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Abstract

This article concerns the zero-Hopf bifurcation of a quadratic polynomial differential sys-
tem in R*. By using the averaging theory of third order, we provide that at most 25 limit
cycles can bifurcate from one singularity with eigenvalues of the form +bi, 0 and 0.
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1 Introduction

A Hopf bifurcation takes place at a singular point of a differential system when this changes
its stability. More precisely, it is a local bifurcation which can appears when a singular point
of a differential system having a pair of complex conjugate eigenvalues crosses the imag-
inary axis of the complex plane when we move the parameters of the differential system.
At this crossing under convenient assumptions on the differential system, one or several
small-amplitude limit cycles bifurcate from the singular point.
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When the pair of complex eigenvalues are on the imaginary axis, i.e., they are of the form
+bi, if the other eigenvalues are non-zero, we talk about a Hopf bifurcation, but if some
of the other eigenvalues are zero, we say that we have a zero-Hopf bifurcation. Here we
are interested in the study of the zero-Hopf bifurcations when all the eigenvalues different
from the +bi are zero, we denote such kind of zero-Hopf bifurcation a complete zero-
Hopf bifurcation. While there is a well developed theory for studying the Hopf bifurcations
(see for instance [6, 9]), such theory does not exist for the zero-Hopf bifurcations. For the
zero-Hopf bifurcations there are only partial results.

The goal of this paper is to study how many small-amplitude limit cycles can bifurcate in
a complete zero-Hopf bifurcation at a singular point of a quadratic polynomial differential
system in function of the dimension of the system.

Bautin [1] in 1954 proved that at most 3 small-amplitude limit cycles can bifurcate in
a Hopf bifurcation at a singular point of a quadratic polynomial differential system in R
Note that in R? the notions of Hopf bifurcation, zero-Hopf bifurcation and complete zero-
Hopf bifurcation coincide.

Also using Bautin’s result it is easy to show that at least 3 small-amplitude limit cycles
can bifurcate in a zero-Hopf bifurcation at a singular point of a quadratic polynomial dif-
ferential system in R3, for a proof of this last result using averaging theory see the paper
[5]. Some other results related with the zero-Hopf bifurcation of quadratic polynomial dif-
ferential system in R3 can be found for instance in [8, 12]. Note that in R3 the notions of
zero-Hopf bifurcation and complete zero-Hopf bifurcation coincide.

In 2017 Bendib et al. [2] studied the Hopf bifurcation occurring in vector fields in R? via
the averaging theory of third order. They obtained at most 10 limit cycles and they provided
an example for which exactly 10 limit cycles bifurcate from the origin.

In [4], the authors studied the zero-Hopf bifurcation of a polynomial differential system
in R* with cubic homogeneous nonlinearities. They provided that for a sufficient condition
the system can exhibit at least nine periodic solutions bifurcating from the origin when
& = 0, using the averaging theory of second order.

The aim of this paper is to prove that at least 9 and 25 limit cycles can be bifurcate in
a complete zero-Hopf bifurcation of a quadratic polynomial differential system in R*, by
using respectively the averaging theory of second and third order.

Here we are interested in studying the zero-Hopf bifurcation of a quadratic polynomial
differential system in R* with a singular point at the origin (0, 0, 0, 0) whose linear part
has eigenvalues (a;& + are? 4+ azed) £i(b+ bie + bag? + bze?), cie + 262 + 363 and
die + dre? + dze3, where ¢ is a small parameter. Such system can be described by the
following equations

2
X = (a16 + axe® + aze®)x — (b + b1& + bye? +b383)y + Zstj(x, v, 2, W),

j=0
2
Vo= (b+bie +be® + bie®)x + (a6 + e’ + azed)y + Y &Y (x,y,z,w),
j=0
2
= (c1e + e’ +c3ed)z + Zszj(x, Vs 2, W),
j=0
2
W = (di& + dre? + d3ed)w + Z eW;x,y,z,w),
j=0

I
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where

Xi(x,y,z,w) = aj0x2 +ajixy tajpxz+ajzxw +aj4y2

+ajsyz +ajeyw +ajiz’ + ajszw +ajow’,

Yi(x,y,z,w), Zj(x,y,z,w) and W;(x, y, z, w) have the same expression as X;(x,y,
z, w) by replacing aj; respectively by bj;,cj; and dj; for j = 0,1,2andi = 0, 1,...,
9. The coefficients a;;, b;j, cij, d;j, a1, az2,as, b, by, by, b3, cy, c2, c3,dy, da, d3 are real
parameters with b # 0.

The following Theorem shows our main result on the zero-Hopf bifurcation of the
system (1).

Theorem 1 The following statements hold.

(a) At most 2 limit cycles bifurcate from the origin of system (1) when ¢ = 0 by applying
the averaging theory of first order, and this upper bound is reached.

(b) At most 9 limit cycles bifurcate from the origin of system (1) when ¢ = 0 by applying
the averaging theory of second order, and this upper bound is reached.

(c) At most 25 limit cycles bifurcate from the origin of system (1) when ¢ = 0 by applying
the averaging theory of third order.

Theorem 1 will be proved using the averaging theory for computing limit cycles. Then,
statement (a) of Theorem 1 is proved in Section 3, statement (b) is proved in Section 4 and
statement (c) is proved in Section 5. In Sections 3, 4 and 5, we will use Bezout’s theorem.
This theorem gives the maximum number of zeros of a system of polynomial functions.

Theorem 2 (Bezout’s theorem). Let P; be polynomials in the variables (x1, ---, X,) €
R" of degree d; fori =1, ---, n. Consider the following polynomial system
Pi(-xla ] Xn)ZO, l:l, cre, Ny

If the number of solutions of this system is finite, then it is bounded by dy - - - d,.

See [11] for more details on Bezout’s theorem.

2 The Averaging Theory of First, Second and Third Order

In this section we recall the averaging theory of first, second, and third order as it was
developed in [3] and [7]. This will be the main tool for proving Theorem 1.

Theorem 3 Consider the differential system
X'(t) = eFi(t,x) + €2 Fy(t, x) + £ F3(t, x) + £*R(1, x, €), 2)
where Fy, [, F3 :Rx D — R", R: R x D x (—¢&¢, £r) — R" are continuous functions,

T -periodic in the first variable, and D is an open subset of R". Assume that the following
hypotheses (i) and (ii) hold.
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(i) Fi(t,.) € CX(D), Fx(t,.) € C'(D) forallt € R, Fy, F», F3, R, D2Fy, D, F are
locally lipschitz with respect to x, and R is twice differentiable with respect to &. We
define Fro : D — R" fork =1,2,3 as

1 T
Fio(z) = ?/ Fi(s, z)ds,
0

1 T
F(z) = ?/0 [D-Fi(s,2).y1(s,2) + Fa(s, 2)] ds,

F()_1/T[1 O LI T LLi VRS
30Z_T0 2y1 S, 2 922 s, 2)y1(8,2 2 9z §,2)y2($, 2

oF,
a—z(s, 2)(n (s, 2)) + F3(s, 2)]ds,
where

Vi(5.2) = f Fi(t, 2)dt,
0

s aFl t
(s, 2) = / [*(Z, z)/ Fi(r, 2)dr + F2(t, z)] dt.
o L 9z 0

(ii) For V. C D an open and bounded set and for each ¢ € (—¢cyr,ey) \ {0}, there
exists ac € V such that Fio(ag) + € Fao(ae) + €2 F30(as) = 0 and dg(Fig + e Fao +
e2F3, V,a.) #0.

Then, for |e| > O sufficiently small there exists a T -periodic solution ¢(-, €) of the system
(2) such that ¢(0, €) = a.

The expression dp(F1o + € Fo + s2F3, V, ag) # 0 means that the Brouwer degree of
the function Fio + e Fa + 62F3 : V — R" at the fixed point a, is not zero. A sufficient
condition for the inequality to be true is that the Jacobian of the function Fo+ ¢ Fao+ &2 F3
at a, is not zero.

If Fyo is not identically zero, then the zeros of Fio + ¢ F2o + €2 Fy are mainly the zeros
of Fjg for ¢ sufficiently small. In this case the previous result provides the averaging theory
of first order.

If Fyg is identically zero and Fyg is not identically zero, then the zeros of Fig + & Foo +
e2 Fy are mainly the zeros of F»g for ¢ sufficiently small. In this case the previous result
provides the averaging theory of second order.

If Fio and Fy is identically zero and F3g is not identically zero, then the zeros of
Fio + eFa + €2 F3g are mainly the zeros of F3g for ¢ sufficiently small. In this case the
previous result provides the averaging theory of third order.

For more information about the averaging theory see [10] and [13].
3 Proof of Statement (a) of Theorem 1

For proving statement (a) of Theorem 1, we should write system (1) into the normal form
for applying the averaging theory of Section 2. First, we rescale the variables, setting (x, y,
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z,w) = (eX,¢eY,eZ,eW). Second, changing to cylindrical coordinates (X, Y, Z, W) =
(pcosB, psind, n, £). Finally, we take the angle 6 as the new independent variable. Thus
in the variables (p, 1, &) system (1) writes

d,
P o eF11(0. p. 0, &) + €2 Fo1(0. p. 0, ) + 3 F31(0, p. 1, ) + O (&),

do
d
5 = eF1(0. p.0.6) + 2 Fn(0. p.1. ) + £ F@. p. 0. §) + 0. ()
d&
0= eF13(0, p, 1, &) + €2 F23(0, p, 0, §) + €3 F33(0, p, 1, &) + O(e*).
Taking
x =(p,n,§),
t =0,

Fi(t,x) = (F11(0, 0,1,8), F1200, p, 1, %), F13(0, p, n, §)),

F(t,x) = (F2100, 0,1,8), F2200, p,1,8), F23(0, p, 0, §)),

F3(t,x) = (F3100, p, 0, &), F32(0, p, 1, &), F33(0, p, 1, £)),
and T = 2m, system (3) is equivalent to system (2). Note that we do not provide the func-
tions F, F, and F3 because some of them are huge and they need several pages for writing

one of such huge functions. Applying the averaging theory of first order to the system (3).
We have that fi = (f11, f12, f13), where fori = 1,2,3

1 2
f]i(p»nvs):T/ Fli(evp»nvé:)d9~
T Jo

Doing these computations we get that

1
fiip.n, &) = Z(p(Zal + (a03 + bos)€ + (ao2 + bos)n)) =0,

1 2 2
Sfi2(p,n, &) = Z((Coo + co4)p” + 2(co9&” + n(c1 + cog€ + corn))) =0, 4

1
f13(p.n, &) = B((doo + doa) p* + 2(E(d) + doo&) + dosén + dogn?)) = 0.

In order for looking for the limit cycles of system (1) by the averaging theory we need to
compute the isolated real roots of the averaged system (4) with p > 0.
We solve the first equation f1; of (4), we obtain the following unique solution

_ 2a1 + (a2 + bos)n
a3 +bos

&=
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Then the second and the third equations become

Bajcoy (o0 + co4) P2 2o +

811 = ————— + (co0 + coa) p” — —————— (apzaj cos
(ao3 + bos)? (ao3 + 5706)2 )
2a1b062608 — dagaicoy — 4aiboscoy — agzer — 2agz3bosct — byger)n+
72@133607 + 2ag3boscor + biscor — anaozcos — aozboscos
(ao3 + bos) ) ) 5
—aozboeaclos - bosZoeCosb +da02609 + 2ao2boscoy + byscoo)n” =0,
4a;2ardyy — aozdi — bosd1)

g = + (doo + doa)p* —

(ao3 + bos)? (ao3 + boe)?
(2agza1dog + 2a1bosdog — 4apaaidyg — 4aybosdoy + appapzd+
apsbosdi + aoabosdi + bosboed1)n + —————— (adydor+
) (aos + bog)> 3
2a03bosdo7 + bygdor — anzaozdos — aoszbosdos — ao2boedos
—bosbosdos + agydoo + 2ao2bosdos + bisdoo)n* = 0.

This system has four real zeros. We eliminate p? between the two equations g;; = 0 and
g12 = 0; we obtain a quadratic equation in 1 which has at most two real zeros. Now, we
substitute one of these two zeros in one of the two equations, since there appears only pZ,
we get two possible real zeros one of them is negative. Since p must be positive, system (4)
has at most two real zeros with p > 0.

Let (/6, n, 5) be a solution of system (4). In order to have a limit cycle according to the
averaging theory in Section 2, we must have

afn 9f11 9fu

o on 0
o o o afn
o on 0
oy oy ot
dp dn 0&

- 0
‘(pyn,é):(ﬁﬁyé) a

Therefore by applying the averaging theory of first order, we deduce that system (1) has at
most two limit cycles bifurcating from the origin. This case has been studied in [8].

Giving an example shows that system (1) has exactly 2 limit cycles bifurcating from a
zero-Hopf bifurcation.

Example 4 We consider the following system

dx

4
—); = x4+ 2yw+ (x — xy)e — 7262,
(%)
gj = x2 = 2w? 4 (—x? + 3z%)¢2,
w

dr

= —y+2xw + (x? + x)e — xye2,

2
= x>+ gzz — 6w? + 3yze.

1
The eigenvalues of the singular point (0, 0, 0, 0) of system (5) are % + 5\/82 —4g —4 and
0 of multiplicity 2.
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For finding the limit cycles we must solve the averaged system

1
S11(p,n,§) = Ep(l +4£) =0,

1
fialp.m, §) = —28% + 5/)2 =0, (6)
2 2 1 2 2
f13(0,n. &) = 3 +§,0 — 652 =0.

System (6) has the following two roots (5, ij, &), with p > 0

1 6 —1
o= (LYo —1)
2’404

We shall verify that the determinant at these two roots is different from zero , where

Ja+4H 0 2

DG &) =det| 5 0 —4E
4
pooogi 1%
We get that
a(fin, fiz, 6
MR L
3.8 )Npie=r 6

Then, this proves that system (5) has exactly two limit cycles bifurcating from the origin for
¢ # 0 sufficiently small.

4 Proof of Statement (b) of Theorem 1

For proving statement (b) of Theorem 1 we use the averaging theory of second order. Then,
we must annul the averaged system of first order (f11(0, 1, ), f12(p, 1, &), f13(0, 1, £)).
So we take

ay=dy=c1 =0, bo=—ao3, bos=—ap, co =cog=co7=0,

dog = —doo, dog =dog =do7 =0, co4 = —coo.

Considering this conditions to apply the averaging theory of second order. Then from
Section 2, we have fo = (f21(0, 1, &), f22(p. 1. §), f23(p, 1, &), where

p 2 2 2
fr1(p,n,8) = @(Uo-IrUm + U2€ + Usé~ + Uan + Usén + Usn),

1

Fa(o,n,8) = 2—bz<vop2 + Vip%E + VaE? + V3E3 + Van + Vsp?p
+ Vebn + V7E20 + Ven? + Vokn® + Vion?), )
1
F3(p, 0, 6) = = (Wop? + Wik + Wap2E + W3E2 + Wi + Wsp?n

252
+ Wekn + W80 + Wn? + Wogn* + Wion?),
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where

Uy =
U, =

8asb,
apoao1 + ao1aos — 2apoboo — boobo1 + 2aoabos — bo1bos + aopscoo + bo2coo
ap2co1 + aoedoo + bozdoo — aozdor,

Us = 4b(a1z + bie),
Us = 4(ao1a09 + 2ap9bos — 2apobog — bo1bog + bogcos — aoscos + 2boodoz — 2ap9dos),
Uy = 4b(arx + bys),
Us = 4(ao1a08 + 2aosbos — 2apobog — bo1bog + bogcoz + 2bo7c03 — aogcos — 2ap7cos
+ 2boodz + bogdoz — 2agedos — aosdos),
Us = 4(ap1a07 + 2ao7bos — 2apobo7 — bo1bo7 + 2bgrcoz — 2ag7¢05 + bogdoz — aogdos),
and
Vo = b(cio +c14),
Vi = —(aoecoo + bozcoo — aozco1 + boocos + boacos — co3cos — dgocos — @4cos
+ co2¢06 — coedos + c03dos),
Vo = 2bcyo,
V3 = —2(bogcoz — apycos),
V4 = 2bcs,
Vs = —(aosco0 + bo2coo —ao2co1 +boocoz +bosacoz —apocos —ao4cos —coedoz +co3dos),
Ve = bcis,
V7 = —=2(bogcoz + bogcos — apycos — aoscos),
Vs = 2bcyy,
Vo = —2(bogcoz + borco3 — aogcos — ao7¢o6),
Vio = —2(bo7co2 — agrcos),
and
Wo = b(dio + dia),
Wi = 2bd,,
Wr = —(aosdoo +bozdoo — ao3dor +cosdoz +boodos +boadoz — co3dos —aoodos — aoados) ,
W3 = 2bdy9,
Wy = —2(boydos — apedos),
Ws = —(aosdoo + boadoo — aoador + boodo + boador + cosdor — apodos — apados
— co2dos + dozdos — dozdoe),
We = 2bdg,
W7 = —2(bogdoz + bosdoz — apedos — aogdos),
Wg = 2bd,7,
Wy = —2(bogdoz2 + bordoz — aosdos — aordos),
Wio = —2(bordoz — agrdos)n’.
Hence, from the first equation of system (7) and avoiding the solutions with p = 0, we

isolate p2 and we substitute it in f2(p,n, &) =0fori =2, 3. We obtain the following two
equations

g21 = Co+ Cin+ C2& + C3n* + Cang + CsE2 + Con® + C7n€ + CsnE? + Co&?,
g2 = Do+ Din+ D& + D3n> + Dané + Ds&? + Den® + Dyn*é + Dgn&? + Doé&?,
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where C; and D; fori =0, --- , 9 are real coefficients.
—VoU
Co = 0 07
Ui
—VoUs — VsUp + V4U,
C = ,
Ui
—VoUy — V11U
C, = (1% 1 07
Ui
—VoUs — VsUs + VU,
G = )
Ui
VeU1 — VoUs — VU4 — VsU»>
Cy = ,
Ui
—WU; — ViU + VaUy
Cs = )
U,
—VsUs + VioU|
Co=——""—"7""—"7"—,
Ui
—ViUg — V5Us + VoU,
Cr = ,
Ui
—ViUs — VsUsz + V7U4
Cg = ,
Ui
—ViUz + V3U;
Cg= ——"——"—,
Ui
and
—WoU
Do = 0 0’
Uy
—WoUy — W
D = oUs 5U0’
Ui
—WoU, — WUy + WU,
D; = ,
U
—WoUs — WsUy + WU
D3 = ,
Ui
WeU1 — WoUs — WUy — WsU»
Dy = s
Ui
—WoUz — WUy + W3U,
Ds = ,
Ui
—WsUs + WioU
Dg= ——W——,
Ui
—WrUs — WsUs + WoU,
D7 = ,
Uj
—WrUs — WsU3 + W7 U
Dg = )
U,
—WhU WaU
Do = 2Us + Wy 1.
Ui
Looking only at the coefficients of system (1) which appear in C; and D; fori =0,---,9

we see that the coefficients C; and D; are all independent because pairwise contain different
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coefficients of system (1), with the exceptions of the coefficients C;7 and Cg, and D7 and
Dg that share the same coefficients of system (1). But now looking directly at the explicit
expressions of C7 and Cg, and of D7 and Dg we observe that they are also independent.

Since all the coefficients of the two equations g21(n,&) = 0 and gn(n,&) = 0
are independent they can be chosen arbitrary. By Bezout’s theorem, system g»>1(n, &) =
0, g2(n, &) = 0 has nine real roots, and system (7) has at most nine real roots with p > 0.

Let (,5, n, E) be a solution of system (7). In order to have a limit cycle according to the
averaging theory in Section 2, we must have

0f21 9f21 dfa
o g 9
_ = aJ‘L(z)z 0f2n 3f§2

0 ad d
ihs it i
dp dn &
Then, we conclude that by the averaging theory of second order system (1) has at most nine
limit cycles in a zero-Hopf bifurcation at the origin. This completes the proof of statement

(b) of Theorem 1.
Now we give an example which proves that system (1) has exactly 9 limit cycles
bifurcating from the origin by the averaging theory of second order.

_ 0
‘(p,n,5)=(ﬁ,ﬁ£) a

Example 5 Consider the following quadratic polynomial differential system

dx 2 2 !
= —2e°x —y—x +yz+2xz—2xw—yw+§zw
+ (22 — xz +xw) + e2(x2 — y2),
i% = 282y +x —2yz+xz+xw+2yw + zw + e(xy — yz + yw)
+ &2(xz + yw), (3)
d—j = 12627 — 2x%2 — 2y2 —2xz —4xw + s(x2 — y2 +8z2 — 2zw) + e272,
%:) = 24¢?w + 2x% — 2y% + 2xy — 2x7 — 2xw + &(—2w? — 2zw)
+ 82(x2 + xw).

The eigenvalues of the singular point (0, 0, 0, 0) of system (8) are —262+i,12¢% and 2462,
The averaged system associated to system (8) is

fi(p,n, &) = p(—2—n+&—n*—26>+ p> — k) =0,
fo(p,n, &) = 120+ 8n* — 2n& + 46%n + 260> — 2p%n = 0, ©)
F3(p,n, &) = 24& — 282 — 2n& + 2E%n + 2En* — 2p%E = 0.

Solving system (9), there are only nine roots (p, 7, é ) with p > 0, namely

P1=(«/io,o), P2=(\/12—\/§,0,«6>, P3=<\/12+\/§,0,—«5>,
P4=(@,4,0), P5=(ﬁ,4,1), P6=(\/14—2x/3,—1,«@>,

P7=< 14+2\/5,—1,—\/5), Pg=(f2,—1,o), P9=(@,4,—1).
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Since, we must verify that the determinant is different from zero at these roots where
D(p, 1, €)
—2-q+E-i ) )
—282+3p°— g p(=1—207 — &) p(1 — 4 — i)

= det —457 124167 —2E +4E2+4E7—2p% 27+ 8&7 + 27 |,
—4pE —2F +28% +4&7) 24 — 4€ — 27 + 4&7)
+2i% — 2p?
we get

d (3(f11,f12,f13)>
et L1200
a(p,n, 8) P

det<3(f11,f12, le))
(o, n, &)

det (3(.}‘11, fi2, f13)>
(o, n, &)

= —7680+640+/5 # 0,
P3

a(f1, fiz, f13))
Ap,n, &) Ps
a(f11» fiz, f13))
ap,n, &)

= 13440 # 0.

=640 # 0, det (M)

a(p,n, 8)

= 17280 # 0,

= —7040 # 0, det <

Py

=1344041920/6 £0, det ( =—96070,

Py

Pg7
det<3(f11,f12,f13)>
8(:07 ’7’5) Py

Hence, system (8) has exactly nine limit cycles bifurcating from the origin for ¢ # 0
sufficiently small.

5 Proof of Statement (c) of Theorem 1

To prove the main result of this work we will use the third order averaging theory. Accord-
ing to the theorem of Section 2, we must annul the averaged system of second order

(f21(0, 0, 8), f22(p,m. &), f23(p, n, §)). For this, we take
a=cy=dy =0, apo = aps =ap7 =aos =a =0, aps = —bn, a3 =—bis,
bo7 = bog = bog = 0, aps = —bo3, aos = —bo3, boo = —bo4, aip = —bys,
cor =co3 =co6 =0, do1 =dox =dos =0, cra = —cio, disa = —do.
crr=cig=c19=0, di7 =dig=dj9=0.
Applying the averaging theory of third order, we must compute the following expression
2

_1/2”[1T9 LA 9
f3(p,n, &) = E A 5)’1( ,P,U,f)m( 0,0, 8)y1(6, 0,1, 8)
LS £)y2(6 £)
2900, 1.6) , P, 1,5)Y2(0, 0,1,
JF
F—2 (0. 0. 0. 616, p. 0. E) + F30, p. . E)IdO,  (10)
3(p, 1, &)

where

[
y1(9,p,n,é)=[ Fi(t, p,n,&)dt,
0

0 9F t
»(@,p,n,8) = / [71(& 0,1, 5)/ Fi(s, p,n,8)ds + F2(t, p, 1, S)] dt,
o Ld(p,n, &) 0
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and

o, n,8) = (f31, f32, f33),
F10, p,n,8) = (F11, F12, F13),
F2(0, 0,1, 8) = (Fa1, F2, F23),
F3(0, p,1,8) = (F31, F32, F33) ,
Y10, p,n, &) = (yi1, y12, y13) »

200, 0,1,8) = (y21, y22, ¥23) .

So, first we compute the following integral, and we get that

2 32F
*/ [yl ©,p,n, %‘) 5)2(9 P, E)y1(0, p, 10, E)}

3 F o, n 9%F,

= Top2 2 11 p 89)’11)’12

+82F N 32 F N 3?F N 32F T 3’ F N 32 F
5 85)’11)’13 anagy“y‘z o Yty 0% Yiz Tty 8§y11y13 asanylzyw
9%F, 2

+W)’13

=(G1(p,n,§),Ga2(p,n,8),G3(p, 1, §)).

Secondly, we compute the second part of the expression, and we get

0F>
7 0, — (0, p,n, 0,p,n,
290, S)( 0,1, 8)y200, p, 1, S)+3(,0,n,5)( e, &0, 0,n,8)

+F3(0,p,m, S)] do = (Hi(p,n,&), Hy(p,n, &), H3(p,n,&)).

1 (771 8F
27

Finally, we obtain the following averaged system of third order (f31(p,7n,§) = G| +
Hy, fn(p.n.§) = G2+ Ha, f33(p,n.§) = G3+ H3).

1
fi(p, 0, &) = @P(Sasbz + A1n + Aok + A3E% + Aun? + Asné
+ Aep? + A7p%n + Agp?E),

fo(p.n,8) = 8b3 (8csnb® + B1p°€ + Bopn + B3n® + Bag” + Bsn’*
+ Bené + B7p*né + Bgp? + Bon® + Biop>n® + Biing? + Bion’€),

1
f3(p,n, €) = @(Sdzébz + K1n€ + K2p* + K3p’n + Kap®né + Ksp2&>
+ Ko¢n?€ + KmE? + K€% + Kon® + K1op*€ + K116° + K1207),

1)
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where

Ay = d(bysb* + anb?),

A
A3
Ay
As
Ag

A7

Ag

and

By
B
Bs
By
Bs
Bg
By
Bg
By
Bio
B
By

and

K
K>
K3
K4
Ks
Ks
K
Ks
Ko
Ko
K1
K12

4(bxeb® + axb?),

—4b19bo1b + 4ajgap1b + 8dpzbiob — 8dpsaigb + 8bosaiob,

—4b17bo1b + 4ay7a01b + 8coab17b — 8cosarrb + 8bosairb,

—4aigcosb + 4b1gcoab+4dozbisb —4docaish + 8boaaish + 4aigao1b — 4b13bor1 b,
dooai6b + doob13b — apac11b + coob12b + araao1b + 2a14boab + 2bpsarob
+aoaorh

b1abo1b — b1obo1b — apzdi1b + cooais,

apcls — ancly + anag, — anby, + cosboibo + 2apan bos + 2ap2cozbor
2amcosbos — 2ap2co5ao01 — aoicozbor — 2boacozbos,

—ap3dgy + apzdis + apzag, — aozby, + dosbo1bos + 2a3aoibos + 2ao3dozbor
2ap3dosbos — 2ap3dosaor — ao1dozbos — 2bo3dozbos,

—4b13c00b —4ai6co0b —4eoacieb + deizcosh + dapserib + Adozeieb — ddosersb,
—4b1acoob—4arscoob + 4cosaiob — 4braconb—4biocob + 4agaci1b + 4cosaisb,
8ca7b?,

8ca9b?,

—C()()C%z + C()()C(%S + bo1co0co2 — a01€00C05,

8cash?,

4dosbozcor — 4anzbo1coz + 4apzcoados + 4apzaoicos — 4aozdoscos — 4bozcosdos,
4cx0b? + deasb?,

8ay7¢c05b — 8b17c02b,

dagycd, — damcls — 4boicoran + 4agiacos.

8aigcosb — 8bigcab,

8aigcosb — 8b1gcoab,

8dgb?,

—doodg + doodis + bordoodos — aoidoodos.

—4b12doob —4ay5doob —4dosdish + 4dy2dosh + 4apadi1b + 4copdisb —4cosdiab,
—4dosborcor + 4agzdozcor + 4agiacados + 4bo2doscos —4an2doscos —4boraodos,
dagzdl, — 4apzdd, — 4boidozaos + 4aoiaozdos.

8ar7doeb — 8b17do3b,

8aygdoeb — 8b18dusb,

8dr9b?,

8d7b2,

—4b13doob — 4ai6doob + ddpeaiob —4b14dozb—4b1odozb + 4apzdi1b+4dpearab,
8ai9dosb — 8b19dn3b,

4drob? + 4dyyb?.

We solve the first equation f3; with respect to p and avoiding the solutions with p = 0, we
obtain

2 A4+ A3ET 4+ Ain + Asé + Asné + 8azb2
Ae + AsE + A7n '
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Substituting p% in f3;(p, n, &) = 0 fori = 2, 3, we get the following system

831

832 =

where

Iy
I

I

I3

Iy

Is
Is
I
I3

Iy

Lo
I

I

I3

L4

4+ Il

s o [

I+ + 1

+

Iis
L6
I17
I1g
L9

1
 8(Ag+A7n+AgE)?D

(Io + NiEn + L€ + Ling? + L+ Isn* + Ie€* + LE*
+ Isn® + Ion’ + Lion + 1> + Lion?6% + Lian’€ + Lang> + Iis& + Lien &2
+ Lang* + Lisn*s + Lon?€3),

1
8(A6 + A7n + AsE)?b?

(Jo + J1En + Jong? + Jn?E + Jan® + Js&3 + Jen’€?

Jin? + Jsn* + Jog* + N10&° + Jiin*E + Jion?E3 + JianPE? + Jiang?
Jis€2 + Jien + Ji17€ + Jign’€ + Jiong?),

+ +

64B5a§b4 — 8Bgazb* Ag,

16c3b* AgAg — 8Biazb? A7 — 8 Byazb? Ag + 16 Bsazb* As — 8Byazh* Ag + Bs Al
B1A1Ag+2BsA1Ay; — ByAyAg — BgA1Ag — BsAx A7 — BgAsAg,

16c3b>A7As — 8Brazb* A7 — 8Bipazb*Ag + B12 A% — BioA2Ag — BiA1A7
B1A4Ag — ByA1Ag — BoAyA7 — ByAsAe + 2B3AcAg +2BsA1As +2BsAy Ay
2BgAgA7 — B1A1Ag — ByAsAg — BgAsAq,

863b2A§ — 8Bja3b*Ag + B]]A% — B1A1Ag — B1AyA7 — B1AsAg — By Ay Ag
ByA3Ae + 2B4AgA7 + 2BsA1 Az + 2BsAyAs + 2BsAgAs — BjAxAe — BgA3 A7
BgAsAsg,

B3AZ+ BsA} — ByA1Ag — BsAj A7 — BsAsAe + 16c3b> AgA7 — 8Brazb*A;
16 Bsazb? A4 — 8 Bjpazb® Ag,

B3A% + BsAAZ‘ — ByA4A7 +2B9AgA7 — BijopA1A7 — B1oA4As,

BsAZ + B5A% — BiAyAg — BsArAg — BsA3Ag — 8BiazAgh? + 16Bsazb? As,
B4A§ + BsA3 — BiA3As,

BgA6 + 8C3b2A% — ByA1A7 — BoAyAg + 2B3AgA7 +2B5A1 Ay — BsAz Ay
BigA1Ag — 8BipazA7b?,

ByAZ — BigAsA7,

8c3b? A7 — BgA| Ag — 8Braz Agh* + 16Bsaz A1b?> — 8Bgaz A7b?,

—B1AyAg — B1A3Ag + 2B4AgAg + 2BsAy Ay — BgA3Ag,

B3A§ + B4A% + B5A§ — B1A4Ag — BiAsA7 — BoA3A7 — BoAsAg + 2B5A3A,
2BsA7Ag — B7A1Ag — B7AyA7 — B7AsAg — B1oA2Ag—B1oA3Ag + 2B11AcA7
2B12AgAs,

BgA% — BiA4A7 — ByAyAs — ByAsA7 +2B3A7Ag + 2BsA4As — BrA 1 Ag
2BoAgAg — B7A4A¢ — BioA1As — BioA2A7 — BioAsAg + 2B12AcA7,

BsA} — BiA3A7 — BiAsAs — ByA3Ag +2B4A7Ag + 2BsA3As — BrArAg
B7A3Ag + 2B11AcAs,

= —BgAjyAg — 831(13A6b2 + 16B§(13A2b2 — 8BgazAgh?,

ByoAZ + B11 A3 — BjA4Ag — B1AsA7 — BigAsA7 — BioAsAg + 2B12A7As,
= B11A] — B7A3As,

Bi2A7 — B1A4A7 — BioAsAs — BioAsA7 + 2ByA7As,

= Bi2A§ — B7A3A7 — B7AsAg — BioA3Ag + 2B11 A7As,
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and
Jo = 64Kra3b* — 8K 2a3b* A,
Ji = 16d3b2A6A7 — 8Kzazb?Ag — 8K4a3b2A6 + 16K2(13b2A5 — 8K 0azb* A7
+ KlAé — K3A2A6 +2K2A1A2 — K10A1Ag— K12A1Ag — K12A2A7 — K12A5A6,
Jo = 16d3b>A7Ag — 8Ksazb*Ag — 8Ksazb® A7 + K7A2 — K3A2Ag — K3A3Aq

K4A2A¢ — K5sA1Ag — K10A1Ag — K10A2A7 + 2K 1 A6 Ag + 2K2A1 A3

+ 2K2A2A5 +2KgAgA7 — K19AsA¢ — K12A3A7 — K12A5As,

= 8d3b%A3 — 8K4azb?A7 + KeAZ — K3A1As — K3ArA7 — K3AsAg — K4A1Ag

— K10A1A7 4+ 2K1AgA7 +2K2A1As +2K2A2As +2K9AgAg — K10A4Ag

— Ki2A4Ag — K12As5A7,

Jis = —K3A1A7 — K3A4A6 +2K9AgA7 +2K2A1A4 — K12A4A7,

Js = KllAé + 8d3b2A§ — KsAyAg — K10A2Ag +2KrA2A3 +2KgAgAg — K19A3A¢

— KipA3As — 8Ksa3 Agh?,

= K)AZ + K3A2 + KoA} — K3A3A7 — K3AsAs — K4A1As — K4ArA7

+ 2K1A7Ag +2KyA3A4 — K4AsAg — KsA1A7 — KsAyAg — K19A4Ag

— K10A5A7 +2KeAsAg +2K7A6A7,

J; = KzA% + K9A§—K3A1A6—K12A1A7 — K12A4Aq¢ — 8K3a3A7b% + 16Kra3b* Au,

Jg = KrAZ + KoA3 — K3A4A7,

Jo = KgA% + K2A3 — KsArAg + 2K 1 AcAs — KsAzAg — K19A3As,

Jio = K11A] — K5A3As,

Jit = KeA% — K4A4A7,

Jio = K6A§ + K11A2 — K4A3A7 — K4AsAg — KsAsAg — KsAsA7 + 2K7A7 As,

Jiz = K7A% — K4A4Ag — K4AsA7 — KsAyA7 +2KgA7Ag,

Jisa = K7A% — K4A3As — KsA3A7 — KsAsAg + 2K11 A7Ag,

Jis = K2A3 + KsA2—K10A2Ae— K12A2As — K12A3A6 + 16d3b% Ag As — 8Ksa3b? Ag

+ 16K2(13b2A3 — 8K10a3b2A8,

Jie = —K1pA1Ag — 8K3a3A6b2 + 16K2613A1b2 — 8K12a3A7b2,

Ji7 = 8d3b2Aé — K1pA2A¢ — 8K10a3A6b2 + 16K203A2b2 — 8K12a3A8b2,

Jig = KlA% — K3A4A3 — K3AsA7 — K4A1A7 +2KeAcA7 +2K9gA7A8 — K10A4A7
— K3A4A6 +2K2A4As,

Ji9g = K1A§ — K3A3A3 — K4 ApAg — K4A3Ag +2K2A3A5 +2K7A6Ag — KsA1Ag
+ 2K11A6A7 — K5sA2A7 — K5sAsAg — K10A3A7 — K10A5Ag + 2KgA7Ag.

J3

Js

Hence, it is easy to verify that this system has 25 real solutions by Bezout’s theorem. So,
the coefficients of system (11) can be taken in such a way that this system has at most 25
real solutions different from zero for p > 0.

Let (,6, n, é) be a solution of system (11). In order to have a limit cycle according to the
averaging theory in Section 2, we must have

df31 9f31 9f31
o g 9
. o o of

d on 8f§
3]@3 af33 0f33
dp dn &
In short, we deduce that system (1) has at most 25 limit cycles in a zero-Hopf bifurcation at

the origin, using the averaging theory of third order. This completes the proof of statement
(c) of Theorem 1.

- 0
‘(pqn,§)=(/3,ﬁ»£) a
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