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Abstract

In this paper, we study the existence and stability of traveling waves of infinite-dimensional
lattice differential equations with time delay, where the equation may be not quasi-
monotone. Firstly, by applying Schauder’s fixed point theorem, we get the existence of
traveling waves with the speed ¢ > ¢, (here c, is the minimal wave speed). Using a limit-
ing argument, the existence of traveling waves with wave speed ¢ = c, is also established.
Secondly, for sufficiently small initial perturbations, the asymptotic stability of the travel-
ing waves @ := {®(n + ct)},cz with the wave speed ¢ > c, is proved. Here we emphasize
that the traveling waves ® := {®(n + ct)}, ez may be non-monotone.

Keywords Lattice differential equations - Traveling wave solutions - Stability -
Weighted energy - Time delay
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1 Introduction

This paper is concerned with the traveling waves of infinite-dimensional lattice differential
equations with time delay

{ Lwn(t) = p(J % w — w), (1) = 8w, (1) + (R® f(w),(t — 1), >0,

wy,(s) = wg(s), s e€[-1,0], neZ, .y

where (J * w)n (1) := Ziez\j0)J (Dwn—i (1) and (R @ f(w))n (1) := ZiezR() f(wp—i (1)).
Here w,(t) represents the matured population density in the n-th patch environment at
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the time 7, p > 0 represents the diffusion coefficient of matured population, and t is the
maturation delay. The kernels J(-) and R(-) satisfy

(K1) J():Z— Rt and R(:) : Z — RT are even.

K2) Ziep\opJ (@) =1, ZijezR() = 1.

(K3) There is % such that Zigz\{o}e“ J (i) and Z;cze R(i) are convergent for every A €
[0, &), and at least one of lim, ,» Tiez\ oyt J (i) = +o00 and lim, .5 Sicze R() =
+o00 hold, where A may be +o00.

The term pX;cz\(01/ (kK — i)w; (¢) indicates the individuals jump from all other points to
point k, and the population mobile from point & to all other points is denoted as —pwy (7).
The function f(-) denotes the birth function, and the death rate is denoted by &.

As we know, the traveling waves can reveal certain dynamical behavior of the scientific
inquiry. Thus, it is significant to investigate traveling wave solutions of Eq. 1.1. A traveling
wave solution of Eq. 1.1 is a solution in the form of w(¢) = {w, (#)},ez = {P(n + ct)}nez,
and it satisfies

c®' () =p(Jx P — D)(&) — D) + (R® f(P)(E — c1),
limg oo @(§) =0, liminfe, o () >0,

where (J * ®)(§) := Zjez\j0yJ ()P (€ — i) and (RQ f(P))(§ —c1) := Xjez R() f(P(E —
i —c1)).

The traveling wave solutions of lattice differential equations with or without delay have
been widely studied, see [1-8, 10, 12-14, 22-26]. Chen and Guo [1, 2] proved the exis-
tence and uniqueness of traveling fronts in the following lattice equations with monostable
nonlinearity

(1.2)

d
77 W) = (Ag)n(®) + f(wn) (), n €Z,

where (Ag(w)),(?) := g(wp4+1)(@) — 2g(wy)(t) + g(w,—1)(2), see also in [3]. Weng et al.
[22] proposed and studied a model which describes the growth of a single specie with age
structure living in a patchy environment

d
Eun(l‘) = g(Aw)n(t) —dwa (1) + (R® f(w)a(t — 1), (1.3)

where (R ® f(w)),(t — ) = ZjezR() f(wy—i(t — 7)). When the birth function f(-)
in Eq. 1.3 is monostable and monotone, they showed that traveling fronts with speed ¢ >
¢y exist and the minimal wave speed c, is also the spreading speed of Eq. 1.3. Ma and
Zou [12] also studied the traveling wave solutions of Eq. 1.3 with quasi-monotone bistable
nonlinearity. When the birth function f(-) is monostable and non-monotone, Fang et al. [6]
established the existence of traveling wave solutions and the spreading speed of Eq. 1.3. It
is clear that in Eq. 1.3, spatial diffusion occurs only in the local effects of adjacent patches.
To model the effects of the arbitrary movement of the population, Ma et al. [14] proposed
the more general lattice differential Eq. 1.1. When the function f(-) is monostable and
monotone, they established the spreading speed and existence of traveling fronts of Eq. 1.1.
However, when the function f(-) is monostable and non-monotone, the spreading speed and
existence of traveling waves of Eq. 1.1 are unknown so far. This is our first objective in this
paper.

We first study the spreading speed by comparison arguments and a fluctuation method,
and then establish the existence of traveling waves by Schauder’s fixed point theorem and
a limiting process. Although the method used in this paper is standard and similar to that
of Fang et al. [6], the construction of our super- and subsolutions to prove the existence
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of traveling waves is different from that in [6]. In fact, Fang et al. [6] constructed super-
and subsolutions by using traveling waves of two auxiliary systems, while in this paper,
we construct super- and subsolutions by using the eigenfunction of the linearized equation.
Hence, we can get the exact exponential asymptotic behavior of traveling waves at minus
infinity (see Eq. 1.4), which will be very useful to establish the uniqueness and stability of
traveling waves. The following assumptions are needed to establish the spreading speed and
existence of traveling waves.

(H1) Oand K are two equilibrium points, namely, f(0) = f(K) —§K = 0. Furthermore,
assume that f'(0) > 8, f/(K) < 8 and f(w) # dw forw > O withw # 0, K.
(H2) f():[0,00) — RTis of C2, and f'O)w > f(w) > 0 forany w > 0.

The assumption (H1) shows that Eq. 1.1 is a monostable system, while the birth function
f() in Eq. 1.1 may be non-monotone. Define f*(w) := maxyeo,w f(v) for w > 0.
According to the assumptions (H1) and (H2), the equation f*(w) = Sw has the smallest
positive root K* > K > 0. Define fi(w) by fi(w) = minyepw, x+) f(v) for w € [0, K*]
and fi,(w) = f(w) for w > K*. Then the equation f,(w) = dw has the smallest positive
solution K, € [0, K*]. Based on the above assumptions, we have the following conclusions,
which will be proved in Section 2.

Theorem 1.1 (Spreading speed) Suppose that (K1)-(K3) and (H1)-(H2) hold. Let
w(t) = {wy(t)}sez be the unique global solution of Eq. 1.1 with the initial value
= {w,?(s)}nez, where ug(s) € [0, K*] for s € [—1,0]. Then we get:
(1) When wg(s) =0,Vs € [-1,0], |n] = k > 0, there holds Iim  w,() =
t—00,|n|>ct
0, Ve > cy;
(2) When w2(~) # 0 on [—t, 0] for some n € 7Z, there holds

K* > limsup w,(t) > > llmmf wn(t) > Ky, Yc € (0,cy).

t—00,|n|<ct —o0,|n|<

Furthermore, limy_; o0 |n|<c: Wi (1) = K once the following assumption holds,

¥) # < @for u,v € [Ky, K*] satisfying u > v. In particular, there must be
u = v provided that u, v satisfy K* > u > K > v > Ky, v > f(u), and
du < f(v).

Theorem 1.2 (Existence of traveling waves) Suppose that (K1)-(K3) and (H1)-(H2)
hold. Then Eq. 1.1 has a traveling wave solution ® := {w,(t)},ez = {P(n + ct)},ez With
c > cy satisfying
lim e ¥®E) =1 and K* > limsup d(€) > 11m1nfd>(§) >K.>0, (14
§—>—o0 E—+o0

where & = n + ct. Furthermore, if the assumption (F) holds, then limg_, ;0o ®(§) = K. In
addition, if ¢ € (0, ¢4), Eq. 1.1 has no traveling wave satisfying 0 < ®(§) < K* for all
& e Randliminfz, oo ®(¢) < K.
Here we would like to note that functions f(w) = pwe ™" and f(w) = Lo, where
p > 0,9 >0,and a > 0, are typical examples satisfying the assumptions (H1)-(H2) and
(F).

Besides the spreading speed and existence of traveling waves, the stability is also a cen-
tral question in the study of traveling waves. For lattice differential Eqs. 1.1 and 1.3, if
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the spatial non-local effects were not considered, there have been many results about the
stability of traveling waves [1, 2, 5, 13, 21, 24] whether the function f is monotone or
non-monotone. For Eqgs. 1.1 and 1.3 with the spatial non-local effects, the global stability
of traveling waves was studied by Zhang [26] only for the case when the function f(-) is
monostable and monotone. However, when the function f(-) is non-monotone and monos-
table, there are few results on the stability of traveling waves of Eqgs. 1.1. Therefore, our
second objective in this paper is to solve the issue.

In fact, when f is not monotone, the method in Zhang [26] is invalid, where they used the
comparison principle together with the semi-discrete Fourier transform. In addition, though
there have been some results studying the stability of traveling waves of non-monotone
delayed equations without spatial non-local effects by weighted energy method (see [5, 15,
17]), they usually used a piecewise weighted function (that is, w(£) := min{e~2*¢—%0) 1}).
However, for Eqs. 1.1 and 1.3 with the spatial non-local effects, we can only prove the
stability of the traveling waves with sufficiently large speeds due to the influences of the
non-local terms if we choose such a piecewise weighted function. Indeed, a sufficiently
large speed c is needed to ensure that some term in the /2-estimates is positive. Therefore, in
this paper, we choose the non-piecewise weighted function {w, (1)} := {e= 2ty o with
A € (A1, A2) to establish the expected energy estimates, which can be done for any ¢ > c¢*.
By applying the anti-weighted energy method and the nonlinear Halanay’s inequality [11],
we could obtain that for any given ¢ > c,, the solution w(¢) of Eq. 1.1 converges to the
corresponding traveling waves ®(n + ct) in the given space. Here we emphasize that some
similar works have been done for the non-local dispersal equations in continuous media,
see [9, 16, 18, 23].

Now we state our results on the stability of traveling waves, which will be proved in
Section 3. The notations appeared in the following theorem can also be found in Section 3.
The following hypothesis is needed:

(H3) f'(0) > | f'(w)| for w € (0, +00).

Theorem 1.3 (Stability) Suppose that (K1)-(K3), (H1)-(H3), and (F) hold. Let {®(n +
ez = PE)(c > cx) be the traveling waves satisfying ®(—oo0) = 0, ®(+00) =
K. Suppose that Wo(s) = wi(s) — ®(n + ¢s) € C([—,01;1%®), Jols)Wo(s) €
C([-r,0]; 12) N L2([—1', 0]; 12). Then there exist constants 5o > 0, C > 1, and a > 0 such

that when
/ < do,
w -7 u

the solution w(t) = {w,(t)},ez of equation (1.1) globally exists and satisfies

w (Hwo(s) H + HWO(S) W[’

[W(t)|lo < Ce ™™, 0<t < o0,

where W(t) := {w,(t) — ®(n + ct)} ez

Finally, for the sake of convenience, in the remainder of this paper, we always use the
following notations:

Siezno) I Dwa—i(t) = (J % w)p (1),  TiczREw,—i (1) = (R @ w), (1),
Sz DVE —i) = (I *V)(E), ZiczRGOV(E —i) = (R® V)(£),
Tiezyo)J ()T = (T xexp)) (),  TiezR()e ™) = (R ® exp(1))(©).
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2 Spreading Speed and Existence of the Traveling Waves

In this section, we are dedicated to solving the spreading speed and existence of the traveling
waves of Eq. 1.1. The characteristic equation of the linearized equation of Eq. 1.2 at zero
equilibrium is as follows

E(h, ) = —pZiezyore M I@) + p+ 8+ ch— f'(0)e T Sicze M R() = 0.

Lemma 2.1 Suppose that (K1) -(K3) hold and f'(0) > 8. Then there are positive constants
¢y and Ay such that

0
Ehy, ) =0, 875()\-, Cx) i =0.
In addition, when ¢ > cy, the equation E(X, ¢) = 0 admits two distinct roots which satisfy
0 < 2i(e) < A < Malc) < A, EM,c) > 0for Ai(c) < A < Xa(c), E(A,¢) < O for
A € (0, M\ (A1 (c), A2(0)).

Proof Since the proof is similar to Ma et al. [14, Lemma 2.2], here we omit it. O

Define C := C([—7, 0]; R) with the maximum norm || - ||, D := {u%(s) = {u%($)}nez
ug(s) € C} with the supremum norm. For (), v°(¢) € D, u’() < v°(-) means that
ul(s) < v(s),Vs € [-1,0], n € Z. Let X = {¢p € CR;R)|sup,cg lp(x)| < oo}
with the supremum norm. For any o > 0, define C, := {v(s) € C : v(s) € [0, «] for
s €[-7,01}, Dy :=fus) e D:0 < ug(s) <o,VneZVsel[-1,0]}, X ={¢p €
X:0<¢p(x)<a VxeR}L

From the definition of f*(w) and fi(w), there exists a n € (0, K) such that f*(w) =
fe(w) = f(w) for w € [0, n]. Clearly, f*(w) and fi(w) are non-decreasing and Lipschitz
continuous in [0, K*], and satisfy 0 < fi(w) < f(w) < f*(w) < f/(0)w forw € (0, K*].
Note that f*(-) (or fi(-)) satisfies the assumption (H1) with f(-) = f*(-) (or fi(-)) and
K = K*(or K,), respectively, and f*(-)(or fx(-)) has the same linearization as that of f(-)
at 0. In particular, the following two auxiliary quasi-monotone systems could be obtained

d
27 n ) = pJxw —w)y (1) = Swp () + (R® Fr)a(t — 1), 2.1
d
27 Wn @) = pxw —w)y (1) = 8wp (1) + (R @ fu(w))n(t — 7). 22

Proposition 2.2 Suppose that (K1)-(K3) and (H1)-(H2) hold. For any w0 e Dgs,
Eqs. 1.1, 2.1, and 2.2 have unique solution w(t, w*) = {w, () }pez, W(t, W°) = {0, () }nez,
W(t, W) = {w,()}nez with wy (1), Dy(1), w, (1) € C([0, +00), [0, K*1), respectively.
Furthermore, for any w'l), wg € Dg+ with w(l) < Wg, there hold w, (t, w(l)) < wy,(t, Wg),
w,(t, w(l)) <w,(, wg), respectively. In addition, for any w0 w0 w0 e Dg, ifgo <wl <
W0, then 0 < w, (t, w°) < w,(r, W) < w,(t, W) < K*,VneZt>0.

Here we omit the proof, since it is similar to Ma et al. [14, Lemma 2.1]. The following
conclusion indicates that the spreading speed of the Eq. 1.1 is c,.

Proof of Theorem 1.1 Since f*(w) and fi(w) are non-decreasing in [0, K*] and satisfy

ffOw > f*w) > fi(w) > 0forw > 0and f(w) = f*(w) = fi(w) for
0 < w < n, it follows from Ma et al. [15, Theorem 1.1] that Eqs. 2.1 and 2.2 admit
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the same spreading speed c,. From Proposition 2.2, for any w’, W', w® € Dy with

w o< wl o< w0 , Egs. 1.1, 2.1, and 2.2 have solutions w(¢, w Y, w, wY), w, wh)

with w, (¢, w0) < wy(,wh) < w,,(t wh) respectively. In particular, there holds 0 <
w, (1, y‘)) < w,t,wY) < w,(t,w") < K*Vit € [-t,00),n € Z. Therefore, the
spreading speed of Eq. 1.1 is ¢4, which implies (1) and the first part of (2).

The upward convergence, namely, the second part of (ii), can be proved by the same
arguments as those in Thieme [20, §3.9] and Fang et al. [6]. This completes the proof. [

Proof of Theorem 1.2 We will give the proof by three steps.
Step 1: Fix ¢ > c,. Take y > 2 + £, Define

T@)E) = (y —2-2)DE) + LR [(®)(E —c) + LT« D)), (23)

then Eq. 1.2 can be expressed as

D'E)+y®E) =T(P)E), VEeR 24
We can define I'* and I, by substituting f with f* and f, in Eq. 2.3, respectively.
From the definition of f* and f, we can conclude that
N(K)=yK, T*K*) =yK* T.(Ky)=yKs T =T*0)=T,0)=0

and I'* and T, are non-decreasing, that is, for any ®, ¥ € C(R, [0, K*]) with ®(§) >
W(§),V & € R, there are I'*[®](§) > I*[W](&) and T',[®P](§) > T[W](&) for all
£ € R. It follows from the definition of X’ that ®(§) = e V¢ ffoo eV’T (D) (y)dy
satisfies Eq. 2.4 for ® € X. Therefore, we can define an operator F : X — X by

3
F(@)(&) = f e TEIT(0) (y)dy.

In a same way, by virtue of I'* and Iy, we can similarly define F* : X — X and
F, : X - X. Obviously, F*(K*) = K*, F.(Ky) = Ky, F(K) = K, F*(w) >
F(w) > Fy(w) for 0 < w < K*. F* and F, are also non-decreasing, that is, for
@, W e C(R, [0, K*]) with ®(€) > W(E),V £ € R, we have F*[®](£) > F*[W](&)
and Fy[®](§) > Fy[V]() foré € R.

Define

Vv*H(€) = min{e’®, K*} and V(&) = €™ max{1l — e, 0).
§eR £eR

where 0 < ¢ < %1, M +€e < A, and ¢ > 1 are parameters From
the definition of V™ (§), by calculating, maxzecr V™ (§) = V‘(lln C(M+8))
8(M )(Al/s)( )()‘1/‘5“) Thus, there exists a constant 7 > 0 such that for ¢ > 1 large
enough 0< V () < nforany & € R. Let

* dd N dd
N¥(®)(¢) = Eﬂ@(é) H(@)(E), Nu(P)(E) = EH@(S) Ly (P)(E).

When & > %ln 7> we have V= (&) = 0 and note the fact that f(w) is nonnegative;
hence,

8 1
No(V(E) = (VD' + %V_ - g(l * V7)) - ;(R ® f(VT))(E —c1)

1
< —%(J *VE) — ~(R® f(V))(E —c1) <0.
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When ¢ < gln%, we have V(&) = eM8(1 — ) and V(€ — i) > eME-D(1 —
ce?€=0). By the Taylor expansion, we get f'(0)w — Mw? < f(w), Y w € [0, ),
where M = maxyefo,y] | f”/(w)|. Then

) 1
N(V)E) = (V) + %Vﬁ - g(l * V7)) - ;(R ® f(V))E —c1)

IA

% [Cklem e+ )eMHE 4 (o4 8)eME — (p 4 8)cePiTOE
—p(J % exp(A)) () + pL(J % exp(hi + £)) (&)

—f'OR@V)E —cr)+ MRS (VD)E — D)

= % (M€, ©) = CEG +e,0eM I L MR ® (VD) - e7))

= % (—r;é‘(xl 46,00 L MR (V)H(E - cr)) .

From the definition of V™~ (£), for ¢ > 1 large enough, when ¢e®¢ =% < 1, it yields

r—e

es(é—i—ct) < C_l, e(kl—a)(é—i—cr) — (ea(é—i—cr))mf_s <¢7 <1

Consequently, we have

: . 2
(R® (VI)(E =) = Ticz RO E (max(0, 1 — et €=7))

< SiezR(i)eMTOEI—D) hime)E—izer) (maX{O, 1- cee@ﬂ-ﬂ-a})z
< (R®exp(hy + ) — 1) = M5y R(i)e™ PO+,
and hence,
1
NV® = c <_{€(M+5)§50~1 +e,0)+ MR (V))E - cr))
1 .
< - (—{5(%1 +e¢,¢0)+ MziezR(l')e*(MJrE)l) JeSEDC

C

Finally, when ¢ is sufficiently large, we always have that N,.(V~)(§) < O for any
& € R. Since Fy are non-decreasing, similar to [22, Lemma 3.3], we can obtain that
Fo(V7)() = V(&) for any £ € R. Similarly, we can show F*(V*)(&) < V(&) for
any & € R.

For A € (0, A1(c)), define a Banach space (X3, || - |Ix,),

X; = :<b e CR,R)|supe |0 (£)| < +oo} . 12®)llx, = supe M |D(E)].
seR £eR

Clearly, V+ and V~ are elements of X;. Let
Y={deX,:V <d<VTcX,.
Obviously, Y is convex and closed. Since
VI FF (V) 2 Ffw) = Fw) = Fw) 2 (V) 2 V™, weY,

we have Y D F(Y).
Similar to Fang et al. [6, Theorem 4.1] and Ma et al. [14, Theorem 3.1], we get that
F is compact on Y. Thus, F has a fixed point ® in Y by using the Schauder’s fixed
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point theorem. Obviously, limg _, ®(£)e ™ = 1 and ® is non-trivial. Therefore,
® = {D(n + ct)},ez is a traveling wave solution satisfying ®(—oo) = 0. Because of
{w, () }nez = {P(n + ct)},ez is the solution of the Eq. 1.1, from Theorem 1.1 (1), we
have

K*> limsup ®(n+ct) > liminf ®(n+ct) > Ky, 0<C <cy.

t—00,|n|<ct =00, |n|=ct

Especially, we have K* > limsup,_, ., ®(ct) > liminf;, o ®(ct) > K. Let & = ct,
then we have K* > lim SUPg 00 P(§) = liminfs 0o ®(§) > K. If the assumption
(F) holds, we further have limg_, { o ®(§) = K.

Step 2: Here we demonstrate the existence of the critical traveling waves (¢ =
cy). Taking a sequence {c;}jeny which satisfies cx + 1 > ¢; > c¢jy1 > ¢4 and

lim ¢; = c4. From Step 1, we know that Eq. 1.1 admits a traveling wave ®; :=
j—>+oo

{®;(n + cjt)}nez which satisfies ®;(—oc0) = 0 and K* > lim SUP;_, 400 P (§) >
liminfe , 1 oo ®;(§) > K. Then for some @ € (0, K,), by a shift we can assume that
®;0) =a < Kyand ®;(§) < a,VE& <0, j € N. From Eq. 1.2, we obtain that for

any &,

d

Cqu)j(?;') =p(J*Pj—P;)(E) —8P;() + (R® f(P)(E —¢jT).

It follows from @ ; (§) € [0, K*] that there exists a constant C; > 0 such that ICD’j &) <
C1,V ¢ e R, j € N. Differentiating the above equation with respect to &, we can find

another constant C» > 0 such that |<I>/jf (&) < Cy,V j € N, & € R. Consequently, up

1

to a subsequence, we have that @ ;(§) converges to ®,(§) in C;,,

that

(R) as j — oo. Note

0
D;(§) :f e"T[P;1(E+y)dy, VYjeN, §eR. (2.5)
—00

Let j — 400 in Eq. 2.5, it holds that F(®,)(§) = Pu(€) (¢ = ¢4, & € R)
by applying the dominated convergence theorem. In addition, we have ®,(0) = «,
D, (§) < aforany & < 0. Similar to Step 1, we also have K* > lim SUPg 400 D.(&) >
liminfe 100 Ps(§) > K.

Next, we prove that ®,(—00) = 0. Suppose limsup_, _, P«(§) = B > 0, then
there must be 8 < «. Choose §; — —oo satisfying lim;_, ;oo ®4(§;) = B. Let
Dy j(6) = Pu(§ + &) and Dy(§) = lim;, oo D« j(§) up to a subsequence, then it
yields ®;(0) = B < @ and ®;(§) < B. Since &y (&) satisfies

c*%%@) = p(J *(Py) — P)(§) —8P;(§) + (R® f(Py))(E —i — ¢x7)),

it follows from Theorem 1.1 that liminf,_, o jnj<zr Py(n + c4t) > K4, 0 < ¢ < ¢4,
which means K, < liminf;_, o ®y(cyt), namely, liminfs o ®y(§) > Ky > B. This
is contradictory to ®4(§) < B above. Therefore, ®.(—00) = 0 is proved. Using
the analogous arguments as above, if the assumption (F) holds, we can show that
P, (+00) =K.

Step 3: For the non-existence of the traveling wave solution, since the proof is similar
to that of Fang et al. [6, Theorem 3.4], we omit it for simplicity.

O
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3 Stability of Traveling Waves

We have already proved that Eq. 1.1 admits traveling wave {®(n + ct)},ecz With ¢ > ¢,
in Section 2. Based on the fact and the assumptions of (H1)-(H3) and (F), in this section,
we mainly study the stability of the noncritical traveling waves {®(n + ct)},ez (¢ > c4)
satisfying ®(—oo) = 0 and ®(+o00) = K. First of all, we need take some transforms to
Eq. 1.1.

Define W, (t) = w,(t) — ®(n + ct) for t > 0, and W(s) = wl(s) — ®(n + cs) for
s € [—1, 0], where n € Z. Then system (1.1) reduces to

V(1) — p(J « W = W) (t) + 8Wo (1) — (R® (f'(@)W)a(t — T)
=R®Q0W)u(t—1), t>0, ne, 3.1
Wo(s) = Wo(s), sel[-7,0], neZ,

where

(QWNn(t — 1) := f(PO +ct —ct) + Wyt — 1)) — f(P( + ¢t —cT))
—f (@ +ct —c1))W,(t — 7).

By Taylor’s formula, it holds
[(QW)al < AW, Vn e, 3.2)
where A > 0 depends on the bound of the second derivative of f and the value of ||W||;c.
Before presenting the results about the stability, we introduce some notations. In the
following, a generic constant is denoted as C > 0 and a specific constant is denoted as

Cy >0k =1,2,---). Denote 8 as a Banach space withanorm || - |3 and T > O as a
number. Furthermore, we define:

CO([O, T1;B) :={¢ : [0, T] — B is continuous}.

T
LY([0,T); B) := {¢ maps [0, T'] to B, f |l (t)||sdt < oo} .
0

1 = {u = {tn}lnez : un € R, Julle < 00}, [ullo = sup uy|.
nez
1 .
I'={u={uplpez : un € R, [ullp <00}, [ulp =" unl.
nez
1
2
2 . 2
P ={u={uphez : un €R, Jul2 <00}, |ulp = (Z u) :
nez

(S

2 2
Ip={u={uphnez i un € R, Jullp < oo}, |ulp = (Z wnun) . o= {odnez.

nez

Define the weight function as

o(1) = {on (O}nez = [e—”("*“”} o ke,

ne
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For 0 < T < oo, define

Cunif[—=7, T] := {W(t) := {w,()}nez € C([—7, T];1%), and

lim w,(¢) exists uniformly int € [—t, T']},
n——+00

X(—7,T) = {WIW(@t) = (Wy(D}rez € Cunigl—7.T], and
W e C-n. TER) N LA(-7. T )],

with the norm

IWI%(ep) = sup (||W(t>||,2oo+||wa)||,2%+ / ||W(r>||,23)dr),

t
te[—1,T] T

1
where [[W(®)2 := (¥,cz on(OWE())?.

Meanwhile, give the definition of discrete Fourier transform (refer to [19]) as follows:
Forv = {vj}jez € 12, the Fourier transform of v is given by

1 .
Flul(n) =) = ——=ZX eze” Vu;, nel-m 7l

V2

The inverse Fourier transform of o is denoted as
g

1 .
J"l[ﬁ]=ﬁ Mamdn, jeZ, iE=-—l.

-7
3.1 Local Existence and Uniqueness

In this subsection, our main goal is to give the proof of the local existence of the solution
W(?) of system (3.1).

Theorem 3.1 Suppose that (K1)-(K3), (H1)-(H3), and (F) hold. Let {®(n + ct)}nez =
D), (c > cx) be the traveling waves which satisfy ®(—oo0) = 0, &(400) = K. For
any 81 > 0, suppose WO(s) == {W,?(s)}neZ € X(—r,0) satisfying ||W0(s)||X(_t 0) < 4y,
then there exist a sufficiently small to = ty(81) such that the solution W(t) of’the per-
turbed equation (3.1) unique exists for —t <t < to, and satisfies W(t) € X (-1, ty) and
W@ I x (=z,5) < C1 HWO(S)”X(%,O) for some constant C1 > 1, where Cy is independent
of 81 and t.

Proof Fix W(s) € X(—1, 0). For g > 0, let

Y(—1,10) = (W) € X(—7, 1)) | W(s) = W(s), s € [—, 0]}. (3.3)
For W(t) € Y(—T, t), define W(r) = T (W)(z) by

d N
EW(” + (o + )W) =gW)(), >0,

1 (3.4)
W(s) = WO(s), se[-1,0],

where W(t) = (W, (1)} nez, 8(W)(1) := {gn(W)()},e7 . and
gnW)(@) = p(Jx W)n() + R [f(P+ W) — f(P)Dult — 7).
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Clearly, W(1) is well defined. And the Eq. 3.4 is equivalent to

t
W(r) = WO(0)e (P01 4 o= (o4 / P g(Wy(s)ds, 1€[0,5]. (3.5
0

Step 1. We prove that the mapping 7 satisfies 7 (Y (—t, tp)) C Y (-1, t9).

(i) Firstly, we show W(t) € Cunifl—1, to]. It follows from W(t) € Cupir[—T, to]
that there exists Woo (1) € C[—r1, 9] satisfying lim,_,oc W, (#) := Wxo(¢) uni-
formly for t € [—1, tp]. Then by virtue of the assumptions on J(-), R(-), and f(-),
we have that

Tim_ g (W)(1) = pWoo(t) + f(K + Weo(t = 1)) = f(K)
uniformly for ¢ € [0, #]. By Eq. 3.5, we get
lim W, (1) = e~ *+'w0 (0)
n—o00

t
He~ (P FO /0 P [pWeo(s) + f(K + Wools — 7)) — f(K)1ds
(3.6)

uniformly for ¢ € [0, 79]. From Eq. 3.5, we can also obtain

[Wo = |wo]  +cn s W0l re0n0l G

te[—1,t0]

where C’ := p + f/(0) > 0. Forany 0 < 1] < 1, < to, we have

[Wan - Wa)|

IA

HWO(O)e—”’“)" (1— e—<p+8>(zz—m)Hloo + ‘

t
/ : e—(/)+5)(lz—5)g(w)(s)ds
1

lOO

+

t
/ : e PHNN=9) (] _ o= (P15 (W) (5)ds
0

IOO

IA

‘1 IR

(HWO(O)HPC—FC%O sup ||W(s)||,oo)

se[—r1,10]

+C'lty =1 sup [W(s)ll~,

s€[—1,10]

which combAining Egs. 3.6 and 3.7 and the fact that W(s) =Wos) (=1 <s <0)
imply that W(z) € Cypir[—T, to].
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(i)  Secondly, we show the energy estimates for W(t) € C ([—r, to];lf)) N

L? ([=7. 10l lf)) By taking the regular energy estimates Y, .7, f(;a)n () Wi (s) x
(3.4)ds, we get

> f e )dW"(” W, (5)ds + / (0 +8)S ()W () Wy (5)ds

nezZ nez

/ (J % W)y (8)wy (s) Wy (s)ds
nez

+3 / O Wa()(R® (f(@ + W) = F(@))a(s — T)ds

nez

= Pi(t) + P2 (). (3.8)

For any ¢ € [0, 7], a direct computation gives

de (s)
> / @ () Wy (5)ds

nez

=5‘

()W w(5)W

1
= ‘a/a)(O)WO

2 t
2—|—)»c
l 0

(3.9)

Applying Young’s inequality 2ab < na® + %b2 for any n > 0, we have

Py(r) < Z[ F @@ ()(R @ W y(s — T) Wy (s)lds
nez
€ <12 Co(f'(0))?
< 3 s)| , ds+ fi ||W(S)||12 dS+/ ||W(S)||12 ds|),
0 l&

(3.10)
for t € [0, 1], where Co = Y0y R() 522 = 3z R(i)e™0+¢™) and
& > 0 is a constant which will be determined later. Similarly, we have

C/ t t N 2
nn == [ iwokds+ 4 [ Wol e e
2 0 ) 2 0 ZZ)

for t € [0,7], where Cj = 3z 0 /() wn(s&) = Yz T(i)e 2,
Substituting Egs. 3.9, 3.10, and 3.11 into 3. 8 we obtain

HW@)H; +2A /0 I | W) H; ds
2 t
< [weol, +c / IWG) I ds

L Cof'© >
0<f<>>< / IWII, ds + / W)l dS>
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where A = Ac+68+ 5 — §. Choose & = p, then A := Ac+§ > 0. Consequently,
there exists C > 0, which depends on A, ¢, 8, C, C(’), 0, and f/(0), such that

2 t
+ /
iz Jo

for t € [0, fo], which implies that W(z) € 2, and W(r) € L2([—1,1];2). In
addition, for any 0 < t; < 1, < 1o, it holds

”W(z) W(s)

2 0 0 2 ! 2
4 / W ds + f W) ds
2 2 0 @

-7

2
LB =C (’WO(O)
(3.12)

A N 2
VoW - VoW,
t
< Z (Wr(l)(O)e—)u(n+ct1)e—(p+5)t1 + / ! e—k(ﬂ+ct1)e—(p+8)(t1 —S)gn (W)(s)ds
0
nez

%) 2
_ W,? (O)e—)\(n+ct2)e—(p+3)t2 _ / e~ Mntcn) ,—(p+0) (12 —S)gn (W) (s)ds)
0

IA

33 [(WB(O)e—@Mm e~ Mntety) (1 _ o0 (—11) e—xcaz—n)))z

nez

t 2
n (/ I —s)e—x<n+cn><1 _e—(p+6>(zz—n)e—xc(tz—n)) . (W)(S)ds>
0

n (/’2 e—(P+8)(lz—S)e—A(n+ctz)gn(W)(S)ds)2:|
n
= Ji(t1, 1) + Jo(t1, 12) + J3(11, 12).
The estimates of Ji (t1, t2)—J3(t1, t2) are given below. Firstly,
Tt ) = 3| WO(0) ”[23 (e~te+eion (1 — e—(p+5)(t2—t1)e—)»c(tz—zl)))z’
thus, Ji(#1,t2) — Oas |t — t2| — 0. Secondly,

t 2
Lt ) < 6 (1 _ e*(ﬂ+8)(t2711)ef)uc(tzfn))Z |:p2 Z (/ ! e—A(n+cz1)(J . W)n(s)ds)
0

nez

t 2
+(r'o)° > (/O 1 e M (R @ W), (s — r)dx) } )

nez

Denote C = ZieZ\{O} J(@e 2, ¢ = iz R(i)e~_ 1t follows from the
assumption (K3) that C and € are bounded. Since Yicznoy () =iz R() =
1,and W(t) € X (—t, tp), it yields

2 . fh
St n) <6 <1 - e’(“‘”(’z’”)e*m’r”)) (po/ IW(s)117; ds
0 w

1
’ 2 ..
+ (f(0) c/ ||W(s—r)||122ds>—> 0, as |t —t| = 0.
0 w
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Finally, calculated as above, we have

Bt 1) < 6p2CIWS) (e 112 — 1] + 6(F (0)2C IW(s — Dllx(r.ip) 112 — 11l
— 0, as |y —tn|—0.

Thus, we get W(t) e C([—r, tol; lf)). Based on the proof of (i) and (ii), it holds
that W = T (V) maps from Y (—z, ) to Y (—t, tg).

In addition, it follows from Eqgs. 3.7 and 3.12 that there exists a constant C > 0,
which depends on A, ¢, 8, Co, C}), p, and f’(0), such that

~ N 2
WOy < € sup (HWO(S)H W
s€[—1,0] l

2
i3

-7

0 2 .
+/ W), ds> + Cto WO X (ry - B13)

Step 2. We prove that 7 is a _contraction mapping on Y(—t,1). For any
W), W2(t) € Y(—1,1tg), define Wl = TW! W2 = TW2, By a series of calcu-
lations similar to Step 1, we have |[W1 — W2||§(HJO) < Cutp||Wy — W2||§((7m0),
where C4 > 0 is a constant depending on A, ¢, 8, Co, C(’), o, and f/(0). Take 0 < 1y <

min {L 1 }, then

Gy’ 2¢
1 Yx2 2 1 2,2 2
W = W3IX ey = ITW: —TW 1% (—z.0) = W1 = Wa2llx Z7 1)

where ¢ < 1. Thus, 7 is a contraction mapping on given space. Hence, the local exis-
tence of the solution in Y (—t, #p) (see Eq. 3.3 for the definition of Y (—t, #p)) can be
proved by using the Banach fixed point theorem. Furthermore, by the similar calcula-
tion as above (see Eq. 3.13), we get [[W(l x(_r4) < C1 H W0||X(_r,0) for some constant
C1 > 1, which depends on A, ¢, §, Cp, C(/), 0, and f'(0). Clearly, the constant C; > 1
is independent of §; and #9. This completes the proof.

O

3.2 Key Estimate

In Section 3.1, we have proved the local existence of solutions of Eq. 3.1. In this subsection,

we
sm

give a key estimate for local solutions of Eq. 3.1 when the solutions are sufficiently
all.

Theorem 3.2 Suppose that (K1)-(K3), (H1)-(H3), and (F) hold. Let W(t) € X(—1,T)

be

a local solution of system (3.1) on [0, T] for a given constant T > 0. Then there exist

constants e > 0, C > 1, and ¢ € (0, 1), which are independent of T and W(t) € X(—1,T),
such that, when ||W| x - ,1) < 0, there holds

=

IW@ 7 + W@ + foe ) W), ds

Ce 2 sup (. (”WO(S)”leC + ||W0(s)||123) + fi)f ||W0(S)H123) dS) Vi €[0,T].

To prove this theorem, we first show four lemmas in the following.
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Lemma 3.3 Suppose |W(Q) | x(—,7) < 01 for some g1 € (0, 1) small enough. Then there
exist constants Cs > 0, ¢ € (0, %) and an integer ny > 1, which are independent of T,
satisfying

WO lopg-(e1-1,400) < Cse™" sup  [WO(s)lli=o, Vi €0, T1.

se[—1,0]

Proof We have lim,,_, { oo W, (¢) exists uniformly with respect to ¢ € [—7, T'] due to the fact
that W(t) := {W,,(0)}nez € X(—1,T). Let lim,—, 4 oo Wy, (t) := Wgo(t) for —7 <t < T
and lim,,_, 4 W,?(s) = Wgo(s) for any s € [—t, 0]. Taking the limits to Eq. 3.1, we can
obtain
{ LW (1) + 8Woo(1) — f/(K)Woolt —7) = QW (t — 7)), O <1 <T,
Weo(s) = WO (s), s e[-1,0]

Itis clear that || Weo ()| Loo[—7,0] < [IW ()|l x (—,0)- Using the nonlinear Halanay’s inequality
(see [11]), we have that there exist o1 € (0, 1) small enough, 0 < ¢ < %, and C > 0 such
that

Wao0)] = CIWL Ol > =€ sup [Wo)] e, 150, G4
s€[—1,0]

provided [[W(®)|lx(—;,7) < €1. In particular, the constants g1, &, and C > 0 are indepen-
dent of W(z). Multiplying both sides of Eq. 3.1 by ¢ and integrating the two sides of the
equation on [0, ¢] yield

t
W,o(t) = e (W,?(O) + ,0/ (I *x W — W), (s)ds
0

t 13
+ / S (R® f/(@)W)a(s — T)ds + f e (R® Q(W))a(s — r)ds) :
0 0
Furthermore, multiplying both sides of the above equation by e®’, and taking the limit of the
above equation as n — 400, we can obtain

lim e W, (t)

n——+00

t t
e O (WQO(O) + f/(K)f * Woo(s — T)ds + A/ | Woo(s — t)|2ds>
0 0

IA

IA

t t
Ce™ =" qup HWO(S)H (1 + f’(K)/ e 266" g 4 A/ e‘sse_zg(“_r)ds>
se[—7,0] 1> 0 0

IA

Ce™® sup
s€[—1,0]

W%)le, uniformly in 7 > 0,

where we have used the inequality (3.2) with A := max,e0 x*+17 | f”(@)|. In particular,
the last constant C > 0 is independent of 7 and the choosing of the constants o; € (0, 1)
and ¢ € (0, %). Thus, for each € > 0, there is ng = ng(e) > 1, which is independent of ¢,
satisfying

e W, (1) — e Woo ()| <€ Vn>=ng—1—[cT],

which together with Eq. 3.14 yields

N Wo(t)] < C sup HW%)H e, Vnzng—1—[eTl.
se[—1,0] re
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Letting € = sup;¢[_ g ||W0(s) ||[OC, we have

sup \W,(1)] < Cse™®"  sup HWO(S)H . Vi=o.
nelng—[cT1—1,+00) se[—7,0] 1
Clearly, C5 > 0 and ¢ € (0, %) only depend on ¢1. The proof is completed. O

Clearly, Lemma 3.3 gives an estimate of W,,(¢) forn > ng — 1 — [c¢T]. In the following,
we derive a similar estimate of W, (¢) forn < no—1—[cT]. Forng € Z given in Lemma 3.3,
define

W(t) = Vo () Wagny () = e D W, 0 (1),

and let W(t) := (W, () }nez. Substituting W, (¢) = ﬁm (#) into Eq. 3.1, we derive
the following equation: !

W) = p((J - exp(=2)) * W) (1) + (p + 8 + )W (1)

—e*T((R - expEL) ® f/(@)W)y(t—1) = Vou(1)(R ® Q(W))ugny(t—1), ¢ >0,

Wa(s) = Wo(s), s €[—1,0],

' (3.15)

where ((J-exp(—A)* W), (1) = Xz (o) J (e Wi (1) and ((R-exp(=1) @ W), () =
iz R W,_i(t).

Lemma 3.4 Suppose (K1)-(K3), (H1)-(H3), and (F) hold. Then

1d[WOl: — 2 2

s L WO+ s (W [ — [We - o)) < ho, 0= =T,
(3.16)

where
wi=—p Y eI Fer+p+8— f0e Y e THRG) >0,
ieZ\{0} i€Z
1 . . _
Co := 5f/<0)e‘*“ %e‘”R(z‘), L) = ;Z\/wnm(le ® Q(W))ntny(t — YWy ().

Proof Taking the regular energy estimates » Wa(t) x (3.15), we get

nez

1d|Wo

S 08 M) WO = 2 Y - exp(—2) x Whn () Wa(r)

nez

- Ze—kcr ((R - exp(—=1)) ® f’(q;)W)n(t — T)Wn(f)

nez

= van(t)(R ® QW )y (t = YW (1) := 1 (1). (3.17)

nez

Define L (1) == p Y,z ((J - exp(—1)) ® W), (1) W, (¢) and

L) =Y e (R - exp(—1) ® [ @)Wt — )W, (0).

nez
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Via the Holder inequality and Fourier transform, we have
L@ < p WO [{(U - exp(=2) * W}, 5 [ »
p WO 2 [ F{W - exp(=2)) « Wia )}, 51 o

—m,7]

T Y W
= [Wo)|,» \/Ef[{f(l)e }iez\{o}] F[W®)] s
2 3
< p|W®|, / > Te™ NF W] as
T |iez)\{0}
—o| X i) | |Wo5. (3.18)

ieZ\{0}

By the hypothesis (H3) and the calculations similar to Eq. 3.18, we can obtain

O] = £10) (Ziez ROeH) (LW [ + 3 [We =) (3.19)
Substituting Eqgs. 3.18 and 3.19 into Eq. 3.17, we get

I = QM £/ <Z R@e m) (IW ol — [We - l)

di i€Z

+|=p D eI +cAtp+8— f(0) (Ze—M"+CT>R(i)> ||W(z)||,22.

ieZ\{0} icZ
The proof is completed. O
Lemma 3.5 Suppose (K1)-(K3), (H1)-(H3), and (F) hold. Then there exist constants 93 €
0, 1), 0 € (0, %), and C7 > 0 such that

t JR—
W+ e [ [Wio [ a

2 0
< Cqe~ 20! (HWO(O) le +/ e2os
—T

provided |W(t) | x (—z,7) < 02, where w is defined in Lemma 3.4. In particular;, constants
02, 0, and C7 are independent of T and W(t).

2
W‘)(S)HI2 ds) . 1e[0.T].

Proof Multiplying inequality (3.16) by ¢°’ and integrating it from O to #, that is

t
o W +200= o) [ [Weo s

t
+2c6/0 7 (W) [ = [Wes =0 ds < IW O +2f 2511 (s)ds.
(3.20)
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By changing variables, we get
! = 2
2Cs f > |[W(s — )| 2 ds
0

0
< 2C6/ e2o(s+r)

-7

t
’WO(S) lez ds +2Cq / 276+ |[Wis)|, ds.
0

Substituting the above inequality into Eq. 3.20, we can obtain

t
W+ 24 [ e W) ds

2 0
+ / eZas
12
-7

where €’ = 1 4+ 2Cse* " and A = (1 — 0) + Cg(1 — €2°7).
Now we estimate ; (). It follows from W(¢) := {W,(t)},ecz € X(—1, T) that W(¢) €
C([—7. T1; 1*) and sup, ¢ 77 | Wano ()| < IW®llx(—r.7) < 02 < 1. Obviously,

J— 2 t
< Cle (HWO(O) W, ds) 2 s 321

Wa(t) = Vo, O) Wiy (1) = e Wi (1),
Wit = 1) = Jon_i(t = T) Wiyt —7) = e HODHDW, 0@ —1).

Consequently, we have
t
2 / e 20U [y (s)dss
0

t
2A f e 270N " Jwu () (R ® W)ping(s — )W (s)ds
0

<
nez
t
= ZA/ e 27N W, ()] (Z R()e T W,_;(s—1)| |W,,+,10,~(s—r)|> ds
0 ne’ =4

IA

A (Z e—*<l+”>R(i)> WOl x ey e 2" /0 o2 (||W(s) 1%+ ||W(S—‘L’)||122) ds

i€Z
2
ds |,
12

(3.22)

W)

IA

t 0
C// ||W(t)||X(—‘L',T) (e—Zot/ eZas ||W(Y) ”[22 ds _,’_e—2at/ eZas
0 -7
where C” = A Y5 e TDR(i) and A := maxye[o,k++11 | f”(u)|. Substitute Eq. 3.22
into Eq. 3.21, that is
t
= 2 z _ = 2
W[ +2 (A= € IWD ey ) e / e [Wes)|| 2 ds
0

2 0 2
< C" =20t <HWO(O) ”l2 +/ 208 WO(S) le ds) .

T
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where C”” = C’ + C”. Here, we can choose a sufficiently small 0 < o < 4 such that

A= (uw—o0)+Ce(1 —e20T) > % where ;1 > 0 is defined in Lemma 3.4. Take 0> € (0, 1)
satisfying C" 0y < %. Therefore, there exists a constant C7 > 0 such that

2 0 20s |9 2
l2+/ e W (s) lzds

-7

t

W5+ / 20 | W(s) |, ds < Cre ! (HWO@
0

(3.23)

Clearly, 02, o, and C7 are independent of T and W(t). The proof is completed. O

Lemma 3.6 Suppose (K1)-(K3), (H1)-(H3), and (F) hold. Let 03, o, and C7 be defined in
Lemma 3.5. Then there exists Cg > 0 such that

W () ll120(—00,no—leT1—1] < Cske™ ", 1 >0, (3.24)

provided |W ()| x(—z,1) < 02, where ng > 1 is defined in Lemma 3.3 and

2 0
+ e2as
5o J

K2 = HWO(O) wWo(s)

2
ds.
13

Proof 1t follows from Eq. 3.23 that

t
W+ fo 72709 |W(s) |7, ds < Cre 2" (HWO(O) Ws)

2 0
+ f 6203
12
-7

2

ds].
12
1

Wo(s) lez ezg‘?ds> ’ .

By Sobolev’s embedding inequality /> < [, it yields

WO, < [Wo) 2 < V/Cre™ (HWO@ L+/

Since Wn(l‘) = Voo (O)Wpin, () = e~ Hntet) Wigno(t) > ei)\(n+[CT]+l)Wn+n0 (¢), and
e *HeTHD > | for any n + [¢T] + 1 € (—o0, 0], we can obtain

1

2 0 2 2
Sp W0l = Ve [ [WO |+ f W), 2vds
n+[cT1+1€(—00,0] l . I}
Consequently, we have
sup |Wy(0)] < Cske ™', 1 €[0,T]
ne(—oo,ng—[cT]—1]
where Cg > 0 is a constant. Thus, Eq. 3.24 is proved. O

Proof of Theorem 3.2~ Combining Lemmas 3.3, 3.5, and 3.6, there are 0 < ¢ < min{g1, 02},
o = min{e, 0}, and C > 1 such that

t
IW@)I7 + IWOI5 + / e T \W(s)|l7; ds
w 0 (0]

~ —2at 0 2 0 2 0 0 2
< Ce sup HW (s)H + HW @ +/ Woes)| s )
s€[—1,0] e 7 -7 7

provided ||[W()|[x(~7,7) < 0,t € [0, T]. This completes the proof. O
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3.3 Asymptotic Stability

Proof of Theorem 1.3 According to the local existence (Theorem 3.1) and the key estimate
(Theorem 3.2), we prove the theorem via the continuity extension method [15]. Let «, C,
and o be defined in Theorem 3.2, which are independent of 7 and W(#). Let C; be defined

in Theorem 3.1. Set

8o = min {Q, ° } , 81 = max {8, 0}, (3.25)
C1 J/éc,
TW(s) Il x(—7,00 < 8o < &1. (3.26)

By Theorem 3.1, there exists 7o = 79(51) > 0 so that W(¢) € X (—t, #p) and
W) llx - <CHW0 H < Cidp < 0.
WO x (=21 < C1 (s) Xiewgy = G100 =0

It follows from Theorem 3.2 that

= = 0
WO lx0.00) < Ve 2 [WO(s)lIx(_r0) < V8 < o (3.27)

Now consider Eq. 3.1 on the initial time interval [fo — 7, fp]. Combining Eqgs. 3.25, 3.26, and
3.27, we have

WO xtg—2.00) < maX{”WO(S)”X(fr,O)a IIW(I)IIX(O.zo)}

IA

o
max { IWO () 1 x (=7.0)» CT} < 6.

Applying Theorem 3.1 once more, we obtain that W(t) € X(—t,2f) and
WO lxyr20) = CLIWE) xtp-r,10)- In addition, [WOxay—r.i) < max {80, & | <

C%, which indicates [|W(#)ll x (;)—r,24) < ©- Thus,

A

W@ I x (—7,2) < max {||W(l)||X(r0—r,2r0), W)l x ©0,10—1)> ||W0(S)||X(—r,0)}

IA

Q
max 3 6g, —, <.
X{ e Q} ?
Then, by Theorem 3.2, for ¢ € [0, 2¢y], there is
s o = Q
WOl x0,20) < Ce > [W(S)llx(~r.0p < Cdo < o

Repeating this process step by step, we can obtain the solution W(t) exists globally in
X (—1, 00) and satisfies

[W(@)lljo < Ce™, 0=t < o0.

The proof is completed. O

Acknowledgments The authors are grateful to the anonymous referee for her/his very valuable comments
and suggestions helping to the improvement of the manuscript.

Funding Information This work was supported by NNSF of China (11371179).

@ Springer



Existence and Stability of Traveling Waves for Infinite-Dimensional... 331

References

13.

14.

15.

16.

17.

18.

19.
20.

21.

22.

23.

24.

25.

26.

. Chen X, Guo J-S. Existence and asymptotic stability of travelling waves of discrete quasilinear

monostable equations. J Differ Equ. 2002;184:549-69.

. Chen X, Guo J-S. Uniqueness and existence of traveling waves for discrete quasilinear monostable

dynamics. Math Ann. 2003;326:123-46.

. Chen X, Fu S-C, Guo J-S. Uniqueness and asymptotics of traveling waves of monostable dynamics on

lattices. STAM J Math Anal. 2006;38:233-58.

. Cheng C-P, Li W-T, Wang Z-C. Spreading speeds and traveling waves in a delayed population model

with stage structure on a two-dimensional spatial lattice. IMA J Appl Math. 2008;73:592-618.

. Cheng C-P, Li W-T, Wang Z-C. Asymptotic stability of traveling wavefronts in a delayed popula-

tion model with stage structure on a two dimensional spatial lattice. Discrete Contin Dyn Syst Ser B.
2010;13:559-75.

. Fang J, WeiJ, Zhao X. Spreading speeds and traveling waves for non-monotone time-delayed lattice

equation. Proc Roy Soc Edinburgh Sect A. 2010;466:1919-34.

. Fang J, Wei J, Zhao X. Uniqueness of traveling waves for nonlocal lattice equations. Proc Am Math

Soc. 2011;139:1361-73.

. Guo S, Zimmer J. Stability of traveling wavefronts in discrete reaction-diffusion equations with nonlocal

delay effects. Nonlinearity. 2015;28:463-92.

. Huang R, Mei M, Zhang K-J, Zhang Q-F. Asymptotic stability of non-monotone traveling waves for

time-delayed nonlocal dispersion equations. Discrete Contin Dyn Syst. 2016;36:1331-53.

. Lin G, Li W-T, Pan S. Traveling wavefronts in delayed lattice dynamical systems with global

interaction. J Difference Equ Appl. 2010;16:1429-46.

. Lin C-K, Lin C-T, Lin Y-P, Mei M. Exponential stability of nonmonotone traveling waves for

Nicholson’s blowflies equation. SIAM J Math Anal. 2014;46:1053-84.

. Ma S, Zou X. Propagation and its failure in a lattice delayed differential equation with global interaction.

J Differ Equ. 2005;212:129-90.

Ma S, Zou X. Existence, uniqueness and stability of travelling waves in a discrete reaction-diffusion
monostable equation with delay. J Differ Equ. 2005;217:54-87.

MasS, Weng P, Zou X. Asymptotic speed of propagation and traveling wavefronts in a non-local delayed
lattice differential equation. Nonlinear Anal. 2006;65:1858-90.

Mei M, So J-W-H, Li M-Y, Shen S-S-P. Asymptotic stability of traveling waves for the Nicholson’s
blowflies equation with diffusion. Proc R Soc Edinb Sect A. 2004;134:579-94.

Mei M, So J-W-H. Stability of strong traveling waves for a non-local time-delayed reaction-diffusion
equation. Proc Roy Soc Edinburgh Sect A. 2008;138:551-68.

Mei M, Lin C-K, So J-W-H. Traveling wavefronts for time-delayed reaction-diffusion equation: (I)
local nonlinearity. J Differ Equ. 2009;247:495-510.

Mei M, Ou C, Zhao X-Q. Global stability of monostable traveling waves for nonlocal time-delayed
reaction-diffusion equations. STAM J Math Anal. 2010;42:2762-90.

Titchmarsh E-C. Introduction to the theory of fourier integrals. Oxford: Oxford University Press; 1948.
Thieme H-R. Density-dependent regulation of spatially distributed populations and their asymptotic
speed of spread. J Math Biol. 1979;8:173-87.

Tian G, Zhang G-B, Yang Z-X. Stability of non-monotone critical traveling waves for spatially discrete
reaction-diffusion equations with time delay. Turkish J Math. 2017;41:655-80.

Weng P-X, Huang H-X, Wu J. Asymptotic speed of propagation of wave fronts in a lattice delay
differential equation with global interaction. IMA J Appl Math. 2003;68:409-39.

Wang Z-C, Li W-T, Wu J. Entire solutions in delayed lattice differential equations with monostable
nonlinearity. STAM J Math Anal. 2009;40:2392-420.

Yu Z-X, Mei M. Uniqueness and stability of traveling waves for cellular neural networks with multiple
delays. J Differ Eq. 2016;260:241-67.

Yang Z-X, Zhang G-B. Stability of non-monotone traveling waves for a discrete diffusion equation with
monostable convolution type nonlinearity. Sci China Math. 2018;61:1789-806.

Zhang G-B. Global stability of traveling wave fronts for non-local delayed lattice differential equations.
Nonlinear Anal Real World Appl. 2012;13:1790-801.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Existence and Stability of Traveling Waves for Infinite-Dimensional...
	Abstract
	Introduction
	Spreading Speed and Existence of the Traveling Waves
	Stability of Traveling Waves
	Local Existence and Uniqueness
	Key Estimate
	Asymptotic Stability

	References


