark 2.3. Nonzero limits in (2.1) for 8#1/2 can be obtained with
respect to weaker topologies, but these limits have little to do with the
asymptotic behavior of the solution. Indeed, fix 0 <o <N and let ug(x)=
[x|77. It follows that u(t)=e'“uq is given by u(t,x) =12 f(x//1) where
f=e’ug, so that

t%u(t,x\/;)zf(x). (2.5)

Formula (2.5) clearly gives the decay rate and the spatial scaling which
completely describe the asymptotic behavior of u.

On the other hand, fix © >0 and set 8=pu/20 > 1/2. Since |x|° f(x) — 1
as |x| — oo, we see that

t%u(t,xtﬂ)=t¥f(xtﬁ*%)t—> [x]~¢ (2.6)
—00

in L*®°({|x|>¢}) for every &> 0. Formulf} (2.6) is misleading in that it sug-
gests that the solution u decays like t~2 for any u>o.
Furthermore, if 0 <8 <1/2, then

t%u(t,xtﬂ)zf(xtﬂ_%)tjgo £(0) 2.7)

uniformly on compacts sets. Formula (2.7) represents a considerable loss
of information in comparison with (2.5).

This example shows the importance of using the uniform topology in
the Definition (1.2).

3. A RELATIONSHIP BETWEEN w*#(uy) AND y*:8 (ug)

In the previous section, we used scaling properties in order to obtain a

relationship between the limit as ¢t — oo of Di‘/’;ﬁ e'®ug and the limit as A — 0o

of F’; A ug. In this section, we obtain a relationship between w"#(ug) and
y*B(up) using the (quasi) invariance properties of the heat equation under
the various scalings, as described by formulas (1.8) and (1.9).

Proposition 3.1. Let uy € Co(RY), w,B >0 and let o*Puy) and
y*B(ug) be defined by (1.2) and (1.6), respectively.
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() If hey™P(ug), then h(1) € P (uy).

(i1) L?t2 f e w*Puy) and suppose t, — oo is such that
eln ﬂA[D“ ﬁug]—) fin CoRN) as n— oo. If we set Ay = /tn,
then

i uot. ) — g(t.) 3.1
in C([1,T], CoRN)) for all 1 <T <oo if B=>12 and in C([1 +

e, T1, Co(RM)) for all 1 <e+1<T <oo if B <172, where g is given
by g(1)=f and

f if p>1.2,
gy=1e"VAr if p=1p, (3.2)
0 if p<1/2
for t>1.
(i) If hey*P(ug), then
h(t)=h(1) if B>1/2,
h(t+s)=eh(s), s,t>0 if B=12, (3.3)
h(t)=0 if B<1p2.

Corollary 3.2. Let uge Co(RY) and n>0. If 0< B <12, then either
yB(ug) =0 or else y*P(ug)={0}.

Proof of Proposition 3.1

(i) If hey™P(up), then there exist A, — oo such that [Fi‘”’ﬁug](l, )=
h(1) in Co(RN). Letting #, = A2 and applying formula (1.9), we
deduce that A(1) ea)“ i(uo)

(i) By assumption, e’ A[D Puol = f — 0 in Co(RM). Given
t>1 and applying =0 A we deduce that e’kﬁ74ﬁA[Dfr1’ﬁuo] —
=D Af - 0 i? Co(RM). Using (1.9), we obtain
anﬂuo(t, D = el~ i ﬁAf — 0. Property (ii) follows, since
=D A f— g(t) in Co(RY), uniformly for ¢ in a compact
subset of (1,00) if B <12 and uniformly for ¢ in a bounded
subset of [1, 00) if B> 1/2.

(iii) Let hey*P(uy) and let A, — 0o be such that [F“ ﬂug]—)h. Given

any s >0, it follows from (1.9) that ¢** A[D“ﬁ ol —h(s) — 0.
Applying e A , with >0, we deduce that

2-4p 2-4p
UHM TADIB 1 et T AR () — 0. (3.4)
n n—o0o
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On the one han(21,4the term on the left of (3.4) converges to h(s +1¢) as
n— 0o. Since e ﬂAh(s) converges to h(s) if B> 12, to e'®h(s) if B=1/2
and to 0 if B8 < 1,2, the conclusion follows. O

Remark 3.3. Given f € w*P(ug), it is not clear if there exists

hey™P(up) such that h(1)=f.

4. THE CASE g <12

In this section, we show the same result as in Corollary 3.2 but for
o™ (ug) instead of y*#(up). Surprisingly this seems to require a different
type of argument.

Theorem 4.1. Let uge Co(RY) and 1>0. If 0< B <12 and o (ug)
is defined by (1.2), then either " (ug) =9 or else wP(uy)={0}.

Proof. Suppose f €w™#(up) so that
DBty f (4.1)
in S'(RY) for some sequence #, — oco. It follows that
f(D%e’"Auo) 7 (4.2)
in S’(RY). Using (1.8) with T =1, and A=./1,, we see that

(1-28)
FO L enbug) = F D)

_ . (4.3)
:e_4n2tn(l 2ﬁ)|'|2tn%_Nﬂ[¢\()(-/t,f).
Therefore, given any ¢ € S(RV),
B 422
(FD" LB ug), ) = i, 1 e+ T (1f)). (44)

We now deduce from (4.2), (4.4), and Lemma 9.1 that supp .]?C{O}. Thus,
f is a polynomial, so that f=0 since f e CoRY). |

Remark 4.2. Note that both the cases w™f(ug) =y"*#uy) ={0} and
P (ug) =y"P(up) =¥ can be achieved. Indeed, given >0 let # € S(RV)
and let the integer k be sufficiently large so that N + k > 2u. Letting
u0=8§19, we have sup,>0tNTH€||etAuo||Loo <00, so that t*|le'®ug|lp~ — 0 as
t — 00. One easily concludes that w”” (ug) = y*#(ug) = {0} for all g> 0.
On the other hand, let 0 <v <N and let ug=e?|-|7". It follows that
17 )le"Augll o — ¢ >0 as t — oo. Therefore, W (ug) =y"P(up) =9 for all
B>0and u>v.
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5. THE CASE B> 1/2: A FIRST RESULT

In this section, we give a relatively simple example of how w™# (ug)
and y*#(ug) can be nontrivial, see Theorem 5.1. Our construction is simi-
lar to the one used in [5] except that, unlike in [5], the initial value ug
satisfies sup |x|? |ug(x)| < oo for some 0 <o < N. Furthermore, we show in
Theorem 5.2 that if also inf |x|”|ug(x)| >0, then the kind of phenomenon
described in Theorem 5.1 is not possible. Finally, we show in Theorem 5.6
(see also Remark 5.5) that the non parabolic asymptotic behavior of e/ u
cannot be obtained from the parabolic asymptotic behavior.

Theorem 5.1. Fix B> 12 and 0 <u < N. Given f e SRYN), f >0,
there exists ug e Co(RVN)NC®RN), ug=>0 with the following properties.

(1) There exists a sequence t, — oo such that

D%e’”Auo — f (5.1)

n—o00

in CoRN). In other words, few™P (up).
(i1) There exists a sequence X\, — oo such that

rf’;ﬁuon? h (5.2)

in L®((e, T) xRN) for all 0 <& <T < oo, where h(t)= f. In other
words, hey™P(uy). .
(iii) There exists 0 <cy <oo such that |x|?f lug(x)| <ci for all xeRV.
(iv) If f is radially symmetric and nonincreasing, then ug is radially
symmetric and decreasing.

Proof. Let feS(RY), f>0 and set

7
EZ”f”Lls M=||f||L°°s G:ﬁe(OsN) (53)

Next, we let ag>1 be large enough so that
>N for x>ap>1 (5.4)

and we define the sequence (a;);>1 by

ay =ay,
; . 5.5
[aj+1=exp(%’), j=1 (5-5)

Applying inductively the relation

aj+1=exp<a')>exp(%)22aj, (5.6)

e
o
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where we used (5.5) and (5.4), we deduce that
ajtoo, a;=2"1 (5.7)

for all j>1. We now let up >0 be defined by

o0

uo(x)zze—af—lf(x/aj):Za;"f(x/aj)zo. (5.8)

j=I j=1
Given any multi-index «, we have
189 £ Gaj) oo =a; * 9% £l oe < [19% £l o

by (5.7). Therefore, it follows from (5.7) that the series in (5.8) is normally
convergent in C*(RY) for all m>0, so that upe C*@RN)NCo(RY).
Given ¢t >0 and A, >0, we write using (1.9)

2-48
[ Pugle, =™ A" 0" +w™), (59)
where
n—1
W=l e f (e aj).
j=1
Un:)\‘f,:eia”_]f(x)\%ﬂ/an), (5'10)
o
w=f D T (i ay).
Jj=n+1

We have by (5.3) and (5.6)

n—1 n—1
" [ <MD N F AP lap =P > al <neafi=Nal |
j=I j=I
(5.11)
Also,
o (0.¢]
lw™ | < MM D" et =MA D Y. (5.12)
Jj=n+1 j=n

We deduce from (5.11) that
2-4p
e A oo <07 F A NA2D |y <ner= A NV aN | (5.13)

and from (5.12) that
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2-4p as
lle™ " Aw" |l Lo < [lw" [l < MAKL D e (5.14)
j=n
We now prove Property (i) and we let
m=ay’. (5.15)
It follows from (5.10) and (5.5) that
V' =f. (5.16)

Moreover, we deduce from (5.13), (5.15), and (5.5) that

2—-48 N ——>z _N _
e Aut| o <nlt™Za, 7 al  =ntt"Te w gl
Since u <N and a, 1 oo, we conclude that
2-48
e " Aupee —> 0 (5.17)
n—oo

uniformly for ¢ >e¢, for any fixed ¢ > 0. Next, we deduce from (5.14) and
(5.15) that

”et)»n A "L <Ma? z —aj <M2a e Y = 0, (5.18)

where we used (5.7) in the last two relations. Given T >0, we deduce from
(5.15) and (5.16) that

2-48 2-48
elhn Ayt = thn A f = h() (5.19)

in Co(RY), uniformly for ¢ €[0, T]. Property (ii) follows from (5.9), (5.17),
(5.18), and (5.19).

Property (i) follows from Property (ii) by setting =1 and #, = A2.
Property (iii) follows from Lemma 9.3 and the definition of ug. Finally,
Property (iv) follows from formula (5.8). |

At first sight it may seem that Property (iii) in Theorem 5.1 is not relevant
to the study of w"# (u¢). On the other hand, the following theorem shows that
if this property is strengthened to give a lower bound as well as an upper bound,
then w™ P (up) is either empty or trivial for all g # 1/2.
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Theorem 5.2. Let uge Co(RN) and suppose there exist 0<o <N and
0<co<cy <oo such that

co < 1x|%up(x) <ci (5.20)

for all xeRN. If u, B>0 are such that there exists f € w*P(ug), f#0, then
u=o and B=12.

Proof. Let t, — oo be such that
5 B
tn u(tn, 1) —> f (5.21)

in Co(RM). It follows from the results of Cazenave et al. [2] that there
exists a subsequence, which we still denote by (#4),>1, and f € Co(RYM),
f >0, such that

b utn, 13%) — f (522)

in Co(R"). (It is the lower inequality in (5.20) which guarantees that
f>0.) We deduce from (5.21) and (5.22) by taking the L° norm that
o =u. It follows from (5.22) that

a ~ _1
b b, x18) = Fxth 2) — 0 (5.23)
n—oo

uniformly on RV, Since f e Co(RY) and f > 0, this is compatible with
(5.21) only if B=12. 0

Remark 5.3. Let ug be given by formula (5.8). Calculations similar
to those used in the proof of Theorem 5.1 show that

'D%ug—) f (5.24)
in S’(RN) where ¢, =k3. Setting s, :t,%ﬁ and o = %, this becomes
Dmu0—> f (5.25)

in S’(RY). Since sup |x| |ug(x)| < 0o, it follows from Proposition 3.8 (i) in
[2] that

1
0,5

1
D:’/’Sines"Auo = eAD@uo —elf (5.26)

in Co(RN). This implies that 2 f € /2 (ug).
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Remark 54. Given 0 < o0 < N, there exist ug € Co(RY) with
sup x| Jug(x)| < oo, feCo(RY), f#0 and a sequence s, — oo such that

o

D7 2ug— f (5.27)
in S’(RY) and
o L
D\/’ée“”Auo —elf (5.28)

in Co(RY), see Proposition 3.8 (i) in [2]. If c < <N, B=p20 > 12 and

ty = sp/ %P (5.29)
then (5.27) becomes
D%uoe f (5.30)

in S'(RY). We deduce from (1.8) and (5.30) that

(1-26)
D%e”’Au():e"‘ Aplj/guo%f (5.31)

in S'(RY). In this way, we may obtain convergence of D“f’l’getﬂAuo to a
function of Co(RY), but we do not know if the convergence is in Co(R").

Remark 5.5. The previous two remarks suggest the possibility that
if ug, f € Co(RN) satisfy sup |x|° (lug(x)| + | f(x)|) < oo, then the following
two limits are equivalent

Df/’ge’"Auo - f,

1
0,5
D %nes”Auo —etf

in Co(RY) as n — oo, where s, :t,fﬂ and B = uRo. If true, this would
mean that the asymptotic behavior with respect to the nonparabolic resca-
ling (1.4) is somehow equivalent to the asymptotic behavior with respect
to a parabolic rescaling. In fact, these limits are not equivalent, as the fol-
lowing theorem shows. Thus, and we emphasize this point, consideration
of w"#(ug) with B> 172 is essential to the understanding of the asympto-
tic behavior of e'2ug as t — co.
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Theorem 5.6. Let 0 <o < u < N and set B = puRo > 12. Given
feCoRN), f=>0 such that
f0)>0 (5.32)
and

sup |x|? f(x) <00 (5.33)

xeRN

there exist ug € Co(RN) satisfying ug >0 and sup|x|"ug(x) < oo and a
sequence (ty)n>0, t, T 00 such that

1
Df/’sines"Auo — et f (5.34)
in Co(RNY with s, =t,%’3 and
||D%e’"Auo||Loc - 0 (5.35)

as n— Q.
Proof. By (5.33), we may assume without loss of generality that

sup [x|7 f(x) <1. (5.36)

xeRN
Furthermore, it follows from (5.32) that there exist ¢, § >0 such that
fx)=e if |x|<é. (5.37)
Define inductively the sequences (ax)r>0 and (bx)r>o as follows. Fix 1 <

ap < by such that aéﬁ > bg and let

aj=al’,  bj=bF. (5.38)

It follows easily that a, <b, <a,; for all n>0. Set
1w = (anby)'/?P. (5.39)
Consider a sequence (¢k)r>0 C Co(RY) such that

O<@e=1,
pr(x)=1 if | x| € [ak, brl, (5.40)
supp ¢x Nsupp ;=0 if k#j.

We define
uo(x) = gD, f (). (5.41)
k

k>0
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Using (5.40), (5.36), it is clear that uge Co(R"Y) and uo>0. Note that by
(5.33), D:‘;ng(x)f |x|=% for all k>0. Thus uo(x) <|x|~%, so that
k

DI ug(x) < x|~ (5.42)
for all A >0. We next show that
D%uoﬁ f (5.43)

in S’(RV), for ¢, given by (5.39). Indeed, decompose

D' Puy = > D70 "(gokD“ (oD +enCih)f+ D DIE ﬁ(wkb" 9]
k<n k>n

=v"+w" 47" (5.44)

We write

0= exif)D"L ﬂD" ).
k<n
If |x| > (an/bu)"?, then |x|tf > (an/bn)P(anbn)? = a,. Using (5.40), this
implies that i (xt2) =0 if k <n. It follows that suppv" C {|x| < (an/bn)"2}.
Since a,/b, — 0 as n — oo and v"(x) <|x|~?, see (5.42), we obtain that
— (5.45)

n—oo

in S’(RV). Next, we have

@ => et DE ’SD“ Drf ().

k>n

If |x| < (bufan)2. then |x|tf < (bufan) P (anbn)"2 = by, so that g (xtf)=0
if k>n. Thus suppz” C {|x| > (b/a,)"?}. Since byja, — co as n — oo and
7" (x) <|x|77, see (5.42), we obtain that
" —0 (5.46)
n— o0
in C(RV). Finally, we observe that w"(x) =g, (xt2) f(x) = f(x) if |x|tf e
[an, by], that is, if (au/bn)? < |x| < (bufa,)"?. Using that a,/b, — 0 and
(5.36), we conclude that
w' — f (5.47)
n— oo
in S'(RV). The convergence (5.43) now follows from (5.44) to (5.47). This
means (see Remark 5.3) that D;SL/ZMO — f in S'(RY), which implies (5.34)
(see Remark 5.4).
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It remains to show (5.35). Set t,,:t,}_zﬁ. We have, using (1.8),

D2y = DI gy 1 Df, = D D ). (548)

l

Note that by (5.38)~(5.39) ay/tf — 0 as n— oo so that a,_i5,” <81®_1,”

for n large, where § is as in (5.37). Since gon_l(xt,’?)zl if a,,_ltn_ﬂ <|x|<

(Stf_lt,,_ﬁ by (5.40), we have

DL (- ﬂ>1ﬂfxx>—<m DS f ety et Y

1

if ay_1t,” <|x| <8¢’ 1,7, where we used (5.37). Therefore,

WAD“ﬂwnlD“@fxm

)l

1 Iy?
>€(47T7:n)77 (IB )2/ e ‘{Tn dy

{an1tn P <lyl<st? 1)

2

Since a,_ 1<8t _1/2 if n is large and t l_tn T,, we obtain that

. -y (2ﬂ bhy _5, -
IID%e’"Auolle >8(4nrn) “Nan—1tn <|yl<5t,ﬁ3 1tnﬁ}|

-3 (2ﬁ 1>“<8r,, (=D N [2B= 4
S L — Z"(i) n—1

for some constant n>0. Thus ||le/—}ﬂ€t"AM()”Loo — 00 as n— oo. This com-
pletes the proof. U

6. GENERALIZATION

In this section, we show how to construct ug € Co(RVN) so that
P (ug) and y*P(ug) have much richer structures than described in
Theorem 5.1.

Theorem 6.1. Fix a countable subset S of (0, N) and a countable sub-
set E of S(RN). There exists uge Co(RN) with the following properties.

(1) For all

B= O<p<N (6.1)

1
2 9
such that

Zoes (6.2)
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(i)

(iif)

(iv)

and all € E, there exists a sequence t, — 0o such that

D%e"’Auo — (6.3)

in Co(RN), where

14 if B>122,
= ’ 6.4
Iﬂﬂ [EAI,[/ if B=122. (6.4)
In other words, g cw™P(ug) for all u, B satisfying (6.1)~(6.2) and
all y € E.

For all p, B satisfying (6.1)+6.2) and all € E, there exists a

sequence A, — oo such that
an’ﬁuo — g (6.5)

in L®((e, T) xRN) for all 0<e <T < oo, where
v i1,
Ay if p=1p 0

for all t >0. In other words, Vg e y*B(ug) for all w, B satisfying
(6.1)(6.2) and all ¢ € E.
Set

W, )= [

N ={ce®8%8y; ceR,a e RV}, (6.7)

where 8 is the Dirac mass at 0. For all 0<pu <N and all f €N,
there exists a sequence t, — oo such that

1
Dit/’aze’"Auonjgo f (6.8)

in Co(RN). In other words, NCw“’%(uo) for all 0<u<N.
Set

M={heC((0,00), CoRY));
AceR, Ja RN, h(r)
=ce'®9%8y for all t >0}, (6.9)

where 8 is the Dirac mass at 0. For all 0 <u <N and all he M,
there exists a sequence A, — oo such that

T %ug — h (6.10)

in L‘X’((?, T) x RNY for all 0 <& < T < oo. In other words,
McCy™2(ug) for all 0<pu<N.
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For the proof of Theorem 6.1, we will use the following lemma.

Lemma 6.2. Let S be a countable subset of (0, N) and let E be a
countable subset of S(RN) such that E 0. It follows that there exist a
sequence (o) j>1 CS and a sequence (0;)j>1 C E such that the following pro-
perties are satisfied.

(1) Every element (r, )€ S x E occurs infinitely often in the sequence
(0j,0))j>1.
(ii) The sequence (9})j>1 C E satisfies

max{||0;l .1, 10} < j, (6.11)
for all j=>1.

Proof. Since the set S x E is countable, it easily follows that there
exists a sequence (0;);>1 C S and a sequence (§J.) j=1 CE such that every
element (r,¥) € S x E occurs infinitely often in the sequence (0;,6;);>1.
We then define

6,= [ 6; if 6; satisfies (6.11), 6.12)

0  otherwise.

Since 0 e E, we see that (6;);>1 C E and it follows from (6.12) that (6;) >
satisfies (6.11) for all j > 1. Thus Property (ii) is satisfied. Next, let (r, ) €
S x E and let jz — oo be such that (ojk,gjk) =(r,y) for all k>1. If
Je = max{||¥llz1, 1¥l1), we deduce from (6.12) that 6~?jk = 6j,. Thus
(0, 0j)=(r, ) for all sufficiently large k, so that Property (i) is satisfied.

O
Proof of Theorem 6.1 Fix a function
9 eSRY),
>0, (6.13)
ol =1
and consider the countable set
F= U {8%}. (6.14)
acRN
We observe that without loss of generality, we may assume that
FU{O}CE. (6.15)

Consider two sequences of (0;);>1 CS and (6;);>1 C E as given by Lemma
6.2. Next, we let ap be large enough so that

& >xN for x>ag>1. (6.16)
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We fix the sequence (a;);>1 by

ap =ao,

aj :exp( aj ) i1, (6.17)
Uj+1
Applying inductively the relation
R e 4 .
a]+1_exp(aj+l)>exp(N)z2a], (6.18)

where we used (6.17), the fact that SC (0, N) and (6.16), we deduce that
ajtoo, aj=2/"1 (6.19)

for all j>1. We define ug>0 by

wo(x) =Y e 10, (x/ay). (6.20)

Jj=1

It follows from (6.11) and (6.19) that
o0 o0
D e 0 (xfaj)llLx < D jem U <00
j=l j=1
so that the series in (6.20) is normally convergent in Co(RY). Thus
up € Co(RN).
Given 0<u <N, B>12, t>0 and 1, >0, we write using (1.9)

2-48
[y Pugle, ) =e™ A" 0" +w™), (6.21)
where
n—1
W'=Y e 10 (AP laj),
j=1
v =l em 19, 22 ay), (6.22)
oo
wh=M D e (xa ).
Jj=n+l

We have by (6.11),

n—1 n—l
"l <2005 CA0 fapll < a2 ja <n®ah2NBal | (6.23)

n—1
j=1 j=1
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and

flw" || Lo < AL Z je - 1—A”Z(J+l)e 4, (6.24)

Jj=n+1
We deduce from (6.23) that
2-48
e A o <t~ 2o NO2D o <n? A N aN | (6.25)
and from (6.24) that

o0
2-48 )
e Aw o < "l < 3 DG+ De . (6.26)

j=n

We now prove Property (ii). Assume (6.1)—(6.2) and set r =28 € S. We
let

€L

An=a,’ . (6.27)
It follows from (6.22), (6.17), and (6.27) that
L*”n
V'=a," 6, (6.28)

for all n>1. Moreover, it follows from (6.25),(6.27), and (6.17) that

2-48 N S N _N-n
le* Au e <0t T a, 7oy =ntTTeT W g | (6.29)

Since 0, <N and a, 1 0o, we conclude that
2-4p
e Ay —> 0 (6.30)
n—oo

uniformly for ¢ >¢ for any fixed & > 0. Next, (6.26), (6.27), and (6.19) yield

n X
e A <a,” Z(J+1)e_a’<Z(J+1)azﬂ 0 (631)
j=n Jj=n

Let v € E and let (nx)r>1 be a sequence of integers going to infinity such
that o, =r and 6,, =y for all k>1. We deduce from (6.28) that

2-48 2—4p
et By — ot By Ws(t,-) (6.32)
n—o0

in Co(RY), uniformly for >0 and bounded. Property (ii) follows from
(6.21) and (6.30)-(6.32).
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We next prove Property (iv), and so B =1/2. Using (6.15), we fix a
multi-integer « and we let (nx)r>1 be a sequence of integers going to infi-
nity such that

O < % O, =% (6.33)
for all k>1. We then let ¢ >0 and define A; by
N =gy (6.34)
It follows from (6.22), (6.17), (6.33), and (6.34) that
V' = )»;:a;kank aacp(-)»ka;k]) = ck,/:’a,;cNaago(J\ka;kl ). (6.35)
Set
dy = /\kan_kl (6.36)
so that by (6.35)
V™ = cd*[d) p(di)]. (6.37)
It follows from (6.34), (6.33), and (6.19) that
1 H=0n; 1 I
di=c T ra, " >c Vg, " — co. (6.38)

k—o00

Therefore, we deduce from (6.37), (6.38), and Lemma 9.2 that

PV —5 3%l A, (6.39)
k— 00

in Co(RY), uniformly in 7>¢ for all £ >0. Next, it follows from (6.25),
(6.34), (6.17), and (6.19) that

_ k
lle" 2 u™ || Loo Scn%t_%e . MlgN (6.40)
uniformly in ¢ > ¢ for all e >0. Moreover, we deduce from (6.26), (6.34),
(6.17), and (6.19) that
“ H(N*C’nk) 00
leBw™||pe <c™ ¥ ray " X (j+De™
R T (6.41)
TV 3 (G+Da; T e — 000,

Jj=nk
Property (iv) follows from (6.21), (6.39), (6.40), and (6.41).

Finally, Properties (i) and (iii) follow from Properties (ii) and (iv) by
setting r =1 and 1, = 2. O
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Corollary 6.3. Given any countable subset S of (0, N), there exists
ug € Co(RN) with the following properties.

() @*Pup)=Co@RN) and y“’ﬁ(uo)zé'ﬂ for all u, B satisfying (6.1)—

(6.2), where
_ [ {he (0, 00), Co@®M)); h(t)=h(1)} if B>12,
P= 1 theC((0,00), CoRN)); ht+5)=e!Dh(s)V¥s, >0} if p=1172.

(6.42)

(i) /\/’Ca)“’%(uo) and M C y“’%(uo) for all 0 <u <N, where N' and
M are defined by (6.7) and (6.9), respectively.

Proof. Let ECS(RY) be a countable dense subset of Co(R") which
also satisfies (6.15), and consider ug given by Theorem 6.1 applied with
this set E. Property (ii) follows from Properties (iii) and (iv) of Theorem
6.1. Since E is dense in Co(RY) and w*? is clearly closed in Co(RY),
the first statement of Property (i) follows from Property (i) of Theo-
rem 6.1. Suppose now B > 12. Note that y*P(ug) is a closed subset of
C((0, 00), Co(RN)) for the topology of uniform convergence on (g, T) x RV
for all 0 <e < T <oo. Since E is dense in Co(RY), the second statement
of Property (i) follows from Property (ii) of Theorem 6.1. Finally, suppose
B =12 and let

V={heC((0,00), Co(RY)); Iy € CoRN), h(1r) =2 y}. (6.43)

Using Property (ii) of Theorem 6.1, we see that V C y“’%(uo). Since V is
clearly dense in & ! (approximate & by h(-+¢)) and y*2(up) is closed, we

deduce that y“’%(uo) =& 1 This completes the proof. |

7. THE CASE p> N

It is well—knowrllV that positive solutions of the heat equation do not
decay faster than t~ 2, so that y*#(ug)=% and w*?u¢)=9 if ©>N and
up>0, ug=£0. See Proposition 7.1. On the other hand, oscillatory solutions
can decay faster, allowing the possibility of nontrivial asymptotic limits.
This situation is the subject of Theorem 7.2.

Proposition 7.1.  Let ug € Co(RY), ug >0, ug # 0. If there exist
veCo(RN), s>0, wo>N, Po>0 and a sequence A, — oo such that

Fﬁfo’ﬂouo(s, ) — v (7.1)
n n—00

in Co(RN), then uge LY(RN), wo=N and o=172. In particular, y"P (ug) =9
and P (ug)=0 if w>N or if u=N and B #1/2.
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Proof. It follows from (7.1) and formula (1.9) that Df\tn"’ﬂ 062158 110(0) <
v(0)+1 for n sufficiently large; and so,

Iy

v(0)+1=> )»ff(’*N(47TS)7% /e_“(*%s uo(y)dy.

Letting n —> oo, we conclude by monotone convergence that uo=N and
. N1 L2
upe LY (RN). It is then well-known that Dﬁzemuo—> @A) N2\ ugl re”+

in Co(RY) as t — co. (See Herraiz [8].) One then concludes that By= 12
and that yV-f(ug) =0 and o™-P(ug) =0 if p#1/2 (see the proof of Theo-
rem 5.2.). This completes the proof. U

Theorem 7.2. Given > N and B > 172, there exist ug e Co(RY) N
C®[RN), a function feCy(RN), 00, and a sequence t, — oo such that

o UO njgoh (7.2)

in C([e, T], CoRN)) for all 0 <& <T < oo, where h(t)= f if B> 12 and
h(t)y=e'> f if B=1/2. In particular, h € y*P and h(1) € w!P.

Proof. The proof is similar to that of Theorem 5.1. Let ¢ € S(RY),
¢ #0 and let the integer k be sufficiently large so that

N+k>2u. (7.3)
Let @ be a multi-index such that |«|=k and set f=0%p, so that
supt” 7 [[e" f1] o < +o00. (7.4)
t>0
Set
7
M= o0, =— 7.5
£z o 25 (7.5)

and let agp>1 be large enough so that
e*>2x)° for x>ap>1 (7.6)

We define the sequence (a;);>1 by

ay=ay,
aj . 7.7
aj+1=exp(;j), j=1 7.7)

Applying inductively the relation

.
aj41 =exp(;f) >2a;, (7.8)
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where we used (7.7) and (7.6), we deduce that
ajtoo, a;>2"1 (7.9)
for all j >1. We now define
o o0
up(x)= e f(xfaj) = a;” f (x/a;). (7.10)
j=1 Jj=1
Given any multi-index «, we have
189 £ Caj) o =a; 9% £l oo < [19% £l 1o

by (7.9). Therefore, it follows from (7.9) that the series in (7.10) is nor-
mally convergent in C*(RY) for all m>0, so that uge C*RY)NCy(RY).
Given ¢t >0 and A, >0, we write using (1.9)

2-48
[T Pugl(r, ) =™ A" + " + "), (7.1D)
where
n—1
W= e f (e la)),
=1
ot =Alem a1 f (222 fay), (7.12)
o0
W=y D e fahlay).
j=n+1
We let
1
A=ar. (7.13)

It follows from (7.12) and (7.7) that
Vi=f (7.14)
so that

I N N (7.15)
n—oo
in Co(RY), uniformly for >0 and bounded. Next, we deduce from (7.12),
(7.13), and (7.5) that

oo oo
2-4p . —a;
e " Aw e < llw" e < Mafl D™ <M Y afe™ — 0. (7.16)

j=n j=n
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where we used (7.9) in the last two relations. Next, it follows from (7.12),
(7.13), (1.8), and (7.7) that

n—1
etki 4ﬂAun zza;re—aj,l (a/ia 1728 ta;/ﬁajzA
j=1
so that
n—1 1 5
e A <> e G f
j=1
n—1
<C2a°e_”f l(ta's _2)_7
j=1
n—1
SCFW Zan"e 4j- ‘ajw'k (7.17)
j=1

where we used (7.4), (7.3), and (7.7). We deduce from (7.17) that

2-4p N4k _N+k
e " Au| e <Ct™ 2 a,%a) N+k =Ct 2 e % 'aN+1k (7.18)
Since a, 1 0o, we conclude that
2-4p
e Ay —> 0 (7.19)
n—oo

uniformly for ¢ > ¢, for any fixed & > 0. The result now follows from (7.11),
(7.15), (7.16), and (7.19). O

8. NONLINEAR HEAT EQUATIONS
In this section, we consider the nonlinear heat equation

u; — Au+ |u|*u =0,
{M(O,x)=U0(x) (8.1)

in RV, where « > 0. We show the following analogue of Theorem 5.1.
Theorem 8.1. Let
a>— (8.2)
and

%<0<N. 8.3)
o
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Fix
1 1 . (N 2

and set

uw=2p0. 8.5)

Let feSMRY), >0, f#£0 and let uge CoRY)NC®RN), ug=>0 be given
by Theorem 5.1. If u is the solution of the Eq. (8.1) with the initial value
Uog =uy, then there exists a sequence t, — oo such that

D" u) — f (8.6)

in Co(RM).

Proof. It follows from the calculations of Lemma 5.1 in [3] that if
the function v e C([0, 00), Co(RY)) satisfies

M:= sup (+t+|x)Iv(t, x)| <o0 (8.7)
t>0,xeRN
then for every
y <min{N — 0,00 —2} (8.8)

there exists C such that

(1 +1xP)?

t
/ T8 (s, x)ds| <CMO T (1 1) 2 (8.9)
0

for all >0 and x eRV. Note that |u(t)| <e'®|ug| by the maximum prin-
ciple. Since

sup  (L+1+x) 22 ug(0)| < C sup (1+1xH 2 uo(x)|  (8.10)

t>0,xeRN xeRN

by Corollary 8.5 in [1], we see that u satisfies (8.7). Since
u(t)=eugy —/Ot eI L% u(s) ds
we deduce from (8.9), (8.8), and (8.4) that
9 |lu() — e ugll e —> 0 (8.11)

and the conclusion follows from Theorem 5.1. ]
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Remark 8.2. Consider the equation

[ut—Au:|u|°‘u, (8.12)

u(0, x) =Up(x).

If « <2/N, then all positive solutions of (8.12) blow up in finite time. If
a > 2/N, then it follows easily from (8.9), (8.10) and an easy contraction
mapping argument that if ||(1+ |- |2)%Uol|Loc <e with ¢ > 0 sufficiently
small, then the solution of (8.12) is global and satisfies (8.11). Therefore,
if we consider f and ug as in Theorem 5.1 and if we let Uy=nug with
n >0 sufficiently small, then u(¢) satisfies (8.6).

APPENDIX

Lemma 9.1. Let 9 e S(RY) satisfy supp o #{0} and let a,v>0. If 0 <
B <12, then t"e= " o(.tF)— 0 in S(RY) as t — oco.

Proof. Suppose

@)=0 for [§]|<a. ©.1)

Let m be a non-negative integer and « a multi-index. We have

DA gy < crtlem D) DM e E | D2 g6 P)]).
o tar=a o
On the one hand,
|D*[p(&17)]| =112 | D¢ (£1F))] 9.3)

and on the other hand |D¥ [e~ ‘2]|, is estimated by a sum of terms of
the form

17 |£|0 emarEP 9.4)

with 0 <y, o <|aq|. Thus |§|’"|D°‘[t”e’”’|§‘2g0(§tﬁ)]| is estimated by a sum
of terms of the form

(ryHelB g =atlél | pazg g1 9.5)
Setting y=£r# and using (9.1), we are led to estimate terms of the form

A=sup tP[y[le=" I DRy (y))] (9.6)

ly|=a
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with p,q >0. The last term in (9.6) is bounded in y, so that

A<C sup tP|yjle=at P ¢ 9.7)
lyl=a f=00
since B < 12. This completes the proof. O
Lemma 9.2. Let ¢ € LY(RY) satisfy
/ p=1 (9.8)
RN

let (dy)n>1 C (0, 00) satisfy d, — oo, and let 8y be the Dirac mass at 0. If
on(x)=dN ¢(d,x), then

g, — 28 9.9)
n—oo

in Co(RN), uniformly in t >n for all n>0. In addition, for every multi-index
o with |a|<m,

3% B, — %25 (9.10)

n— oo
in Co(RN), uniformly in t >n for all n>0.
Proof. Given y e S(RV),

[onwwax=[owuasadx — vo [ o=y

so that ¢, — 8y in S’(RV); and so

ey, —> 8y in S'(RY)  for all +>0. 9.11)
n—oo
In addition, |l¢,ll;1 =Il¢ll 1, so that by parabolic regularity,

N A N+1 A N+2 A
sup{t2||e’ Pl +172 Ve 2 gyl +172 (13" 2 pulle t <Cllgll 1.
t>0

(9.12)
It follows in particular from (9.11), (9.12) and Ascoli’s theorem that
e'2p, — '8y in C([n, 00) x {|x| < R}) (9.13)
n—od

for all n, R>0. Also,

_ ey _ iyl

N )
(4r) 7 e, (x)] :’/{ e~ @ qon(y)+/{| l}e 7 gn(y)
>

[yl<1}

x—y|2
< sup eJ 7 +/ Q. (9.14)
lyl<1 {Iy|>dn}
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We easily deduce from (9.14) that |¢’%¢,(x)| — 0 as |x| = oo, uni-
formly in n>1 and # >n> 0. This, together with (9.13), implies (9.9). Now
(9.10) follows immediately from (9.9) and parabolic regularity. O

Lemma 9.3. Let (a;)j>1 C(1,00), jo€R satisfy
aj<éeaji] (9.15)
for some 0<e <1 and for all j > jo. Given 0 e SRY) and o >0, set
o
u(x)=zaj—°9(x/a,-). 9.16)
j=1
It follows that ue Co(RN) and |-|°u(-) e L*RM).
Proof. Note that by (9.15),
aj>e Umig; 9.17)

for all j > jy. In particular, Zaj_" <00, so that the series in (9.16) is nor-
mally convergent in L®(RY). Therefore u € Co(RY). Next, we write

x|7u(x) =" ¥ (xfaj), (9.18)
Jj=1

where ¥ (y) = |y|?6(y). Clearly, it suffices to show that there exists a
constant C such that

D Vja)=C 9.19)
Jj=Jo
for all x e RV, so we may assume without loss of generality that jo=1.
Considering y; =x/a;, this is equivalent to
>vep=c (9.20)
j=1

for all sequences (y;) ;>0 CRY such that

lyjt1l <elyjl. 9.21)

To prove (9.20), let (y;) j>0 C RV satisfy (9.21) and set k =min{;j > 0; lyjl <1},
so that

lyjl <&/, j=k,

byl ze®, G2k 022
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We write
D UGN=D VN + D ). (9.23)
j=1 Jj=k j<k
From (9.22) we deduce that
DY) 10le D e =110l e (1—e%) 7" (9.24)
Jj=k >0

Take now A >0 such that | (y)| <A|y|~! for all |y|> 1. Using (9.22) we
obtain

Swn=Ad Iyl =ad> e = -7 (9.25)

j<k j<k £>0
Then (9.20) follows from (9.23)—(9.25). O
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