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Traveling Waves in Diffusive Random Media*
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The current paper is devoted to the study of traveling waves in diffusive ran-
dom media, including time and/or space recurrent, almost periodic, quasipe-
riodic, periodic ones as special cases. It first introduces a notion of traveling
waves in general random media, which is a natural extension of the clas-
sical notion of traveling waves. Roughly speaking, a solution to a diffusive
random equation is a traveling wave solution if both its propagating pro-
file and its propagating speed are random variables. Then by adopting such
a point of view that traveling wave solutions are limits of certain wave-like
solutions, a general existence theory of traveling waves is established. It shows
that the existence of a wave-like solution implies the existence of a critical
traveling wave solution, which is the traveling wave solution with minimal
propagating speed in many cases. When the media is ergodic, some determin-
istic properties of average propagating profile and average propagating speed
of a traveling wave solution are derived. When the media is compact, cer-
tain continuity of the propagating profile of a critical traveling wave solution
is obtained. Moreover, if the media is almost periodic, then a critical travel-
ing wave solution is almost automorphic and if the media is periodic, then
8o is a critical traveling wave solution. Applications of the general theory to
a bistable media are discussed. The results obtained in the paper generalize
many existing ones on traveling waves.

KEY WORDS: diffusive random media; recurrence; almost periodicity; almost
automorphy; traveling wave solution; wave-like solution; random equilibrium;
random fixed point.
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1. INTRODUCTION

In this paper, we study traveling wave solutions of the following reaction-
diffusion equation in random media,

* Dedicated to Professor Shui-Nee Chow on the occasion of his 60th birthday.
I Department of Mathematics, Auburn  University, AL 36849, USA. E-mail:
wenxish@auburn.edu

1011

1040-7294/04/1000-1011/0 © 2004 Springer Science+Business Media, Inc.



1012 Shen

dqu=0’u+F6 w,u), xeR, (1.1)

where we 2, (2, 7, P) is a probability space, ((£2, 7, P),{6;+}rx.cr) 1s a
metric dynamical system, and F: £2 x R— R is measurable and for each
fixed w € 2, F(6;w,u) is Holder continuous in ¢, x and Lipschitz con-
tinuous in u (see (H1) in Section 2 for detail).

Equation (1.1) includes the cases that the media is homogenecous (that
is, 2 is a singleton, in this case, F(6; yw,u)= f(u), time periodic (that
is, 2 ={0;0w0|0 <t < T} for some wy, where 6; ywo =0 0wo and 6y owo =
Or 0wy, in this case, F(6; xwq, u) = F(0;0wo) = f(t,u) is of period T in 1),
space periodic (i.e., 2 ={6p rwo|0 < x < p} for some wy, where 6; ywy =
o,xwo and 6y gwo =0y, ,wo, in this case, F(0; yw,u)=F Oy xwo, u) = f(x,u)
is of period p in x), etc. On the other hand, a general time—space depen-
dent reaction-diffusion equation

du=>02u+ f(t,x,u), xeR, (1.2)

where f is a bounded and uniformly continuous function, can be embed-
ded into (1.1) with 2 = H(f)=cl{fiy(, )T,y eR, fr y(t, x,u)= f(t +
7,x + y,u)}, where the closure is taken under the compact open topol-
ogy, ¥ =%Bq (ABg is the Borel o-algebra of £2 with respect to the compact
open topology), 6; yw (-, -, )=w(+-,x+-,-), P a 6; c-invariant measure on
£2 (the existence of such measure is guaranteed by the Krylov—Bogoliubov
theorem), and with F(6; yw,u)=w(t, x,u) for w e H(f).

Equation (1.1) serves as mathematical models for many applied prob-
lems, for example, population genetics, gene development, phase transi-
tion, signal propagation, chemical kinetics, combustion, etc. (see [6,11,23,
24,26,35,45,55] and references). One of the central problems about (1.1)
is the traveling wave solution problem. In homogenous media, classically
a traveling wave solution is a solution u(¢,x) with a fixed profile ¢(-)
and a constant speed c, that is, u(z,x) =¢(x — ct), and has been stud-
ied for a long time (see for example [6,12-14,23,24,33,35,37,43-45,51,53,
59,60]). However, the study of traveling wave solutions in inhomogeneous
media has begun more recently. Nevertheless, there have been established
some basic theoretical foundations for traveling wave solutions in time
periodic media, space periodic media, time almost periodic media, general
time dependent media, and space recurrent media. For the time periodic
case, a traveling wave solution is defined to be a solution u(¢,x) with a
periodically varying profile ¢ : R x R — R and a constant speed c, that
is, u(t,x)=¢(x —ct,t) and ¢(x,t) is periodic in 7 (see [1]). In the space
periodic case, a traveling wave solution is defined to be of form u(z, x) =
¢(x — ct,x), where ¢(x,y) is periodic in y (see [58,61]). The reader is
also referred to [28,38,55,56] for the study of traveling wave solutions in
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time and/or space periodic media. For definitions and basic properties of
tarveling wave solutions in time dependent media, see [46-48]. H. Mat-
ano in his talks at the Fifth Mississippi State Conference on Differential
Equations and Computational Simulations (2001) and the Fourth Inter-
national Conference on Dynamical Systems and Differential Equations
(2002) introduced a notion of traveling wave solutions in time independent
and spatially recurrent media. A solution u(¢,x) of (1.2) with f(¢,x,u)=
f(x,u) being recurrent in x is a traveling wave solution if u(t, x) =¢(x —
c(®),00,c¢)f), where ¢: R x H(f) — R is continuous and c¢(-) is a real
valued function. It should be pointed that the concept of traveling wave
solutions of (1.1) introduced in the present paper extends all the above
mentioned concepts by taking 2 = H(f) for f(¢,x,u)= f(u) being both
time and space independent, or f (¢, x,u)= f(¢t,u) being periodic (almost
periodic, recurrent) in ¢, or f(¢,x,u)= f(x,u) being periodic (almost peri-
odic, recurrent) in x.

Since in nature, many systems are subject to irregular influences arisen
from various kind noise (see Section 3 for two examples arising from pop-
ulation genetics and phase transition), it is of great importance to study
traveling wave solutions in random media, and in particular, to inves-
tigate the existence, uniqueness and stability of traveling waves and to
understand the influence of the media and/or spatial randomness on the
wave profiles and wave speeds of such solutions. There are some works
toward to various aspects of propagating solutions to certain special ran-
dom equations (see for example [28,53,54,61]). However, the understand-
ing to traveling wave solutions in general random media is very little. Up
to the authors knowledge, there is no rigorous definition of solutions in
general random media which serve as an analog of the classical traveling
wave solutions in both time and space homogeneous media. As in the time
almost periodic case, most methods and techniques to study traveling wave
solutions in time independent equations will not be applicable to the study
of traveling wave solutions in random media.

The objective of the current paper is to provide some theoretical and me-
thological foundation for the study of traveling waves in random media and
discuss some simple applications. It first introduces the concept of random
traveling wave solutions, which is a natural extension of the classical traveling
wave solutions. To study the existence of such solutions, such a point of view
that traveling wave solutions are limits of certain wave like solutions is adopted.
A general existence theorem is then established and some deterministic proper-
ties of wave profile and wave speed are derived. When the media £2 is compact,
certain continuity of wave profile is also obtained. Applying the general results
to a bistable case, the existence of traveling wave solution is proved. The results
obtained in the paper generalize many existing ones on traveling waves.
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To be more specific, first in Section 2, among others, we introduce the
concept of random traveling wave solutions connecting two random equi-
libria (traveling wave solution for short) as well as the concept of wave-
like solutions. Roughly speaking, a random traveling wave solution is a
solution with a random propagating profile and a random propagating
speed. A wave-like solution is a solution that does not become flat as time
increases. Main results of the paper, Theorems A-C, are also stated in
this section. Theorem A concerns the existence of random traveling wave
solutions and deterministic properties of average propagating profile and
average propagating speed of a random traveling wave solution in gen-
eral random media and is proved in Section 5. It shows that the exis-
tence of a wave-like solution implies the existence of a critical traveling
wave solution and when (2,7, P), {0; x}i,xer)(6r,x =60 OF 6p ) is ergo-
dic, the average propagating profile and average propagating speed of a
regular traveling wave solution (see Definition 2.2) are deterministic. Note
that under appropriate conditions, a critical traveling wave solution is the
one among all the traveling wave solutions that has minimal average prop-
agating speed (see Remark 2.1.3)). Theorem B considers continuous prop-
erties of critical traveling wave solution when £2 is compact and is proved
in Section 6. It shows that the propagating profile of a critical traveling
wave solution is continuous in certain sense and that when £ is periodic,
traveling wave solutions are also periodic. Theorem C is proved in Sec-
tion 7. It discusses the applications of Theorem A to a spatially homo-
geneous bistable equation and shows the existence of a wave-like solution
to such equation and then by Theorem A the existence of traveling wave
solutions. We present two examples arising from population genetics and
phase transition, namely, a random variant of the Fisher, or KPP, equa-
tion and a random variant of bistable equations in Section 3. For the
use in proving Theorems A-C, we present some preliminary lemmas in
Section 4.

We remark that there are numerous works on traveling wave solutions
to various evolution problems. See for example [1,6,12-14,23,24,35,37,44,
46-48,50,52,58-61] for the local continuous evolution problems, see [9, 15,
18-20,29,34,39,55,63,64] for the discrete problems, see [7,8,10,16,17] for
nonlocal convolution problems, see [31,36,49,57,63] for the problems with
delays, see [22,32,40,41] for the problems of coupled evolution equations.
The contribution of the current paper is that it provides some theoreti-
cal and methological foundation for the further study of traveling waves
in random media. Uniqueness and stability of traveling waves in random
media as well as applications of general existence, uniqueness and stability
theories to general random equations of bistable and KPP types will be
studied in forthcoming papers.
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2. DEFINITIONS AND MAIN RESULTS

In this section we first introduce some definitions and then state our
main results. Throughout this paper, we assume that (1.1) satisfies two
hypotheses: (H1) and (H2).

(H1) F: 2 xR— R is (¥ x Br, #r) — measurable, where #pr denotes
the Borel o-algebra of R. For each fixed w e 2, F*(t,x,u) = F(6; yw, u)
is globally Holder continuous in #,x € R uniformly with respect to u in
bounded sets and is locally Lipschitz continuous in u € R uniformly with
respect to ¢, x € R, that is, for each fixed w € 2 and M >0, there are posi-
tive real numbers L(w, M) and 8(w, M) such that

|FO(t, x,u) — F(s, y,u)| < L(w, M)(Jt — @M 4 [x — yP@M)y (2.1)
and
|Fw(t,x,u)—Fw(t,x,v)|§L(a),M)|u—v| (22)

for all t,s,x,yeR and —M < u,v< M. F(w,0) is bounded, that is, there
is My >0 such that

|F(w,0)] < Mo

for we 2.
Note that in (H1), there are no regularity or measurability assump-
tions on L(w, M) and §(w, M).
Let
x=c?

unif (R)={u: R— R|u is bounded and uniformly continuous} (2.3)

with uniform convergence topology (i.e.| - |co-topology). For each w €
2 and ugp € X, it is known that (1.1) has a unique (local) solution,
denote it by u(z, -; ug, ), with u(0, -; ug, ®) =ug(-) (see [27,30]). Moreover,
u(t, x; ug, w) is continuous in ¢, x, and ug, and is measurable in w. There-
fore (1.1) generates a (local) random dynamical system (see [4] for general
theory on random dynamical systems),

Il x : X X2 —> X x £2, 2.4)
IT; 5 (ug, w) = (111 x (g, ®), b x ), (2.5)

where 1 € I (ug, w)={t € R*|u(t, x; ug, ) exists att}, x R, and 7, (ug, w)=
u(t, +x;up,w).

In the following, a function u: R — R is said to be piecewise con-
tinuous if it is continuous on R\E, where E is a countable isolated sub-
set of R, and for each x¢ € E, both lim,_, y,—u(x) and lim,_, y,+u(x) exist.
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u: R— R is said to have finite discontinuous points if u is continuous on
R\ E, where E is a finite subset of R. Let

BPC(R)={u:R— R|u is bounded, piecewise continuous, and has finite
discontinuous points}. (2.6)

Observe that for each uge BPC(R) and w € £2, solution of (1.1) with ini-
tial data ug(-) exists (see [35]) and we may also write it as u(¢, x; ug, ).
We denote u(z, x; ug(w), w) as the solution of (1.1) with initial data ug(w)
for each we £2.

Definition 2.1. (1) A map ¢: 2 — X is called a random variable if it
is measurable.
(2) A random variable ¢: 2 — X is called a random equilibrium solution
of (1.1) if

71 x (P (), @) =P (0; xw)

for all teR" and x e R.
(H2) There are two bounded random equilibrium solutions u™: 2 — X of
(1.1) with

u™(w)(x) —u” ()(x) =8
for some §p>0 and all we £2 and x € R.

Definition 2.2. (1) A solution u(¢, x; ug(w), w) of (1.1) is called a
random traveling wave solution connecting u*(w) (traveling wave solution
for short) if u(z,-; upg(w), w) exists for + € R and there are U: R x 2 —
R,U(-,w) € X and is measurable in w in the X-topology (i.e. U*: 2 —
X, U*(w)=U (-, w) is measurable), and c: Rx w — R, ¢(¢, w) is measurable
in w, such that for each we 2,

up(w) = U(, w),
U () (x) < Uk, o) <ut(w)(x) for x eR,
Ux,w) —ui(a))(x) — 0 as x— Foo,
and

u(t, x;up(w), w)=U(-—c(t,w), b0 c¢0yw) for teR.

Such traveling wave solution is also said to be generated by U (-, -).

(2) A traveling wave solution generated by U(-,-): Rx 2 — R is said
to be critical if for each V(-,-): R x £2 — R which generates a traveling
wave solution,

UG +E(w), 00¢) ()6 (@)®), x=0,

Vi), ») { 22U +86(0), 0.6 ()& @@, ¥ <0
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provided that we 2 and & (w), & (w) € R satisfy the equality,

V(&1(w), w) =U (& (), O0,¢ (0)—&r () @)-

(3) A traveling wave solution generated by U (-, ) is said to be regu-
lar if for each we 2, ¢(¢, w) differentiable in ¢ and u®(x) is differentiable
in x, where u®(x)=U(0, 6y yw), and

inf (3xU (0, ) = 3. (0)) > 0.
we

Definition 2.3. A solution u(¢, -; vo(w), ) of (1.1) is a wave-like solu-
tion if for each w e £2,

u” (@) (x) <vo(@)(x) <uT(w)(x) for x eR,
lim(vo(8,y0) (x) = u* (B, @) (x)) =0

uniformly in y € R, v9(f,yw) € X and is continuous in y in the X-topology,
and for each § >0 and w € £2, there is m(8, w) >0 such that for all ye R
and r >0,

x+(ta 87 , Y) _xf(ta 85 w, y) g m((sa C()),
where

x4 (2,8, w, y) =inflxp |u(t, x; vo(0—s —yo), 0_; _yw) = u" (O —yw)(x) — 8
for x > x4}

and

x_(t,8, w,y)=sup{x_|u(t, x; vo(0—;,—yw),0_; yo) < u" (O, _yw)(x)+3
for x < x_}.

Such wave-like solution is also said to be generated by vy (w).

Remark 2.1.

(1) If ¢: 2 — X is a random equilibrium solution of (1.1), then
for each we 2, 9%, x) = (6; ,w)(0) =@ (6;0w)(x) is a solution.
Moreover, if 6, is independent of x (i.e., 6;,w =6, ow for all
t,x€ R and w e ), then so is ¢ (ie., ¢“(t,x) = ¢®(t,0) for
all r,x e R and w € £2). Similarly, if 6; , is independent of ¢
(i.e., 6, xw=06p ,o for all t,x € R and w e £2), then so is ¢ (i.e,
¢® (1, x)=¢*(0,x) for all 7, x€R and we 2).
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(2) The joint measurability of U (x, w) and c(z, w) is not assumed in
Definition 2.2.1). But U(x, w) is always jointly measurable since
U (-, w) is measurable in w in the X-topology and U (x, w) is uni-
formly continuous in x for each we 2. In some cases it can be
shown that c(z, w) is differentiable in # and hence is jointly mea-
surable (see for example Theorem C).

(3) In the case that the media is spatially homogeneous (that is,
0;x 1s independent of x) and (£2,{6;0};cr) is almost periodic,
if one of u* is stable, then a critical traveling wave solution is
the one among all the traveling wave solutions that has minimal
average propagating speed (see [47]).

(4) When u®(x)=U(0, 0y xw) is independent of x (i.e., u®(x)=u®(0)
for all xeR and w € £2), the condition in Definition 2.2.3),

: _
Jrelg (U (0, ) —u?(0)) >0,
becomes
inf U, (0, w)>0.
wes2
(5) Suppose that Vp(-,w) generates a traveling wave solution,
Vo(:, 0p,yw) € X is continuous in y €R in the X-topology, and

lim Vo(x, fg,y@) —u* (B, y0) (x) =0

uniformly with respect to y € R. Then Vy(-, w) generates a wave-
like solution. In fact, suppose that

u(t, x; Vo(-, w), w) = Vo(x — co(t, 0), 0 co(1,0) @)
Then

u(t, x; Vo(-, 0, yw), 04 _yo)
= Vo(x —co(z, 071,7)*60), 90,—y+co(t,9,,,,yw)w)'

By the assumption that lim, ., £ Vo (x, 6o, y0) —ui(G(), y®)(x) =0 uniformly
with respect to y e R,

Vo (X, 00, ytco(t.6_r —y)®) — U (00, —y4ot.6_, _yy@) (X) = 0
as x — oo uniformly in y€ R and 7>0. It then follows that

u(t, x +co(t,0-,—yw); Vo(-, 0, _yw),0_; _yw)
—ut (09, —yw) (x +co(t, 0—;,—y»)) — 0

as x — +oo uniformly in y € R and ¢ > 0. Therefore u(z, -; Vo (-, ), ®) is a
wave-like solution.
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Definition 2.4. ([25,51,62]) Let Y be a metric space and f:R—Y a
continuous function.

(1) f is said to be recurrent if for each sequence {«),} C R, there is
a subsequence {a,} C {o),} such that lim,_, o f (¢t + o) exists in
the compact open topology, and for each sequence {«,} CR with
lim,_,  f(t+a,)=g(t) in the compact open topology, there is a
sequence {B,} C R such that lim,_, g(t + B8,) = f(¢) in the com-
pact open topology.

(2) f is almost automorphic if for each sequence {«)} C R, there is a
subsequence {a,} C {«,} such that

lim lim f(t+a, —ay) =)

m—00 n— 00

in the compact open topology.
(3) f is almost periodic if for each pair of sequences {c}, {8,} CR,
there are subsequences {e,} C{c,,} and {8,} C{B]} such that

lim lim f(t+“”+ﬂm)=nlgrolof(t+a”+ﬂ”)

m—>00 n—>00 "

in the compact open topology.

Definition 2.5. ([4,21,51,62])

() ((2,7,P), {6 x}t.xer) is ergodic if ; yE=E(Ee€Z) for all t, x e R
implies that P(E)=0 or 1.

(2) Suppose that £2 is a compact metric space, # = %, 0 2 —
£2 is continuous, and 6;, is independent of t(x). Let o, =
;.00 (0w =6p ;) (note that (£2, {o;};cr) 1s a compact dynamical
system). Then

(1) (£, {o:}ser) 1s a minimal if for any w e 2, {c;0|t € R} is
dense in £2.

(i1) (£2,{os}ier) is almost automorphic if it is minimal and
there is wg € £2 such that o;w( is an almost automoro-
phic function from R 7o £2.

(i) (82, {o;}ser) 1s almost periodic if it is minimal and there
is wg € £2 such that o;wg 1s an almost periodic function
from R to £2.

(iv) (£2,{o:}ser) is periodic of period 7 if there is wg € £2
such that o, 7wy=0,w9 and 2 ={o;wp|0 <Lt < T}.
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Remark 2.2.

(1)

2)

Let Y be as in Definition 2.4. For a given a continuous function
f:R—Y, let

H(f)=cl{fe|fe()=Ff(+1).T€R}

where the closure is taken under the compact open topology, and
denote (H(f), {0:};er) as the time translation flow, o;g =g(-+1).
Then if f is recurrent (almost automorphic, almost periodic, and
periodic), so is (H(f), {01}ieRr).

Let £2, 6, be as in Definition 2.5 (2) with 6, yw="0; yw (6, xw=
0o.xw) and let orw =0y gw(orw =06, gw). If (2, {0:}1er) is almost
automorphic, then for residually many wg € £2, 0;wg is an almost
automorhic function from R to 2. If (£2, {o/};cr) 1s almost peri-
odic, then, for all wy € £2,0;wp is an almost periodic function
from R to £2 (see [25,51,62]).

We now state our main results.

Theorem A. Consider (1.1). Suppose that (1.1) has a wave-like solu-
tion generated by vo(-): 22 — X. Then

()

2

There is a critical traveling wave solution of (1.1). Moreover crit-
ical traveling wave solutions are unique in the sense that for each
pair U(-,w) and V(-,w) which generate critical traveling wave
solutions, there is a measurable function £(-): 2 — R such that

V(+&@),0)=U(, 0,¢®)-

If 6, is independent of x, (2,7 ,P),{6;.0}icr) is ergo-
dic, and U(x,w) generates a regular traveling wave solution,
ut,x; U(, 0),w) =Ux —c(t, ), 0 0w) with sup,cn |0:4%(0)] <
oo, where u®(t)=U(0, 0; gw), then there is g: 2 — R integrable
such that

dre(t, w) =g 0w)

and there are ¢, €R, Uy € X, and u*ﬂE € R such that for a.e. weS$2,

. ct,w)
lim
t—00 t

1 t
lim — Ux, 0 ow)ds=U,(x) forxeR,

t—oo t Jo

= Cx =/ g()dP(w),
2
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l t
lim - [ u®(;00)(0)ds=u],
t—oo t Jo

t

1
lim — | u™ (05 00)(0)ds=u,,
0

t—00 t
and
u, <U,(x)<uf forxeR.

Moreover, if i, 100 U (x, 65, 00) = u™ (65 0w) (x) (= u™ (6;,00)(0))
uniformly with respect to s € R, then limy_, oo Uy(x) =uf.

(3) If 6:x is independent of t,((2,7,P, {60 }xer) is ergo-
dic, and U(-,w) generates a regular traveling wave solution,
Ut,x;U(,w),w) =Ux — c(t, ), 0c,0y@) With dic(t,w) > o
for all t e R, w e 2 and some 5y >0, then there is g: 2 — R with
both g and 1/g being integrable such that

orc(t, w) = g(QO,C(I,w)w)

and there are c, € R, Uy, € X, and u*i € R such that for a.e. we 2,

) 1
e T m
2 g P @

1 t
lim — [ U(x,6 w)ds=U.(x) forxeR,
0

t—>oo t

1 t
lim — | u™ (G sw)(0)ds =u],
—oo f 0

t

1
lim — [ u”(0ps0)(0)ds=u,,
0

t—oo t
and
u, <U,(x)<uf forxeR.

Moreover, if limy_, +o0(U (x, 6y s0) — ui(eo,sw)(x)) =0 uniformly
in seR, then limy_ 100 Ug(x) =uf.

Theorem B. Assume that the conditions of Theorem A are satisfied
and U (-, w) generates a critical traveling wave solution. Moreover, assume
that 2 is a compact metric space, F(6; yw,u) is continuous in t,x eR, w e
2, and ue X, and u*(w) is continuous in w. Then the folowing hold.
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Let X = Cﬁnif(R) be equipped with the compact open]opology.
Then $20={wo € L2|U (-, w) is continuous at wqy in the X— topol-
ogy} is a residual subset of 2 (ie $2¢ is the intersection of
countably many open dense subsets of §2).

If 6, is independent of x, then U(-,w) is continous at wy €
20 in the X-topology and 6:;020 = 20 for all t € R. More-
over, if ((2,7,R),{0;0}ier) is minimal, then for each w €
20, U°t)(-)=U(-, 6, 0w) € X is a recurrent function from R to
X. If (2,7,P),{6:.0}icr) is almost periodic, then U®(t)(-) is
almost automorphic function from R to X for each w e 2. If
(82,7 ,P), {6 .0}icr) is periodic of period T, then $2o0 = 2 =
{6:.00010 <t < T, 07,000 = wo, O, xwo = 6; oo} for some wy and
UG-, t)=U(-, 0 0wo) is periodic in t with period T. In this case,
let

_ (T, w9) = C(0, wp)

€0 T
and
Vx,t)=U(x +cot —c(t, wp), 0; .0wp).
Then
u(t, x; U(, o), wo) =V (x —cot, 1)
and

Vx,t+T)=V(x,1).

If 6, is independent of t and periodic of period p in x,$2 =
{60.x®0)10 < x < p} for some wy, and there is T >0 such that
(T, wp) = p, then letting co=p/T and

V(x,t)=U(x +cot —c(t, w0), 00,c(t,wp)@0)
there holds
u(t,x; U(-, wp), wp) =V (x—cot, t)
and
Vix,t+T)=V(x,t).

Letting
y—x
Wk, y)=U(y—c
€0
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there holds
M(t, X3 U(a wo)v wO) - W(.X - Cota x)
and

Wx,y+p)=W(x,y).
Remark 2.3.

(1) Theorem B(2) shows that if 6;, is independent of x and
(82,7, P), {6;.00}ter) is periodic of periodic T, then a traveling
wave solution is of form

u(t,x)=V(x —cot,t),

where V(x,t+T)=V(x,t), which fits the definition given in [1].

(2) Theorem B(3) shows that if 6;, is independent of ¢ and
(82,7, P), {0y xw}xer) is periodic of period p, then under some
proper assumption, a traveling wave solution is of form

M([, X5 U(’ CUO)a 0)0): W(x —cof, -x)v

where W(x,y + p) = W(x,y), which fits the definition given in
[58].

To state Theorem C on the applications of Theorem A and B to a bistable
case, we assume
(H3)

(1) (1.1) has three random equilibrium solutions u*(w) and u°(w)
with

inf__{u*(0)(x) u®(@)(x), u® (@) (x) —u~ (@) (x)} > 0.

weS2,xe

(2) u*(w) are globally stable in the sense that for all « > 0,8 <0,
and we $2,

Jim (u(t, x: 1% (Ory0) () + t, O y©) — U™ (041, y) (x)) =0
Jim (u(t, 33 4O, @) )+ B, 0,y @) — 4 Bri2,,0)(6)) =0

uniformly in 7, y, x € R.
(3) u%(w) is unstable in the sense that there are bounded integrable
functions g+ (¢) with lim;_ s fot g_(s)ds =00 such that

8- (1) <3, F (0 x, u’ (0, 00) (x)) < g4 (1)

for r,xeR and we $2.
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Theorem C. Consider (1.1). Assume that (H1), (H2), and (H3) are
satisfied and that 6, o = 6;ow for t,x € R and w e 2. Then (1.1) has
a wave-like and therefore has a critical traveling wave solution. Moreover,
there is U(-,w) such that it generates a critical traveling wave solution,
ut,x; UG, w),w)=U(x —c(t,w), 0; 0w), and c(t, w) is differentiable in t.

3. EXAMPLES

In this Section, we present two random reaction-diffusion equations
arising from population genetics and phase transition to which Theorems
A, B and/or C can be applied, namely, a random variant of the Fisher, or
KPP, equation to which Theorems A and B can be applied, and a ran-
dom variant of bistable equations to which Theorems A, B and C can be
applied.

3.1. A Random Variant of the Fisher, or KPP, Equation

Classically, the so called Fisher, or KPP, equation is as follows:
a,uzafu +mu(l —u), 3.1

where m is a positive constant. (3.1) models the propagation of genetic
composition in a population ([26]). In this model, each individual of the
population belongs to one of three possible genotypes, aa, aA and AA.
The parameter u represents the fraction of alleles of type a or A amongst
the total number of alleles in the population and hence is a certain mea-
sure of the genetic composition. The reaction term mu(l —u) is derived
from a knowledge of the relative survival fitness of the three genotypes
(m is hence called the fitness coefficient) and the diffusion term d2u arises
from the effect of random migration of the individuals.

In reality, the propagation of genetic composition in a population is
influenced by various variations of the environment (for example, local
temperature) which may be known only in certain probability. Also, the
habitat in which the population lives is spatially inhomogeneous in gen-
eral. Taking these facts into account, it is natural to use proper random
variants of the classical Fisher, or KPP, equation to describe the propaga-
tion of genetic composition in a population. The following is one of such
variants,

du=0%u+F (6w, u), (3.2)

where 6; , is a random process on some probability space (£2, %, P), and
for all fixed 19, xo € R and wp € 82, f(u)= F(6;y x,w0. u) is of Fisher or KPP
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type, that is, there are u—, ut € R with u~ <u™ such that f(u®)=0, f(u) #
0 for u#u*, and f/(u™)>0, f'(u™) <O0.

Clearly, if F (6, w,u) =m(6; xw)u(l —u), where m(6; yw) >0 for all
t,xeR and we £2, then (3.2) is a random variant of (3.1). It describes the
propogation of genetic composition in a population in which the fitness
coefficient depends on both time and sapce in a random way. (3.2) with
F6; yw,u) =m0 yw)u(l —u) satisfies (H1) provided that m: o - R is a
bounded (#, #Rr)-measurable function and for all fixed w e 2, m(6; yw) is
globally Holder continuous in ¢ and x. It is also easy to see that (3.2) has
two random equilibria u~ (w)=0 and u*(w)=1 and hence satisfies (H2).
Therefore Theorems A and B can be appliled to (3.2) with F(6; 0, u)=
m(6; xw)u(l —u). The application of Theorems A and B to more general
type variant of the fisher, or KPP, equation will be studied in forthcoming
papers.

It should be mentioned that a proper regularization of stochastic var-
iant of the Fisher, or KPP, equation gives rise to a random one and there-
fore, the present work would have impact on the study of front propaga-
tion in certain stochastic parabolic equations. For example, consider the
following stochastic variant of (3.1),

du= (32u +mx)u(l —u))dr +u(l —u) odW(t, w), (3.3)

where m(x) is a bounded smooth function, (W(t,-));er 1S a two-sided
scalar Wiener process on the probability space (2, 7, P),

Q=Cy(R,R) ={weC(R, R)|w(0)=0}

endowed with the compact open topology, P is the corresponding Wie-
ner measure, & is the P-completion of %y (%4 is the Borel o-algebra on
Q), and odW (¢, w) denotes Stratonovich’s differential. Let € €(0, 1) and let
Jj € C*®(R) be compactly supported in (0, 1) with j >0 and ij(S)dé =1.
Consider the mollifier j.(§)=¢"'j(e~'¢) and define

se(@) = /0 JLE)AWE, o).
Obviously,
5e () = /0 JLE —DdWE, w).

where 6, is the so called canonical dynamical system on (£2, 7, P) defined
by

bo()=w(-+1)—w() for all teR.
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The following random equation can be viewed as a regularization of (3.3),
Byt = 7ue + (M (x) + ¢ (B0)ue (1 — ). (34)

(3.4) is a random variant of (3.1) though (H1) is not satisfied (m(x) +
se (B;w) 1s locally but may not be globally Holder continuous for some w e
£2). Nevertheless, some concepts and techniques introduced in the present
paper could be applied to (3.4). We will explore applications of the present
work to certain stochastic parabolic equations somewhere else.

3.2. A Random Variant of Bistable Equations
Equation
du=0%u+(1—u®)(u—a, (3.5)

where a(—1 <a < 1) is a constant, is a so called bistable equation. Note
that (3.5) has three and only three constant solutions u~ =—1,u%=a,ut =
1(u= <u®<ut) and u™ are stable and u” is unstable. (3.5) has been used
to describe front propagation in many applied problems including phase
transition and nerve propagation. Physically W (u)=— [ “(1—&2)(& —a)de,
the so called double well potential, arises from the free energy or entropy
and afu arises from the internal interaction energy. When the two wells of
W have equal size (i.e. a = 0), (3.5) is usually called Allen—-Cahn equation,
which models the grain boundary motion in a solid material ([2]). In this
case, u(t, x) is an order parameter representing the state of the material at
time ¢ and position x. The minima u==+1 of W are the pure phases and
the grain or antiphase boundary is the interface between two regions, one
with order parameter 1 and the other —1.

Similarly, in reality, it is important to use proper random variants of
bistable equations to describe front propagation in those physical and bio-
logical problems traditionally modelled by (3.5). Here is an example of
such random variants,

du=>02u+F 6 0, u), (3.6)

where 6; , is a random process on some probability space (§2, %, P), and
for all fixed #p, xo € R and wp € 2, f(u) = F(6;),x,w0, 1) is of bistable type,
that is, there are u™*, u’ e R with u~ <u® <u™ such that fu®)= fu’) =
0, f(u)#0 for u#u*,u°, and f'w*) <0, f'(u® >0.

Clearly, F(6; xw,u)=(1 —u?)(u —a(b; yw)) with —1 <a(6; yw) <1 is of
bistable type. (3.6) with F(6; yw,u)=(1— u?)(u —a (b xw)) (-1 <a(b; o) <
1) satisfies (H1) and (H2) provided that for all w € £2, a(6; xw) is globally
Holder continuous in ¢ and x. Moreover, if 6; . depends only on 7 (i.e.
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Orxw="06; ow for all t,xeR and we 2) and —1/4<a(b; rw) < 1/4, then it
is not difficult to prove that (3.6) also satisfies (H3). In fact, it is easily
seen that u*: 2 — R, u™(w)==+1, are two random equilibria of (3.6). By
monotone random dynamical system theory (see [5]), there is at least one
random equilibrium u°: 2 — R of (3.6) with —1/4 <u®(w) < 1/4 for all
w € 2. Moreover, since 1 — (ug(w))* — 2u ()’ (w) — a(w)) > 11/16, every
random equilibrium lying between —1/4 and 1/4 is unstable and hence is
unique. The rest of (H3) can be casily verified. Therefore, Theorems A, B,
as well as C can all be applied.

4. PRELIMINARY LEMMAS

In this section we present some lemmas to be used in later sections to
prove Theorems A-C.

Let X:Cﬁnif(lR) be as in (2.3) and IT;: X X 2 — X x 2 be as in (2.4)
and (2.5). Let ug(w) be as follows,

. B ut(w)(x) for x>0, 41
tp (@) (x) = u  (w)(x) for x <O. 1)

Clearly, uj e BPC(R), where BPC (R) is as in (2.6).
Lemma 4.1. Consider
du=>2u4q(t, x)u, xeR, 1>0. (4.2)
where q is a bounded and continuous function. Let u(t, x) be a nonzero clas-
sical solution of (4.2).

(1) For each t >0, the zero set of u(t, x),
z(t) ={x € Rlu(t, x) =0}

is a discrete subset of R.
(2) If at (ty, xo) both u and u, vanish, then there is a neighborhood
N =[to— 38, to+ 8] x [xo — €, xo + €] of (to, x0) such that

(1) u(t,xoxe)#0 for |t —tg] <.
(i) u(to+46,-) has at most one zero in the interval [xg— €, xg +

€]

(1) u(to—3§,-) has at least two zeros in the interval [xy— €, xo +

€].
Proof. See [3]. 0
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Lemma 4.2. For each ug € BPC(R) and each we 2, if
. o+ _
im (o) — uF(@)(x)) =0,
then for all t >0 at which u(t, x; ug, ) exists,

lim (u(t, x;ug, @) —ut (6, ow)(x)) =0.
x—+o0 ’

Proof. If follows from standard theory for parabolic equations ([27]).
]

Lemma 4.3. Let w, €82 and uy,,upc BPC(R)(n € N) withsup, cg|un(x)]
being bounded. If F(6; xwn,u)— f*(t,x,u) and u,(x) = uo(x) as n— oo
in the compact open topology, then for all t >0 at which u*(t, x;uy) and
u(t,x;uy,, w,) exist,

u(t,x; up, wp)— ™ (t, x; up)
as n— oo in the compact open topology, where u*(t, x; ug) is the solution of
o= 8,214 + (@, x,u)
with u*(0, x; ug) =ug(x).
Proof. Let v,(t,x)=u(t, x; u,, w) —u*(, x;up). Then v, (¢, x) satisfies

O vn =082y + 8y F (O xon, us (1, X))y
+F (O xwn, u™(t, x3u0)) — f*(t, x, u™(t, x; up)),
where u)(f, x) lies between u(t, x; u,, w,) and u*(¢, x; up). Let

vy (t, x)

ﬁ(t,x):m.

Then v,, satisfies

. 2~ 4x - N 2 _
0 Uy :axvn+1+—xzaxvn+ auF(gt,xa)n»un(t7x))+1+x2 Un
F (6, xwn, u™(t, x;u0)) — f*(, x, u™ (¢, x; ug))
+ .
1+4+x2
Note that
05
5, 0.0 =29
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uniformly in x € R and

F (O xn, u*(s, x;u0)) — f*(s, x, u™(s, x; up)) N

0
1+x2

uniformly in 0 <s <t and x € R. It then follows that
v, (t,x)—0

as n— oo uniformly in x € R. Hence v, (¢, x) — 0 and then u(¢, x; ug, w,) —
u*(t,x;up) as n— oo in the compact open topology. UJ

Lemma 4.4. Let uc(-),ug(-) € BPC(R) be such that

/OO lue(x) —uo(x)|dx —0

—0o0

as € > 0. Then for all t >0 at which u(t,x; uc, w) and u(t,x; u., w) exist,
eli_r)r%)u(t,x; Ue,w)=u(t, x; up, o)
uniformly in x € R.
Proof. See [35]. UJ

Lemma 4.5.
(1) For all y1,y;€R with yy#y, and all t >0, there holds

u(t, -5 ug(O—r,—y, @) (- +y1), 01 0®) > (or <)
M([, S ug(e—l,—yzw)(' +)’2)7 971,00))'

(2) Assume that
U= lim u(tn, x3 ug(O1,,—y,®) -+ Yn), 0, 00)
and
U= lm u(ty, x;ug(0-y,,—5,0) -+ Fn), 0-,,00)

in the compact open topology for some t, — oo and yn, yn € R If
U0)=U(0), then U(x)=V (x).

Proof. (1) Note that for all yeR,

o6 Y(x +y) u+(9—l,0w)(x) for x > —y,
u —t,—yW) (X =
e ’ u= (O ow)(x) for x <—y.
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Hence for all yj, y, € R with y; # ys,
g (O—1,—y, @) (x +y1) = (0 Qug(O—1,—y,®)(x + y2)
for all x e R depending on y; > ( or <)y,, but
g (O—1,—y, @) (x +y1) E g (O—1,—y, ) (x + 32).

(1) Then follows from comparison principal for parabolic equations.
(2) Without loss generality, suppose that y, > y,. Then

ug(O—r,,—y, @) +yn) = (and Aug0—y, —5,0)(+ ).
By (1),

u(t, x; MS(G—tn,—yna))(' + Y1), 0, 00)
>u(t,x;ug(0—p, —5,0)(+In), 0, 00)

for all x e R. Without loss of generality, we may also assume that
nli)rgou(tn—l,x;uS(Gftn,fynw)Cern),9_tn,ow)=u*(x)
and
lim u(t, — 1, x5 u5(0—;, —5,0) -+ Fn), 0y, 00) =it*(x)
n— oo
in the compact open topology. Then we have u*(x) >u*(x) and

Ux,w) =u(l,x;u*(-),0_10w),
Ux,w) =u(l,x;i*(-),0-100)

for all x € R. If u*(x) #u*(x), then by comparison principle for parabolic
equations, U(x, ®)> U (x, ) for all xeR. But U(0,w)=U(0,0)=u’(w), a
contradiction. Therefore, u*(x) =u*(x) and then U(x,w)=U(x, w). 0

Lemma 4.6. (1) For each t >0, we€ 82, and uy€ BPC(R) with
im (o (x) —u™(w)(x)) =0

x—+o0

and
U (@)(x) <uo(x) <ut(w)(x) for —oo<x< o0,
there is unique &(t, w) €[—00, 00] such that

>u(t,x;ug, w) for x>E&(t, w),
u(t, x; up(w), )
<u(t,x;ug,w) for x <&(t, w).
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(2) Assume that
U(x)= lm u(ty, x; uy(0—s, —y, @)+ Yn), 0—, 00)

n—oo
and

V)= Bm ut, x; v}, 04, 00)

n— o0

in the compact open topology for some we §2, t, — 00, y, € R, and
vy e BPC(R) with

lim (v} (x) —u™ (0, 00)(x)) =0

x—+o0

and
u (0, 0w)(x) < v:j(x) < u+(9_,m0a))(x) for x eR.
If U0)=V(0), the either U(x)=V(x) or

>V(x) forx>0,

U(x){
<V(x) forx<0.

Proof. (1) First, it is not difficult to see that there are u} (), ue € X
such that u?(w)(x) =ug(w)(x) and uc(x)=uo(x) for |x|>1,

/ lul (w)(x) —ug(w)(x)|dx — 0

and

o0
/ |ue(x) —up(x)|dx —0
—00
as € > 0, and for 0 <e < 1, uf(w)(-) —ue(-) has exactly one simple zero.
Then by Lemma 4.1, for each ¢ >0, there is & (¢, w) €[—00, 0] such that

>u(t,x;ue, w) for x>E&(t,w),
u(t, x; ul (w), ) { ‘ 5

<u(t,x;uc,w) for x <& (1, w).

Take a sequence €, — 0. Without loss of generality, assume & (¢, w) —
&(t, w) €[—00,00]. Then by Lemma 4.4, we have

>u(t,x;up, w) for x>&(t, w),

u(t, x; ug(w), o) {

<u(t,x;ug,w) for x <&@, w).
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Note that the above holds for all r > 0. It then follows from Lemma 4.1
and comparison principle for parabolic equations that

>u(t,x;ug, w) for x>E&(t,w),
u(t, x; ug(w), w)
<u(t,x;ug,w) for x <&(t, w).
(2) Without loss of generality, we may assume that
Us(x)= lim u(t, — 1, x; M3(9—zn,—ynw)(~ +yn), Q—tn,O)
n— oo
and

Velr) = lim u(t, —1, x; U, (4), 04, 00)

in the compact open topology. By (1), we may assume there is &.(¢) €

[—o0, o0] such that
>u(t,x V(). 6-1,00) =V () f +(1),
U(x):u(t’x;U*(.)’G_how){ u(t, x; Va(), 01 00) =V (x)  for x>&.(1)
Su(t,x: Va(),0-100) =V (x)  for x <£.(1)

for 0<r < 1. It then follows from Lemma 4.1 and comparison principle for
parabolic eqautions again that either V(x)=U(x), or V(x) > U(x) for all
xeR, or V(x)<U(x) for all xR, or
>V(x) for x>&.(1)
U
<V(x) for x <&.(1).

Therefore, if U(0) =V (0), then either U(x)=V (x) or
>V(x) for x>0,
Ux
<V(x) for x<O0.
0

Lemma 4.7. Let G: Rx 2 — R be measurable in we€ 2 (i.e. for each
yeR,G(y,:): 2 — R is measurable) and continuous hemicompact in y €
R (ie for each w € 2,G(-,w): R— R is continuous and any sequence
{yn} CR with |y, — G(yy, w)| = 0 as n— oo has a convergent subsequence).
Then G has a deterministic fixed point (i.e. there is ¢: 2 — R such that
G(p(w), w)=¢(w)) iff G has a random fixed point (i.e. there is measurable
¢: 2 — R such that G(¢)(w), w) =¢(w)).

Proof. See [42]. 0

Let Y and Z be two compact metric spaces and P: Z — Y be a
homomorphism with P(Z)=Y.
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Lemma 4.8. There is a residual subset Yo CY such that for all ygeYy
and y, €Y with y, — yo as n— oo, for each zo € P~V (yo), there are z, €
P~ Y(yp) such that z, — zo as n— oo.

Proof. See [51] or [62]. 0

Lemma 4.9. Suppose that 6; yo =0, 0w (0 xw =00 xw) for all t,x €R
and we 2. Let 0,0 ="0; gw (010 ="00 ). if (§2,{o1}ier) is ergodic and h e
LY(2,7,P) (h is real-valued), then there is 290 € F with P(20) =1 such
that

t
lim l h(osw) ds:/ h(w)dP(w)
2

t—oo t Jo
Sor all we $2y.
Proof. see [4]. 0

5. PROOF OF THEOREM A

In this section, we shall prove Theorem A stated in Section 2.
Throughout this section, we assume that (1.1) has a wave-like solution
generated by vp:§2 — X. Let

ut (@) (0) +u” (@) (0)
3 :

ug(a)) =
Clearly, ug(-): 2 — R is measurable, and
1™ (@)(0) + 8o < ug(@) <uT (@) (0) — &

for some 8y>0 and all we 2.

Proof of Theorem A(1). Let uj(w) be as in (4.1). We shall prove that
for each ¢ >0, there is y(f, ) measurable in @ such that

u(t, y(t, ®); uf 01, —yt.0)®)s O—1,—y(t.0) @) = U (@), (5.1
and
Ulx, )= lim u(t, x +y(t, w); uy(O—t,—yt,0)@) 0=t —yt.y@)  (5.2)

exists and U (-, w) generates a critical traveling wave solution. Moreover,
critical traveling solution is unique. We subdivide the proof into five steps.

Step 1. We prove that for each 1 >0 and w € £2, there is y(¢, ) measurable
in w € 2 such that (5.1) holds. Moreover, y(z, w) satisfying (5.1) is unique.
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In order to do so, first for given w € £2 and 7 > 0, define
G(t,y,w)=y —l—ug(a)) —u(t, y;uy(0—;,—yw), 0_; _yw). (5.3)

Then by Lemma 4.3, G(¢, y, w) is continuous in y and measurable in w.
We claim that

lim e, v 4501,y ), 01—y @) — ™ (@)(0) =0. (54)

In fact, for all y, — oo,
Ul (O, —y, @) (x + yn) = ut (0 pw) (x)
in the compact open topology. Hence by Lemma 4.3 again,

u(t, yn; ug(O—r,—y, ), 0—t —y, ) =u(t,0;ug5(0—; —y, @)+ yn), 0 o)
= u(t, 0;u™ (0—_1,00) (), 0_; o)
=uT(w)(0).

This implies that
lim u(t, y; ugy(0—;—yw), 60— —y) =uT(w)(0).
y—00

Similarly, we can prove that

lim u(t, y; ug(0—;—yw), 60— —yw)=u"()(0).
y—>—00

By (5.4), there are y (¢, w) with y_(¢,w) <0<y (¢, w) such that

3o
Gty 0)<y—— for y>y.(t,0)

and
8
Gt,y,w)=y+ > for y<y_(t, w).
Let
M(w)= max G, y, )|
V- (1,0)<y<y+(1,0)
‘We have

G(tv y7a))€[y—(tvw)_M(w)v y+(t7w)+M(a))]

for each y e[y_(t, w) — M(w), y+(t, w) + M(w)]. Hence there is y(¢, w) such
that

G, yt, w),w)=y(t, w)
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and then by (5.3), (5.1) holds. Moreover, for all {y,} with y,—G(, y,, w)|—
0 as n— oo, we must have y_(f,w) <y, <y+(t, w) for n> 1. Hence there
is a convergent subsequence of {y,}. It then follows from Lemma 4.7 that
there is y(¢, ) measurable in @ such that (5.1) holds.

Next, we prove that y(¢, w) such that (5.1) holds is unique. For oth-
erwise, suppose that y; <y, are such that

u(t, yis ug(0—;—y; @), 0—; _y,0) = ug(a))
for i=1,2. By Lemma 4.5,
wu(t, x5 ug(O—r,—y, @) (4 31), 01 00) <ult, x; ug(O-1,—y, @) (- +y2), ¢ o)
for all >0 and x € R. But

u(t, 03 ug(O—r,—y, (- + 1), 01 00) = ug(@)
= M(t, 09 us(e—t,—wa)(' +y2)7 97[,060)1

a contradiction. Therefore, y(¢, ) satisfying (5.1) is unique.

Step 2. Let
U, x;0)=u(t, x+y(, o); MS(Q—t,—y(t,w)a))a O—t,—y(t,0)®). (5.5)

We prove that lim, o U(t,-; w) exists in the X-norm and U(-,w) =
lim;_, o U(t, -; w) is measurable in @ in the X—norm, lim,_, + (U (x, ) —
ut(w)(x)) =0.

We first prove that for each ¢t >0 U(s, -; w) € X is measurable in » in
the X-norm. To do so, define

G1: 2 - Rx§£2, Giw)=0(, w),w),
Gr:RxR2—>RxX, Gar(y,w)=(y,u(t,;uy(0—;,—yw),0_; _yw),
and
G3:RxX— X, G3(y,)()=u(-+y).

Clearly G is (¥, #r x F)-measurable and Gj3 is (#r x Bx, Bx)-mea-
surable . By Lemma 4.4, G, is (%R, X7, Br X Ax)-measurable. Hence
U, ,w)=G30Gr0G(w) is (F, %Bx)-measurable.

Next, we prove that for all 71, with 0 <t <13,

>U(tr, x; w) for x>0
Ul(ty, x; o) (5.6)
<U(t, x; w) for x <O.
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Notice that

Ut,x;o) = u(t, x + y(t, ©); ug(O—,—y(t,0)@), O—t,—y(1,0)@)
=u(t, x; uy(0—t,—y,0)@) (- + y(t, ®)), 0_ ow).

Therefore,
U, x; o) =u(ty, x; ug(O—),—y(y,0)@) (- + (11, ®)), 04, ow),

and

U(ty, x; 0) =u(ty, x; u(ty — 11, 5 uy(0—ty,—y(1y,0) @) (- + (12, ®)),
071‘2,0&))7 97!1,00))'

By Lemma 4.6(1), (5.6) holds. Hence lim;_, o U (t, x; w) exists for each x €
R. Let

U (x, w):tlirgo U(t, x; w).

Clearly U(-, w) € X and U(O,w):ug(a)).
We also claim that

lim U(t, x; w)=U(x, ®) 5.7
—>00
uniformly in x € R and
lim (U(x, ) —u(w)(x))=0. (5.8)
x—+o0

In fact, by the arguments similar to those in proving the existence of
y(t,w) in step 1, there is £(¢, w) such that

u(t, £(t, 0); V0(O—r —£(1.0)®), O—1,—£(1.0) @) = UY(@).
Then by Lemma (4.6.1),

Zu(t,x +&(, 0); v9(0—;,—£¢,0)®), 0t —£¢t,0)®), X 2=0,
U(t,x,w)
Su(t, x+&(, 0); v9(0— —£¢,0)®), 0t —£¢t,0)®), X <0,

This implies that

lim U, x, ») —ut(0)(x)=0
x—to00

uniformly in 7 >0 and then (5.7), (5.8) follows. Moreover, by the measur-
ability of U (¢, x, w) in w and (5.7), U (-, w) is measurable in w in the X-norm.
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Step 3. We prove that U (-, w) generates a traveling wave solution, that is,
there is c¢(¢, w) measurable in w such that

M(t,x+c(t, C()); U(a C()), C())E U('x’ Qt‘c(t,w)w)- (5'9)

First, by the arguments similar to those in proving the existence of
y(t,w) in step 1 again, there is ¢(¢, ) measurable in w such that

u(t, c(t, ); U, ), @) =ug(O.c(1.0)0)- (5.10)
Now, we show that (5.9) holds. Note that
Ux,w)= lim u(s, x; ug(0—s,—y(s.0)@) (- + ¥ (5, 0)), 6 o).
§—>00
Hence,

u(t,x+c(t, w); U(-, ), ®)
=Sl—i>nolou(s +1,x; ué(e—s,—y(s,w)w)(' +y(5, w)+c(t, w)), e—s,c(t,w)w)
:Slingo”(s 1, ”3(9—3—lq9(S+t10;,c<t,w)w)9t,6(t,w)a))(' + V(s +1, 0 c(r,0)®))s

07(s+l),0(9t,c(t,w)a)))»

Where jj(t +Sa et,c(t,w)w) = )’(Sa a)) +C(t7 (,l)),
and

u(t, c(t,); U(-, @), 0) =ud (0, c(t,0) @)
Note also that

Ulx, et,c(t,a))w)
= sll)ngo u(s+1t, x; MS (9—(s+t),—y(s+t,0,,c(,,w)w9t,c(t,w)a))(' + (41,0 c1,0)),

O (5+1),00,¢(1,0) @)
and
U0, 6, c(t,0) @) = Y 61 c(t,0)®),
Then by Lemma 4.5(2),
u(t,x+c(t,w); U(-, w), o) =U(x, 0 c(1,0)®),

that is , (5.9) holds.

Step 4. We prove that U (-, w) generates a critical traveling wave solution.
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Suppose that V (-, w) also generates a traveling wave solution. Given
w € §2, suppose that £(w) and &(w) are such that

V(§1(w), w) =U(&2(w), Op.¢, ()~ () @)-
Note that
Vix,w)y=u(t,x;u(—t,; V(,0),w),0_ o).
Hence
V()C +$1 (Cl)), a)) :Ll(t, X3 u(_tv : +€1 (C()), V(v C()), (,()), e—t,fl(w)a))
= lim u(t, x;u(—t, -+ & (w); V(-, 0), w), 0_; £ ()®)-
11— 00
Note also that
U(x +&2(w), 00, (0)— & (0) @)

= ,llf{}o u(t, x; ”8(9—1,—)’(!’90,51 ()& (@) 00.&) () —& () @)
(+y, ), 0-t £ (),

where y(t, w) =y(t, 00, ()—& () @) +52(w). By Lemma 4.6(2), we have

z2Vx+éi(w),w), x20,

Ux+8(w), 0 5 (@)@
(20 G505 ){<v<x+sl(a)),w>, <0,

Therefore, U generates a critical traveling wave solution.

Step 5. We prove that critical traveling wave solutions are unique. Sup-
pose that both U and V generate critical wave solutions. First, by the
arguments similar to those in proving the existence of y(¢,®) in step 1
again, there is a measurable &(w) such that V(§(w), w) =u8(90,5(w)a)) =
U(0, 0p,£(yw). Then by the arguments in step 4,

<UG, O gyw)  x20,
x<0.

V(x+&(w), w)
T, e {>U(x,90,g(w)w)

On the other hand,

Vix+&(w),w) x>0,

<
U(x, 0060
(x: Bo.gc )w){EV(x—i—é(a)),a)) x <0.

Hence V(-+&(w), ) =U(:, by g(w)w).
The proof of Theorem (A 1) is then completed. 0
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Proof of Theorem A(2). Let o,w=0;0w. Suppose that U(-, w) gener-
ates a regular travelimg wave solution,

u(t,x; UG, w),w)=U(x—c(t,w), orw),
u(t,c(t,w); U(-, w), w) =U (0, o;0) =1 (1).

First of all, we have that
u(t, c(t,w); U(:, w), w) + 9;c(t, w)dyu(t, c(t, w); U(-, o), ®)
=3, (t) = 8,i”* (0).

Therefore,

3% (0) — 92U (0, oyw) — F (0700, ul)(070))
3, U (0, 0;0) ’

drc(t, w) =

Let

3i”(0) — 32U (0, ®) — F (w, u) (@)
3, U (0, w)

g(w)=
Then g(w) is integrable and
drc(t, w) =g (o).

It follows from Lemma 4.9 that there is £21 € % with P(£2;)=1 and ¢, eR
such that
13

lim c(t, ) = lim l g(oyw)ds=c*=/‘ g(w)dP(w)
0 2

t—00 t t—oo t

for we 2.
By Lemma 4.9, there is 2, C £2 with P(§£2;)=1 and u*i € R such that

t
lim l ui(asa))(O)ds=uf
t—oo t 0

exists for any w € £2;.

Now, let @ be the set of rational numbers. Since U(-,w) € X is
measurable in w and U(x,w) is bounded in x and w, by Lemma 4.9
again, there is £23 € # with P(£23) =1 such that limt_mo%fot U(x, o50)ds
exists for all x € @ and w € £23. Note that U(x,w) is uniformly con-
tinuous in x. This implies that for all x € R and w € 23, the limit
limtﬁoo%fot U(x, o,w)ds exists. Let

1 t
U*(x):tl_i?go?/o U(x,osw)ds
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for x e R and w € Q3. We have U, € X and U, is monotone. Note that
u® (@) (x) =u*(0)(0). Then

u” (@)(0) <U(x,w) <ut(w)(0)
for all x € R. Hence
u, <Ux(x) Su: for x eR.

Clearly, if lim,_ 400 U(x, oyw) = ut(050)(0) uniformly for s € R , then
Uy (£00) =ur. Theorem A(2) then folows. O

Proof of Theorem A(3). Let o,w=06) w. Observe that
u(t,c(t,w); UG, w),w) =U (0, o pyw) =u®(c(t, w)).
Since U (-, w) generates a regular traveling wave solution, we have

oru(t, c(t,w); U(-, w), w)+ dxu(t, c(t,w); U(-, w), w)d;c(t, w)
=0;c(t, w)d,u®(c(t, )

and then

92U (0, 0c(r,0)®) + F (0c(r,0) @, u) (0c(t, 0)w))

d:c(t, =—
relt, @) 8, U (0, 0.0y ) — Bxu®(c(t, @)

Note that 9, u®(c(t, w)) = 0, u®:»®(0). Let

92U (0, ») + F (w, ul())
3,U(0, ) — 9,u”(0)

glw)y=—
Then

Orc(t, w) = g(oc(t,a))w)~

Since 9;¢(r,w) >8,>0 for 1 € R, w e 2 and some §y > 0, there is 7 (&, w)
such that & =c(¢ (¢, ), w). Hence

ot (€, w)= .
OO o)

By Lemma 4.9,

1
lim; o0 + [y drc(t, w)dt

1
| —ap
/.og«u) (@)

1 [
lim —/ 0et (E, w)dE =
0

n—oo ]’]
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for a.e. we £2. This implies that

lim ct,w)—c(0,0) 1
=00 t - [0 g#dl]j’(a))

(w)

for a.e. we 2. The rest of Theorem A(3) follows from the same arguments
as in Theorem A(2). O

6. PROOF OF THEOREM B

In this section, we shall prove Theorem B. Throughout this sec-
tion, we assume that £ is compact, & =%g, F(0; xw, u) is continuous in
t,xeR, we 2, and u € X, u™(w) are continuous in w. We assume that (1.1)
has a critical traveling wave solution generated by U(-, w),u(t, x; U(-, ), w) =
U(x —c(t, ®), 61 c(r,0)®), U0, ) =ud(w), where

ut (@) (0) +u” (@) (0)
3 :

Proof of theorem B(1). First of all, let X = Cﬁmf(R) be equipped
with open compact topology. Let

u8(a)) =

Y =c{(U(-, »), 0)lwe R} C X x £2,
where the closure is taken in the X x §2-topology. Let
P:Y— £, PV(),w)=w.
Then Y is a compact subset of X x £2 and P is continuous. Let
h: 2 — 27, h(w)=P ().

By Lemma 4.8, there is a residual subset £2g C £2 such that / is a contin-
uous on 2.
Next, we claim that for each we 2 and (V(.),w) €Y, there holds

>V(x) for x>0,

U b 6-1
(x w)!QV(x) for x <0. 6.1)

In fact, for each we £2 and (V(-),w) €Y, suppose that
n—>oo
in X x £2-topology. Note that

U(x, wy) ztirgou(t’ X+ y(t, wy); ME(Q—I,—y(Z,w,,)wn)’ 9—1,—y(t,w,,)wn)
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in the uniform convergence topology. Without loss of generality, we may
assume that for some ¢, — oo,

V(x)= Em u(ty,x + y(tn, 0n); ugO—t,,—y(t,,0,)@n)s Oty (t,0,) @n)
n—o00
in the compact open topology. Hence by Lemma 4.3,

u(t,x; V), w)

= lim u(t+1t,,x +y(tn, wp); ug(g—t,,,—y(l,,,wn)a)n)v e—t,,,—y(l,,,wn)wn)
n—00

in the compact open topology for all ¢ € R. Therefore u(z, x; V(-), w) exists
for t e R and

V() =ult, x;u(—t,; V() 0),0_; o)

= lim u(t, x; u(—t,; V(), w),0_ ow)
1—>00
in the compact open topology. Note also that
Ux, )= m u(t, x; 50—, —y,0)@) (- + Y (1, @), 01 0).
By the continuity of u®(w) in w and comparison principle for parabolic
equations,
U= (@)(x) < V(@) <u’ (@)(x)

for x e R. Clearly, V(0) :ug(a)). Hence by Lemma 4.6(2), (6.1) holds.
Now we claim that for each wg € 29, h(wo) ={(U(-, wp), wp)} is a sin-

gleton. In fact, if (V(-), wp) € h(wp), then there are (U (-, w,), w,) such that

(U, wp), wp) = (V(-),wp) as n— 0o in X x € topology. By the continu-

ity of i at wy, there are (V,, w,) €Y such that (V,, ,)— (U(-, wg), wp) in

X x 2 topology. By (6.1),

>V,(x) for x>0,

<V,(x) for x <0.

Hence we must have

v {EU(x,wo) for x >0,
<U(x,wy) for x<0.

By (6.1) again,
(x) for x>0,

(x) for x<O0.



Waves in Diffusive Random Media 1043

Hence V(x)=U(x, wg) for all x e R and h(wy) ={(U(-, wp), wp)} is a sin-
gleton.

Finally, it is not difficult to see that 2:2 — X, h(w) =U(-, w) is con-
tinuous at w € £2 in the X-topology iff &1(wp) is a singleton. It then follows
that h(w)=U(-, w) is continuous at each wy € §2y in the X -topology. 0

Proof of Theorem B(2). Suppose that 6; yw = 6; o for all ,x e R
and we 2. Let oy ="6; gw.

First of all, we claim that for each (V(.),w) €Y, V(x) is either strictly
monotone or a constant function. In fact, for each (V (), w) €Y, assume
that

Vix)= lim u(ty, x +y(ty, wp); ”3 (Gftn,fy(t,,,a)n)wn)» 971,,,7}'(ln,wn)wn)
n— o0
for some #, — oo in the compact open topology. Then for all t € R,

u(t,x; V), )

= lim u(t+ty, x +y(ty, wp); ug(g—tn,—y(tn,w,,)wn)v e—tn,—y(t,,,w,l)wn)
n— 00

in the compact open topology. It then follows from comparison principle
for parabolic equations that V(x) is either strictly monotone or is a con-
stant function.

Next, we prove that U(-, ) is continuous at each wg € £2¢ in the
X-topology and o,82) = £2 for all z € R. Note that w € £2¢ if and only if
P~ (w) is a singleton.

Assume wgy € 29 and w, € 2 with w, > wy. By Theorem B(1),
U(-,wy) = U(-,wp) in the X-topology. The continuity of u®(w) together
with the monotonicity of U(-, w) then implies that U(-, w,) > U(:, wp) in
the X-topology.

Assume w € £2. For each fixed 7 > 0, suppose that (V (-), o;wp) € Y. Then
there is w, — wg such that U(-, o;w,) — V(-) in the compact open topology.
Note that U(-, w,;) — U(-, wp) in uniform convergence topology. Hence

U(x, 0n) —u™(0)(0) — 0
as x — Foo uniformly in n>1 and then
u(t,x; U(-, wp), wy) — ui(olwll)(o) —0

as x — Foo uniformly in n > 1. Hence c(t, w,) is bounded with respect to
n and

U (x, 010n) — u(010,) (0) =u(t, x +c(t, 0p); U (-, @), 0p) — u™(070,)(0) — 0
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as x — oo uniformly in n > 1. It then follows that
u(=t,3 U (- 010n), 010n) — u™ () (0) = 0

as x — +oo uniformly in n>1 and therefore c(—t, o;w,) 1s bounded with
respect to n. Without loss of generality, suppose that

c(—t, orwy) = c*
as n— 0o. Then

Ulx,wy) =u(—t,x+c(—t,0rw,); U(-, orwy), 0rwy)
=u(—t,x+c* U (-, 010p), 070;)
tu(—t,x+c(=t,010,); U(:, 010), 01@0p)
—u(—t,x+c*; U(:, o1wp), 01wp)
—u(—=t,x+c*; V(), orwp)
=u(—t,x; V(-+c*), orwp)

as n— oo in the compact open topology. On the other hand,

Ux,wp) — U(x, wp)
=u(—t,x+c(—t,orwp); U(-, orp), orwp)
=u(—t,x; U(-+c(—t, orwp), 0100), 01 w0)

as n— oo in uniformly convergece topology. We then must have
U(-+c(=t,0100), 0100) =V (- +¢*)

and then V(x) is strictly monotone in x. Since U(0,o0;wp) = V(0) =
ug(a,a)o), we must have ¢*=c(—t, o;wg) and then V(-)=U(-, o;wg). Thre-
fore P~!(o;w) is a singleton and then o;wq € £29. This implies that ;0=
20 for all teR.

Second, if ((£2, #, P), {6;.0}:er) is minimal, then for each wp € £2¢, by
the continuity of 4 at wg, cl{(U(-, o;wp), o;wp)|t € R} is minimal and hence
U™ (t)(-)=U(-, o;wp) is a recurrent function from R to X.

Now suppose that ((£2, #,P), {o;};cr) 1s almost periodic. Then for
each wp € 29 and {«)} CR, there is {o,} C{«)} such that

lim lim o_g,4q, ®0=wp.
n—00 m—00

By the continuity of 4 at wg, we have

lim lim U(, O—ay+a, @0) = U (-, @p)
n—00 m— 00
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in X. Therefore, U(-, o;wp) is an almost automorphic function from R to
X.

Finally suppose that o7wo=wg and 2 ={o;wp|0 <t <T}. By 0:82¢=
20, we have £2¢= £ and hence U(-,t) =U(-, o;wp) is periodic in ¢ with
periodic T. Let

C(Tv CUO) - C(Ov CUO)
co=

T
and
Vx,t)=U(x4cy-t —c(t, wy), orwp).
Note that
c(t+T,wp)=c(t,wy) +c(T, wp).
Then
co-(t+T)—c(t+T,wp)=co-t—c(t,wp).
Hence
Vix,t+T)=Vx,T)
and

u(t, x; U(:, wp), wp) =V (x —cot, 1). U

Proof of Theorem B(3). Let o, =0) w. Note Q= {o,w|0<x < p}
and o,wp=wy. Suppose that c(T, wp) = p. Then

c(t+T,wy)=c(t,wp)+ p.
Let

co=

N

and
V(xv t) = U(-x +C0t - C(ta CUO)y UC(I,a)())wO)
for 0<tr<T. Then

Vx,t+T)=V(x,t)
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and

u(t, x; UG, wp), wp) =U(x—c(t,wo), 0c(r,p)» ©0)
=U (x —cot +cot — c(t, W), Oc(r,wp) @0)
=V(x—cot,t).

Let ¢¢ be as above and

— y—X
W(-x’ )’)— U (y —C <Ta 0)0) ’ O'C(yﬂowi())wo>

for x, yeR. Then

+p—x —X —X
c<&,a)o)=c<y +T,a)0>=c<y ,w0)+p.
co co co

Hence

W, y+p)=W(x,y)
for x, y e R. Clearly,

u(t, x; U(-, wo, w) = W(x —cot, y).

7. PROOF OF THEOREM C

Shen

In this section, we shall prove Theorem C. Throughout this section,
we assume that (1.1) satisfies (H1), (H2), (H3) and that the media is spa-
tially homogeneous, that is, 6, ,w =06; ow for all £,x € R and we 2. Let
u*(w) and u’(w) be the random equilibrium solutions of (1.1) assumed in
(H3). Note that u®(w)(x) =u*(w)(0) and 1 (@) (x) = u®(w)(0) for x € R.
For simplicity in notation we denote u*(w) and u’(w) as u*(w)(0) and
u®(w)(0), respectively. We also assume that z(-), 7(-), and H(-) are smooth

functions with the following properties:

z(s) =%(1+ tanh §), seR,

0 1ifs<0,
n(s) 2{1 if 5 >4,
n'(s) =0 and |n”(s)|<2 for seR,
Hs) ={ 1 for s>0,

0 for s<0.

Note that

¢ =51 =), ¢"(9) = ¢ ()1 = ()1 =28 (s)).

(7.1)
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Let

ug () =u" (@)1 —¢(x)) +ut (@1 x). (7.2)
We first prove the following lemmas.

Lemma 7.1. There is 1 >0 and yx: 2 — R bounded such that the fol-
lowing hold.

(1) Let vl(t,x; ), vz(t,x;a)) be the solutions of
v =020+, F () x0, u" (60, o)) v(t, x) (7.3)
with v'(z,0; w) = H(x), v2(0, x; o) =—1+2H (x). Then

vt x;0) 23 for x> x(w),
V(1 x;w) <=3 for x < x(w).

(2) Let ué(t,x; ), u%(r,x; ) be solutions of (1.1) with
u 0, x; ) =u(w) + 8 H (x)
and
u?(0, x; ) = u’ (@) + (=1 +2H (x)).
There is §1 >0 such that for 0 <§ <3y,

ué (t,x,w) > uo(énoa)) +28 for x> x(w),
u%(t, x;w) < uO(Or,Oa)) —28 for x < x(w).

(3) Let ug(t,x; ), ug(t,x; ) be solutions of (1.1) with
u3(0, x; ) =u’ (@) +8H (x) — (@) —u™ (@) H(—h — x)
and

u3 0, x; ©) = u’(w) +8(—1+2H (x))
+ut (@) —u(w) =8 H(x —h).

Let 81 be as in (2). Then for each 0 <8 <38y, there is h1(8) such
that for all h>hy(5).

u?(r,x;a))}uo(@r,oa))—}—S for x > x(w),
ug(, x, w, x0) <u’(@; o) =8 for x < x(w).
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Shen

Proof. (1) First of all, denote v(z, x; vy, w) as the solution of (7.3)
with v(0, x; , vy, w) = vo(x). Clearly, v(t,x;0,w) = 0,0 < vl(t,x;w) <

v(t,x;1,w), and
V2t x; 0)=—v(t, x; 1, )+ 20 (1, x; w).
By (H3),
8- (1) < F (0r.x 0,1 (0,,00) < g+ (0)

for t,x€R and we $2, and
1
/ g—(s)ds — o0
0
as t — oco. Without loss of generality, we may assume that
inf 8+ ([) > 0.
teR
Let
t
Vi(t)=/ g+ (s)ds.
0
We claim that
1 C) — 1 . y—(1)
v (t,—oo;w)=0, v (t,00;w)=e .
In fact, let ¢ >0 and

wt(t,x)=p€)e? O 4 p(ex)er+®-

Then
dwt — 02wt — 8, F(6; o, u’ 6 0w)w™
> 9wt — afuﬁ' — g+(t)w+
=2p ()™t +y(ex)e’* D) gy (1) — 2 (ex)e?+
—g+Dp(©)e+ 1V —p(ex)g (e
=p@©e"* Vg (1) — €/ (ex)e?+ .
Let

2" (ex)]
p(€)= sup —————
txeR  &+(1)

(7.4)
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Then w(r,x 4+ 4/¢) is a supersolution of (7.3). Note that v!(0,x; w) <
wT(0,x+4/¢) for xeR and p(e) — 0 as € — 0. By comparison principle
for parabolic equations, we have

4
vl(t,x;w)<w+<t,x,+—) for xeR. (7.5)
€

This implies that

lim sup v'(r, x; ) < p(e)e?r+®
X—>—0Q

for all e >0. Let e — 0, we have
vl(t, —00; w)=0.

Note that —w™(r, —x +4/¢) is a subsolution of (7.3) and e¥-® is also a
subsolution of (7.3). Let

w(t, x)=e"- D —wt(, —x).

Then w™(r, x —4/€) is s subsolution of (7.3). Clearly v!(0, x; w) >w~ (0, x —
4/¢) for x € R. Hence by comparison principle for parabolic equations
again,

4
vl(t,x;w)>w_<t,x——> for xeR. (7.6)
€

This implies that
lim inf vl(z,x; w) > -0 —p(e)ez”+(’)
X—>00
for all €e>0. Let € — 0, we have
lim inf v'(t, x; @) > e’ @
X—> 00

for t > 0.

Next let t be such that ¢~ =9. Then v(z, x; 1, w) =9 for any we 2.
By (7.5) and (7.6), it is not difficult to see that there are xi such that
vi(z,x;w) <2 for x < x_ and we 2, and v!(r,x;w) > 5 for x > x+ and
w € Q2. Hence there is x(w) €[x—, x+] such that

vl(t,x; w)=3 for x> x(w),
and

V2, x;w) <=3 for x< x ().
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(2) Let
1 _,,0 1 . 2 Kt
w (t,x)=u b;,ow)+0v (¢, x;w)—56"e™ 1",

1

where v' is as in (1), K| and § will be determined later. Then

dw' —2w! — F(6 v, w'(t, x))

= F(0rx0, 1’ (0;,00)) — F (O x0, u’ (6, 00) + 80 (¢, x; ) — §2517))
480, F (6; o, u’ O 00)v' (1, x; w) — 82K 1X1!

=52(3, F (67 x, u’ (6, o))" — K1 X1t
—LO2F (O c0, u* (1, x; ) (W (1, x5 0) — 8511,

where u*(z, x; w) lies between uO(Q,,ow) and w!(r,x). Then for K large
enough, §; small enough such that 81eXK1T L1,

dw! —2w! — F(6;,, 0, wH) <0

for 0 <t <t and 0 <é <§8;. Note that ué(O,x;a)) > wl((),x) for x e R.
Hence, ué(t,x; w)>w!(z,x) for x eR. For 0 <8 <8;,we have

ué(r,x;a))}uo(&,oa))—}—% for x> x(w).
Similarly, we can prove that
ug(t, x;w) < uO(GT,Ow) —25 for x<yx(w).

(3) Let 0 <8 <81 and ué(r,x; ) be as in (2). For given positive constants
€, Ky, C, and M >sup,,.out(w)—u~ (), define

wi(t, x;0) =uj(t,x;0) — p€)e* 2 — My (—e(x — x () — C(t — 7))

X (1=n(e(x—x(w)—=C(t—1)))).

Then

dw? —*w? — F(6; o, w(t, x; ®))

= F (0.0, uj(t, x; 0)) — F (0 x0, w(t, x; ®))

—2K>p(e)e?K2!

—eCM[1)' (=) =0 +0=01" W] (@)

=M [n" (=)A= )+20 =0 ) = 10" O ey )l -
Let

ple) =€ sup [n" (=)A= n()) +20" (=)0 ) — n(=y)n" ()|
ye
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and
Ky=(1+M)sup{l 4|8, F 6;,x w, u)| : 01} (1, x; 0) <u <ul(t, x; )},
where ﬁ;(r,x;a))=u§(t,x;a))—l—M. Then
—Kap(e)e* 2 — M [ (=) (1 = n(3) + 20 (=y)n' (¥) — n(=y)n" ()] <0 (7.7)
for all 0<r <t and x€R, where y=¢(x — x(w) — C(r — 1))
and
F(O.x 0, uj(t, x; ) — F (0 y0, w?(t, x; 0)) — K2p(€)e**2 <0 (7.8)

for all (7, x) with 0<¢r <7 and n(—e(x — x(w) —C(t—1)) or 1 —n(—e(x — x(w) —
C(t—1)) < p(e). Now let

y =min{n'(=y)(L —n() +n(=y)n' M) <n(—y) <1—p(e)}

and
K
C=——2 .
ye(l+ M)

Let e =€(8) be such that
p(e(8))e* 2" <.
Then

F(6; c0,ul(t, x; 0)) — F(0; c, w(1, x, ; )
—p(€)K2*K2 —eC M (—y)(1 = n(»)) +n(—=y)1' (] <0, (7.9)

where y=¢e(x — x(w) —C(t — 7)) and (¢, x) is such that 0<r <1, p(e) <n(—y) <
1—p(e). By (7.79(7.9),

dw? —92w? — F(O o, w(t, x; 0)) <0

for 0<r<t and x€R. Let

4
h1(8) = —— +sup |x(w)| +Cr.
€d)  wen

Then
3 . 2 .
uz (0, x; ) Z w (0, x; )
for x € R. By comparison principle for parabolic equations, we have

uy(t, x; 0) = w(t, x; w)
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for 0<t<t and x €R. In particular,

ug(t, xw) >w(r,x; o) =u§(r, x; ) — pe)eker

>u’ O, 00) +26 — 5 =u’ (0 00) + 5

for x > x (w).
Similarly, we can prove that

ui(z,x; 0) <u’(Orow) —8
for x < x(w). J

Lemma 7.2. Let t be as in Lemma 7.1. There is x: 2 — R bounded such
that the following hold.

(1) Let 3'(t,x;w), 52(t, x; w) be the solutions of (1.3) with 7'(t,0; w) =
—1+H(x), 5%(0, x; 0) = —14+2H(x). Then

it x;0) <=3 for x< F(w),
P, x;w)=3  for x> ¥ (w).

(2) Let ﬁé(r,x;a)),ﬁg(t,x;a)) be solutions of (1.1) with
150, x; ) =1’ (@) +8(=1+ H(x))
and
(0, x; 0) =u’ (@) +8(—1+2H (x)).
There is 8> >0 such that for each 0<3§ <63,

i3 (1, x; ) <u’(0r 00) =28 for x < F (),
12%(1:, X, w) > uO(Q,,oa)) +28 for x> x(w).

(3) Let ﬁg(r,x;a)),ﬁﬁ(t,x;a)) be the solutions of (1.1) with

i13(0, x; @) =u’ (@) +8(—= 1+ H(x)) + " (@) —u () H (x — h),
130, x; 0) =u’(w) + 8(—1+2H (x)) — () —u™ (@) — ) H(—x — h).

Let & be as in (2). Then for each 0 <8 <38, there is hy(8) such that
for all h>h>(8),

i3 (v, x: ) <u’ (Or00) — 8 for x < F (),
i3t x; 0) > u’ O 00)+8  for x> ¥ (w).

Proof. It can be proved by similar arguments as in Lemma 7.1. 0
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Lemma 7.3. For each 0 <8 <8*(8* =min(81, 82)), there is €*(8) such that
0<&:(t, 0,8) —&_(t,0,8) &40, ®,8) —£_(0,w,8) +€(8)
for all t 20 and w € §2, where £4(t,w,§) are such that
u(t, &+ (t, 0, 8); uf), ) =u’ (6, ow) £3.

Proof. By Lemma 4.2, £.(¢,w,8) are well defined. Let &(¢,w) be such
that

u(t, & (t, @) uf, ) =u’ (6 00).

Note that & (¢, w) is also well defined.
First we prove that for any 7y >0,

Er(to+1,0,8)—E_(tg+ 7, w, §) <max{&1 (fy, w, §)—&_ (19, @, 8), 2h* (8)}.  (7.10)

We prove (7.10) for the case to=0. The case #)#0 can be proved similarly.
First of all, note that one of the following must hold,

£4(0, w,8) —&0(0, ®) > h*(3), (7.11)
£0(0, w) —£_(0, ®, 8) = h*(8), (7.12)

and
1*(8) 2 max{&, (0, w, 8) — £ (0, ®), §0(0, w) —£-(0, w, §)}. (7.13)

Next, suppose that (7.11) holds. Then

uf (x +£4(0, ,8) — (0, w)) =u(0,x +&+(0,,8) —&(0, w); ul, )
>u3 (0, x — (0, »); )

and

ug)(x +S7(07 w, 8) _EO(Os Cl))) :M(Ov X +57(0’ w, 8) _50(07 (,()), uf)ov C!))
<50, — (0, 0); )

for x € R. By comaprison principle for parabolic equations,

(T, x +£4(0, ,8) = £0(0, w); uff, ) > u3 (v, x — §(0, ): @)
and

u(t.x+£(0, 0, 8) —£(0, 0); uf, ©) <ug(r.x —£(0, 0); )
for x €eR, and then by Lemma 7.1,

£+ (1, 0,8) < x (@) +54+(0,0,8)
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and
§-(1,0,8) 2 x(0)+§-(0, w,9).
Hence
§4(1,0,8) —§(1,0,8) <§4(0,0,8) —§_(0,®,8) <4+ (0,0,0) —£-(0, ®, §).

Similarly, if (7.12) holds, then by Lemma 7.2 the above inequality holds. If
(7.13) holds, then

ug (x +h*(8)) = u(0, x +h*(8); ug, w)
> u3(0, x — £(0, w); ®)

and

ug (x —h*(8)) = u(0, x —h*(8); uy, w)
< u3(0, x —£0(0, w); )

for x e R. By comparison principal for parabolic equations again,
w(, x +h*); uf, @) > ui(t, x = (0, 0); )
and
u(r, x = h*(8); uf, ) <uj(r, x —£(0, w); w)
for x € R. It then follows from Lemma 7.1 that
£y (1, w,8) < x () +h*(8) +50(0, w)
and
£ (1,0,8) = x (@) —h*(8) +&(0, w).
Hence
£+ (1, 0,8) =& (1,0, 8) <2h"(9).

Therefore, (7.10) holds.
Now, by (7.10), for each 0 <§<38*, there is €;(8) such that

§+(t+10, w,8) —§_(t+10, w,8) <&4 (o, w, 8) —&_(ty, w, 8) +€1(5)
for 1p>0,t€[0,7],we 2. Let €*(8) =€1(8) +2h*(8). We have that for all + >0,
£ (t,w,8) =& (1,0,8) <E1(0,0,8) =& (0, w,8) +€"(8). U

Lemma 7.4. For each M > 0, there is C >0 such that for each pair
ar,a_€X with —M <a_(x) <ar(x) <M for xeR, each ¢>C, and each we 2,
the following hold.
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(1) Let
v, x)=ut, x; 0y, 0)c(x+ct) +ult, x; 0, 0)(1 — ¢ (x +ct)),
vt x)=u(t,x;a—, w)l(x+ct)tu(t, x; op, w)(1—¢(x+ct)).
Then vt and v~ are super- and sub-solutions of (1.1), respectively.

(2) Let
w+(t,x):u(t,x;oz,,a))g“(x—ct)+u(t,x;a+,w)(l—{(x—ct)),
w(t, x)=ut,x;0r, 0)(x —ct)+ut,x;a_,w)(1 —¢(x —ct)).

Then w* and w™ are also super- and sub-solutions of (1.1), respectively.

Proof. We prove that v™ (¢, x) is a super-solution. Other statements can be
proved similarly, Denote u®(r,x) as ut(t, x; ar, w).
First, a direct computation yields
vt (t,x) = vt (6, x) — F (O co0, v* (1, X))
=F (O yw,ut(t,x)E(x+ct)+ F 6 co,u” (1, x)(1 —E(x+ct))
—F (6 o, ut (@, X)Ex+ct)+u (1, x)(1 —E(x +ct))
+c& (x eyt (t, x) —u" (1, x) =" (x +et) (1, x) —u” (1, x))
=20, uT(t, )& (x +ct) +20,u” (¢, x)E (x +ct).

Note that

F(6 o, u+(t,x))§(x +ct)+ F(O yo,u (¢, x))(1 —&(x+ct))
—F (6 o, u+(t, X)ex4ct)+u (t,x)(1 —&(x +ct))
=02F (0 o, u™(t, x)) - (u* (1, x) —u~ (£, x))
(ur,x)—u” (N (x+et) (1= (x +ct))
for some u**(¢, x), u*(¢t,x) between u~(¢,x) and ut(z,x). It then follows from
(7.1) that
vt x)—2vt (1, x) — F(6,,0), v (1, X))
=&+ —Ex+c) @ (t,x)—u(t,x))
X(c—(l—ZS(x —I—Ct))—83F(9,,xa),u**(t,x))(u*(t,x)—u_(t,x))

20,ut(t, x) —20,u~(t, x)
h ut(t, x)—u(t,x) >

It is then not difficult to see that for each given M >0, there is C >0 such that
when ¢>C,v" is a super-solution. J

Lemma 7.5. Let §* and &+(t,w,$8) be as in Lemma 7.3. Let gi(t,w,zﬁ) be
such that

ut, Ex(t, o, 8); ul, ) =u™ (6, o)) F4.
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Then for each 0 <8< 8%, there is €*(8) such that
Ei(t,0,8) =& (1,0,8) <E1(0,0,8) —£_(0,®,8) +E"(8)
for all t >0 and we $2.

Proof. First, we claim that there is ¢ > 0, €] () > 0, T@) >0 (0<8<8%
such that for each we $2,

E(t+10,0,8) —E_(t+10, 0,8) <E4 (10, w,8) — E_ (1, w, 8) + & (8) +2ct (7.14)

for all r > T(S),to > 0. We prove the case that 1) =0. The case o #0 can be
proved similarly.
For each we 2,0 <68 <68*, define

wh(t, x; ) =u(t, x; u’(w) =8, w)(1 = ¢ (x + 1) +ult, x; u™ () +8, W) (x +ct)
and

w(t, x;w)=ut, x;u () =8, w) (1 —¢(x —ct)) +ult, x; u’(®) + 8, ) (x —ct).
Clearly, there is x*(8) such that

w0, x; ) >ut(w) for x> x*(5),
w0, x,w)<u"(w) for x <—x*(6).

Hence
w_(07x _$+(07 w, 8) - X*(8)7 w) <MCOO(X) < w+(-x —57(0, w, 8) +X*(8)7 a))

for x € R. This together with Lemma 7.4 and comparison principle for parabolic
equations implies that when ¢ > 1,

w™ (1, x = 40,0, 8) = x*(8); @) Su(t, x;ug, w) Swh (1, x —£-(0, w,8) + x* (8); w)

for t>0 and x e R. By the stability of u®(w), there is T(8) >0, ¥*(8) >0 such
that for r > T (6),

wht, x—£.(0,0,8) — x*(8); ) <u” (6, 00) +6

for x <—x*(8) —ct +£-(0, ®,8) + x*(8)
and

w(t,x—£4(0,0,8) — x*(8); ) ZuT (6, 00) — 8

for x > 5*(8) +ct +£4 (0, @, 8) + x*(5).
Hence

E(t,0,8)<EL(0,0,8) + x* () +X*(8) +ct
and

E-(t,0,8) 26 (0,0,8) — x" (&) — X" (&) —ct
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for > T (8). This implies (7.14) holds with €5 (8)=2x"(8)+2x*(5). Let €(8) =
€/ (8) +€*(8). It then follows from Lemma 7.3 that

E (t,0,8) =& (1,0,8) <EL(0,0,8) —& (0,0, 8) + & (8) +2cT (8)
for all t>T7). Clearly, there is €;(8) >0 such that
E(t,0,8) =& (1,0,8) <& (5)
for 0<s <7 (5). This implies that
E(t,w,8)—E_(t,w,8) <EL(0,0,8) —£_(0, 0, 8) +E*(5)

for all r>0,0 <48 <8%,
where

& (8) =max{&;(8), & (8) +2¢T(8)). O

Proof of Theorem C. Note that for 0 <§ « 1,£:(0,,$),£6-(0,w,8) is
bounded in we 2. Then by Lemma 7.5, vo(w) =ug () generates a wave-like solu-
tion. Therefore (1.1) has a wave-like solution. It then follows from Theorem A
that (1.1) has a critical traveling wave solution. Moreover, by the arguments in
the proof of Theorem A and comparison principal for parabolic equations, there
is U(-, w) such that U(0, w)=u"(w), 3;U(x,w) >0, and U(-, w) generates a crit-
ical traveling wave solution, u(z,x; U(-, w), ) =U(x —c(t, ), 6; o). Note that

u(t, c(t, w); UG-, w), ) =U(0, 6, gw) = u’ (6, o)

and A u(t, c(t,w); U(-, w), ) =0, U (0, 6; gw) > 0. It then follows fromt the differ-

entiability of uO(O,,ow) and the regularity of u(t,x; U(-,w), ) that c(t,w) is

differentiable in ¢ and

F (0,00, u’ (6,,00)) — 07U (0, 6, 9w) — F (6; oo, U (0, 6; o))
ax U(O, 9,,0(0) '

orc(t, w)= ]
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