Journal of Dynamical and Control Systems (2019) 25: 457-490
https://doi.org/10.1007/510883-019-09435-8

®

Local (Sub)-Finslerian Geometry for the Maximum Check for
Norms in Dimension 2 updates

Entisar Abdul-Latif Ali'2 - Grégoire Charlot’

Received: 29 May 2017 / Revised: 7 February 2019 / Published online: 11 March 2019
© Springer Science+Business Media, LLC, part of Springer Nature 2019

Abstract

We consider specific sub-Finslerian structures in the neighborhood of 0 in R?, defined by
fixing a family of vector fields (F7, F2) and considering the norm defined on the non-
constant rank distribution A = vect{Fy, F»} by

G| = inf{max{|u], u2l} | G = u1 Fi +uzF2}.

If F1 and F, are not proportional at p, then we obtain a Finslerian structure; if not, the
structure is sub-Finslerian on a distribution with non-constant rank. We are interested in
the study of the local geometry of these Finslerian and sub-Finslerian structures: generic
properties, normal form, short geodesics, cut locus, switching locus, and small spheres.

Keywords Sub-Finslerian geometry - Maximum norm - Geodesics - Small spheres -
Cut locus

Mathematics Subject Classification (2010) 53B40 - 53C22 - 49J15 - 49K15

1 Introduction

From the 1980s, the interest for the sub-Riemannian geometry increases with a lot of con-
tributions in several domains as PDEs, analysis, probability, geometry, and control. One of
the questions was to understand the local geometry of sub-Riemannian metrics, as the sin-
gularities of small spheres, local cut locus, local conjugate locus, and so on motivated in
particular by new results on the heat kernel in the sub-Riemannian context (see [9, 10, 22,
23]). The contact and the Martinet cases were deeply studied (see [1, 2, 11, 12, 19]). The
quasi-contact case in dimension 4 was also studied (see [15]). These results allowed to give
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new results on the asymptotics of the heat kernel at cut and conjugate loci in the 3D contact
and 4D quasi-contact cases [5, 7].

In this article, we start the same work for Finslerian and sub-Finslerian metrics associated
with a maximum norm: consider a manifold M, a vector bundle = : E — M with fibers of
same dimension as M endowed with a maximum norm, and a morphism of vector bundles
[+ E — T M such that the map from I'(E) — Vec(M) defined by 0 — f oo is injective.
An admissible curve is a curve y in M such that exists a lift ¢ in E with y(t) = f(o(¢))
a.e. The length of such a curve is the infimum of the f0T|o(t)|dt for all possible such o
and the distance between two points go and ¢; is the infimum of the lengths of the curves
joining go and q;. Remark that the map f itself is not assumed to be injective everywhere:
at points where f is injective the structure is Finslerian when at points where it is not, it is
sub-Finslerian.

Here, we concentrate our attention on the local study of such structures in dimension 2,
that is when M and the fibers of E have dimension 2.

Equivalently, with a control point of view and since we are interested in local properties,
we consider control systems in a neighborhood of 0 in R? of the type

g =uiFi(q) + uz2F2(q) (D
where F) and F, are smooth vector fields and #; and u; are control functions satisfying
lup] < land |uz] < 1. (2)

Up to reparameterization, minimizing the distance in the geometric context is equivalent to
minimizing the time of transfer in the control context.

We are interested in the study of the time optimal synthesis of such systems. Of course,
the general situation cannot be completely described since singular cases may have very
special behavior. For example, in the case F; = 9, and F, = 0y, any admissible trajectory
withu; =1 and fol uy(t)dt = 0 joins optimally (0, 0) to (1, 0). Hence, in the following, we
will consider only “generic” situations as defined in Section 2.1.

Few works exist concerning sub-Finsler geometry since it is a new subject. Let us men-
tion the works [17, 18] for dimension 3, considering norms which are assumed to be smooth
outside the zero section. In [14], the sphere of a left invariant sub-Finsler structure associ-
ated with a maximum norm in the Heisenberg group is described. In the preprint [6], the
authors describe the extremals (and discuss in particular their number of switches before the
loss of optimality) for the Heisenberg, Grushin, and Martinet distributions. In the preprint
[4], we describe, in the 3D generic contact case, the small spheres and the local cut locus.

The paper is organized as follows.

In Section 2, we recall Thom’s transversality theorem and some of its corollaries, define
what we mean by generic, give generic properties of the couples of vector fields on two-
dimensional manifolds and give a normal form for the generic couples.

In Section 3, we give first general results about the optimal synthesis; recalling classical
results as Chow-Rashevski, Filippov, and Pontryagin theorems; analyzing the possibili-
ties for extremals to switch or to be singular depending on their initial conditions; giving
details on the weights of coordinates in the normal form and on the associated nilpotent
approximation.

In Section 4, we present the local synthesis in all the generic cases presented in the
normal form of Section 2.
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2 Normal Form

In this section, the goal is to give a list of properties of generic couples (Fi, F7) and to
construct a normal form for the couple (G, G») defined by G| = F; + F> and G, =
F1 — F,. As we will see, =G| and £G are the velocities of a large class of the minimizers
of the optimal control system defined by Eqgs. 1 and 2.

In all this article, we will consider the following sets. We define

Ajs = {q € M | Fi1(g) and F>(q) are colinear},
A1 = {q € M | Fi1(q) and [F1, F>](q) are colinear},
Ar = {q € M | F»(q) and [F1, F>](q) are colinear}.

In order to give the list of properties, we use the Thom’s transversality theorem and some
of its corollaries.
2.1 Generic Properties of Couples of Smooth Vector Fields on 2D Manifolds
2.1.1 Thom’s Transversality Theorem

Denote JX(M, N) the set of k-jets of maps from M to N.

Theorem 1 (Thom Transversality Theorem, [21], Page 82) Let M, N be smooth mani-
folds and k > 1 an integer. If Sy, --- , Sy are smooth submanifolds of JX(M, N) then the
set

(f € C®M,N):J*FhNSfori=1,2,---,r},

is residual in the C°°-Whitney topology.

Corollary 1 Assume that codim S; > dim M fori = 1,--- ,r and k > 1. Then, the set
(feC®M,N): T ronnS; =dfori=1,---,r},

is residual in the C°°-Whitney topology.

Corollary 2 For every f in the residual set defined in Theorem I, the inverse images S; =

(ka)_l(S,-) are a smooth submanifold of M and codim S; = codim S; fori =1,--- ,r.

Remark 1 Let ¢ be a diffeomorphism of M and ¢ be a diffeomorphism of N. The map

) C®(M,N) — C®(M,N)
Tod - f > ¢ofod

induces a diffeomorphism a;’ o of J¥(M, N) sending submanifolds of J k(M, N) on sub-

manifolds of J¥ (M, N). Moreover, f is in the residual set defined in theorem 1, if and only
if 0y, ¢(f) is in the residual set

{g € C®(M N): J*g oy, (S)fori=1,-- r}

This remark is important to facilitate the presentation of the proofs of the generic
properties given in the next section.

Definition 1 In the following, we will say that a property of maps is generic if it is true on
a residual set for the C°°-Whitney topology.

@ Springer



460 Entisar Abdul-Latif Ali and Grégoire Charlot

2.1.2 First Generic Properties

Here, we give a list of generic properties for couples of vector fields on 2D manifolds. In
order to use Thom transversality theorem, we work locally in coordinates: we fix a point
and consider the Taylor series of a couple of vector fields at this point. Locally, one can
consider such a couple as the data of a map

,{UCRz — R? x R?
1y o (@16 y), 8266, 1), (g3(x. V). ga(x, 1))
and the k-jet at ¢ = (0, 0) € U of g as the data of the map

Th - { R? — Rylx, yJ*
85 o y) = (Pix, y)s ..., Palx, y))

where P; (1 <i < 4)is the Taylor series of order k of g; at g.
In order to describe submanifolds of Ry[x, y]4 in coordinates, we write:

ko k—i

Pex,y) =YY prijx'y, VE=1,.,4

i=0 j=0

In the following, (g1, g2) are the coordinates of G and (g3, ga4) the coordinates of G in
a local coordinate system.

Generic property 1 (GP1):  for generic couples of vector fields (F;, F») on M, the set of
points where G| = G, = 0 is empty.

Indeed in coordinates, such points correspond to jets with pj,0.0 = p2,0,0 = P3,00 =
p4,0,0 = 0 which form a submanifold of R[x, y]4 of codimension 4. Hence, thanks to
corollary 1, the property is proven.

Denote J}f, the set of k — jets such that P = 1 and P, = 0. Once assumed that we
choose a coordinate system such that G| = (1, 0), then J k gisin J 1’§,

Assume that a set S of J¥(R%, R*) is defined as the zero level of a finite number of
functions h;, i = 1...k, whose differentials form a free family when restricted to 7'J 1’§,
Then locally, the differentials of the functions /; form a free family and hence, close to J 1’\‘, N
S, the set S is locally a submanifold. In this context, the codimension of S in J k (]Rz, R“) is
equal to the codimension of §' = SN J]]\‘, in J,’{,.

Thanks to remark 1, up to a permutation between +F; and £F, and a good choice of
coordinates, we will assume in all the following that G; = (1, 0) locally. This implies that

is g1 = 1 and g2 = 0 and that the jet of (G, G7) is in JII\‘,. As a consequence, if a set S
is defined by a finite number of functions &;, i = 1...k, whose differentials form a free
family when restricted to TJX, then to apply Thom’s theorem and its corollaries we are
reduced to apply them to the map

) { UcCR? —» R?
(x,y) = (g3(x, ), ga(x, y))
and the set S’ = SN J]]f, seen as a submanifold of J¥(RZ, R?).

Generic property 2 (GP2):  for generic couples of vector fields (F;, F») on M, the set of
points where G, = 0 is a discrete set. The same holds for the set where F; = 0 or the set
where F, = 0.
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Indeed, such points correspond to jets with p3.00 = p4,0,0 = 0 which is a submanifold
of Rg[x, y]2 of codimension 2. Hence, thanks to corollary 2, the set where G, = 0 is
generically a submanifold of M of codimension 2 that is a discrete set. For F> = 0, the
equations are p3 9,0 = 1 and p4,0.0 = 0 and for F; = O the equations are p3 00 = —1 and
p4,0,0 =0.

Generic property 3 (GP3):  for generic couples of vector fields (Fy, F2) on M, the set A 4
of points where G is parallel to G is an embedded submanifold of codimension 1.

Indeed, A 4 is exactly the set of points where g4 = 0, corresponding to jets with p4,0.0 =
0. This last set is an embedded submanifold of Ry [x, y]2 of codimension 1. Thanks to (GP1)
and to corollary 2, we can conclude that generically A4 is an embedded submanifold of
codimension 1.

Generic property 4 (GP4):  for generic couples of vector fields (F, F>) on M, the set A
of points where F} is parallel to [ F1, F>] is an embedded submanifold of codimension 1.
The same holds for A, where F; is parallel to [ Fy, F>].

In order to prove (GP4), compute [F, F>] and describe A1 in coordinates. [F1, F2] =
—%[Gl , G>] hence it has coordinates _%P3,1,0 and —%p4,1,0 and Fj has coordinates %(1 +
P3.,0,0) and % Pa,0,0- Hence, A corresponds to jets satisfying

—%Pm,o T+ p300) -0
—5P4,1,0 7P4,00

The differential of this determinant is not degenerate hence the set of Ry[x, y]* satisfy-
ing this equality is an embedded submanifold of codimension 1. Hence, generically, Aj is
the preimage of an immersed submanifold of codimension 1 which, thanks to corollary 2,
permits to conclude that A is an immersed submanifold of codimension 1.

Generic property 5 (GP5):  for generic couples of vector fields (Fi, F2) on M, the sets
(AaN A, (AsN Ay and (A N Ap) are discrete.

Since G| = (1, 0), the set (A1 N Az) \ Ay is the set of points where (Fp, F») is free and
[F1, F2] = 0 that is

40,0 # 0,
P30 =0
pa1,0 = 0.

This set is an immersed submanifold of codimension 2 of Ry[x, y]2 hence, thanks to
corollary 2, the set (A1 N Ay) \ Ay is generically a discrete set.

The set (Ag N Ajz) \ Aq is a set of points where F» = 0. By (GP2) it is a discrete set.
The same holds for (A4 N A1) \ A, which is a set of points where F; = 0.

The set A4 N Ay N Ay is the union of the subset where F) # 0 and Fy /| F» [/ [Fi, F»]
with a subset where F; = 0. The second is discrete. The first set is also defined by G| //
G» // [G1, G2] thatis ps 9,0 = 0and ps 1,0 = 0. Hence, thanks to corollary 2, the set where
Fi #0and Fy | F» /| [Fi, F2] is a submanifold of codimension 2 that is a discrete set.

Generic property 6 (GP6):  for generic couples of vector fields (F1, F>) on M, the set of
points where G| J/ G2 J/ [G1, G2l J/ [G1, [G1, G2]] is empty.
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The set where G // G» // [G1, G3] // [G1,[G1, G2]] is such that pspo0 = pa1,0 =
pa2,0 = 0. Hence, thanks to corollary 2, it is a submanifold of codimension 3 that is an
empty set.

Generic property 7 (GP7):  for generic couples of vector fields (Fj, F2) on M, at the
points g where G1(q) / G2(q) // [G1, G21(q) one gets Gi(q) € Ty A4.

The property G1(q) // G2(q) J/[G1, G21(q) implies that p4 00 = pa,1,0 = 0.1f pso,1 # 0
then A4 can be written p4 0,1y = o(x) thatis A4 is tangent to the x axis and G| € T;A4.
Hence, the set of points where G1(q) // G2(q) // [G1, G21(¢) and G1(q) ¢ T, A4 corre-
sponds to jets with ps o0 = pa,1,0 = p4,0,1 = 0 which is a submanifold of codimension
3. Hence, generically, at the points ¢ where Gi(q) / G2(q) J/ [G1, G2](q), one has
Gi(q) e TyA4.

One can even detail more the generic properties: using Thom transversality theorem and
its corollaries, we can prove that generically

Generic property 8 (GP8):  along A1 \ (A> U Ay), the points where G or G is tangent
to Aq are isolated. The same holds true for A \ (A; U Ay).

Generic property 9 (GP9):  at points of (A1 N A3) \ Ay, neither G| nor G, are tangent to
Ajor Aj.

Generic property 10 (GP10):  along A4 \ (A1 U A»), the set of points where G, = 0 or
G, = =G is discrete.

2.2 Normal Form
Thanks to the generic properties established in the previous section, we prove

Theorem 2 (Normal form) For a generic couple of vector fields (Fy, F,) on a 2d manifold
M, at each point q of M, up to an exchange between +=F| and +F>, we get that G1(q) #
0 and that it exists a unique coordinate system (x,y) centered at q such that one of the
following normal form holds

(NF1) Gi(x,y) = 0,
Ga(x,y) = 0y + x(a10 + azox + a1y + o(x, y))ox
+x(b1o + baox + b1y + o(x, y))9y,
and g ¢ Ay.
(NF2) Gi(x,y) = 0,
Ga(x,y) = (ao + aiox +aory + o(x, y))ox + x(1 + x(b2o + O(x, ¥)))dy,
withO <ap <1,andq € Aa \ A1.
(NF3) Gi(x,y) =0,
Ga(x, y) = (ag + 0(1)dx + (bo1y + 332 + bi1xy + bpoy? + 0(x2, y2))dy,
with by > 0and0 <ap <1,g € AyN A1 NAyand G1(q) € T Aa.

For (N F1) and (N F2) one of the following subcases holds

(NF1q) (NFy) holds with ajop — bio # 0 and ajo + bio # 0. It corresponds to q ¢
AgUATU A,

(N F1p) (NFy) holds with ajg — bio = 0 and ayg + bio # 0. It corresponds to q €
A1\ (Aa U AY).

(NF1:) (NF1) holds with aig — bio # 0 and ayg + biop = 0. It corresponds to q €
Az \ (Ap U AY).
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(NF1g) (NFy) holds with ajg = bijo = 0. It corresponds to g € (A1 N Az) \ Ag.

(NFy) (NF) holds with 0 < ag < 1. It corresponds to g € A g \ (A1 U A)).

(N Fyp) (NF) holds with ay = 1. It corresponds to q € (Ag N Ap) \ Aq that is to
q € A\ Aq such that F,(q) = 0.

Such coordinate system is called the normal coordinate system associated with F| and F,.

Proof In order to prove this normal form, we construct in each situation a coordinate chart
by mean of the flow of some linearly independent vector fields associated with the sub-
Finslerian structure. More precisely, once identified such a couple of vector fields (X, Y),
we define the coordinate system by defining the map (x, y) — e“*Xe’¥q.

We assume that all the generic properties given before are satisfied. Thanks to (GP1),
and thanks to the fact that we are working locally, we can assume that G is not zero.

Thanks to (GP3), we know that A4 is a submanifold of dimension 1. Let us start by
considering a point g outside A 4. We define the map ¢ which to (x, y) in a neighborhood
U of (0, 0) in R? associates the point reached by starting at ¢ and following G, during time
y and then G during time x that is

. U—- M
(p ° { ()C, y) — exGlengq

Since 0,¢(0,0) = Gi(g) and 9,¢(0,0) = G2(q), ¢ is a local diffeomorphism hence
defines a local coordinate system. One proves easily that at each point of coordinates (x, y)
the vector G1(x, y) = (1,0). Moreover, along the y axis, since ¢(0, y) = e’%2¢ then
G»(0, y) = (0, 1). This implies the normal form (N Fi). With the normal form (N Fy), one
gets that

1 1
[F1, F21(0) = _E[Gl, G2](0) = _5(0107b10),

1 11
Fi0) = 3610+ G20 = (. ),
1 1 1
(0 = 3(610) = G20) = (5. —3)
which implies that
b —b
[F1, F>1(0) = —%ﬂ O - 220 0),

The subcases follow immediately.

Assume now that ¢ € A4 \ Aj. Hence, G1(¢g) and G(g) are parallel and since we
assume that G(g) is not 0, we can assume up to a change of role that G(q) = aG1(q)
with ¢ € [0, 1]. Since ¢ ¢ A, Gi(g) and [G1, G2](q) are not parallel. This implies
that G| is not tangent to A4. As a consequence, one can choose a local parameteriza-
tion y(t) of A4 such that y(0) = ¢ and p(¢) has second coordinate 1 in the basis
(G1(y (1)), [G1, G2](y(t))). We can know define the map ¢ which to (x, y) in a neighbor-
hood U of (0, 0) in R? associates the point reached by starting at y (y) and following G
during time x that is

) { U—>M
5 o) > @Gy
In this coordinate system, A4 is the y axis, G1(x, y) = (1, 0) and the second coordinate
of G, is null at x = 0 hence it is the product of the function (x + x) with a smooth
function g. Moreover, thanks to the property of y, g(0, y) = 1 which implies that g(x, y) =

@ Springer



464 Entisar Abdul-Latif Ali and Grégoire Charlot

1 4+ xh(x, y) with & a smooth function. This is exactly (N F3). If 0 < ag < 1 then Fj(q)
and F»(q) are not null and since they are parallel but not parallel to [F7, F2](g) then g €
Ag\ (A1 UAp). Ifag = 1then Fo(q) =0and g € (Ag N A) \ Ar.

The case where ¢ € (A4 N Ap) \ Aj can de treated by exchanging the roles of G and
G since in this case Ga(g) # 0.

Assume finally that g € A4 N A N Aj. Thanks to (GP6) and (GP7) at such a point G
and [G1, [G1, G3]] are not parallel. Hence, we can define the map ¢ which to (x, y) in a
neighborhood U of (0, 0) in R? associates the point reached by starting at ¢ and following
[G1,[G1, G2]] during time y and then G during time x that is

. U—- M
Y1, y) > e C11G1IGLGI,

The fact that G, and [G1, G>] are parallel to G implies by = 0 and b9 = 0. The fact that,
along the y axis, [G1, [G1, G2]] = (0, 1) implies in particular that byy = % O

3 General Facts About the Computation of the Optimal Synthesis
3.1 Local Controllability and Existence of Minimizers

In the three cases of the normal form (N F}), (N F,) and (N F3) one checks that
span(F1, Fa, [F1, 21, [F1, [F1, B2, [Fa, [Fi, Fo]]) = R2

Hence, as a consequence of Chow-Rashevski theorem (see [3, 16, 25]), generically such a
control system is locally controllable that is locally, for any two points, always exists an
admissible curve joining the two points.

Moreover, since at each point, the set of admissible velocities is convex and compact,
thanks to Filippov theorem (see [3, 20]), locally for any two points, always exists at least a
minimizer.

3.2 Pontryagin Maximum Principle

The Pontryagn Maximum Principle (PMP for short, see [3, 24]) gives necessary conditions
for a curve to be a minimizer of a control problem. For our problem, it takes the following
form.

Theorem 3 (PMP) Define the Hamiltonian
H(g, X u, o) = uir.Fi(q) + u2r.F2(q) + 2o

where q € R2, A € T*R2, u € R? and Ay € R. For any minimizer (q(t), u(t)), there exist a
never vanishing Lipschitz covector A : t > A(t) € T(]”‘(I)]R2 and a constant Lo < 0 such that

40 =3 q@), A1), u(), ro),

- ) = =51, A0, u (), ko),
— 0=H(q@), (), u(t), o) = maxy{H (g, A, v, Xo) | |vi| < 1fori =1,2}.

A couple (g, A) satisfying the previous conditions is called an extremal. If .o = 0, it is called
abnormal, if not, normal. A curve q may be associated with both abnormal and normal
extremals.
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Proposition 1 For a generic SF metric on a 2D manifold defined with a maximum norm,
there is no non trivial abnormal extremal. Hence, we can fix ho = —1. This is our choice in
the following.

Proof 1Tt is a classical fact that an abnormal extremal should correspond to a covector A # 0
orthogonal to F, F», and [F1, F>]. This implies that along the trajectory the three vectors
are parallel. But generically this happens only on a discrete set, which forbids to get a non
trivial curve. O

3.3 Switchings

In this section, we follow the ideas of [13]. Recall that A 4 is the set of point ¢ where F1(q)
and F;(q) are collinear, A is the set of point ¢ where F;(q) and [F1, F»2](g) are collinear,
and Aj is the set of point ¢ where F>(¢q) and [Fy, F>](g) are collinear.

Definition 2 For an extremal triplet (g (.), A(.), u(.)), define the switching functions
$i(1) =< A1), Fi(q(®)) >,i=1,2,
and the function ¢3(t) =< A(¢), [F1, F21(g (1)) >.

Thanks to A9 = —1, the ¢; functions satisfy

ur(t)p1(t) +ur(t)pa(t) =1, forae.r.
A direct consequence of the maximality condition is
Proposition 2 [f ¢; () > O (resp. ¢; (1) < 0) then u;(t) =1 (resp. u;(t) = —1).

If ¢i(t) = 0 and ¢;(t) > O (resp. ¢;(t) < 0) then ¢; changes sign at time t and the
control u; switches from —1 to +1(resp. from +1 to —1).

Definition 3 We call bang an extremal trajectory corresponding to constant controls with
value 1 or —1 and bang-bang an extremal which is a finite concatenation of bangs. We call
u;-singular an extremal corresponding to a null switching function ¢;. A time ¢ is said to be
a switching time if u is not bang in any neighborhood of 7.

Definition 4 Outside A 4, define the functions f; and f> by

[F1, 21(q) = (@) F1(q) — fi(g)F2(q).

It is clear that
A\ AL = 710, A\ A= £0).

Proposition 3 (Switching rules) Outside A4 UA1UA; the possible switches of the controls
are

— if f1 > Othen uy can only switch from -1 to +1 when ¢ goes to 0,
— if fi < Othen uy can only switch from +1 to -1 when ¢ goes to 0,
— if fo > 0 then us can only switch from -1 to +1 when ¢, goes to 0,
— If fo < 0 then us can only switch from +1 to -1 when ¢ goes to 0.
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Proof The fact that (/31 (t) = —ur.A[Fy, F>] and éz(t) = u1.r.[F, F>] implies that, outside
ApUATUA,,

$1(t) = ua (1) (fi(q()pa(t) — f2(q()$1(1)) = —uz ()3 (1), 3
$a(t) = u1(1) (faq()p1 (1) — fi(g(D)$2(1)) = ur ()3 (). “

Now, if ¢1(¢) = O then |¢2(¢)| = 1 which implies uy(¢)¢2(t) = 1 and hence qSl(t) and
f1(q(2)) have same sign and the sign of fj(g(¢)) determines the switch.
The same holds true for f, ¢» and u5. O

As a consequence, on each connected component of the complement of Ag U A U A,
each control u; can take only values — 1 and + 1 and can switch only once from — 1 to + 1
if fj >0orfrom+1to-1if f; <O.

Proposition 4 At any point q outside A 4 it exists a T > 0 such that for any extremal issued
from q and of length less than t, only one of the two controls may switch.

Proof If ¢1(¢t) = 0 then |¢2(¢)| = 1. Hence, if ¢ (t} = 0 and ¢,(¢t') = 0 then ¢, passes

from value 0 to =1 in time ¢’ — ¢ which implies that |¢; | takes values larger than h,—l_z‘ But,

since ¢ (1) = —ua(f2(q())$1(q (1)) — fi(q(1))2(q(1))), we have |1 (1)| < | f1(q ()| +
| f2(q(r))|. As a consequence, if locally | f1 + f2| < M then |t' — t| cannot be smaller than
1/M. O

A consequence of the previous proposition is

Proposition 5 Ar any point q outside A 4, consider the normal coordinate system centered
at q. Any local extremal stays in one of the following domains: Ry xR4, Ry xR_, R_ xRy
or R x R_.

Proof Thanks to previous proposition, only one control may switch in short time. Assume
that u; = 1. Then at each time u; F1 4+ us F> = F| + u3 F> hence the dynamics takes the
form aG| + (1 — @)G, with @ € [0, 1]. This dynamics leaves invariant the set R4 x R,

hence the extremal does not leave this set. By the same argument one proves thatif u; = —1
then the extremal stays in R_ x R_, if up = 1 then the extremal stays in R, x R_ and that
if up = —1 then the extremal stays in R_ x R. O

3.4 Initial Conditions and Their Parameterization

On proves easily that in the (N Fy) case, max(|A,(0)], |1, (0)]) = 1. Hence, the set of initial
conditions A is compact and extremals switching in short time or singular extremals should
have a ¢; null or close to zero. Moreover, only one control can switch in short time (see
Proposition 4).

In the (N F;) and (N F3) cases |A,(0)| = 1 and there is no condition on A,. Hence, the set
of initial condition is not compact. This allows to consider initial conditions with [A,]| >> 1
and hence will appear optimal extremals along which the two controls switch. It is not in
contradiction with the Proposition 4 since in this case the base point belongs to A 4.

In the (N Fy,) and (N F3) cases, ¢1(0) = j:”% and ¢»(0) = :l:lf#. Hence, if one
considers a compact set of initial conditions, the corresponding extremals do not switch in
short time. And are not singular. As a consequence, to consider the extremal switching at
least once, one should consider initial conditions with |4, (0)| >> 1.
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Let us give an idea of how to estimate the |A,(0)| corresponding to a u-switch at small
time ¢ and the consequence in terms of choice of change of coordinates.

In the (N F>) case, ¢1(0) = 12& > % Hence, if along an extremal the control u
switches for ¢ small hence one gets, since x(¢) = O(t) and y(¢) = O(tz),

0= 1(0).Fi(x(1), y(1)) = 1+ao x(t)

+ )\y(O)T 4+ O(1)
and it implies that if an extremal sees its control u| switching at 7 then 1, (0) should be
like % Hence, in order to make estimations of the corresponding extremals, it is natural to

choose as small parameter rop = %(0)’ to make the change of coordinate r = % the change
Y y

of time s = % and the change of coordinate p, = r\y. This is what we do in the Sections 4.2
and 4.3.

In the (N F3) case, ¢1(0) = H% > % Hence, if along an extremal the control u
switches for ¢ small hence one gets, since x(#) = O(¢) and y(t) = o),
1+ ag x2(t)

+ 1y (0)

0=A0).Fi(x(0), y@) = 7 o0

and it implies that if an extremal sees its control u; switching at 7 then A, (0) should be

like %2 Hence, in order to make estimations of the corresponding extremals, it is natural

to choose as small parameter r( such that A, (0) = ﬂ:r]—z, to make the change of coordinate
0

+1

12y
3.5 Weights, Orders and Nilpotent Approximation

r= and the change of time s = § This is what we do in the Section 4.4.

Privileged coordinates and nilpotent approximations are well-known notions in SR Geom-
etry. Their definitions being too long and classical we refer to [8]. The coordinates we
constructed in the normal form are privileged coordinates.

In the (N Fy) case, x and y have weight 1 and 9, and 9, have weight —1 as operators of
derivation. In the (N F;) case x has weight 1 and y has weight 2, 9, has weight —1 and 9,
have weight —2. In the (N F3) case, x has weight 1 and y has weight 3, 0, has weight —1
and 9, have weight —3.

In privileged coordinates, one way to understand the weights of the variables naturally is
to estimate how they vary with time in small time along an admissible curve. As seen before,
in the (N F1) case x and y are O(¢) (and may be not o(?)), in the (N F») case x = O(¢) and
y = O(t?) and in the (N F3) case x = O(¢) and y = O(¢).

In the following, ok (x, y) will denote a function whose valuation at 0 has order larger
than k respectively to the weights of x and y. For example x7 has always weight 7 and y>
has weight 3 in the (N F}) case but 9 in the (N F3) case.

With this notion of weights, we define the nilpotent approximation of our normal forms
in the three cases

(NF1) Gi(x,y) = 0,
Ga(x,y) = 0y,

(NF2) Gi(x,y) = 0y,
Ga(x,y) = apdy + xdy,

(NF3) Gi(x,y) = 0y,

1
Ga(x.y) = agdy + 5x7y.
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which corresponds to an approximation up to order — 1. In the following, when we will
compute developments with respect to the parameter r, that is for [A,(0)| >> 1, we will
need the approximation up to order O for (N F»,) and (N F3), and the approximation up to
order 1 for (N Fyp)

(NFy) Gi(x,y) = 8y,

Ga(x,y) = (ap + ajox)x + x(1 + bax)dy,
(NFyp) Gi(x,y) = d,

Ga(x,y) = (1 +aiox +aory + axx?)dy + x(1 + bagx + b3ox?)dy,
(NF3) Gi(x,y) = 0y,

2
X
Ga(x,y) = (ao + ajox)dx + (7 +bory + b30x3> dy,

In the (N F) case, we will need the approximation up to order 2 in order to compute the cut
locus, when present

(NF1) Gi(x,y) = 0y,
Ga(x,y) = x(aio + axx + aiy + azox? + axxy + anny?)dy +
+(1 + x(bro + baox + b1y + b3ox” + barxy + b12y?))dy,

3.6 Symbols of Extremals

As we will see in the following, the local extremals will be finite concatenations of bang arcs
and u;-singular arcs. In order to facilitate the presentation, a bang arc following +=G; will be
symbolized by [[£G;]], a u1-singular arc with control u, = 1 will be symbolized by [[Sfr]],
a uy-singular arc with control u; = —1 will be symbolized by [[S, ]], and we will combine
these symbols in such a way that [[-G1, G2, S;‘ ]] symbolizes the concatenation of a bang
arc following —G1 with a bang arc following G, and a u»-singular arc with control u; = 1.

3.7 Symmetries

One can change the roles of the vectors Fj and F; and look at the effect on the functions f;
or on the invariants appearing in the normal form. For this last part, one should be careful
that changing the role of F; and F, implies changing G| and G» and hence changing the
coordinates x and y.

First look at the effect on the functions f; on an example: Fil=—-Fiand F, = F. If
we define the control system with (F1, F»), it defines the same SF structure. We compute
easily that

[Fi, B2l =[-Fi, ]l = —[F1, 1= —(foFi — fiF2) = F1 — (- fi)F>

hence fl = —f1 and f_z = f>. With this choice G| = —G, and G, = —G. Of course,
with such a change on the vectors G| and G, the change on the invariants is not so trivial
to compute.

In the following, we consider changes that send G| to =G and G, to =G;. These
changes are interesting from a calculus point of view. Effectively, once computed the jet
of a bang-bang extremals with symbol [[G, G»]] and of its switching times, we are able
to get the expressions for the bang-bang extremals with symbols [[£G, £G>]] without
new computations. For example, if one gets the expression of an extremal with symbol
[[G1, G2]] as function of the initial conditions, one gets the expression of an extremal with
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symbol [[—G1, G3]] by respecting the effect on the coordinates and the invariants ag, a1,
etc. of the corresponding change of role of F; and F>.

3.71 C_1.1 = —Gj and az =G
Consider the change F = i) _and_Fz = —F;. Then G; = —G; and G» = Ga,
[G1, G2] = =[Gy, G2l and [G1, [G1, G2]] = [G1, [G1, G2]]. With this choice,

[F1, F2] = [—=F2, —Fi]l = =[F1, B2l = —(aF\ — fiF2) = (- fOF1 — (= ) F>

hence fi = — f> and fo = — fi.
We can know consider the effect of this change of role on the coordinates and on the
invariants in the three cases of the normal form

(NFy) Inthiscase,x = —x and y =y, hence d; = —d, and d5 = 9, and
G = s,
G2 = (a10% — azx” + a1 %y + 02(¥, ))ds +
(1 = b1oX + baox? — b1155 + 02(F, 7))d5.
(NF,) Inthiscase, x = —x and y = —y, hence d; = —d, and d5 = —d, and
G = 0x,
Gy = (—ap + a10% — ag1y — ani* + 02(¥, ))ds +
(X — b2o? + b30” + 03(X, 7))5.
(NF3) Inthiscase,x = —x and y = y, hence d; = —d, and d5 = 9, and
Gi = 0x
Gy = (—ao + ai0X + 01 (%, )9 +
(F%/2+ bory — b3ox’ + 03(%, 3))d5.

3.7.2 C_1.1 = G1 and C_;z = —Gz

Consider the chal_lge P_:l = b and F, = Fi. Then G| = Gy, Ga = —Go, [G1, G2] =
—[G1, Gzl and [Gy, [G1, G2]] = —[G1, [G1, G2]]. With this choice,
[F, ] = [P, Fil = —[F1, Bl = —(2F1 — fiF2) = (f)F — (/) F>

hence fi = f> and f> = fi.
We can know consider the effect of this change of role on the coordinates and on the
invariants in the three cases of the normal form

(NFy) Inthiscase,x =x and y = —y, hence d; = d, and d5 = —d, and
G = 0x,
Gr = (—ai0% — axi* + aniy + fo(%, )os +
(1 + b1o¥ + baoX* — b Xy + To(X, )35
(NF;) Inthiscase,x =x and y = —y, hence d; = d, and d5 = —d, and
Gi = 0%,
Gy = (—ap — a10x + an1y — ani” + 02(¥, ) ds +
(X + b2E” + b3oX’ + 03(X, 7)) 5.
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(NF3) Inthiscase,x =x and y = —y, hence d; = d, and d5 = —d, and

G| = 0z
Gy = (—ap — ajox + 01(X, y))0x +
(¥%/2 = b1 3 + b3ox> + 03(%, ¥))05.

373 Gy = -G and G, = —G>

Consider the chfmge_ﬁl = —Fiand F, = —F,.Then G| = -G, Gy = —G>, [(_}1, (_32] =
[G1, Galand [Gy, [G1, G2]] = —[G1, [G1, G2]]. With this choice,

[F\, Bl =[-F1,—F] =[F1, Rl = (LFi — fiF2) = (- ) F1 — (- f)F

hence fi = — fi and fo = — f».
We can know consider the effect of this change of role on the coordinates and on the
invariants in the three cases of the normal form

(NFy) Inthiscase,x = —x and y = —y, hence d5 = —d, and d5 = —0d,. Moreover

G| = o5,
Gy = (—a10X + axx> + anxy + xo(x, 7))oz +
(1 — b1oX + baoX? + b1 1 X + Xo(X, 7))d5.

(NF;) Inthiscase,x = —x and y =y, hence d; = —d, and d5 = d,. Moreover

G| = 5,
Gy = (ap — a10% + a1y + axi> + 02(%, ¥))dx +
(F — bao¥* + b30x° + 03(%, 7)) 5.

(NF3) Inthiscase, x = —x and y = —y, hence 95 = —d, and d5 = —0d,. Moreover

G| = 0%
Gy = (ap — ajox + 01(x, y))0z +
(¥%/2 — bo17 — b30x> + 03 (%, 7)) .

4 The Generic Local Optimal Synthesis
We present for generic couples (Fy, F3) the local synthesis issued from a point ¢. The coor-

dinates (x, y), centered at g, are those which have been constructed in the corresponding
normal form in Section 2.
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4.1 (NF,) Case

At points ¢ where (N F1) holds, one can compute that

1
Silx,y) = 5(“10 — b1o)

X
+(2(az0 — b2o) — brolaio — blO))E + (a1 — bn)%
2
X
+(3(az0 — b30) — bro(azo — bao) — (2bag — big) (a0 — blO))E
X
+Q2(az21 — ba1) — bri(aro — bio) — brolar — bu))jy

¥
+(ai2 — blz)j +o02(x,y),

1
Pl y) = —E(alo + b1o)

X
—~(Qan + bx) = bio(aio +b10) — (an + bu%
2
X
—(3(azo + b3o) — bio(ax + bao) — (2byo — b%o)(alo + blo))7
X
—(2(az + bar) — bii(aio + bio) — bro(ars + b11))7y

2
—(a2 + b12)7 +o02(x, y).

Hence, thanks to Proposition 3, if ajgp — b1p > 0 (resp. < 0) then u; is bang-bang and the
only possible switch is —1 — 41 (resp +1 — —1) and if ajg + b1p < O (resp. > 0) then
uy is bang-bang and the only possible switch is —1 — +1 (resp +1 — —1).

Remark 2 (Generic invariants) Remark that generically, in the (N F;) case, one of the
following situation occurs

laio| # |b1ol (N F1a),

ajo = bio #0and axo — byo #0and ajy — byy #0,

ayo = b1o # 0 and aro — byo = 0 and azg — b3g # 0 and a;; — by # 0,
ajp = b1p #0and ayg — byo #0and aj; — b1y =0and ajp — by #0,
aip = —bio # 0 and axy + bao # 0 and a1y + b1y # 0,

ajo = —bio # 0 and axg + byo = 0 and azg + b3o # 0 and a1 + b1 # 0,
ajo = —b1o # 0and axg + bog # 0 and ay; + b1y =0and ajp + byp # 0.
ajo = bio = 0 and axy + byo # 0 and a1 + b1y # 0.

4.1.1 Singular Extremals

We consider now the properties of singular extremals and their support.

Proposition 6 Under the generic assumption that Ay, Ay and A, are submanifolds
transversal by pair then

1.

The support of a u;-singular is included in A;.
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2.

A uy-singular extremal can follow A\ being optimal only if, at each point q(t) of the
singular, G1(q(t)) and G2(q(t)) are pointing on the same side of A1 (or one is tangent
to A1) where f1 > 0.

A up-singular extremal can follow A» being optimal only if, at each point q(t) of the sin-
gular, G1(q(t)) and —G2(q(t)) are pointing on the same side of Ay (or one is tangent
to Ao) where fr > 0.

Consider a u;-singular q(.) satisfying 2 or 3. If it does not intersect A 5 and if at each
time G1(q(t)) and G,(q(t)) are not tangent to A; then q(.) is a local minimizer that is
at each time t exists € such that q(.) realizes the SF-distance between q(t1) and q(t2)
foranyt) andty in ]t — €, t + €.

Proof 1. Outside A4 U A;, ¢; has isolated zero hence any u;-singular should live in A4 U

A;. Moreover, since generically the set of points of A 4 where the dynamics is tangent to
A 4 is isolated, a u;-singular crosses A 4 only at isolated times, which are consequently
alsoin A;.

Same proof as for point 3.

If a up-singular ¢(.) has u; = 1 then its speed is F;(q(t)) + ua(¢) F2(g(¢)) which is
tangent to Aj. But up € [—1, 1] hence either |u3(¢)] = 1 and G or G, are tangent to
Az or |uz(1)] < 1 and Ga(q(1r)) = Fi(q(1)) — F2(q(1)) and G1(q(r)) = Fi(q(1)) +
F>(g(t)) point on opposite sides.

Now, assume that A is such that G| and —G> point in the same side where f> < 0
at ¢ and that the u>-singular is optimal. Consider the normal coordinate system centered
at g and the domain R} x R;. One can show, with the previous analysis, that the
only possible extremals issued form ¢ and entering the domain are the singular arc
[[S;r 1] following A, and the bang-bang extremals starting with symbol [[G, G2]] or
[([G2, G1]l.

Let us prove that these last ones do not switch again before crossing A. If an
extremal starts with [[G2, G1]], switching for the first time at # = € and hence at y = €
then along the second bang x =t — €,y = €, A = (1, 1) and one computes easily that
fort > €

1
d2(t) = —5((020 + bao)(t — €)? + (a11 + b11)(t — €)e + 0a2(€, (t — €))).

_aj+byy
a20+b206+

€, €). But Ay satisfies

If (a20+b20)(a11+b11) < 0then the second time of switch satisfies 1 —e =

antbii
az0+b20
that x = —%% vy + o(y) and hence the second bang crosses A, before ending.
In the case ayg + byo = 0 hence (a;; — b11)(azp + b3p) < 0 and one shows that
_antbu

azo+b3o

= ftgoi% y—+o(y) hence again the second bang crosses A; before ending. The same

kind of computations show the same result when a1 + b1; = 0 and (a0 + b2o)(a12 +
b17) < 0. The same holds for extremal starting by [[G1, G2]].

Finally, the different extremals with symbol [[G{, G2]] do not intersect each other
after their first switch hence they cannot lose optimality by crossing each other. Idem for
those with symbol [[G2, G1]]. Hence, they can lose optimality by crossing the singular
extremal or extremals with the other symbol.

The last argument implies that optimal extremals are coming back to A, with symbol
[[G1, G2]] or [[G2, G1]]. But this is not possible since in this case, since [[S;r]] is

o(e) and hence the second switching locus has the form (—

the second switching locus has the form ( €,¢) and Aj satisfies that x =
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optimal, an optimal extremal with symbol [[G, G2, S; 1] would exist which is not the
case since the switching is coming strictly after the crossing with A; as seen before.
Hence, in this case, the u;-singular is not optimal.

4. Assume that the u,-singular satisfies 3, that it does not intersect A 4 and that G(g) and
G2(g) are pointing on opposite sides of A;. Let construct normal coordinates centered
at g, then the only local extremals entering the domains {xy > 0} are the one starting
by a us-singular and switching or not locally only once to u; = =£1. For example, if we
consider Ry x R, since G{(g) points in the side of the domain {g’ | f>(q’) > 0} then
an extremal starting by G enters the domain {¢’ | f2(q’) > 0} and hence u, cannot
switch and the extremal stays on the boundary of Ry x Ry and do not enter it. As a
consequence the u;-singular is locally optimal.

O

Remark 3 For what concerns the point 4, assume that ¢ is a point where G or G, is tangent
to Ajand A1 N{xy < 0} is such that at each point G| and G, are transverse to A and point
in the domain { f1 > 0}. Then, starting from ¢, a u1-singular can run on A; N {xy < 0} and
is locally optimal. The same arguments as those exposed at point 4 work.

Definition 5 If a connected part of A (resp. Aj) is such that at each point G| and G, (resp.
G1 and —G») point on the same side where f1 > 0 (resp. f> > 0), it is called a turnpike. If
it does not at each point, it is called an anti-turnpike (see [13]).

Remark 4 Along a u;-singular extremal the control u; is completely determined by the fact
that the dynamics should be tangent to A;.

4.1.2 Optimal Synthesis in the Domain Ry x R4

Consider a point ¢ and the normal coordinate system (x, y) centered at g. The dynamics
entering R% x R% is with u1 = 1 since uy switches (Propositions 4 and 5). Three different
cases can be identified.

Ist. case. AN (R4 x R4\ {0}) is empty locally. Thanks to proposition 6, no u-singular
enters the domain. It corresponds to the case (N F1,) where |ajg| # |b1o| and to the cases
(N F1.) and (N F14) where ajg + biop = 0 and

® (a + by)(ar +b11) >0,
® orayy + by = 0and (azg + b3o)(ai1 + b11) > 0,
e orajl + by = 0and (ax + bo) (a2 + b12) > 0.

Only one u»-switch can occur along the extremal. One has f> > 0 in the domain if

® ap+bo<0,
® orajg+ bio=0anday + by <0,
® orajo+bip=0anday + by =0andaj; + by <0,

and in this case the possible extremals of the domain have symbol [[G1]] or [[G2]] or
[[G2, G1]]. One has f> < O in the domain if

® ajp+bio>0,
® orajg+ bio=0andayxy + by > 0,
® orajg+bio=0andaxy + byo =0anda;; + b1 > 0.
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and in this case, the possible extremals of the domain have symbol [[G]] or [[G2]] or
[[G1, G21l.

In this case 1, the picture of the synthesis is given in Fig. 1.

2nd. case. Ap N (R% x R%) is not empty locally and is a turnpike. We are in the context
of point 4 of proposition 6. It corresponds to the cases where a9 + b1p = 0 and

®  ax + by <0Oandaj; + b1 > 0,
® oray + by =0andai; + by > 0andazg + b3 < 0,
e oraj +biy =0andaxy + byo <0andajp + b1p > 0.

Then f> > 0 locally along {x > 0,y = 0} and f> < 0 along {x = 0, y > 0}. Hence,
no bang-bang extremal with symbol [[G, G2]] or [[G2, G1]] exists and any extremal
entering the domain starts with a u,-singular arc. If it switches to G then it enters the
domain (R} xR% )N{ f> > 0} which is invariant by G hence it does not switch anymore.
If it switches to G it enters the domain (]Ri X ]R*Jr) N{f> < 0} which is invariant by G,
hence it does not switch anymore.

As a consequence, the only possible symbols for extremals are [[G1]], [[G2]], [[S .G
and [[S5, G2]].
In this case 2, the picture of the synthesis is given in Fig. 2.

3rd. case. A N (R x RY) is not empty locally and is a anti-turnpike. Then, thanks
to proposition 6, no singular can enter the domain. It corresponds to the cases where
aio + bio = 0and

® ay+by >0andaj + by <0,
® oray+byy=0andai; + b1 < 0andazg+ bzy > 0,
® oraj+ by =0andaxy + byo > 0and ajp + b1p < 0.

Then, as seen in Proposition 6, no u»-singular is extremal. Hence, the possible beginning
of symbols entering the domain are [[G1, G2]] and [[G2, G1]]. In order to complete the
synthesis in this case, we have to compute the cut time and cut locus. In fact, the two
kinds of extremals intersect before their second switching time. Let us prove it.

Go! Gat | { t

G, ; ) ‘ Gy
fa >0 f2 <0

Fig.1 The syntheses when f, # 0in (R4 x Ry) \ {0}
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Ao

G
azg +bzg < 0 and a;; +b37 >0

G2

G
asg +bog =0and ajy +by; >0
and azo + bzo < 0

G
a11 +b11 =0 and a2 + b2o < 0
and a12 + b12 >0

Fig.2 The syntheses when ajg + b1p = 0 and A is a turnpike

Fix an €5 > 0 and consider at time ¢ > €3 the extremal with symbol [[G2, G1]] switching
at time €. One computes easily that x(t) = ¢t — €3 and y(¢) = €;. For an €; > 0 and the
extremal with symbol [[G1, G;]] switching at time €1, one gets by integrating the equations

1
x(t) = €1 +ajper(t —€1) +020€f(t —€1)+ E(a%o +an)e(t — e1)?
1
+a30€f'(l‘ —€)+ 5(361106120 +az1 +anbi)el(t — €1)?
115 3 ;
+§(§a10 + 5410411 +ap)e(t —e1)
1
y(t) = (t — €1) + bioe1 (t — €1) + baoei (t — €1) + E(aloblo +bier(t —€)?

1
+b3g€; (1 — €1) + E(azoblo + b1ob11 + 2a10b20 + b21)€12(l‘ —e)?

11
+§(§(a120 + a11)b1o + aiobi1 + bi2)er (t — €1)°

Assume first that ag + byo > 0 and aj1 + b11 < 0. Along the first front (depending on
€7) x +y =t when along the second x +y =1 + €1 (t — €1)((a20 + b20)€1 + %(an +b11),
hence, they are transverse at

t

1— 2(az0+b20)
aj+byy

€] =

—2920=b20 ) 4 5(x). As seen previously, the

and they intersect at a point such that y = an—bi

switching locus for extremals with symbol [[G2, G1]] satisfies y = —%x +o0(x) hence

it stops to be optimal before switching. The same holds true for the extremals with symbol
[[G1, G2]]. Finally, the cut locus satisfies

axo — by

Xeur + 0(Xeur)
aj; —bn

Yeut = -2
and is tangent to A,.
The same computations can be done when G or G is tangent to A;. Then one computes
that the extremals lose optimality by crossing the cut before the second switch and that

if axg + byo = 0 then

b
3030 + 30x2_

2
+o(x-,.),
ap + by M cut

Yeur = —
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e ifay; + b1 = 0then

lan+bn , 2
2 a20 + b20 ycut + O(ycut)'

In all cases, the cut is tangent to Aj and the contact is of order 2 when (azo + b2o)(a11 +
b11) =0.
In this case 3, the picture of the synthesis is given in Fig. 3.

Xeut =

Remark 5 Using the symmetries presented in Section 3.7, one can obtain from the optimal
synthesis in the domain R x R, the optimal synthesis in the three other domains.

4.1.3 Optimal Synthesis in the Domain R_ x R_

The dynamics entering R* x R* is with u; = —1 since u switches (Propositions 4 and 5).
Three different cases can be identified.

Ist. case. A N (R_ x R_\ {0}) is empty locally. No uj-singular enters the domain. It
corresponds to the case (N F,) where |ajg| # |b1o| and to the cases (N Fi.) and (N F1g4)
where ajo + b1op = 0 and

®  (ax + by)(arr +b11) >0,
® orayy + by = 0and (azo + b3o)(ai1 +b11) <0,
® orajy + by =0and (ax + by)(aiz + b12) < 0.

Only one uz-switch can occur along the extremal. One has f, > 0 in the domain if

® ajp+bp<0,
® orajg+ big=0andax + by > 0,
e oraj+ bio=0anday + byo =0and a;; + b11 > 0,

and in this case the possible extremals of the domain have symbol [[-G]] or [[-G>]] or
[[G1, —G>3]]. One has f> < 0 in the domain if

® ap+bo>0,
® orajg+bjp=0anday + by <0,
® oraj+bio=0and a9+ byo =0and a;; + b1 < 0.

and in this case, the possible extremals of the domain have symbol [[—G1]] or [[-G2]] or
[[-G2, =Gl

G2 G2 G2 // Cut locus
_—1
Cut locus e
Cut locus
/
-/
/ —
A
1
- — 1 | =
Gy G G,
az0 + b2p > 0 and a1 +b11 <0 az0 + b2p =0 and a11 +b11 <0 a1l + b11 = 0 and az09 + b2p > 0

and agg + bzg > 0 and ajp + b1z <0

Fig.3 The syntheses when ajo + b9 = 0 and A, is not a turnpike
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2nd. case. A N (R* x R*) is not empty locally and is a turnpike. It corresponds to the
cases where ajg + b19 = 0 and

® a + by <0andaj; + b1 > 0,
® oray + by =0andar; + by > 0andazg + b3g > 0,
e oraj +bip =0andaxy + by <0andajp + b1p <O0.

In this case, the possible symbols for extremals are [[-G1]], [[-G2]], [[S, , —G1]] and
[[S; , —Gall.

3rd. case. A N (R* x R*) is not empty locally and is a anti-turnpike. It corresponds to
the cases where ajg + b19o = 0 and

®  axy+ by >0andaj; + b1 <0,
® oray + by =0andai; + by <0andazg+ b3 <0,
e oraj + b1 =0andaxy + byo > 0and ajp + b1p > 0.

The only optimal symbols are [[—G1]], [[G21], [[-G1, —G2]l, and [[—G3, —G1]].
Moreover

e ifayy+ by > 0andaj; + b1 < 0, the cut locus satisfies
axy + by

Yeut = —2mxcut + o(xeur),
e if axg + byo = O then
azo+ b3 5 2
Yeur = _3mxcut + o(xzu),
e ifay; + by = 0then
lap+bn ,

Yeur T O(ygm)'

Xeut =

" 2ax + by

In all cases, the cut is tangent to A and the contact is of order 2 when (azo + bao)(a11 +
bi1) =0.

4.1.4 Optimal Synthesis in the Domain Ry x R_
The dynamics entering Rj_ x R* is with up = 1 since u; switches (Propositions 4 and 5).
Three different cases can be identified.

Ist. case. AN (Ry x R_\ {0}) is empty locally. No u1-singular enters the domain. It
corresponds to the case (N F1,) where |ajg| # |b1o| and to the cases (N Fip) and (N F1g)
where a9 — b1p = 0 and

®  (ax0 — by)(air —b11) <0,
® oray — by = 0and (azg — b3o)(ar1 — b11) <0,
® oraj — by =0and (az — bo)(aiz — b12) > 0.

Only one u1-switch can occur along the extremal. One has f; > 0 in the domain if

® ap—bi=>0,
® orajp— b]o =0and any — bzo > 0,
o oralo—blo:0anda20—b20:0anda11—l—b“<0,

and in this case, the possible extremals of the domain have symbol [[G1]] or [[—G2]] or
[[—G2, G1]]. One has fi < 0 in the domain if
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® ajp—bio<0,
e orajg—bio=0anday — by <0,
® orajg—bio=0and arxy — byo =0and a;; — b1 > 0.

and in this case, the possible extremals of the domain have symbol [[G]] or [[-G2]] or
[[G1, —G:]l.

2nd. case. A; N (RY x R¥) is not empty locally and is a turnpike. It corresponds to the
cases where ajg — b1p = 0 and

® ayy— by >0anday; — by >0,
L4 orazo—bz():OandaU—bll >Oanda30—b30>0,
o oraj; —byy =0andaxy — byo > 0and ajp — b1p < 0.

In this case, the possible symbols for extremals are [[G1]], [[—G2]l, [[SF, G111, and
(S}, —Gall.

3rd. case. A; N (R x R*) is not empty locally and is a anti-turnpike. It corresponds to
the cases where ajg — b1p = 0 and

® ay—by <0Oanday; — by <0,
® oray — by =0anda;; — by < 0and azg — b3 <0,
e oraj; —byy =0and axg — byg < 0and ajp — b1p > 0.

Then, the only optimal symbols are [[G]], [[=Gall, [[G1, —Goll, and [[—~Ga, G1]].
Moreover,

o ifayy— by < 0andaj; + b1 < 0, the cut locus satisfies

axo — by

Yeur = —2————Xeur +0(Xcur),
ay — by
e ifayy — byo = 0then
azo — b3o
Yeut = _37)631,” + 0()(3,”),
ay — by
e ifa;; —by1 =0 then
lLap —bi ,

Yeur T o(ycz-uz)'

Xeut = —
2 ax — by

In all cases, the cut is tangent to A1 and the contact is of order 2 when (axo — bao)(a11 —
b11) =0.
4.1.5 Optimal Synthesis in the Domain R_ x R4

The dynamics entering R* x ]R"jr is with up = —1 since u switches (Propositions 4 and 5).
Three different cases can be identified.

Ist. case. AN (R_- x Ry \ {0}) is empty locally. No u1-singular enters the domain. It
corresponds to the case (N F1,) where |ajg| # |b1o| and to the cases (N Fp) and (N F1g)
where a9 — b1p = 0 and

® (a0 — by)(air —b11) <0,
® orayy — by = 0and (azo — b3o)(ar — b11) > 0,
® oraj — by =0and (azg — bo)(aiz — b12) < 0.

Only one u1-switch can occur along the extremal. One has f; > 0 in the domain if
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® aj—bip>0,
e orajg— bio=0andayy — by <0,
® orajg—bio=0and arxg — byo =0and a;; + b1 > 0,

and in this case, the possible extremals of the domain have symbol [[—G1]] or [[G2]] or
[[—G1, G2]]. One has f; < 0 in the domain if

® aj—bp<0,
® orajg— bio=0andaxy — by > 0,
o oralo—blo:Oandazo—bz():Oandau—bn<O,

and in this case, the possible extremals of the domain have symbol [[-G1]] or [[G2]] or
[[G2, =Gl

2nd. case. Aj N (R* x RY) is not empty locally and is a turnpike. It corresponds to the

cases where ajg — bjp = 0 and

® a)y— by >0andaj; — by >0,
® oray —by=0anda;; —by1 >0andazyp — b3y <O,
o orau—b“:Oandazo—bzo>Oanda12—b12>0.

In this case, the possible symbols for extremals are [[—G1]], [[G2]], [[S; , —G1]], and
([S), G2l

3rd. case. Aj; N (R* x RY) is not empty locally and is a anti-turnpike. It corresponds to

the cases where ajg — b1o = 0 and

® a)y—byy<0andaj; — b1 <0,
® oray —by=0anda;; —bj1 <0andazyp— b3y > 0,
o orau—b“:Oandazo—bzo<Oanda12—b12<0.

Then the only optimal symbols are [[—G1]], [[G2]], [[—G1, G2]], and [[G3, —G1]].
Moreover

if apg — bog < 0 and ajy + b11 < 0, the cut locus satisfies

axo — by

Yeur = —2———Xcur +0(Xcur),
ay — by
if a9 — byo = 0 then
azo — b
Yeur = _37)631,” + O(XL%MT)’
ay — by
if aj; — b1 = 0 then
Lap — b
Xeut = _77y02ul + o(yc2ul)'

2 ax — by

In all cases, the cut is tangent to A and the contact is of order 2 when (az9 — bao) (a1 —
b11) =0.

4.2 (NFy;) Case

Recall that the normal form (N F»,) gives

Gi(x,y) =, Galx,y) = (ao +ai0x + 01(x, )3 + (x + baox> + 0(x, y))dy,

with 0 < ag < 1.

@ Springer



480 Entisar Abdul-Latif Ali and Grégoire Charlot

A point where the normal form is given by (N F»,) is neither in A nor in A;. Hence, no
singular extremal will appear in the study of the local synthesis.

One can compute easily that, for any extremal starting at 0, ¢1(0) = le 0)(1 4+ ap) and
¢ (0) = 130)(1 = ag). With H = 0 it gives |1, (0)| = 1. Hence, since é1 = —ur¢p3 and
(i)z = u1¢3, if we want to study extremals that switch in short time, we need to consider ¢3
large that is || large.

Moreover, since along an extremal issued from O [x(z)| < 1 for ¢ small, one gets easily
that |x(¢)| <t and |y(t)] < 12 for t small enough. Hence ¢ (¢) = Hz“" Ax(0) +x(t)Ay(0) +
o(t, x(t)1y(0)) and ¢ (1) = 1_2”0 Ax (0)+x(2)Ay (1)+o(2, x(t)1y(2)). This implies that if one
wants to consider an extremal switching at time t small, he should consider initial condi-
tions A, (0) ~ % Inversing the point of view, if we consider an initial condition A, (0) = %
with rg small, the switching time should be of order 1 in rg. This motivates the following
change of coordinates on the fibers of the cotangent: r = )\%’ p = r\y and the change of

times =t/r.
4.2.1 Equations of the Dynamics

With the new variables (x, y, p, r) and the new time s, the Hamiltonian equations become
X=rif oy p =D, P =5y p =D+ Sy p D),

y/:r%(xvysp’_l)! ’”/Zrz%(xdhp’—l)-

/

Now, looking for the solutions as taylor series in rg, that is under the form
x(rg,5) = x1()rg + x2(5)rg +0(rg),  p(ro.s) = pi()ro + pa(s)rg +o(rd),
Y(ro,5) = y2()rg + y3(s)rg +0(rg),  r(ro,s) = ro+ra(s)rg +o(rg),

one finds the equations

uy—up

x) = wtuy Lguzao, Xy = “5=2ay0x1,

vy = 37, ¥y = M52 (byox? + x2),

p; = —"5%2x1, Py = =52 (aop1 + 2bxx1),
ry =0,

with the initial conditions x1(0) = x2(0) = y2(0) = y3(0) = p2(0) = r(0) = 0 and
p1(0) = =1.

4.2.2 Computation of the Jets

Using these equations, we are able to compute the jets with respect to rq of four types of
extremals: depending on the sign of p;(0) = £1 and of r¢. For each of these types, we can
compute the functions x1, x2, y2, ¥3, p1, p2 of the variable s for the first bang. We can then
compute the jets of ¢; and ¢, for the first bang and look for the first switching time under
the form s;1 = s10 + s1170 and then repeat the procedure for the second bang and so on.
Finally, if we denote 6, = sign(p(0)) and §, = sign(rp) then the controls during the first
bang are u; = us = 8. The first time of switch is

s1 =681 = &rap) — 8, (1 — 8ra0)(8raio + b2o — 8raob20)ro + o(ro)

and corresponds to ¢z(s;) = 0if §, = 1 or ¢1(s;) = 0 if §, = —1. The second bang
corresponds to u; = 6,6, and up = —§,4, and the second switch is at

s2 = 68,3 = 8rap) — 8,((1 — 8,ap)(8raio + bao — 8,a0b29) + 4b29)ro + o(ro)
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where ¢1(s2) = 0if §, = 1 and ¢ (s2) = 0if §, = —1. At this time
x(52) = 8,8 + ao)ro — 8,(8, + ao)(—8ra1o + bao + 8,aob20)rg + o(ry),
4
y(s2) = 28,73 — 8p3(—a0aro + 3bx + agbo)ry + o(rd).

The third bang corresponds to u; = up = —1ifé, = landtou; = up = 1if §, = —1.
The third switching time satisfies s3 = §,(5 — §,ap) + O(rp) and the corresponding time #3
is larger than the cut time as we will see later.

Let us analyze a little the situation in terms of cut locus for these extremals: if we consider
the extremals with §, = §, = 1, they all start following G, without loosing optimality.
Then they switch to G, at t = ro(1 — ag) + o(ro). During this second bang, they do not
intersect one each other since they are all following G, with a different initial condition
on {x > 0,y = 0}. Then they switch to —G but at a different y hence again they cannot
intersect. The loss of optimality cannot come from an intersection with extremals with §, =
—1 since these last one live in {y < 0}. As we will see in the following, the loss of optimality
will come from the intersection with an extremal with —§, = §, = 1 during the third bang.
Of course, the same occurs for extremals with §, = —1.

Fix a small parameter p > 0. Since the dynamics during the third bang of all the
extremals is given by =G| = %0y, y is constant during these third bangs. Hence, for the
extremals with 8, = 1, we can look for the g, as a jet in p, such that y = 2,02 during the
third bang, and for the extremals with §, = —1, we can look for the rg, as a jet in p, such
that y = —2p2 during the third bang. The result is

1
0. = 8rp + 8,8 7 (—avaro + 3bx + aib)p’ + o(p?)
which allows to compute

3ayo — aZaio + 8,620 — 3aghao + ajbao
0 r . 0920 2 4 o(p?).

Hence, we can compute x(¢) = x(t2) + (¢ — t2) for this rg that is

tp = (3 —drap)p — Srfsp

2
x(6) = =8yt +8,4p — T (~aoaio + 3bxo + agbr)p* + o(p?).

We are now in situation to complete the computation of the jet of the cut locus: an
extremal intersects an extremal of same length at the time #.,; = 4p + o0(p?) which is less
than 13 = (5 — §,a0) p hence 1, is the cut time. When §, = 1 the cut point satisfies

2
Xeur = —g(—aoam +3byg + agbr)p® + 0(p?),  Yeur = 2%,

and when é, = —1 the cut point satisfies

x ——%(—a 3b Zbao) p* 2 = —2p°
eu = =3 0a10 + 3b20 + agbr0)p” +0(p7),  Yeur = —2p".
Finally, if one wants to describe the sphere at time ¢ small, one have that the first
switching time is
t1 = 8:(1 — 8,a0)ro — 8,(1 — 8,a0)(8ra10 + bao — 8raoba0)ry + 0(ry)
and hence, at ¢ small, the ro corresponding to a first switching point is
t 8raio + bao(1 — 8,a0) ,

= + 5,8 2 4+ o(1?).
8 (1 —8,a0) P (1 —ap)? o)

r
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The second switching time is
ty = 8,3 = 8rap)ro — 8 ((1 — 8rap)(8raio + bao — 8rapbro) + 4b20)r02 + O(Vg)
which implies that, at # small, the ry corresponding to a second switching point is

t 5 (1 — 8ra0)(8raio + bao — 8raobao) + 4b2g 2
8-(3 = 8ra0) 8r(3 —8rap)3

And the cut time is

ry = 2+ o(?).

1
feur = 48:(r0 — 8,8 3 (—aoaio + 3bx + agb0)rd) + o(rd)

which implies that at ¢ small the rg corresponding to a cut point is

Teur = ( + *( a0a10+3b20+aob20)t ) 4 o(t?).

4.3 (NFyp) Case

Recall that the normal form (N F»p) gives G1(x, y) = 9y, and
Ga(x, y) = (1 +ajox + aory + az20x? 4+ 02(x, )dx + (x + box? + byox® + 03(x, ¥))dy.

In this case, the extremals with initial condition |A,(0)| >> 1 are the limit when a goes
to 1 of the extremal presented in the case (N F2,). If A,(0) >> 1 then the symbol starts
with [[G2, —G1]] or with [[-G2, G1]] and if —A,(0) >> 1 then the symbol starts with
[[G1, —G2]] or with [[-G1, G»]] (Fig. 4).

But F>(0) = 0 then for all extremals ¢,(0) = 0. Hence, an extremal may also, depending
on the invariants, have symbol starting by [[G2, G1]], [[G1, G2]], [[ST, Gillor [[ST, Gall
if Ax(0) = 1, or starting by [[—G2, —G1]], [[-G1, —G2IL, IS, , —Gill or [[S, , —G2]] if
Ax (O) = -

If 1, (0) = 1 then at least for small time u#1(t) = 1 and x(¢) =t + o(¢) and y(t) = o(t).
Then, computing ¢, one finds ¢ (1) = —A, (1) 4L —A, (t)%+0(t) (HIOM’ © Yt +o(t).
Hence if 1,(0) > —ajo then, since ¢>(0) < 0 for small time, the extremal starts by a bang
following G2. If 1, (0) < —ajg then ¢>(0) > O for small time and the extremal starts by a
bang following G .

.
/
1 Cut locus

\§ﬁ7/j77/
N g

Second switching locus

\
1 Cut locus

Second switching locus

Fig.4 The optimal synthesis in the (N F»,) case
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If Ax(0) = —1 then at least for small time u;(f) = —1 and x(¢) = —t + o(¢) and
y(t) = o(t). Then ¢ (t) = (M)z + o(t). Hence if A, (0) > ajo then, since ¢>(0) < 0
for small time, the extremal starts by a bang following —G1.If 1, (0) < ajo then ¢2(0) > 0
for small time and the extremal starts by a bang following —G>.

In coordinates, one can compute that

1
det(F2, [F1, F2D(x,y) = Z((awbzo — az0)x* +ag1y) + 02(x, y)

where x has weight 1 and y has weight 2. Since generically at such points (which are isolated
points) ag; # O then an equation for Aj is given by

axp — aiobao
y = = T2 4 o(xd).
aopl

Remark that generically % is neither 0 nor J. Moreover

_det(Fy, [F1, B])(x,y)  ((a10b2 — a20)x* + a1 y) + 02(x, y)
L. y)=— = .
et(FZ!Fl)(x’ )’) 2x

Recall that an equation of the support of the integral curve of G| passing by Ois y = 0
and that an equation for the support of the integral curve of G, passing by Ois y = % +
o(x?).

If W < O orif % > % then A, does not enter the domain D = {x >

0,0 <y< %} and along it G| and G, point on the same side of A, hence A5 is not a
turnpike. In these cases

— ifajobag — azp > Othen f> > 0in D and the new extremals, that are not described as
limit of the case N F,, have symbol [[G2, G1]].

— ifajobao — azo < Othen f> < 0in D and the new extremals, that are not described as
limit of the case N F»,, have symbol [[G1, G2]].

If0 < % < % then A, enters D and along it G| and G, point on opposite sides of

A». In this case:

— ifajobao — azo > 0 then, along Ar ND, G points in direction of f, > 0 and Aj isa
turnpike. Then, the only extremals entering the domain D start with a singular arc and
have symbols [[S; 11, [[S5, G11l or [[S5, G2]1.

— if ajobyg — a0 < O then, along A, N D, G points in direction of f, < 0 and Aj
is not a turnpike. In this case, the symbols start with [[G1, G2]] and [[G2, G1]]. One
can compute, with the same techniques that in Section 4.2.2, the switching times and
the second switching locus for extremals that enter the domain D, that is for extremal
with initial condition Ay(0) = —ajo + 8¢ withe > O smalland § = £1.If § < O
then the symbol is [[G1, G2, G1]] and the switching times are #; = < and

, azo—aiobao
h=t+ <

T 2an2arob the second switching locus being

(€) apl€
X(€) = .
(az0 — a10b20)(ao1 — 2a20 + 2ay0b20)
2(ag) — axo + ajobao)e?
y(€) =

(a20 — arobao)(ao1 — 2az0 + 2aioba0)?’
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If § > O then the symbol is [[G2, G1, G2]] and the switching times are #; =

2e _ € . . .
20T =2anF2aiob0 andt, =t + Z0=aihn’ the second switching locus being
apl €
x(e) = ,
(a20 — a10b20) (ao1 — 2az0 + 2ai0b20)
2¢?
y(e) =

(ao1 — 2a20 + 2a10b20)?’

In fact, these extremals lose optimality before the second switching. Effectively, the two
fronts intersect before creating cut locus. In order to compute this cut locus, one can
compute the jets of the two corresponding families of curves: the first one following G
during time €17 then following G, during time €12, with €11 + €12 = 7; the second one
following G, during time €51 then following G during time €),, with €31 + €25 = t.
Writing €11 = ¢t — €12 and €3 = t — €31 and then €15 = 511 + sot2 + o(tz) and
€1 = hi+nt*+ o(tz), one can compute the jets with respect to ¢ of both families and
compute the cut locus. On finds

ag) — 6(c — ajoB) — 2(ao1 — 3(a — a10B))s1 + (ao1 — 2(e — ayoP))s?
2(a —a10B) (=2 +s1)

1=

and
o 1—2y +8y2 -2y
= 1+ 492
2
where o — a01+2t;20+am’ B = 2b206+a10’ y = 1101—%5)510@' Under the hypotheses of

this case, one proves easily that % < y < 1 which allows to prove that the expression in
the formula of s; varies between 0 and 1. Finally, one gets the formula for the cut locus

1 1
xX(0) =1+ 5 Qaps1 = awosH’ +o(?), y(1) = 5251 = D% + o).

Hence, the only optimal symbols entering the domain D are [[Gi, G»]] and
[[G2, Gl

Pictures for the (N Fyp) case are in Figs. 5 and 6.

Aa Ap .
Cut locus Cut locus

G

G2

—~,Cut locus

Fig

2

“(‘lll locus Cut locus

If a10b20 — a20 > 0 If a10b20 — a20 <0

.5 (NFy,) case: when 0 < 920=d10bu

1
ao 2
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Aal Aa

/Cut locus "(‘ul locus

~ G ' F 4

Go

‘t‘(‘ul locus \‘\(‘nl locus
If ajgbag — asg >0 If a10bag — asp <0

Fig.6 (N Fap) case: when % <0or %iobzo >4

4.4 (NF3) Case

Recall that in the (N F3) case, x has weight 1 and y has weight 3. Hence, we can write

Gi(x,y) =
2

X
Ga(x,y) = (ao +ajox +o(x, y))dx + <7 + bory + box® + 03(x, y)) dy

with b1 # 0and 0 < ap < 1, where ok (x, y) has the meaning given in Section 3.5. As in
the (N F,p) case, for any extremal starting at 0,

1 1
¢1(0) = 72 0)(1 +a0) and  $2(0) = 52,(0)(1 — ).

And for the same reasons, if we want to study extremals that switch in short time, we need
to consider |Ay| large.
The set of initial condition is {(Ax(0), Ay(0)) | Ax(0) = £1}. We parameterize the upper

part of this set by setting A, (0) = riz and the lower part by A, (0) =
As explained in Section 3.4, in order to compute extremals with A,(0) >> 1 we make
=27 = r% and the change of time s = L.

the change of coordinates r =

N
Now, looking for the solutions as taylor series in rg, that is under the form

X (ro, s) = Xo(s) +roXi1(s) +0(@ro), Ax(ro,s) = Aro(s) +roAxi(s) + o(ro),
Y(ro,5) = Yo(s) +roY1(s) +o(ro),  r(ro,s) = ro+rg ra(s) + 02(ro)
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one finds the equations

/ 1 ag
Xo(s) = E(”l +uz) + ?(ul — uz),

(w1 —u3)
4

1
Y5(s) = 4 = u2)X5(s),

X\(s) = (2aio — bo1) Xo(s),

(w1 —uz)

Y{(s) = (2b30X3(s) + 2X0(5) X1 (s) — bo1 Yo(s)),

1
Mools) = —E(m —u2)Xo(s),

() = —@(amm(s) + 3b30X3(s) + X1(s)),

bo1
ré(s) = T(’/ll —uz),

For an initial condition A,(0) = 1, one find ¢;(0) > 0 and ¢>(0) > 0, hence u(0) =
u2(0) = 1. One can integrate the equations and look for the first switching time as a Taylor
series s1 = s& + rosll + o(rp) and compute ¢, (ro, sé + ros} + o(rp)) in order to compute

Sol = \/Em and Sll = —ajg — 2b30(1 — ao).

At the switching time

X = V2JT=a0 — (ai0 + 2b30)(1 —ag)ro, Ax(s') =1,

Y@ =0, r(shy = ro.
After this first switch ¢1(0) > 0 and ¢2(0) < 0, hence u1(0) = 1 and u(0) = —1.
We can compute and look for the next switching time and one finds that ¢; goes to 0 at
s = sg + rosl2 + o(rg) with

J14+ag—+/1—
2 sé—}-ﬁ il ao’

Sy =

ao

L, bon - a0)? — T+ ao(l — 2ap)) — 12b30a2 /T + ao
S .

2
1 = 51
3a§ 14+ ag

At the second switching time

X(s2) = V21 +ao

N 3aoao/1 + ao + bo1 (1 — ao)% —(1 +a0)%) — 6b3pap(1 +ao)% .

3ap+/1 + ag 0
2 V2((1+ap)? — (1-ap)?)
Y(s7) =
3ap
2bo1 (1 —ag +a§ - - ao)%vl +ap) + 12a(2)b30
- T
5 ,
3a;
Aa(s?) = —1,
5 W1+ap—1—ag)bor »
r(s?) =ro+ rg.
V2a
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After this second switch, ¢1(0) < 0 and ¢2(0) < 0, hence u1(0) = u3(0) = —1. One can
compute the third switch as being s> = sg + r0s13 + o(rp) with

3 3
2((1 +ap)?2 — (1 — ap)2)bor
3_ 2 3_ 2
Sn =5, +2\/§«/1+a0, §7 =87 — .
00 L= 3ag/T+ ao

At this time X (s%) = —V2JT ¥ap+ O (ro) and we will see that this third switching time
comes after the cut time.

The same computations can be done for the extremals starting with A, (0) = —1. We use
the notation z for variables z corresponding to these extremals. During the first bang the
controls are u; = up = —1, during the second it; = 1 and i = —1 and during the third
one ii] = iip = 1. The switching times are 5' and 52 satisfying

50 = V2T ¥ ao, 51 = —aio + 2b30(1 + ag),

3
2 -1 m_m 2 - b01((l+ao)77\/17a0(1+2a0))+12b30a§«/lfao
S5 =5+ ﬁiﬂo , s =5+ 32T .

And at the second switching time

XG5Y = —vV21 —ag

—3ajoap/1 — ag + bo1 ((1 +ap)2 — (1 —ap)2?) — 6b3pap(l —ap)? _

+ 9
3ap/1 — ag "0
o V2 +ap)t — (1—ap)h)
Y(°) =
3agp
201 (1 + ao + a2 — VT—ao(l + ap)3) — 12albsg _
- 2 ro,
3ay
() = —1,
_ _ W1H4ao—+1T—apbo -
r(sT) =710+ g
V2a

One can compute that at the third switching time X (53 = V2T = ag + O(rp).

We are now ready to compute the cut locus. As one can estimate easily, an extremal
starting with A,(0) > O intersects an extremal starting with A, (0) < 0, both during their
third bang. Moreover, since Y (s2) = Y(5%) + o(rp) one have that 7y = rg + o(rp).

3 3
V2((1+ag)2 —(1—ag)2) 3 We write
3ag P

Fix p and look for the extremals intersecting at y =

3 3
70 = p + Reurp? + 0(p?) and look for Ry, such that roY (s?) = ﬁ((1+a0)32(:(1_a0)2)03 +
o(p*). We find

V2((=2a3 + 2 + ap)(—1 + /1 — a2))bo1 + 6a2b30)
3ao((1 +ap)? — (1 — ap)?) '

cut =
For 7y = p + Rews p* + 0(p?) one finds

V2((—2a3 + 2 — ag)(—1 + /1 — a}))bo1 — 6aZb30)
3ao((1 +ap)? — (1 — ap)?) '

Reur =
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With these values, we can compute the second switching times 1> = rs? = tlzp + t22 0%+
o(p) and 1, = 5% = t}p + 13 p* + 0(p?) with

2 ﬁ( l—ao—i—m_m)

0
2(—4 +ag — 243 +ai + (=1 +ap),/1 —a})
3+a(2)
L (554200 — 6a3 + aj)/T+ag — (=5 — 3ag + a3 + 3a))/T— a,
3ag/T+ao2 + /1 - aj)
— VI —JT=
t2=ﬁ< 1+ap+ +aa ao)

0

= —ajo +

MN
|

30

01

_ 204 +ag +2a +a3) + (1 +ap)\/1 —ad)

ty = —aio+ b3o

3 —I—aé
(=5 +3ag + a5 — 3ag)/T+ ao + (5 +2ap + 6ag + ag)/T = a,
3a§«/l —ap(2+,/1— ag)

01

and the x coordinates of the point of second switching under the form x = x;p + x2p% +
o(p3) and X = X1 p + %20 + 0(p>) with

2/2(1 +3a3 — (1 —ad)?)

X = 3 7
ao((1 +aop)? — (1 —ap)?)
5+ao+5a — (5+ao),/1 —a}
X = — 5 bo1 — 4b30,
3ag
_ 2/2(1 +3a2 — (1 —ad)?)
X1 == 3 3’
ao((1 +aop)? — (1 —ap)?)
5—a0+5a§+(—5+a0) l—ag
X = bo1 — 4b3p.

2
3ay

One find easily that the cut locus is at x, = #,0 + @pz + 0(p?) that is

ap
xby = — | ————=—="bo1 +4b30 | p* + 0(p?).

314 /1 -aj)

V2((1 +ap)? — (1 —ao>%)p3

+
y =
cut 3a0
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, Cut locus

Second switching locus

Fig.7 The synthesis in the (N F3) case

When —2,(0) >> 1, then we setr =

is very similar

\ Second switching locus
\
\
\

Cut locus

1

VR

_ ap 2 2
Xeyr = ———————bo1 +4b3o | p” + 0(p"),
31 +,/1—ad)
3 3
_ V2((1+ag)? — (1 —ap)?)
Yeur = — P

3ap

. Equations are changed but the final result

Finally, the cut locus appears to be a cusp whose tangent at the singular point is the

tangent to A 4, see Fig. 7.
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