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Abstract

In this paper, we consider a viscoelastic equation with a nonlinear frictional damping and
a relaxation function satisfying g’(r) < —&(¢t)G(g(¢)). Using the Galaerkin method, we
establish the existence of the solution and prove an explicit and general decay rate results,
using the multiplier method and some properties of the convex functions. This work gener-
alizes and improves earlier results in the literature. In particular, those of Messaoudi (2016)
and Mustafa (Math Methods Appl Sci. 2017;V41:192-204).
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1 Introduction

In this paper, we consider the following viscoelastic problem:

Uy — Au + f(;g(t — ) Au(s)ds + lus ™ 2u; =0, in Q x (0, 400)
u(x, 1) =0, on 99 x (0, +00)  (1.1)
ulx,0) =upg(x), us(x,0) =ui(x), in Q x (0, +00),

P< Mohammad M. Algharabli
mahfouz @kfupm.edu.sa

Farida Belhannache
fbelhannache @yahoo.fr

Salim A. Messaoudi
messaoud @kfupm.edu.sa

Department of Mathematics, Mohammed Seddik Ben Yahia University-Jijel, Jijel, Algeria

The Preparatory Year Program, King Fahd University of Petroleum and Minerals, Dhahran 31261,
Saudi Arabia

Department of Mathematics and Statistics, King Fahd University of Petroleum and Minerals,
Dhahran 31261, Saudi Arabia

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10883-019-9429-z&domain=pdf
http://orcid.org/0000-0003-2098-0117
mailto: mahfouz@kfupm.edu.sa
mailto: fbelhannache@yahoo.fr
mailto: messaoud@kfupm.edu.sa

46 Farida Belhannache, Mohammad M. Algharabli and Salim A. Messaoudi

where u denotes the transverse displacement of waves and 2 is a bounded domain of
RN (N > 1) with a smooth boundary 3S2, g is positive and decreasing function and m > 1.

The study of viscoelastic problems has attracted the attention of many authors and several
decay and blow up results have been established. In [6], Cavalcanti et al. considered the
equation

t
Uy — Au +/ gt —s)Au(x, s)ds + a(x)u; + |u|”_1u =0, in & x (0,00), (1.2)
0

where a : @ — R is a function which may vanish on a part of the domain 2 but satisfies
a(x) > ap on w C Q2 and g satisfies, for two positive constants &; and &;,

—£18(t) < g'(t) < —kg(1), t>0.

They established an exponential decay result under some restrictions on . Berrimi and
Messaoudi [4] established the result of [6], under weaker conditions on both a and g, to a
problem where a source term is competing with the damping term. Fabrizio and Polidoro
[11] studied the following system

uy — Au+ [yt — 1) Au(t)dt +u;, =0, in Q x (0, 00)
u=20, on 02 x (0, 00)

and showed that the exponential decay of the relaxation function is a necessary condition
for the exponential decay of the solution energy. Cavalcanti and Oquendo [7] considered the
following problem

t
Uy — koAu + / divla(x)g(t — s)Vu(x,s)lds + b(x)h(u;) + f(u) =0 (1.3)
0

and established, for a(x) + b(x) > p > 0, an exponential stability result for g decaying
exponentially and % linear and a polynomial stability result for g decaying polynomially and
h nonlinear. Rivera [26] considered equations for linear isotropic homogeneous viscoelas-
tic solids of integral type which occupy a bounded domain or the whole space R", with
zero boundary and history data and in the absence of external body forces. In the bounded
domain case, an exponential decay result was proved for exponentially decaying memory
kernels and for the whole space case a polynomial decay result was established and the
rate of the decay was given. This latter result was later pushed to a situation where the ker-
nel is decaying algebraically but not exponentially by Cabanillas and Rivera [5]. In their
paper, the authors showed that the decay of solutions is also algebraic, at a rate which can
be determined by the rate of the decay of the relaxation function and may be improved by
the regularity of the initial data. The authors considered both cases, the bounded domains
and that of a material occupying the entire space. This result was later improved by Baretto
et al. [3], where equations related for linear viscoelastic plates were treated. Precisely, they
showed that the solution energy decays at the same decay rate of the relaxation function.
For partially viscoelastic materials, Rivera et al. [27, 28] showed that solutions decay expo-
nentially to zero, provided the relaxation function decays in a similar fashion, regardless to
the size of the viscoelastic part of the material.

In 2008, Messaoudi [21, 22] generalized the decay rates allowing an extended class of
relaxation functions and gave general decay rates from which the exponential and the poly-
nomial decay rates are only special cases. However, the optimality in the polynomial decay
case was not obtained. Precisely, he considered relaxation functions that satisfy

g1 = —EMg), t 20, (1.4)
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where £ : RT — R™ is a nonincreasing differentiable function and showed that the rate of
the decay of the energy is the same rate of decay of g, which is not necessarily of exponential
or polynomial decay type. After that, a series of papers using Eq. 1.4 has appeared (see, for
instance, [13, 19, 20, 25, 29, 30, 34, 35]).

Inspired by the experience with frictional damping initiated in the work of Lasiecka and
Tataru [15], another step forward was done by considering relaxation functions satisfying

gt < —x(g®). (1.5)

This condition, where x is a positive function, x (0) = x'(0) = 0, and  is strictly increas-
ing and strictly convex near the origin, with some additional constraints imposed on x, was
used by several authors with different approaches. We refer to previous studies [1, 8, 9,
12, 16, 17, 31] and [36], where general decay results in terms of x were obtained. Here, it
should be mentioned that, in [17], it was the first time where Lasiecka and Wang established
not only general but also optimal results in which the decay rates are characterized by an
ODE of the same type as the one generated by the inequality (1.5) satisfied by g. Mustafa
and Messaoudi [33] established an explicit and general decay rate for relaxation function
satisfying

g'(1) < —H(g(1)), (1.6)

where H € C!(R), with H(0) = 0 and H is linear or strictly increasing and strictly convex
function C? near the origin. In [10], Cavalcanti et al. considered the following problem

lus|Puse — Au — Aug + f(;g(t —$)Au(s)ds =0, in @ x RT,
ulx,t) =0, on T xRT, 1.7
u(x,0) =ug(x), u(x,0)=u(x), in Q x RY,

with a relaxation function satisfying (1.6) and the additional requirement:

lim inf x*?H” —xH' + H(x) > 0,

x—>0t

and that y'=® e L1(1, 00), for some g € [0, 1), where y(¢) is the solution of the problem

Y'®) + H(y() =0, y(0) =g(0) > 0.

They characterized the decay of the energy by the solution of a corresponding ODE as
in [15]. Recently, Messaoudi and Al-Khulaifi [24] treated (1.7) with a relaxation function
satisfying

g < —Eg" (1), Vi =0, 1 <p< % (1.8)

They obtained a more general stability result for which the results of [21, 22] are only spe-
cial cases. Moreover, the optimal decay rate for the polynomial case is achieved without
any extra work and conditions as in [16] and [15]. Very recently, Mustafa [32] answered
the question when he studied a viscoelastic equation with relaxation function satisfies (2.2)
(below) and established an optimal decay result using the multiplier method and some prop-
erties of the convex functions. In this paper, we intend to extend the results of Messaoudi
[23] and Mustafa [32] to Eq. 1.1.

This paper is organized as follows. In Section 2, we present some notations and material
needed for our work. In Section 3, we establish the global existence of the solution of the
problem. Some technical lemmas and the decay results are presented in Sections 4 and 5,
respectively.
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2 Preliminaries

In this section, we present some materials needed in the proof of our results. We use the

standard Lebesgue space L?(£2) and Sobolev space HO1 (£2) with their usual scalar products

and norms. Throughout this paper, ¢ and ¢ are used to denote generic positive constants.
We consider the following hypotheses:

(A1) g:Rt — RT isa C! nonincreasing function satisfying
+00
g(0) >0, 1 —/ g(s)ds =€ >0, 2.1)
0

and there exists a C! function G : (0, co) — (0, co) which is linear or it is strictly
increasing and strictly convex C? function on 0, r],r < g(0), with G(0) = G'(0) =
0, such that

g < —EMG(gr), V=0, (22)

where £(¢) is a positive nonincreasing differentiable function.
(A2) For the nonlinearity in the damping, we assume that

1l<m< " ,ifn>2
n—2
and
m>1, ifn=1,2. (2.3)
We introduce the “modified” energy associated to problem (1.1)
1 t
E@ =3 <||ut||% + (1 - /0 g(s)ds) Il Vull3 + (gow)(r)) : 2.4)

where
t

(goVu)(t) = /0 g(t — 9)||Vu(t) — Vu(s)|[3ds.

Direct differentiation, using Eq. 1.1, leads to

1 1
E'6) = 5 (g'oVa)®) — 5 g0Vl - / g " dx < 0, 2.5)
Q

Remark 2.1 If G is a strictly increasing and strictly convex C? function on (0, r], with
G(0) = G'(0) = 0, then it has an extension G, which is strictly increasing and strictly
convex C? function on (0, co). For instance, if G(r) = a, G'(r) = b, G’ (r) = ¢, we can
define G, fort > r, by

Cut) = %rz +(b—crt+ (a 4 %rz - br> . (2.6)

3 Existence
In this section, we state and prove an existence result of problem (1.1).

Definition 3.1 For any pair (uo, u1) € H} () x L*(RQ). A function

u € C([0, T1, Hy (), u, € C'([0, T1, L*(R2)) N L™(2 x (0, o0))
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is called a weak solution of Eq. 1.1 if

% fQ ur(x, Hw(x)dx + fQ Vu(x,t).Vw(x)dx
~Ja (fo’g(t — $)Vu(x, s)ds) Vuw(x)dx
+ Jo lus " Pusw(x)dx =0, Vw € H}(Q), forae.r€[0,T],
u(0) = ug, u(0) =u;.
3.1

Proposition 3.2 Let (ug, u1) € Hy (Q) x L?(Q) be given. Assume that (A1) and (A2) hold.
Then problem (1.1) has a unique weak global solution.

Proof We use the standard Faedo-Galerkin method to prove our result. Let {w j}ﬁ] be the
eigenfunctions of the Laplacian operator subject to Dirichlet boundary conditions. Then
{wj};’o:l is orthogonal basis of HO1 () as well as of L2(Q). Let V; = span{wi, wy, ..., Wk}
and the projections of and initial data on the finite-dimensional subspace Vj are given by

k k
k _ s k _ L
uo_Za]w], ul_ijw]
=1 j=1

where,
uf —ug in Hy(Q)
and 3.2)
ulf — U in LE(Q).

We search solutions of the form
k
ub(x) =Y R ow;x)

Jj=1
for the approximate problem in Vi

Jqubwdx + [ Vuk Vwdx — [, fotg(t — $)Vuk(s).Vwdsdx
+ /o |uf|m_2ufwdx =0, Yw € Vi (3.3)
uk(0) = uk, uk) = ut.
This leads to a system of ODE’s for unknown functions 4/K. Based on standard exis-

tence theory for ODE, the system (3.3) admits a solution #* on a maximal time interval

[0,t), O <1ty <T, foreachk € N. Infact#, = T = +o00 and to show this, let w = uf in

Eq. 3.3 and integrate by parts to obtain

d 1 1 m
d—Ekm = —(goVu") (1) — gV )13 - f luk ()" dx <0, (3.4)
t 2 2 Q

where
K LT ! 2 1 '
EX(@) = Sllupll, + 5 (1= [ g@)ds | [[Vu|ly + 5 (goVu™)(1)
2 2 0 2
Integrate (3.4) over (0, ¢) to obtain
2 2
3 (1113 + (1= 8 0ds ) 1V6F13 4 (goVuh 0) + fi fo luk(5)["dxdls

2 2
=1 (||w’5||2 + ||u’;||2) — 11 (g'oVuk)(s)ds. (3.5)
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This means, using (A1) and Eq. 3.2, that, for some positive constant C independent of ¢
and k,
Ef(r) < EX0) < C.

Thus, we can extend # to infinity and, in addition, we have

(%) is a bounded sequence in L*°(0, T'; HO1 ()
(uf) is a bounded sequence in L*°(0, T'; L) N L™(Q x (0, T)).

Therefore, there exists a subsequence of (%), still denoted by (%), such that

[ uk—*u in L°°(0, T; H}(Q))

uk—*u, in L>(0, T; L*(Q)). (3.6)

Since (u¥) is bounded in L™ (2% (0, T)), then (|u$|’” u¥) is bounded in L7 T (2% (0, T)).
Hence, up to a subsequence,

luy |

Now, our task to show that ¥ = |u,|"~ zut. For this purpose, integrate (3.3) over (0, ¢) to
obtain

t
/uf(t)wdx —/ulfde—i—/ /Vuk(s).dexds
Q@ Q 0 Ja
t Ky
_// (/ g(S—t)Vuk(t)dr> Nwdsdx
aJo \Jo

t
+ / / |u’;(s)|m‘2uf§(s)wdsdx =0, YweV;, Vj=1,2,....k (38)
QJ0

"Rk in LAt (Q % (0, T)). (3.7)

Convergences (3.2), Eqs. 3.6 and 3.7 allow us to pass to the limit in Eq. 3.8, as k — 400,
and get
/ u,(H)wdx — / ujwdx + / / Vu(s).Vwdxds
Q

ff ([ g(S—T)Vu(r)dr> Vwdsdx

+ / / Y(s)wdsdx =0, Yw e Vi, Vk > 1 (3.9)
QJO

which implies that Eq. 3.9 is valid for any w € HOl (£2). Using the fact that the left hand side
of Eq. 3.9 is an absolutely continuous function, hence it is differentiable for a.e t € (0, 00),
and we get

i/ u,(x,t)w(x)dx—l—/ Vu(x, t).Vw(x)dx
dt Q Q

t
_/ (/ g —S)VM(X,S)ds> Vw(x)dx
e \Jo

+/ Y(@wx)dx =0, Ywe Hol (2), forae.t €[0,T]. (3.10)
Q

Now, define

T
Xk = / / (|u§<|’”‘2uf - |u|’”*2u) @k — v)dxdt >0, v e L™((0,T), H (%))
0 Q
3.11)
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This is true by the following elementary inequality (see Theorem 6.1, p. 222 [18]):
(lal?%a — |b|97%b)(a —b) > 0, fora,beR, g > 1. (3.12)

So, by using Eq. 3.5, we get

k1 Ky 2 Ky 2 k |
X" = E(||Vuo||2—{—||141||2—}—(goVu )(0)) 3 A (g'oVu")(s)ds

1 ! T _
= (||uf||§+ (1—/ g(s)ds) ||w’<||§+(gow’<)(r)) —/ / k™ zufvdxdt
0 0 Q

T
—/ /Ivl’"fzv(u,—v)dxdl.
0 Q

Taking k — +o00, we obtain

. 1 1!
0 < limsup xk = 5 (||Vu0(t)||% + |uq ||%> — 5/ (g'oVu)(s)ds
0

1 t
-3 (nutn% + (1 —/0 g(s)ds) |Vl + <gow>(r))

T T
—/ /lﬁ(t)vdxdt—/ f|v|m_2v(u,—v)dxdt.
0 Q 0 Q

(3.13)

Replacing w by u; in Eq. 3.10 and integrating over (0, 7),we obtain

1 17T
=5 (V@13 + 1l 113) - 5/0 (8'0Vu)(s)ds

t T
-l—% <||uz||§ + (1 —f g(s)ds) ||Vu||% + (goVu)(T)) +/ / Yurdxdt = 0.
0 0 Q
(3.14)

Combining Eqs. 3.13 and 3.14, we arrive at

T T
< lim sup = urdxdt — vdxdt
0 < li x* dxd dxd
0 Q 0 Q

T
—/ /|v|m_2v(u,—v)dxdt
0 Q

T
5/ f@//— [v|"™2v) (u; — v)dxdt.
0 Q

Hence,
T
/ / W — [v|" " 2v)(u; — v)dxdt > 0,, VYve L™(Q x (0,T))
0 Jo

by density of Hy (Q) in L™ ().
Letv =Xz +us,z € L"™(2 x (0, T)). So, we get, VA # 0,

T
—A/ f (1// — Az +u "2z + u;)) zdxdt <0, ze€L™(Qx(0,T)).
0 Q
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Let A > 0. So we have
T
/ / (1// — Az u "2z + u,)) zdxdt <0, ze€L™(Qx(0,7)).
0 Jo

As A — 0,we get

T
f / (1// - |u,|m—2u,) zdxdt <0, ze€ L™(Q x (0,T)). (3.15)
0 Q

Similarly, for A < 0,we get

T
/ / (1// - |u,|m*2u,) zdxdt >0, ze€ L™(Q x (0,T)). (3.16)
0o Je
Thus, Eqgs. 3.15 and 3.16 imply that ¥ = |u;|™2u,. Hence Eq. 3.10 becomes

i/ u,(x,t)w(x)dx—i—/ Vu(x,t).Vw(x)dx
dt Jo Q

t
_f (/ g —S)Vu(x,s)ds> NVw(x)dx
e \Jo

+f lu " 2uw(x)dx =0, Yw e H}(RQ)
Q

To handle the initial conditions, we note that
uF—u weakly in L*(0, T; Hy (2))
uk—~u; weakly in L2(0, T; L*(R)) (3.17)
Thus, using Lion’s Lemma [18] and Eq. 3.2, we easily obtain
u(x,0) = ug(x).

As in [14], multiply (3.3) by ¢ € C3°(0, T) and integrate over (0, T), we obtain for any
w e Vi

T T
_/ / uquﬁ/(t)dxdt = —f / Vuk.Vw¢dxdt
0 Q 0 Q
! e r m—2
+f0 /Q /0 gkt — 5).Vwedsdxdr — /0 /Q k)" ukwpdxdr (3.18)

As k — +00, we have for any w € HO1 (2) and any ¢ € C5°((0, T)),

T T
—/ / uwe' (H)dxdt = —/ / Vu.Vweodxdt
0 Q 0 Q

T +o00 T
+f / / g(s)Vu(t —s).th/)dsdxdt—f f Iut|m72u1w¢dxdt (3.19)
0 QJO 0 JQ

This means (see [14]),

uy € L2([0, T), H™'()).
Recalling that u, € L2((0, T), L2(£2)), we obtain

u; € C([0,T), H ().

So, uf(x, 0) makes sense and

uf(x, 0) = us(x,0)in Hfl(Q)
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But
uk(x, 0) = ub (x) = u1(x) inL?(Q)
Hence
ur(x,0) = uj(x)
For uniqueness, let us assume that problem (1.1) has two solutions # and v. Then, w =
u — v satisfies

wi — Aw + [yg(t — s)Aw(s)ds + (lur " 2u; — v, " 2v,) =0, in Q x (0,T)

w=0, on 92 x (0, T)
w(x,0 =0, wx,0=0, in Qx (0, 7).
(3.20)

Now, multiply (3.20) by w; and integrate over 2 x (0, ¢) to obtain

t
w13 + [IVw|[3 + (goVw)(r) — /0 (g'oVw)(s)ds

t t
f g IVw(s)|3ds +2 f / (le "2 = "0, ) (= v)dxds = 0.
0 0 JQ
Hence, by using inequality (3.12), we have
llwel13 + |[Vwl[3 <0

which implies that w = C. In fact, C = 0 since w = 0 on 92. Which completes the
proof. O
4 Technical Lemmas

In this section, we establish several lemmas needed for the proof of our main result. We
adopt some results from [23] and [32] without proof.

Lemma 4.1 Foru € H(} (2), we have
2

t
/ </ gt —s)(Vu(s) — Vu(t))ds) dx < Cy(hoVu)(t) “4.1)
Q 0
where, forany 0 < o < 1,
R S O)
Cqy :/ — =" —ds and h@t)=aglt)—g@). “4.2)
o og(s)—g'(s)

Proof The Use of Eq. 4.2 and the Cauchy Schwarz inequality gives

t 2
/ (f gt —s5)(Vu(s) — Vu(t))ds) dx
Q 0

t —
= / (/ b Vag(t —s) — g'(t — 5)|Vu(s) — Vu(t)|ds)*dx
Q Jo \/otg(t —s5)—g'(t—s)
t gZ(S) t , )
< (/0 mds)fo [ag(t —s) = g'(t — )] |IVu(s) — Vu(r)||5ds
< Cy(h o Vu)(@). (4.3)
O
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Lemma 4.2 [23, 32] Under the assumptions (A1) and (A2), the functional

Yi(t) == / Undx
Q
satisfies, along the solution, the estimate

Yl (1) < =511 Vul 3 + |lue|3 + §2 (hoVu) (1)

+c(8) [q lug™dx, ifm=>?2 4.4
and
Y1) < — IIVM||2+||Mt||2+C (hoVu)(t)
2m—2
+c(8, Q) (/ |ut|mdx> , ifm<2. 4.5)
Q

Lemma 4.3 [23, 32] Under the assumptions (A1) and (A2), the functional

'
Ya(1) = —/Quzfo gt —s)(u(t) —u(s))dsdx

satisfies, along the solution, the estimate

4 3¢
wémscanwni—(/o g(s)ds—a)||ut||§+<(— 1)Cy + )(how)(t)

+C(8)/ lug|"dx, ifm=>?2 4.6)
Q
and
! 3¢
Yh(1) < e8| Vull3 — (/0 g(s)ds — 5) lull3 + + <(* DCy + ) (hoVu)(t)
2m—2
+c(8, Q) <f |u,|mdx) , fm<?2 “.7
Q

Lemma 4.4 [32] Under the assumptions (A1) and (A2), the functional

'
Y3 (t) :/ / r(t—s)|Vu(s)|2dsdx, 4.8)
QJo

satisfies, along the solution of Eq. 1.1, the estimate
1
Y3 (1) < —5(80Vu)(l) +3(1 — 5)/ |Vu(t)Pdx. 4.9)
Q

where r(t) = ft+oo g(s)ds.

Proof By Young’s inequality and the fact that ' (1) = —g(t),we see that
t
v =0 [ vuwiax - [ [ g ovuePax
Q QJO
t
= —/ / g(t — $)|Vu(s) — Vu(t)|*dsdx
QJ0

t
—2[ Vu(t)./ gt —5)(Vu(s) — Vu(t))dsdx + r(t)f IVu(t)Izdx.
Q 0 Q
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Now,
t
—2/ Vu(t).f gt —5)(Vu(s) — Vu(t))dsdx
Q 0

f(;g(s)ds
2(1—-0) Jo

Using the facts that 7 (1) < r(0) = 1—£ and fotg(s)ds < 1-¢,Eq.4.9isestablished. [

t
<21 — z)/ |Vu(t)|*dx + / g(t — 9)|Vu(s) — Vu(t)|*dsdx.
Q 0

Lemma 4.5 [32] There exist positive constants d and t| such that

g(t) < —dg@), Vtel0,t]. (4.10)

Proof By (Al),we easily deduce that lim;—, y-, g(#) = 0. Hence, there is ¢#; > 0 large
enough such that

gty =r
and
gy <r, Vt>n.

As g and £ are positive nonincreasing continuous and G is a positive continuous function,
then, for all ¢ € [0, #1],

0<&@t) <&@ <&(0),

which implies that there are two positive constants a and b such that

a=<§1)G(g) = b.

{ 0<g(n) < g <g)

Consequently, for all ¢t € [0, #1],

a a
! —£()G ———g(0) < ———3g(1). 4.11
g =-E0GEM) < g(o)g()f g(o)g(t) 4.11)

O

Remark 4.6 Using the fact that % < g(s) and recalling the Lebesgue dominated

convergence theorem, we can easily deduce that

00 2
aCy = / 28Oy hasa 0. 4.12)
0o ag(s) —g'(s)

Lemma 4.7 Assume that (A1) and (A2). Then there exist strictly positive constants
N, €1, €3, A, ¢ such that the functional

L=NE@)+ Niy1(t) + Naoyra(2)

satisfies, for all t > t1,

L~E, 4.13)
L'(t) < —hoE(1) + %(goVu)(t), ifm>2 (4.14)
and
2m—2
L'(t) < —dE(t) + c(goVu)(t) + c(/ |ut|mdx) , Ifm<?2. 4.15)
Q
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Proof For the proof of Eq. 4.13, we refer the reader to [22]. Now, we prove inequality
(4.14). Let gy := fotl g(s)ds > 0.By using Egs. 2.5, 4.4 and 4.6, recalling that g’ = (ag—h)

and taking § = ﬁ, we easily see that, for all ¢ > 171,

O =—\sN— 5 )l Vull; — | N2g1 — 7 — Ny ||u,||2+§N(goVu)(t)

2 4 4
—<1N— feni_c (iN +ENZ+N>)(hoVu)(t). (4.16)
AR UL
At this point, we choose Nj large enough so that
14

4
SN -S> 41 —¢
7 4>( )

and then N; large enough so that
£
Nzgl—Z—N1—1>0.

Now, using Remark 4.6, there is 0 < a9 < 1 such that if ¢ < g, then
1

aCy < 5 . 4.17)
N 12¢N.
8 <627} + >+ N2>
Next, we choose N large enough so that
1 4c 1
fN——2>0anda:—<a0,
4 N; 2N
which gives
IV e (Svi+ BN i) s 0
N — —Nj — — — > 0.
2 ¢ 2T e\t e
Therefore, we arrive at
1
L) = =40 = 0l Vul3 = llu] 3 + (g 0 Vi) @). (4.18)

Combining Eqgs. 2.4 and 4.18, Eq. 4.14 is established. The same calculations hold, for m <
2, using Eqs. 2.5, 4.5 and 4.7, give Eq. 4.15. O

Corollary 4.8 There exists an equivalent functional L1 ~ E such that,

t
Li(t) < —AE(@) + c/ gt — s)/ [Vu(t) — Vu(s)|2dxds, ifm>2 (4.19)
n Q
and
L@ < —AE(z)+c/ g(t—s)/ [Vu(t) — Vu(s)lzdxds—i—c(/ |ut|’"dx) , ifl<m<?2,
n Q Q

(4.20)
for some positive constants A and c.

Proof Using Egs. 2.5 and 4.10 we conclude that, for any ¢ > tq,

t _ t
/lg(s)/ [Vu(t) — Vu(r — s)|*dxds < —1/ 1 g’(s)/ IVu(t) — Vu(t — s)|*dxds

0 Q d Jo Q
< —cE'(t) 4.21)
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By letting L1(¢) = L(t) + cE(¢) and combining Eqs. 4.14 and 4.21, Eq. 4.19 is established.
Similar calculations hold, for m < 2, to obtain (4.20). O

5 Stability
In this section we state and prove our main result. We start with the following lemmas.

Lemma 5.1 Assume that (A1) and (A2) hold and m > 2. Then, the energy functional
satisfies the following estimate

+00
/ E(s)ds < 0o G.1)
0

Proof Let F(t) = L(t) 4+ ¥3(¢), then using Eq. 4.9, we obtain

1
F'(t) < —(1— 5)/ |Vu|?dx —/ uZdx — —(goVu)(t) (5.2)
Q Q 4
Using Eqgs. 2.5 and 5.2, we obtain

F'(1) < —bE()
< —DE(t) — cE'(1),

where b is a positive constant. Therefore,

t
bf E(s)ds < Fi(n) — Fi(1) < Fi(t1) < o0, (5.3)
131

where F(t) = F(t) + cE(t) ~ E. O

Lemma 5.2 Assume that (A1) and (A2) hold and 1 < m < 2. Then, the energy functional
satisfies the following estimate

+00 ”
/ E2=2(s)ds < oo. (5.4)
0

Proof Let F(t) = L(t) 4+ ¥3(¢), then using (4.9) and (4.15), we obtain

=2
F'(t) < —(1 —z)f |Vu|?dx —/ u?dx — l(gOVu)(t) +c</ Iutlmdx>7
Q Q 4 Q
< —cE(t)+c¢ (—E’(r))% (5.5)
By multiplying Eq. 5.5 by E4(¢), g > 0,and using Young’s inequality, we get
E9(t)F (1) < —cE (1) + E%(r) (—cE’(z))Z";";Z
< —cET\ (1) + e EFn (1) + C(e) (~E'(1)) (5.6)
By choosing g = 22,; 5 and taking & small, Eq. 5.6 yields
E1(t)F'(t) < —cETT (1) + C (-E'(1)) (5.7)
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Let Fo(t) = E4(t)F(¢t) + CE(t) then Egs. 2.5,4.13 and 5.7, lead to

ETN (1) < —cF5(1). (5.8)
Therefore,
t
cf ET\(s)ds < Fy(h) — F2(t) < Fa(t1) < 00, Vi >1y, (9
n
which gives Eq. 5.4 since | +¢ = 5. O

Remark 5.3 Using Holder’s inequality and Eq. 5.4, we obtain, for 1 < m < 2,

t
f E(s)ds < (r—t1)$< Eq+1(s)ds>
151
<c(t—1)T =ct—1)F, Vi>u. (5.10)
Let’s define

t
I1(t) = —/ g’(s)/ [Vu(t) — Vu(r — s)|*dxds < —cE'(t), (5.11)
151 Q

Lemma 5.4 Under the assumptions (A1) and (A2) , we have the following estimates

t
/ g(s)/ [Vu(t) — Vu(t — s)|2dxds < 16_1 (pl(t)) , m=>2 (5.12)
f Q P §(t)

: B
/ g(s)/ [Vu(t) — Vu(t — s)|2dxds < ¢ -n) G_l < pl(ti ) , l<m<?2.
f Q p (

2m—2
t—1) m E(r)
(5.13)

where p € (0, 1) and G is an extension of G such that G is strictly increasing and strictly
convex C2 function on (0, 00); see Remark 2.1.

Proof First, we define the following quantity

t
At) = p/ / |Vu(t) — Vu(t — s)|*dxds.
131 Q

Using Egs. 2.4 and 5.1, we obtain

t
w0 =€ [ (1Vut = )13+ 1)) ds
n
t
<[ (Ivut =915+ 19uI3) ds
0
t
< C/ [E(t —s)+ E()]ds
0
t
< ZC/ E(t —s)ds
0

t [e¢}
< ZCf E(t)ds < ZC/ E(t)ds < oo. (5.14)
0 0
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Also, we can choose p so small that, for all r > 1,
A < L. (5.15)
Since G is strictly convex on (0, r] and G(0) = 0,then
G(0z) <6G(z), 0<f <landze (0,r] (5.16)

The use of Eqgs. 2.2, 5.15, 5.16 and Jensen’s inequality yields

t
1(1) = L/ k(t)(—g/(S))/ pIVu(t) — Vu(t — s)|*dxds
p)\(t) f Q

t
> /A(t)S(S)G(g(S))/ pIVu(t) — Vu(t — s)|*dxds
p)\.(t) 1 Q
. 50 téx \Y \Y 2dxd
Z 0 (A()g(s)) pl u(t) — Vu(t —s)|"dxds

zg()G( / (s)/ IVu(t) — Vu(t — s)|*dxds)

= é( )G( / g(s)f IVu(t) — Vu(t — s)lzdxds) (5.17)

This gives Eq. 5.12 when m > 2. In the case | < m < 2 and for the proof of Eq. 5.13,
we define the following

p
(t—1n)m

() = Vu(t — s)|>dxds,

then using Eqs. 2.4 and 5.10, we easily see that
r() =,
then choosing p € (0, 1) small enough so that Eq. 5.15 holds and
M@ <1, forallt > 1, (5.18)

The use of Egs. 2.2, 5.16, 5.18 and Jensen’s inequality leads to

I(t) =

t
p}»]([) \/;1 )\,l(t)(—g/(s))\/;—zlﬂvu(t) — Vu(t —S)|2dxds

e

t
/ Al(t)é(S)G(g(S))/ pIVu(t) — Vu(t — 5)Pdxds
p)\'l(t) 151 Q

O
pAi()

_ e ,
. (t—1) S(I)G( pszz / g(s)/ IVu(t) — Vu(r — s)|*dxds)
p (t =) Jn @

PR N !
_=nw édt)G( - / g(s)/ [Vu(t) — Vu(t —S)|2dxds)'
p t—t) = Jn @

(5.19)

> G g()) f PIVu(t) — Vult — 5)Pdxds
Q
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This implies that

' P
/ g(s)/ Vult) = Valr —s)2dxds < L2 " G 1( pra) )
I Q p (t—n) » &@)

O
Theorem 5.5 Let (ug, u1) € HO1 () x L2(Q) be given. Assume that (A1) and (A2) hold
and m > 2. Then there exist strictly positive constants c1, c2, k1 and ko such that the solution

of Eq. 1.1 satisfies, forallt > 11,

N 13
E@®) <cie I E(‘Y)ds, if G is linear (5.20)

t
E@) < szfl (/q/ S(s)ds), if G is nonlinear, (5.21)
n

where G1(t) = trl SG}(S)ds.

Proof Case 1: G is linear.
Using Eqgs. 2.2 and 2.5, we get

“g‘(t)/tg(t—s)/ [Vu(t) — Vu(s)|>dxds < /té(s)g(s)/ [Vu(t) — Vu(s)|>dxds
n Q 131 Q

t
<- / g () / |Vu(r) — Vu(s)|*dxds
1 Q
< —2E'(1) (5.22)
Multiplying (4.19) by &£(¢) and using Eq. 5.22, we obtain

EL) (1) < —AEME(1) + c&(1)(goVu) (1)
< —MME®@) — 2¢E'(1)

which gives, as £(¢) is non-increasing,
(ELy1 +2cE) < —)(E®@), Vit =>1. (5.23)
Hence, using the fact that £L 4 2cE ~ E, we easily obtain
Et) < cre” @ 05, (5.24)
Case 2: G is non-linear.

Using (4.19) and (5.12), we obtain

L) < —2E@®) +c(G) <p;(g)> . (5.25)
Then, the functional 7, defined by
— E(l‘)
= —_— L
Fit) =G <80E(O)> 1(®)
satisfies, for some ap, oy > 0.
arF1(t) < E@) < onFi(1) (5.26)
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and
Fi (1) = eg 520G (80 F) L0 +G (e E&?)) L' (0)

_ (5.27)
< —hEWG (2058 + <G (e0fh) G (HY).-
Let G be the convex conjugate of G in the sense of Young [2], then
G'5)=sG) '5)-C [(6/)—1(.0] . ifse(0,G ()] (5.28)
and G satisfies the following generalized Young inequality
AB<G'(A)+G(B), if Ac(0,G(r)], Be(,rl (5.29
So. with A = G (e’ ) and B = G~ (5% ) and using Egs. 2.5 and 527-5.29, we
arrive at
Fi) < A£G (o) + G (O (80 ) +e (%7)
< _AEWDG E@®) EOF E(I) j240) (5.30)
< —AE() €0E ) ) T C€0E ) eogo ) Tl Fay )

So, multiplying (5.30) by £(¢) and using (5.11) and the fact that &0 5§ < 7 G (8() Lo (%)))
G’ (eo EEO;) we get

EOF|(1) = —AEMEMG (s05) +c€eo f G (e0 gy ) +epl )
< EWEMG (2058 ) +cE 00 EBC (0 ) — cE'()

Consequently, with a suitable choice of g, we obtain, for all ¢ > ¢,

/ E@) E@QN\ _ (1)
1 (1) < —KE(r) (E(O)) G (eom> KE(W)Ga <E(O)> (531)

where Fo = £F; + cE ~ E and G2(t) = tG'(sot). Since G4(t) = G'(sot) +
g0t G" (ot),then, using the strict convexity of G on (0, r],we find that G, (1), G2(t) > 0 on
(0, 1]. Thus, taking in account (5.26) and (5.31), we easily see that

a1 Fa(t)
&

R(t) = EQ)

, 0<e<,

satisfies
R() ~ E() (5.32)
and, for some k; > 0,we have
R(1) < —kiE()G2(R(1)), Vi =11
Then, the integration over (¢, t) yields
S GRS ds > ki [ £(s)ds.

Hence, by an approprite change of variable, we get

eoR(t1) 1 t
Jara) omdt = ki [, §()ds
Thus, we have

l
R(t) < — <k1 / é(s)ds) (5.33)
where G (t) = t vG/ G )ds Here, we have used the fact that G is strictly decreasing on
(0, r]. Therefore (5.21) is established by virtue of Eq. 5.32. O
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Remark 5.6 The decay rate of E(¢) given by Eq. 5.21 is optimal because it is consistent
with the decay rate of g(¢#) given by Eq. 2.2. In fact,

t
g(t) < Gy! (/ s<s)ds>, vi > g (),
g (r)

where Go(r) = ftrﬁ
Using the properties of G, Go and G, we can see that

"ol "1
G](t) :[ md&' S[ G(S)ds = Go(t)

Using the fact that G is decreasing, we have
G (G1(1) = GT (Go)).
By putting T = Go(¢), we obtain
=Gy =67"Gi1) = 67 (D).

Therefore,

Gt < Gyl (o).
This shows that Eq. 5.21 provides the best decay rates expected under the very general
assumption (2.2).

Theorem 5.7 Let (ug, u1) € HOl () x L*(Q) be given. Assume that (A1) and (A2) hold
and 1 < m < 2. Then, there exist postive constants c, ms, me such that

2m—2
t 5o
E(t)<c (1 +/ S(s)ds) ’ , if G is linear (5.34)
3l

ms

(t — )52 [ E(s)ds

E(t) <me(t — 11)% W, ! , if G is nonlinear, (5.35)

where Wa(t) = 122 G’ (e17).

Proof Case 1: G is linear
Multiplying (4.20) by £(¢) and using Eq. 5.22, we obtain

EWL(0) < —AEWE) + & (1) (goVu) (1) + c& 1) (fg lus"dx) =
< REWE) — cE'(1) + cE(0)( [y Iy "dx)

which gives, as £(¢) is non-increasing,

2m—=2
m

L) < = AEWE({) + c&(@) </ Iu,Imdx> , vt > 1, (5.36)
Q

where L(1) = £(¢t)L(¢t) + cE(t) ~ E. By multiplying the last inequality by E4(¢),q > 0,
recalling (2.5), and using Young’s inequality, we get

E1(1)L (1) < —AE(E™ (1) + cS(t)E‘f(t)(—E/(t))%

gm (5.37)
< —AE(WE™I(1) + ceE(E™ (1) 4 c(e)E(1) (—E'(1))
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By choosing ¢ = %, Eq. 5.37 yields

E1)L (1) < —AE@ET(t) + ce&(1)EMI(1) + c(e) (—E'(1))
< —(A—ce)§(ME™ (@) +cle) (—E'@)).

Let £1(r) = E(t)L(t) + c(e)E,then using Egs. 2.5, 5.38, the fact that £; ~ E, and
choosing ¢ small enough, we get

(5.38)

Li(1) < —c&0L @) (5.39)
The last inequality together with the equivalence relation (L] ~ E) give (5.34).
Case 2: G is nonlinear

Using Eqgs. 4.19 and 5.13, we obtain

2m—2
L'(t) < —AE@) + +ct — 1)) (G) ' ("Iz(,f)z)+c</ |u,|mdx> "
(0 =) E ) 2

(5.40)
we find that the functional L,defined by
€] E(1)
Li(@t):=G’ — L)
([—[l)zmz E(O)
satisfies, for some 1, B2 > 0.
Bi1Li() < E@) < BaL1(t) (5.41)
and
L (t) = —(2-m)e;  E(t) + g1 E’(t)) G//( £ M) Lt
1o (m(tfn)% EO oy i EO - EO ®
e E@® )
i = E«») .
< —AE(t)G' (m:ﬁ . %) (5.42)
2m=2 -1 1()
+CG/ 571'"7 CE@W t—t o G (%)
e ) A (6) (- €0
4G | —E . E0) (f u |'”dx)2m’"7_2
(Pt EO )T

So, with A = G' [ —E&L— - EU)) and B = (G) ™' <¢> and using Egs. 2.5,
-y EO (©) =) )

5.28,5.29 and 5.42 yields

=2 —
L|(t) < —»E(®)G’ (% : %) +et—n)m G <G’<87‘,2 : %))

(1—ty)~m (t—ty)~m

-2 1) / & E@) m g\ 2=l
T (I N———pYe <7 g dx)
(t—1) i () - e EO U lus )

2m
< —AE(MNG’ (%.M>+c(z_zl)7671w.m@ (#Wm)
i EO -t EOT gy ¥t EO

0 E() 2
+&5 + G’( - W) (fq lusl™dx) .

(t— 11) “n

o)

(5.43)
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By multiplying the last inequality by é(t)EZZ';ifm2 (t), using Egs. 2.5, 5.4, 5.11 and Young’s
inequality, we get

EOED (1)L (1) < —AEWE (1)G' (8712%2 ' %)

(t—11)

2—m m
+epl (DEW2 (1) + eer () B2 G (( ey - %)

—ty) m

+cE(G’ (% . %) E%(;)( E’' (t))

I 2m 2
< —MEMET2 ()G’ <77 : 5561) + cer (0 2 @ G/< —Clr - %)

@t—11)

—CE'(t) + ce&(t)G' (8712,”;2 . %) E®i2(t)
+e(©)E1)G’ (# : %) (=E'(1)).
—h

(5.44)

The last inequality becomes

EOET (L (1) < (. ce — ceE(N)G' (? : %) EZ2() (54
+(c(e) + ) (~E'(0)).

LetLr(t) =&EQ)E s (t)L1(t)+(c(e) + ¢) E, then using Egs. 2.5, 4.13, 5.45 and choosing
€1 and ¢ small enough, we get

Ly(t) < —mE@)G’ <($ﬁ 5{5;) E=2(1), (5.46)

t—t1)

for some m > 0. Then, we have, for my, = m E(0),

o (0N o (o EON e g, vizn s
E(0) (= EO) T : |

An integration of Eq. 5.47 yields

I Ewma(s) el E@) oy
/n " Fo) C <<s BT E(O)>S(S)ds = _/tl Py = Fai): A9

Using the fact that G’, G” > 0 and the non-increasingness of E, we deduce that the map

t— £ m2 ) G’ 8. £@) ) i non- increasing and consequently, we have
E0) ) B2 E©0)

E2m 2(1) & E(@) t
m2 =) G’ <([ . )22m—2 E(O)) -[Tl §(s)ds

E2m 2 c E(:
= fttl my E(o)(Y) G’ ((S_I:zn’,”—z : Efé;) E(s)ds < La(t)) = m3.

(5.49)

Multiplying each side of Eq. 5.49 by ﬁ, we have

£ E®\72 e E(t) / ms
N\ == G d . 5.50
"= (E(())) (U_,l)%z E(0>) SOd =Ty 0
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m
Next, we set W (1) = 7202 G'(t) which is strictly increasing, then we obtain,

1 E(t) /l ms
. : d : 5.51
) ((t_tl)zn;lz E(O)) ’ E(s)ds < T~ (5.51)

Finally, for two positive constants m5 and mg, we obtain

EG) <met —t) o wy [ —— 17 (5.52)
e P \e—m [ ewds) '

This finishes the proof. O

Example 5.8 The following examples illustrate our results:

L.

G is linear and m > 2

Let g(t) = ae 20+ where b > 0 and a > 0 is small enough so that Eq. 2.1 is
satisfied, then g'(t) = —&(t)G(g(r)) where G(¢) = ¢ and £(¢) = b. Therefore, we can
use Eq. 5.20 to deduce

E(t) < cre @ (5.53)

which is the exponential decay.
G is non-linear and m > 2

Let g(t) = ae™"" ,where 0 < p < 1 and a > 0 is small enough so that g satisfies

(2.1), then g'(t) = —&(t)G (g(t)) where £(t) = 1 and G(t) = . Since

pl
(n(a/t)'/r=1

14y = U=p)tplnta/t)
G = (na/t)"/P
and
1-p)( 1
G//(t) — (I=p)( ”(a/[)i /17)
(In(a/0) PF!

then the function G satisfies the condition (A1) on (0, r] forany 0 < r < a.

1
o o [ln%]ﬁ
Gi) = [/ st ds = J{ Sy tpme] s

In¢ 1_
= %flnﬂr ur l |:1_p;)l+ui|du
L fd wp Tl du < (n8)7
Then, Eq. 5.21 gives
E(t) < ke . (5.54)

Gislinearand 1 <m < 2

Let g(t) = ae 04D where b > 0 and @ > 0 is small enough so that Eq. 2.1
is satisfied, then g’(r) = —&(t)G(g(t)) where G(t) = t and £(¢t) = b. Therefore,
applying (5.34), we obtain

=
E(t)g[l—_l_t] . (5.55)

G isnon-linearand 1 <m < 2

Letg(t) = (14?7;)2 a is chosen so that hypothesis (2.1) remains valid. Then

¢ () = —bG(g(t)), with G(s)=s?,
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where b is a fixed constant. Then, W5 (1) = ct%. Therefore, applying (5.35), we get
1

—3m246m—2 ’
(t — tl) mQ2m—1)

E(@t) < (5.56)

f0r1<m<l+§,%>o.
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