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Abstract

In this paper, we introduce a notion of shadowing property for a free semigroup action on a
compact metric space, which is different of the notion of the shadowing property introduced
by Bahabadi, called chain shadowing property. We study the relation between the shadow-
ing property of a free semigroup action on a compact metric space X and the shadowing
property of the induced free semigroup action on the hyperspace 2X . Specially, we not only
theoretically prove that (F,}, F) ~ X has the (chain) shadowing property if and only if
(FFF) ~ 2% has the (chain) shadowing property, but also give examples to illustrate it.
Finally, we compare the two notions of shadowing for free semigroup actions and obtain
an interesting result that if (F;, ) ~ X has the shadowing property, then it has the chain
shadowing property, but not vice versa.
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1 Introduction

Let (X, T, d) be a topological dynamical system, where X is a compact metric space with
metric d and T : X — X is a continuous map. The map T induces in a natural way a
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map 27 : 2X — 2% defined by 27 (4) = T(A) on the space 2%, called hyperspace, of
all nonempty closed subsets equipped with the Vietoris topology which coincides with the
topology induced by the Hausdorff metric dg. Then 27 is also a continuous map and the
hyperspace 2% is also a compact metric space with the Hausdorff metric dy that means
(2%, 27, dy) is also a topological dynamical system. The study of relationship about topo-
logical properties between T and 27 was initiated by Bauer and Sigmund [2]. After that,
several results dealing with this new relationship continue to appear. For instance, Banks in
[4] showed that the transitivity of (2%, 27, dj) is coincident to its weakly mixing property.
In [8] authors showed that if T is a chain transitive map then 2T is also chain transitive.
And the relationship between the entropy of the map 7" and the entropy of the induced map
2T are studied in [9]. Kwietniak and Oprocha in [15] studied the relationship of entropy
between the hyperspace and the base space and showed that under some nonrecurrence
assumption the induced map 27 is always topologically chaotic. Li, Oprocha and Ye in [16]
systematically studied the question when hyperspace is recurrent. Recently, Ji, Chen and
Zhou in [14] introduced the entropy order concept for X, 2T dy) and proved that it is
coincides with the topological entropy of (X, T, d). Blank in [5] proposed the e-trajectory
and introduced the average shadowing property while studying chaotic dynamical systems.
Motivated by the work of Bauer on hyperspace, Gomez Rueda, Illanes and Mendez in [10]
study some dynamical properties (like periodicity, recoverability and shadowing property)
in hyperspace. Specially, Femdndez and Good in [7] proposed that following theorem.

Theorem 1.1 [7, Theorem 3.8] Let X be a compact metric space and let T : X — X be
a continuous map, then 27 has the shadowing property if and only if T has the shadowing

property.

Recently, many research works have been devoted to the applications of free semigroup
actions. For instance, Carvalho, Rodrigues and Varandas in [6] studied finitely generated
free semigroup actions on a compact metric space and obtained quantitative information
on Poincare recurrence. Maria, Rodrigues and Paulo in [17] introduced a notion of mea-
sure theoretical entropy for free semigroup actions and established a variational principle.
In [22], Zhu and Ma introduced the notion of topological r-entropy for free semigroup
actions on a compact metric space and provided some properties of it. Therefore, we want
to generalize the above theorem to free semigroup actions. In [3], Bahabadi and Zamani
first introduced the notions of chain shadowing property and average shadowing property
for free semigroup actions (IFSs). Osipov and Tikhomirov in [21] proposed the shadowing
property of finite generated group actions on compact metric spaces and studied the related
properties. In the present paper, we push this direction further, considering the relationship
of shadowing property for a free semigroup action between base space dynamical system
and hyperspace dynamical system.

The rest of the paper is organized as follows. In Section 2, some basic concepts and
notes are introduced. In Section 3, we note the definition of shadowing property for a free
semigroup action from Hui and Ma [11] as the chain shadowing property and obtained
(F;, F) ~ 2% has the chain shadowing property if and only if (F,", F) ~ X has the chain
shadowing property. In Section 4, the definition of shadowing property for a free semigroup
action is introduced. We also have (F,F, F) ~ 2% has the shadowing property if and only
if (F;F, F) ~ X has the shadowing property. Moreover, we give examples to illustrate that
the two shadowing properties for free semigroup actions are inequivalent.
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2 Preliminaries
First of all, we introduce some basic definitions of hyperspace.
2.1 Hyperspace

Let X be a compact metric space with metric d. Denote by 2% the hyperspace on X,
2X={ACX:A#0, A=A}

that is, the collection of all nonempty closed subsets of X. Then 2% is also a compact metric
space, equipped with the Hausdorff metric dg, defined as

dy(A,C)=infle > 0: AC B(C,e) and C C B(A,e¢)}

where B(A,¢) = {x € X : d(x, A) < ¢} for a set A, thatis, B(A, ¢) is an e-neighborhood
of Ain X.
The following family

Uy, ---,U,) : Uy, -, U, are nonempty open subsets of X, n € N},

forms a basis for the topology of 2% called the Vietoris topology, where

n
(S1,-.S)={Ae2X:Ac|JSiand ANS; #Pforeachi =1, ,n

i=1

is defined for arbitrary nonempty subsets Si,---, S, € X. It is not hard to see that the
Hausdorff topology (the topology induced by the Hausdorff metric dy) and the Vietoris
topology for 2% coincide [12 Theorem 3.1].
Let F,(X) = {A € 2X : #A < n}, where A denotes the cardinality of the set A.
o0

Denote by F(X) = | F,(X) the collection of all finite subsets of X. Obviously, F(X)
n=1
is a dense subset of 2X.
For more details on hyperspaces please see [19] and [20].

2.2 Free Semigroup Action

The free semigroup, written F;{ , is the set of all finite words of symbols 0, 1,--- ,m —
1. In F}, we consider the semigroup operation of concatenation defined as usual:
if w = wawp—1---wy € Ff and w' = wpw,_,---w] € F, then ww' =

WpWp—1 -+ WiWw;_, ---w) € F,\. Forany w € F,}, |w| denotes the length of w, that
is, if w = wyw,—1 -+~ w) € F,}, then |w| = n and the identity e € F,I which length is 0,
called empty word. We write w < w’ if there exists a word w” such that w’ = w”w.

Remark 2.1 For any w € F,;l", lw| # 0, we have e < w.

Let X be a compact metric space and let fy, f1, ..., fin—1 be continuous maps on X. We
denote by (F,", F) ~ X the free semigroup action generated by F={fo, f1, ..., fin—1}-
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One way to interpret this statement is to consider a map ¢ : F,;7 x X — X such that, for
any w = wywy_1---wy € Ff,
Q: F,;‘l' XX — X
(w, x) —> fu(x),
where f,,(x) = fw, © fw,_; - fw, (x). Specially, (e, x) — f.(x) = x. Then for any map
fi € F, the map 2,
2fi 2% 52X
Ar— fi(A),
is a continuous map on 2X. Thus the map ¢ naturally induces a map 2%,
29 Ff x2X — 2%
(w, A) —> 27 (A).

Therefore, (F,;L , F) ~ 2% is also a free semigroup action.
Next, we set up some notations about the free semigroup action (F,F, F) ~ X.
Forsets A C X and K C F,; and aword w € F,7, we write

wA ={fpx):xe A}, Kx={fux):weK}, KA={fy(x):weKandx € A}.

The F, -orbit of a point x € X is the set F;'x. We say a set A C X is F,-invariant if
FtACA.

Throughout this paper, (F,}, F) ~ X is a free semigroup action on a compact metric
space with the metric denoted by d.

3 The Chain Shadowing Property

In this section, we study the relation of the chain shadowing property between base space
dynamical system and hyperspace dynamical system. The definition of chain shadowing
property under the free semigroup action refers to [11]. In order to distinguish the defini-
tion of shadowing property in the next section, we call shadowing defined in [11] as chain
shadowing.

Denote the set of all one-side infinite sequences of symbols 0, 1, --- ,m — 1 by E;g ,l.e.,

Ty ={o=wwy - |w €{0, 1, ,m—1}}.

Letw = wjwy--- € SF anda < b € ZT. We write o|jg.p] = WqWga+1 -+ Wp—1wp and
®l[a,p] = Wp*+* Wq.

For o = wywy--- € I, the w-orbit of x € X under the free semigroup action
(F, F) ~ X is the sequence { /! (x)}° ), where

F3@) = fun © fun g0+ fuy (@) and  fO(x) = fo(x) = x.

It is obvious that

Jo ) = for() = fulx),

I1,n]
where w = w,w,—1 -+ - w1 = w|[1,,). Specially, we denote e = w|[1,0].
Fork € ZT, let

Dy ={wy =wiwy---wg:0<w; <m—1,1<1i <k}

For wp = wywy---wy € Dy, the wi-orbit of x € X under the free semigroup action
(F,f, F) ~ X is the finite sequence { £}, (x)}’,‘l:().
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Definition 3.1 For § > 0, a sequence T = {x;}7°, C X is called a §-pseudo orbit for the
free semigroup action (F,;*l‘ , F) n X if there exists w = wjwy -+ - € Ejn‘ , such that

d(fwi o (xi), Xit1) <8 3.1

for all i € N, where w is called a compatible element on t.

Denote by S(t) = {w € %, : w is a compatible element on 7 }.
It is obvious that 7 is called a §-pseudo orbit, if S(t) # @.

Definition 3.2 A §-pseudo orbit T = {x;}7°, is e-chain shadowed by some point of X, if
for any w € S(t), there exists z,, € X, such that

d(fif,(zw),xi) <¢ forall ieN.

Definition 3.3 The free semigroup action (F,;", ) ~ X has the chain shadowing property
if for any ¢ > 0, there exists § > 0, such that every §-pseudo orbit can be e-chain shadowed
by some point of X.

Definition 3.4 For § > 0, a finite sequence 7, = {x;}/_ is called a finite §-pseudo orbit for
the free semigroup action (F,;l" , F) n X provided that there exists w, = wjwy - - - w, € Dy,
such that

d(fuwp (Xi), Xig1) <8 (3.2)
forall0<i<r—1.

Similarly, denote by S(z,) = {w, € D, : w, is a compatible element on 7,}.

Definition 3.5 A finite -pseudo orbit 7, = {x;}/_ is -chain shadowed by some point of
X, if for any w, € S(z,) there exists z,, € X, such that

d (f;')r(zw,), x,-) <¢ forall 0<i<r.
Definition 3.6 The free semigroup action (F,", F) ~ X has the finite chain shadowing

property if for any ¢ > 0, there exists § > 0, such that for any r € N the finite §-pseudo
orbit 7, can be e-chain shadowed by some point of X.

First we give a classic theorem about compact space for the proof of our first result.

Definition 3.7 A collection C of subsets of X is said to have the finite intersection property
if for every finite subcollection {C1, ..., C,} of C, the intersection C1N...NC, is nonempty.

Lemma 3.8 [18, Theorem 26.9] The topological space X is compact space if and only if
for every collection C of closed sets in X having the finite intersection property, then the

intersection () C is nonempty.
ceC

Next, we give some results about the chain shadowing property for a free semigroup
action.

Theorem 3.9 The free semigroup action (F,, F) ~ X has the chain shadowing property
if and only if it has the finite chain shadowing property.
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Proof Suppose the free semigroup action (F,;", F) ~ X has the chain shadowing property.
Let ¢ > 0 and § > O given by the chain shadowing property for (F,, F) ~ X. For any
r € N, let the finite sequence 7, = {x;};_ be a finite §-pseudo orbit, that means S(z,) # @.
For any w, = wjw, - - - w, € S(z,), we can extend 7, into an infinite sequence T = {xi};’io
by the following way:
folxi) = Xi+1 forall i>r.

Then 7 = {x;}{2, is a 8-pseudo orbit. Since (F,j, F) ~ X has the chain shadowing
property, for the w = wiwy - - w,00--- € S(7), there exists z,, € X, such that

d (f(f)(Zw), xi) <¢ forall ieN.
And o|f1 ;] = oy, then
d (f;;(%) ,xi) <e forall 0<ic<r.

Therefore, the free semigroup action (F,7, F) ~ X has the finite chain shadowing
property.

In the converse direction, since (F,, ) ~ X has the finite chain shadowing property.
For any & > 0 there exists § > 0 such that every finite §-pseudo orbit is a 5-chain shadowed
by some point in X. Assume that an infinite sequence T = {x;}{° is §-pseudo orbit. For any
o € S(v) and any k € N, note w; = wl[1,4). Then wy is a compatible element on 7, where
T = {x; }f‘zo. By the finite chain shadowing property, we know there exists z,, , such that

) £
d(fcf)k(zwk),xi) <3 forall 0<isk

It is obvious that f}, (z,) € B (xi, §). then
N | &
e (1) (B(w3)):

Zop € ()" (B(xi,g)) forall 0<i<k.

And wy = ][]k, we have

that means

A (o () 40

i=0
By Lemma 3.8 and the arbitrary of k, we have

N (8 (3)) 2

ieN

Hence, there exists z € X,

<N ()

ieN
then » .
ze (f;)) (B (x,-, E)) ie. fi(z)eB(xe) forall ieN.
Thus for any §-pseudo orbit 7 = {x;}72, in X and any w € S(z). There exists z € X, such
that
d(fo(@).xi) <€
for all i € N, which implies (F,", ) ~ X has the chain shadowing property. O
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Theorem 3.10 Let (F,\, F) ~ X be the free semigroup action and Y be a dense invariant
subset of X, Then the free semigroup action (F,", F) ~ X has the finite chain shadow-
ing property if and only if the free semigroup action (F,\, F) ~ Y has the finite chain
shadowing property.

Proof Assume (F,7, F) ~ X has the finite chain shadowing property. Let ¢ > 0 and
choose § > 0 such that every §-pseudo orbit in X is %—chain shadowed. Let 7, = {y;}/_, be
a finite §-pseudo orbit in Y. Then 7, is a finite §-pseudo orbit in X. Since (F,, F) ~ X has
the finite chain shadowing property, then for any w, = wjw;---w, € S(z,) there exists

Zw, € X, such that
d (fl,, (2w, )s )’i> <

N ™

for all 0 < i < r, which implies
. &
for o) € B (vi.3).
Then

forall 0 < i < r, that means,
i\t €
N () (8(n3)#0
o<i<r
For (F,", F) ~ X is continuous action, thus
N1 &
N (%) (B(n3))nr#0
o<i<r
That means there exists z € Y and
N1 & . .
z€ m (fcf),) (B (yl-, 5)) ie, f, (2) € B(yi,#).
0<i<r

Thus, for any finite §-pseudo orbit 7, in Y, and any w, € S(z,) there exists z € Y, such that

d (f(f,,. (2), )’i> <e

for all 0 <i < r, which means (Fn‘l' , F) m Y has the finite chain shadowing property.

In the converse direction, we assume (F,,Jlr ,F) m Y has the finite chain shadowing
property. Let ¢ > 0 and 7/ = {x;};_, be a finite %-pseudo orbit in X, where § > 0 is
given by the finite chain shadowing property in (F,", 7) ~ Y for §. Since f; € Fis a
continuous map and X is compact, then f; € F is a uniformly continuous map for any
i € {0,1---m — 1}. That means for % > 0 there exists n > 0 with n < % and n < % for
any y € B(x, n), we have

8
d(fi(x), i) < 3 forall 0<i<m-—1.
For any w, = wjwz -+~ w, € S(t/), we can construct a finite sequence 7, = {yi}i_yin

Y such that w, is compatible on 7.
For any x; € 7/, we take y; € B(x;, n) NY, then

)
d(fw,ur](xi)’ fw,'+1(yi)) < g
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Therefore
d(fw,url (yi)v )’i+l) < d(,prr] (yi)’ fw,-+| (xi)) + d(fw,url (X[), xi+1) + d(xi+l ) )’i+1)
) n ) n ) 5
<=-4+-4+==6
3 3 3

Hence t* is §-pseudo orbit in ¥ and o, € S(z;*). Since (F, 7, F) ~ Y has the finite
chain shadowing property, there exists y,, € Y, such that

d ( (f),(yw,), yi) < g forall 0<i<r.

Then
(8, Gonexe) < d (£, Ga)31) +dx)
& &
< 5 + 5 =g,

for any 0 < i < r. Therefore, the %—pseudo orbit T = {xi};zo can be e-chain shadowed by
some point in X.
Hence (F,", F) ~ X has the finite chain shadowing property. O

Theorem 3.11 [f the free semigroup action (F;\,F) ~ 2% has the chain shadowing
property, then (F,\, F) ~ X has the chain shadowing property.

Proof Suppose (F,\, F) ~ 2% has the chain shadowing property. Let ¢ > 0 and choose
8 > 0 be given by the chain shadowing property for (F, 7, F) ~ 2X. Let a sequence
T = {x;}{2, be a §-pseudo orbit for (Fn‘f, F) ~ X, that means, S(t) # @. For any o =
wiws - -+ € S(t), we have

d(fuyer () Xit1) < 8,

for all i € N, that means,
dp (fwi . ({xi}), {xi+1}) <& forall ieN. (3.3)
Then t* = {{x;}}?2, is a 8-pseudo orbit for (F,, F) ~ 2X. Since (F,, F) ~ 2% has the

chain shadowing property, and w € S(r*) there exists A,, € 2%, we have

dy (f(f)(Aw), {x,»}) <e forall ieN.

Then
fi(Ay) € B{x;},e) forall ieNN.
That is,
d(fi(.x) <e forall zeA,iel.
Thus (F;F, F) ~ X has the chain shadowing property. O

Theorem 3.12 If the free semigroup action (F,\', F) ~ X has the finite chain shadowing
property, then (F;¥, F) ~ F(X) has the finite chain shadowing property.

Proof Let ¢ > 0 and choose § > 0 be given by the finite chain shadowing prop-
erty for (F,+ F) ~ X.Let t = {A;}]_, be a finite §-pseudo orbit in F(X). Suppose

-,
Ai={x!,x? - x!"} and #A; = n;, foreach 1 <i <r.
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Shadowing Property of Hyperspace for free Semigroup Actions 509

Claim. There exist a family of §-pseudo orbits in X, denoted by {z; : j < n}, where

Tj = (xé,x{, cee ,x,J),for some n € N, such that,

Ar:{xf:jfn} foreach 0<i<r.

We first construct a §-pseudo orbit in X. Since T = {A;}]_, is a finite §-pseudo orbit, for
any w, = (wjwz - - - w,) € D,, we have

dy (fuw;(Ai—1), A;)) <8 forany 1<i<r.
For any xrj € A,, we can chose xrj_l € A,_1, such that
d (fw, (xrj_l) ,xrj) < 4.

Again, there exists xrj_2 € A,_»p, such that
J J
d (fwM (xr_z) ,xr_1> <.

By induction, we have a family of §-pseudo orbits 7; = (x({ s x{ cee, xrj ) foreach1 < j <
n, such that A, = {xrj 1 j < nr} and [xlj 1 j < n,} C A; foreachi <r — 1.

Let k = max {i <r: {xt’ 1j < nr} * Ai} (if no such k exists, then we are done), and
write Ay — [x,i < nr] = [x,{ np < j< n;(] Continuing in above way, there exists
x,{_l € Ag—1, such that

d (fwk (x,{_l) x,i) <48 foreach n, < j <nj.

Thus, we can construct a §-pseudo orbit rj’. = (xé, xlj, cee ,x,{) where xij e A;,i <
k. Now, since fug, (1) € fury (A) and dig(fug,, (40). Axs1) < 8, then there exists
x,fH € Ak such that

d(fwk+1 (x,f) ,x,f_H) < 4.

Similarly, for each n, < j <n’,and k <i < r, there exists x/, , € A;1+| such that
y. J k i+1 +

d(fure () 5la) < 5.

Thus, we can extend 'L'; to a §-pseudo orbit 7; = (xé , xlj, . ,xf) foreachn, < j < n}c
Y4
Repeating this process, we can construct the collection [r = [xf } j< n} of §-
_ "i=0
pseudo orbits in X, satisfying _J {le } = A;, forany 0 < i < r. We complete the claim.
J

Y
Since (F,f, F) ~ X has the finite chain shadowing property, for each 7; = {xl] } o
1=
and w, = (wjwy---) € S(z;), there exists a point z; € X such that
d (fj)r(zj'),xij> <e¢ forany 0<i<r.
Let B ={z1,22,---,2j : j <n} € F(X). By construction we have

dy (ftf;,(B),Ai) <e¢ forany 0<i<r.
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Consequently, (F,", F) ~ F(X) has the finite chain shadowing property. O

Theorem 3.13 The free semigroup action (F,\", F) ~ X has the chain shadowing property
if and only if (F;5, F) ~ 2% has the chain shadowing property.

m

Proof By Theorem 3.11, we have if the free semigroup action (F,7, F) 2% has the

chain shadowing property, then (F,", F) ~ X has the chain shadowing property. Con-

versely, if the free semigroup action (F,, ) ~ X has the chain shadowing property, then

(F,}, F) ~ F(X) has the finite chain shadowing property by Theorem 3.12, and F(x) is an
invariant dense subset of 2%, so by Theorem 3.10, (F,", F) ~ 2% has the chain shadowing
property. O

Next, we give an example of a free semigroup action (F,, F) ~ X with the chain
shadowing property.

Example 3.14 Define the two continuous maps fy, f1 on £(2) = {0, 1}V, as follows:
Jo(x) = (xax3xa---); f1(x) = (x3x4x5---),
where x = (xpx1x2---) € X(2), the metric
d(x,y) =1/ where 8(x,y)=min{s:s € N and x; # y,}.

The free semigroup action (F;", F) ~ £(2) generated by F = { fo, f1}-

Next we show (F2+ , F) v 2(2) has the chain shadowing property.

For any ¢ > 0, choose § = ZLN < ¢, where N is a positive integer. Let v = {xi}?io

be a 8-pseudo orbit for (F;, F) ~ £(2), and w = wjwa--- € S(r). We take z, =
(0, 1-4w11% 110, 1+w21% 2110, 14w3] - - - ). We show that z,, satisfies
d (f(f;(zw),xi) <e¢ forall ieN.
By the definition of compatible element w on 7, we have
d(fu (xi), xi41) <8 i €N,
that means '
|

X 2wy N424wia0] = X o, (3.4)

For any i € N, we have

ize) = (xf.o,1+w,~+1jxf6|,rll+w,ﬂ+2] - ) .

Without loss of generality, we suppose there exists r; € N such that

N=2+wipn+A+wi2)+-+ 1+ witr). (3.5)
Then

X 0.1 = X 110,14 w118 [24wp00, N7 (3.6)
By (3.4) and (3.5), we have
X2 4,N1 = xiH|[0,(1+wi+z)+~~+(l+wi+r,-)]'

Again

i+1

i+1 _ i+1
X o, (1 wi )t ()] =X 1014w 01X

[2+wiga. (1w o)+ +wigr,)]
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Shadowing Property of Hyperspace for free Semigroup Actions 511

By (3.4), we have

i+1 _ 02
X 2w (wi) bt (wi )] =500 wig) bt (1wig, )]

Again and again, until

xz+r;72| — xl+fi*2| x1+r[72

[0,(1+wi+ri—l)+(1+wi+ri):| [0,1+wi+;~,-71] [2+1Ui+ri—ls(1+70i+ri—l)+(1+11)i+ri )]'

By (3.4), we have

xi+r,-—2| _xi+ri—1|

2401, -1 (i D+ | [0-1+wir, ]

Hence

xi+r,-—

i i i+1 1
X 0,87 = X0, 14w 11X 110, 14wy0] < 110, 14wy g, 1-

Therefore, for any i € N,
d(f[,’; (zw),xi) <é<e,

which implies (F2+ , F) m 2(2) has the chain shadowing property.

4 The Shadowing Property

In this section, we introduce a notation of shadowing property for a free semigroup action,
which is consistent with the definition of shadowing property of finitely generated group
action in [21].

Definition 4.1 For § > 0, a sequence {xy},,. Joes C X is called a §-pseudo orbit for the free
semigroup action (F,", ) ~ X provided that

d(fj(xw), xjw) <8 forany f;€F, weF,;

m*

Definition 4.2 For § > 0, a finite sequence {xy,} 1<, S X where w € F,j is called a finite
8-pseudo orbit for the free semigroup action (F,F, F) ~ X provided that

d(fj(xy),xjuw) <6 forany f;eF, we F,;l" with 1w i<n-—1.
Definition 4.3 The free semigroup action (F,, ) ~ X has the shadowing property if for

any ¢ > 0, there exists § > 0, such that for any §-pseudo orbit {xy},, p+ there exists a point
Ze € X such that

d(fuw(ze), xw) <& forany w e F,.

Definition 4.4 The free semigroup action (F,", F) ~ X has the finite shadowing property
if for any ¢ > 0, there exists § > 0, such that for any finite §-pseudo orbit {xy,},, <, there
exists a point z, € X such that

d(fw(ze), xy) <& forany 1w i<n.

Theorem 4.5 The free semigroup action (F,\, F) ~ X has the shadowing property if and
only if it has the finite shadowing property.
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Proof Suppose the free semigroup action (F,;", ) ~ X has the shadowing property. Let
e > 0and § > 0 be given by the shadowing property for (F;}, ) ~ X.For any k € N
let T = {xy}iwi<k be afinite §-pseudo orbit. We extend it into a sequence {xy}, o s by the
following way

fur(Xw) = Xy forany 1wi=k and w' € F, .

Then {xy},cp+ is a §-pseudo orbit for (FfF,F) ~ X, and (F,F) ~ X has the
shadowing property, that means, there exists z, € X, satisfying

d(fw(ze), xy) <& forevery w e F,;f.

Thus,
d(fu(ze), xy) <& forany 1w i<k.

In the converse direction, suppose (F,;7, F) ~ X has the finite shadowing. For any

e > 0, we take 6 > 0 depend on % For any §-pseudo orbit {xw}wem and any n € N,
we take the subsequence {xy,}ui<n < {xw}wem. By the definition of finite shadowing
property, we know there exists z € X, such that

e
d (fuw (z;') ,xw) <3 forany 1w i<n.
It is obvious that f,,(z}) € B(xy, €), then

)
7, € fujl (B <xw, E)) forany 1w i<n.

2 (50w

Therefore, for any finite positive integer n € N

N =1 (5 (. 5)) <
jrjofw (B(xw,z));éﬂ, Twi<n

That means

By Lemma 3.8, we have

That is, there exists z, € X, such that,

Ze € ﬂ fal (B (xw, %)) 1e., fw(ze) € B(xy,¢).

weF,;

Consequently, for any §-pseudo orbit {xy},,c g+, we can find some z, such that

d(fuw(ze), xuw) <& forany w e F,l.

That means (F,", ) ~ X has the shadowing property. O
Next to prove a general result about shadowing.
Theorem 4.6 Let (F,}, F) ~ X be the free semigroup action, and Y is a dense invariant

subset of X. Then the free semigroup action (F,, F) ~ X has the finite shadowing property
if and only if the free semigroup action (F,, F) ~ Y has the finite shadowing property.
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Proof Assume (F,7, F) ~ X has the shadowing property. Let ¢ > 0 and choose § > 0
such that for every flnlte 8-pseudo orbit in X is 7—shad0wed Let {xy}iwi<n be a finite §-
pseudo orbit in Y. Then {xy,},, <y is also a finite 8 -pseudo orbit in X. Since ( LI )X
has the finite shadowing property, there exists z, € X satisfying

d(fu(zy), ¥w) < % forany 1w <n.
It is obvious that f,,(z,) € B (st §) then

7, € fujl (B (xw, %)) forany 1w i<n.

That means

N (e 5) 20

wi<n
For F,! is finite generated free semigroup then the members with | w 1< n is finite. Thus
N 7' (8 (x0:3))
lwi<n
is nonempty open subset of X. That means
1 &
N 5 (o5 Ay 20
wi<n
Therefore, there exists z, € Y, such that,
fw(ze) € B(xy,e) forany 1w i<n.

By combing the process above, we know for any §-pseudo orbit {x,} <, in ¥, we can find
some z, € Y such that

d(fuw(ze), xw) <& forany 1w i<n.

That means (F,, ) ~ Y has the finite shadowmg property.

In the converse direction, suppose (F,}, F) m Y has the finite shadowmg Lete > Oand
8 > 0 given by f-shadowmg property for (FF, F) ~ Y and {xy}ui<n is 3 pseudo orbit
in X. Since (F,, + F) ~ X is a continuous actlon and X is compact, then (F,] A A X
is a umformly continuous action that means for any > 0 there exists a n > 0 with

n < min{$, §}, for each y,, € B(xy,n) NY we have

)
d(fi(yw)s fj(xw)) < 3 forany f; € F.
Hence {yy}ui<n is a 8-pseudo orbit in Y, for
d(fi(w), Yjw) < d(fiw), fi(xw)) +d(fj(xw), Xjw) +d(Xjw, ¥jw)
5§ 8§ &8

AL
<3t37%3

Since (F,}', F) ~ Y has the shadowing property, there is a point z, € Y such that

d(fw(ze)s yw) < % forany 1w i<n.
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Then
d(fuw(ze), xw) < d(fuw(ze), Yu) +dYw, Xw)

s+£
<-4+ =-=c
2 2

Therefore, for any %—pseudo orbit {xy,},u<» in X, there is a point z, € ¥ C X satisfying
d(fuw(ze), xy) <e forany 1 wi<n.

Hence the free semigroup action (F,, F) ~ X has the finite shadowing property. [

Theorem 4.7 [f the free semigroup action (F,", F) ~ X has the finite shadowing property,
then the free semigroup action (F,\, F) ~ F(X) has the finite shadowing property.

Proof Forany ¢ > 0 and choose § > 0 be given by the shadowing property for (F,;, F) ~
X. For any finite §-pseudo orbit {A,} 1<, in F(X), we have

du(fi(Ay), Ajy) <8 forall fjeF, weF with 1wi<n—1.
That means, for any x,, € A, there exists xj,, € A, such that,

d(fj(xw), xjw) <& forall fieF, we Fn"{ with 1wi<n-—1. 4.1)
Similarly, for any y;,, € Aj, there exists y,, € Ay, such that,

d(fiw), yjw) <8 forall fjeF, weF,f with 1wi<n—1 4.2)

We claim that for any given | w’ 1< n and any x’ € A,s, we can construct a finite
8-pseudo orbit {xy},ui<n in X with x,, € Ay, and x,y = x’, by the following way.

Casel. 1w 1=0

That means x” € A,, by (4.1) we can find x; € A; such that

d(fi(x"),x;) <8 forall f; e F.
Again, by (4.1) we can find xj; € Aj; such that
d(fj(xi),xj,-) < § forall fj e F.

Hence by induction, for any w € F,;l" with 1 w 1< n — 1 where x,, € A, we can find
Xiw € Ajy such that
d(fi(xy), xiw) <& forall f; e F.

Case 2.1 w' 1> 0.

We can assume v’ = w/w/

/- wj where 0 < r < n. Then for any x" € A, by (4.2),

r—1

. oy , , .
we can find x,,,—1 € A, -1, where w = w,_,w,_, - w, satisfying

d(fw; (xyr-1), xw;wr—l) = d(fw; (Xyr=1), Xyy) < 6.
For x,,-1, by (4.2) again we can find x,, > € A, 2, where w’ =2
such that

— / / /
= W oWy 3 Wy

d(fw'/‘_1 (xyr-2), xw;_lw’*z) = d(fw;_1 (Xyr=2), Xyr=1) < 8.
Now applying (4.2) again and again until there exists x, € A, such that
d(fy1(xe), x,n) < 8.

For x., we repeat the process of Case 1. In particular, for the process of taking x,i, we
take the values obtained in the above process, for every O < i < r. Thus the above method
establish our claim.
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Then, for each x,, € A,, we can find a finite §-pseudo orbit and A,, € F(X), that
means the number of all x,, € A,, with | w 1< n is finite. Without loss of generality, we

suppose there exists m € N such that each sequence {x{,)} is finite §-pseudo orbit
wi<n

satisfying A, = {x,’,.) j=1,2,--- ,m} for every | w 1< n. For each finite §-pseudo orbit

{xj } , by the shadowing property of the action (F,', F) ~ X, we can find zg e X,
wi<n
such that
d(fu) (Zé) x,@) <e forany 1wi<n.

Let Z = {zé j=12--- ,m}, we say Z is e-shadowing {Ay }iwi<n-

For any x,, € Ay, there exists positive integer 1 < j < m, such that x,, = x;) and zé

satisfying
d (fw (zé) x,{,) < e.
That means
Ay € B(fu(2),8).
Similarly,
fuw(Z) S B(Aw, €).
Hence, we completed the whole proof. O

Theorem 4.8 The free semigroup action (F,}, F) ~ X has the shadowing property if and
only if the free semigroup action (F,5, F) ~ 2% has the shadowing property.

Proof Suppose (F,, F) ~ 2% has the shadowing property. Let ¢ > 0, and choose § be
given by shadowing for (F,\', F) 2% For any §-pseudo orbit {xw}ye P in X, we can
turn it into {{xy}},cp+, which is a 8-pseudo orbit in 2% Since (F,5, F) ~ 2% has the

shadowing property, then there exists a point Z € 2%, such that

du(fu(Z), {xy}) <& forany w e F,.
Then

fw(Z) € B(xy, &) forany weF,.

That is, every point z € Z is e-shadowing {xy},,c -+

Conversely, if (F,;l‘ ,F) v X has the shadowing property, then (F,;," ,F) ~ F(X) has
the finite shadowing by Theorem 4.7. And F(X) is an invariant dense subset of 2%, by
Theorem 4.5 and Theorem 4.6, thus (F,, F) ~ 2% also has the shadowing property.  [J

Naturally, we want to know the direct relationship between these two shadowing property
definitions.

Corollary 4.9 If the free semigroup action (F,F, F) ~ X has the shadowing property, then
it has the chain shadowing property.
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The following example shows that the converse to Corollary 4.9 is not true.

Example 4.10 By Example 3.14, we know the free semigroup action (F2+ ,F) ~ 2(2) has
the chain shadowing property. We take gy = % for any § > 0. Without loss of generality,
we suppose § = %, where n is a positive integer and n > 2. Let 7/ = {xil}l?io where

x4 =1(00---00---) € Z(2).

3
X' =(00---01---100---) € B2), 1<i=< V+ J

2
n+3-2i 2i
and
3
xl=xl, =(11---100---) forall iz(”; W 4.3)
n+3

Therefore t’ is a §-pseudo orbit for o' = 00- - - € (7).

Let 7/ = {x?} 7~ where x3 = (00---00--) € £(2)

2 ) n+4
x; =(00---0100100---10000---) € ¥, 1 <i < 3
n+4-3i 3i
and
2 5 . n+4
X =xi, =(s100---10000---) forall i> LTJ. “4.4)
n+4

Where s = 0 when n + 4 = 1(mod 3), s = 00 when n + 4 = 2(mod 3), specially, if
n 4+ 4 = 0(mod 3) we note s = 100.

Therefore t” is a §-pseudo orbit for 0” = 11--- € S(z”).

Next, we construct a §-pseudo orbit T = {xy},, F for F2+ by the following way.

If w = 00---00 € F;, then we take x,, = x‘lwl;ifw = 11---11 € F2+ then

we take x,, = x\2w|' For others w € F2+ there exists a positive integer m such that
W = WyWy—1---wi. We consider the smallest i such that w; # w;41, then note
w = wiwj_1 - wi.

If w' =00---0, then we take

Xw = fuy © fuy_g 000 fuy, (xil) .
If w' = 11---1 then we take

Xw = fuy © fuwuy © 0 fug (xzz) :
Suppose there exists z € X (2) satisfying z e-shadows t, that means

d(fu(z),xy) <& forany w € F2+.

Therefore, for any o € Z;n", if there exists a sequence T = {y,,i }f’io C t where w' = ol[1,i]
such that w € S(7), we have

d(fl(2), y,i) <& forany ieN.
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For o’ and w”, we have
d (fa')‘,(z), x,ll) <g and d (fa’)’f,(z), xi) <¢gg forany n,m eN. 4.5)
By the construction of xnl, x,zn and the values of g9 = %, we can express (4.5) into

(far)l/(z)) l[0,21 = (x,l) ll0,2) and (fa’)'f,(z)) l[0,21 = <x31) llo,2) forany n,meN.
4.6)

Let N = max { (”;3] , [%J } By (4.3) and (4.6), we have

(fj/N(Z)) 0,21 = (x31N> llo,21 = 111 and (ff/]/v(z)) l0,21 = (xzzN) l10.2]-

By the definitions of fj and f1, we know £ (2) = fV(2) = fI¥ (2) = £2V (2). But, by
(4.3) and (4.4) we realize that (x}) [(0.2] # (x3y) l[0,2;- That is a contradiction.
Take a look at the process. There exists g9 = %. For any § > 0, we can construct a -

pseudo orbit T = {x,} F5 For any z € X(2), z can’t e-shadows 7, that means (F ', F)

we

¥ (2) doesn’t have the shadowing property.

Next, we give examples with both the chain shadowing property and the shadowing
property.

Example 4.11 Define two continuous maps go, g1 on X (2) as follows:

go(x) = (Oxpx1x2---);  g1(x) = (Ixpx1x2--+),

where x = (xgx1x2---) € X(2).
The free semigroup action (G;r ,G) ~ 3(2) generated by G = {go, g1}. Then the free
semigroup action (G}', G) ~ X (2) has the chain shadowing property [3, Example 1.2].
Next we show (G;, G) ~ X(2) has the shadowing property. For any ¢ = zl,, > 0,
choose § = 2'1% < ¢. For any §-pseudo orbit {xw}wec; for (G2+, g) ~Z(Q),ie.,

d(gu; Xw, Xw;w) <8 forany g, €G, we GJ. 4.7
By the definitions of gg, g1, for any x1, x2 € X£(2), if d(x1, x2) < § then
8
d(gw; (x1), u; (x2)) < 5 forall gy, € Ga. (4.3
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Consider z = x,. For any w € G;L, Write W = Wy, Wy —1 - - - Wi, by (4.7) and (4.8) we have

d(gu(), ¥) = d (g0, (8u; ) x0)

(e (s ) 0 () 4 (1) )

d(gw/ @, %)

+6

<3 (d(gwm (#2) 8mas (r )+ (5, )5, ) +0
( @05, )

:d(gw/ (). 2)+i+5

+46] 46

d (gw/] (2), xw/l) s

8
< T t gt S
8 ) )
<28 <e,

where w; < w and | w; 1= i. Thus {xw}weG;r is e-shadowed by z.

Consequently, we shown (G;r, G) ~ X(2) has the shadowing property.

In [13], authors constructed an action in S! whose minimal set K is a Cantor set and
has the shadowing property. And Barzanouni in [1] presented an example to illustrate the

shadowing property depends on the metric on non-compact spaces.

Remark 4.12 For any free semigroup action (F,, F) ~ X with the discrete metric, we
have that the free semigroup action (F,", F) ~ X has the shadowing property.

Example 4.13 The free semigroup action (G;r, G) ~ 2@ which inducted by Example
4.11, has the chain shadowing property and the shadowing property.

The proof process is similar to the above example, so we will only briefly describe it.
Forany A, Ay € 2@ § > 0if dy (A1, A2) < &, then

)
dH(gu),‘ (A1)7 gwi (A2)) < 5 for all gw,- € g

Similarly, let Z = A,, that is what we want.

Funding The research was supported by NSF of China (No. 11671057) and NSF of Chongqing (Grant No.
cstc2020jcyj-msxmX0694).
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