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Abstract

In this paper, we consider a viscoleastic equation with a nonlinear feedback localized on
a part of the boundary and a relaxation function satisfying g’(r) < —&()G(g(t)). We
establish an explicit and general decay rate results, using the multiplier method and some
properties of the convex functions. Our results are obtained without imposing any restrictive
growth assumption on the damping term. This work generalizes and improves earlier results
in the literature, in particular those of Messaoudi (Topological Methods in Nonlinear Analy-
sis 51(2):413-427, 2018), Messaoudi and Mustafa (Nonlinear Analysis: Theory Methods &
Applications 72(9-10):3602-3611, 2010), Mustafa (Mathematical Methods in the Applied
Sciences 41(1): 192-204, 2018) and Wu (Zeitschrift fiir angewandte Mathematik und
Physik 63(1):65-106, 2012).
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1 Introduction

In this paper, we consider the following viscoelastic problem:

i (1) = Du(t) + fyg(t = ) Auls)ds = 0, inQ x RT

Bu(ty — fo8(t —5)(s)ds + h(u; (1)) =0,  onTy x RY (LD
u(t) =0, onTp x Rt ’
u(x,0) = uog(x), u; (x,0) = ui(x), in Q2 x Rt
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where u denotes the transverse displacement of waves, 2 is a bounded domain of RN(N >
1) with a smooth boundary 02 = I'o U I'; such that I'g and I'y are closed and disjoint, with
meas. (I'g) > 0, v is the unit outer normal to d€2, and g and / are specific functions.

During the last half century, a great attention has been devoted to the study of viscoelastic
problems and many existence and long-time behavior results have been established. We
start with the pioneer work of Dafermos [5, 6], where he considered a one-dimensional
viscoelastic problem of the form

t
PUt = Clxx — / gt — $)uxx(s)ds,
—o0

and established various existence results and then proved, for smooth monotone decreasing
relaxation functions, that the solutions go to zero as ¢ goes to infinity. However, no rate of
decay has been specified. Hrusa [7] considered a one-dimensional nonlinear viscoelastic
equation of the form

t
ot — cits + fo m(t — )W G ())xds = £r. 1),

and proved several global existence results for large data. He also proved an exponential
decay result for strong solutions when m(s) = e~ and  satisfies certain conditions. In
[8] Dassios and Zafiropoulos considered a viscoelatic problem in R* and proved a poly-
nomial deacy result for exponentially decaying kernels. In their book, Fabrizio and Morro
[9] established a uniform stability of some problems in linear viscoelasticity. In all the
above mentioned works, the rates of decay in relaxation functions were either of exponen-
tial or polynomial type. In 2008, Messaoudi [10, 11] generalized the decay rates allowing
an extended class of relaxation functions and gave general decay rates from which the expo-
nential and the polynomial decay rates are only special cases. However, the optimality in
the polynomial decay case was not obtained. Precisely, he considered relaxation functions
that satisfy

g1 < —Emg), t =0, (1.2)

where £ : RT™ — R™ is a nonincreasing differentiable function and showed that the rate of
the decay of the energy is the same rate of decay of g, which is not necessarily of exponential
or polynomial decay type. After that a series of papers using Eq. 1.2 has appeared see, for
instance, [12—18] and [19].

Inspired by the experience with frictional damping initiated in the work of Lasiecka and
Tataru [20], another step forward was done by considering relaxation functions satisfying

g ) < —x(g)). (1.3)

This condition, where x is a positive function, x(0) = x’(0) = 0, and y is strictly
increasing and strictly convex near the origin, with some additional constraints imposed on
X, was used by several authors with different approaches. We refer to previous studies [21—
27] and [28], where general decay results in terms of y were obtained. Here, it should be
mentioned that, in [26], it was the first time where Lasiecka and Wang established not only
general but also optimal results in which the decay rates are characterized by an ODE of the
same type as the one generated by the inequality (1.3) satisfied by g. Mustafa and Messaoudi
[29] established an explicit and general decay rate for relaxation function satisfying

g'(n) < —H(g(1), (1.4)
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where H € C!(R), with H(0) = 0 and H is linear or strictly increasing and strictly convex
function C? near the origin. In [30], Cavalcanti et al. considered the following problem

|t |Puge — Au — Auyy + [y 8(t — 5)Au(s)ds = 0, in Q@ x R*,
ulx,t) =0, onI x RT, (1.5)
u(x,0) =uo(x), wu;(x,0) =uix), in @ x R,

with a relaxation function satisfying Eq. 1.4 and the additional requirement:

lim inf x*H” —xH' + H(x) > 0,

x—>0t

and that yl‘“o e L (1, 00), for some «g € [0, 1), where y(t) is the solution of the problem
y' (1) + H(y@) =0, y(0) = g(0) > 0.

They characterized the decay of the energy by the solution of a corresponding ODE as
in [20]. Recently, Messaoudi and Al-Khulaifi [31] treated (1.5) with a relaxation function
satisfying

gt < —E0gr®), vVt >0, 1 <p< % (1.6)

They obtained a more general stability result for which the results of [10, 11] are only
special cases. Moreover, the optimal decay rate for the polynomial case is achieved without
any extra work and conditions as in [25] and [20]. For stabilization by mean of boundary
feedback, Cavalcanti et al. [32] studied (1.1) and proved a global existence result for weak
and strong solutions. Moreover, they gave some uniform decay rate results under some
restrictive assumptions on both the kernel g and the damping function h. These restrictions
had been relaxed by Cavalcanti et al. [33] and further they established a uniform stability
depending on the behavior of h near the origin and on the behavior of g at infinity. In the
absence of the viscoelastic term (g = 0), problem (1.1) has been investigated by many
authors and several stability results were established. We refer the reader to the work of
Lasiecka and Tataru [20], Alabau-Boussouira [34], Cavalcanti et al. [35], Guesmia [36, 37],
Cavalcanti [38] and the references therein.

2 Preliminaries

In this section, we present some materials needed in the proof of our results. We use the stan-
dard Lebesgue space L?(£2) and the Sobolev space HO1 (£2) with their usual scalar products
and norms and denote by V the following space

V={veH(Q):v=0on o).

Throughout this paper, c is used to denote a generic positive constant.
We consider the following hypotheses:

(Al) g:R* — R*isa C! nonincreasing function satisfying
+00
g(0) >0, 1 —/ g(s)ds =€ >0, 2.1)
0

and there exists a C! function G : (0, c0) — (0, 0o) which is linear or it is strictly
increasing and strictly convex C? function on ©O,r1], r1 < g(0), with G(0) =
G’ (0) = 0, such that

g1 = -G8, vt =0, 22
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where £(¢) is a positive nonincreasing differentiable function.
(A2) h:R — Risanondecreasing C° function such that there exists a strictly increasing
function hg € C! (R*), with ho(0) = 0, and positive constants ¢y, ¢3, & such that

ho(ls) < |h()l < hy' (s forall  |s| <e,
cils| < |h(s)| < cals| for all |s] > e. 2.3)

In addition, we assume that the function H, defined by H(s) = /sho(/s), is a
strictly convex C? function on (0, r;], for some r» > 0, when Ay is nonlinear.

Remark 2.1 1t is worth noting that condition (2.3) was considered first in [20].

Remark 2.2 Hypothesis (A2) implies that sh(s) > 0, for all s # 0.

Remark 2.3 If G is a strictly increasing and strictly convex C? function on (0, r1], with
G(0) = G'(0) = 0, then it has an extension G, which is strictly increasing and strictly
convex C2 function on (0, 0o). For instance, if G(r1) = a, G'(r]) = b, G (r}) = ¢, we can
define G, fort > rq, by

G(@t) = %tz + (b —crt + (a + %rlz — br]) . 2.4)
The same remark can be established for H.
For completeness we state, without proof, the existence result of [32].

Proposition 2.4 Let (ug, u1) € V x L2(Q) be given. Assume that (A1) and (A2) are
satisfied, then the problem (1.1) has a unique global (weak) solution

ue CRY; V)NC'RT; L2(Q).

Moreover, if
(o, u1) € (HX()NV) x V,

and satisfies the compatibility condition

oug
— +h(u1) =0 o0n I'y,
av

then the solution

ue LR HX(Q) N V)N WHRMRY; v) n WA @R L2(Q)).
We introduce the “modified” energy associated to problem (1.1):
1 s 1 ! s 1
E@t) = Ellur(t)llz +3 1= [ g(s)ds ) || Vu@®ll; + E(g o Vu)(1), (2.5)
0
where
t
(g0 Vu)(t) = / gt = 9)||Vu(t) — Vu(s)|3ds.

0

Direct differentiation, using Eq. 1.1, leads to

E'0) = (& 0 Va)®) — 580 / VulPdx — / wOhGu ()T <0, (26)
Q

Iy
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3 Technical Lemmas
In this section, we establish several lemmas needed for the proof of our main result.

Lemma 3.1 Under the assumptions (A1) and (A2), the functional

0 = [ wwuods
Q
satisfies, along the solution of Eq. 1.1, the estimate

¢ Co
w{(z)s—§||Vu(r)||%+||u,(r)||%+cz7(kow)<z>+c/ R (u (1))dT, Vit € RT,

I
3.1
where, forany 0 < a < 1,
o0 2
Ca =f Ls)/ds and k(1) = ag(t) — g'(0). (3.2)
o agls)—g'(s)
Proof Direct computations, using Eq. 1.1, yield
t
¥ (1) =/ utzdx—{—/ uAudx—/ u/ gt —s)Au(s)dsdx
Q Q Q Jo
t
:/ufdx— (1 —/ g(s)ds)/ |Vu|2dx—/ uh(uy)dT
Q 0 Q Ty
t
+/ Vu./ gt —s)(Vu(s) — Vu(t))dsdx. 3.3)
Q 0

Using Young’s and Cauchy Schwarz’ inequalities, we obtain

'
f Vu./ gt —s)(Vu(s) — Vu(t))dsdx
Q 0

2

t
58/ |Vu|2dx+i/ (/ g(t—s)|Vu(s)—Vu(t)|ds> dx
Q 45 Ja \Jo

< 5/ |Vul?dx +
Q

2
1 ! gt —ys)
— —5)—g'(t -9V -V d d
48/Q</0 \/ag(t—s)—g/(t—s)\/ag(t s) —g'(t —s)|Vu(s) u(t)| s) X

< 5/ [Vu|?dx +
Q

i (/tgz(s)ds) / /t [ag(l - S) — g/(t _S)] |VM(S) _ Vu(t)|2dsdx
45 \Jo ag(s) —g'(s) /) Ja Jo

1
< 5/ [Vu|?dx + — Cy(k o Vu)(1). (3.4)
o 48

Also, use of Young’s and Poincaré’s inequalities and the trace theorem gives

1
—/ uh(u;)dT 5/ u?dl + —/ h%(uy)dT
r, r, 48 Jr,

1
cp5/ |Vu|>dT + —/ h%(uy)dr . (3.5)
o 48 Jr,

IA

IA
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From Egs. 3.4 and 3.5, we have
t
/ Vu.f gt —5)(Vu(s) — Vu(t))dsdx —/ uh(u;)dl
Q 0 I

1 1
< (1+cp)5/ |Vu|2dx+—Ca(koVu)(t)+—/ h%(u;)dT
o 45 48 Jr,

1 1
< CS/ |Vu|2dx + —CqkoVu)() + —/ h2(u,)d1" 3.6)
Q 48 46 Jr,
Combining Eqs. 3.3 and 3.6 and choosing § = 2% leads to Eq. 3.1. O

Lemma 3.2 Under the assumptions (A1) and (A2), the functional

t
Vo) == —/ uz(l)/ gt —s)(u(t) —u(s))dsdx
Q 0
satisfies, along the solution of Eq. 1.1, the estimate

Y30 < 811 VumI = (fyg@ds = 8) s 13 + (G + DCa + ) (koViy ()
+e fp, B2 ()T, Vi e RY and 6 > 0. (3.7)

Proof By exploiting Eq. 1.1 and performing integration by parts, we arrive at

'
VAGES / Vu./ gt —s)(Vu(t) — Vu(s))dsdx
Q 0

t t
—/ </ gt — S)VM(S)dS) . (/ gt —s)(Vu(t) — Vu(s))ds) dx
Q 0 0
t
+/ (/ gt —s)(u() — u(s))ds) h(u;)dI’
I 0
t t
—/ ut/ gt — s)u(t) — u(s))dsdx — (/ g(s)ds) / udx
Q 0 0 Q

t t
= (1 —/ g(s)ds) / Vu./ gt —s)(Vu(t) — Vu(s))dsdx
0 Q 0

2

t
+/ ‘/ gt —s)(Vu(t) — Vu(s))ds| dx
Q1J0

t
+f (/ gt —s)(u() — u(s))ds) h(ug)dD
I 0
' t
—/ Mr/ g'(t — ) (u(t) — u(s))dsdx — (/ g(s)ds)/ udx.
e Jo 0 Q

Using Young’s inequality and performing similar calculations as in Eq. 3.4, we obtain

t t
(1—/ g(s)ds)/ Vu./ g(t—s)(Vu(s)—Vu(t))dsdx < 8/ |Vu|2dx+cca (koVu)(t)
0 Q 0 Q s

and

t
/ (/ gt — s)(u(t) —u(s))ds) h(uy)dT < cga (k o Vu) (1) +5/ h2(u;)dT .
r; \Jo r
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Also,
t '
—/ ut/ gt —s)u@) —u(s))dsdx = / u,/ k(t —s)(u(t) —u(s))dsdx
Q 0 Q 0
'
—/ ut/ ag(t —s)(u(t) —u(s))dsdx < 8/ utzdx
Q Jo Q

t 2
+% </ Vit —s)Vk( —s)|u(t) — u(s)lds) dx
Q 0

2 t 2
+OL </ gt —s)|u(t) — M(S)|ds> dx < 8/ utzdx
28 Q 0 Q

(Joktsas) W2C
+T(k ou)(t) + s

% (ko Vu)(t) <8 /Q uldx
+§(k o Vu)(1) + %(k o Vi) (1).
Combining all the above estimates, Eq. 3.7 is established. O
Lemma 3.3 Under the assumptions (A1) and (A2), the functional
Y3 () = /Q /Otr(t — $)|Vu(s)|*dsdx, (3.8)
satisfies, along the solution of Eq. 1.1, the estimate
Yi(t) < —%(g oVu)()+3(1 — Z)/g2 |Vu(r)dx. 3.9)
where r(t) = ft+°° g(s)ds.
Proof By Young’s inequality and the fact that r'(z) = —g(z), we see that
v3(1) =r(0) /Q Vu(r)Pdx — /Q /Otgu —$)|Vu(s)|*dx

t
:_/ / g(t — 9)|Vu(s) — Vu(r)*dsdx
QJO

t
—2/ Vu(t)./ gt —s)(Vu(s) — Vu(t))dsdx + r(t)/ |Vu(t)|2dx.
Q 0 Q
Now,
t
—2/ Vu(t).f gt —s)(Vu(s) — Vu(t))dsdx
Q 0

f(;g(s)ds
21— 1)

Using the facts that r(r) < r(0) =1 — € and f(;g(s)ds <1—¢,Eq.3.9is established. [

t
52(1—@/ |Vu(r)|>dx + /fg(t—s)|Vu(s)—Vu(t)|2dsdx.
Q QJ0O

Lemma 3.4 There exist positive constants d and t| such that

gt < —dg@t), Vtel0, 1] (3.10)
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Proof By (A1), we easily deduce that lim;_, 1~ g(#) = 0. Hence, there is #; > 0 large
enough such that

gt =r
and
gy =r, Vtz=n.
As g and £ are positive nonincreasing continuous and H is a positive continuous function,
then, for all ¢ € [0, #1],

{ 0 < g(t) < g(t) < g(0)
0<é&@) <&@ <£(0),

which implies that there are two positive constants @ and b such that
a<§M)H(g() < b.
Consequently, for all # € [0, #1],

a a
g0 < —EMHEW) < ————g(0) < ———g(1). (3.11)
g(0) 8(0)
O
Remark 3.5 Using the fact that _ag’) g(s) and recalling the Lebesgue dominated

ag(s)—g’(s)
convergence theorem, we can easily deduce that

[ 2
aCy = / _ 280 4o gasa 0. (3.12)
0o ag(s) —g'(s)

Lemma 3.6 Assume that (A1) and (A2) hold. Then there exist constants
N, Ny, N2, m, mg, ¢ > 0 such that the functional

L) =NE@) + N1y (1) + Noya (1) + moE(2)
satisfies, for all t > 11,

t
L'(t) < —mE(t) + c/ gt — s)/ [Vu(t) — Vu(s)lzdxds +c/ hz(ut(t))dr' (3.13)
131 Q Iﬂl
¢

Proof By using Egs. 2.6, 3.1 and 3.7, recalling that g’ = (ag — k) and taking § = N We
easily see that

, ¢ ¢ ) ¢ , o«
L) = - sM—7 Il Vull; — Nogi =7 =M ||ut||2+§N(g0Vu)(t)

v o (Sm+ 201 m) ) ko v
—|{=N——N; — — — o
2 ¢ 2T e g T TR "

+e(Ni + N2y | B (u)dT + moE'(1). (3.14)
Iy
At this point, we choose N; large enough so that
14

V4
Ny — = >4(1—¢
7N 4>( )

and then N, large enough so that

l
Nzgl—Z—N1—1>0.
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Now, using Remark 3.5, there is 0 < a9 < 1 such that if & < o, then
1

N2 ’
(g + 28 4 wa)

Now, we choose N large enough and « so that

(3.15)

aCy <

1 4c 1
fN——2>0anda=—<ot0,
4 N; 2N

which gives
VN e (S BN ) s 0
—N — —N4— — — > 0.
20 T g T e\t T e
Therefore, we arrive at

1
L'(t) < —4(1 = 0)|| Vu||% — ||u,||% + Z(g o Vu)(t) +c/ hz(u,)dl" +moE'(t). (3.16)
r

Using Eqgs. 2.6 and 3.10 we conclude that, for any ¢ > ¢,
1 _1 11
/ g(s)/ |Vu(t) — Vu(t — s)|*dxds < — / g/(s)/ IVu(t) — Vu(r — s)|*dxds
0 Q d Jo Q

< —cE'(t) (3.17)

Combining Eqgs. 3.16 and 3.17 and selecting a suitable choice of mq, Eq. 3.13 is established.
On the other hand (see [39]), we can choose N even larger (if needed) so that

L~E. (3.18)
O

4 Stability

In this section, we state and prove the main result of our work. For this purpose, we have
the following lemmas and remarks.

Lemma 4.1 Under the assumptions (A1) and (A2), the solution of Eq. 1.1 satisfies the
estimates

/ hz(ut)dF < c/ uth(uy)drl", if ho is linear “4.1)
I I
/ h2(u)dT < cH™'(J (1)) — cE'(1), if ho is nonlinear (4.2)
Iy
where
J(@) = — u; (Oh(u;(8))dT < —cE'(t) 4.3)
T2l Jry,
and

Fp={xel:|u @) <er}.

Proof Case 1: hg is linear. Then, using (A2) we have
cylusl < |h(up)| < chlugl,

and hence
h*(up) < chugh(uy), “.4)
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So, Eq. 4.1 is established.
Case 2:  hg is nonlinear on [0, &].

We establish this case, borrowing some ideas from [20]. So, we first assume that
max {rp, ho(r2)} < &; otherwise we take r, smaller. Let &1 = min {r», ho(r2)}. Using (A2),
we have, for g1 < |s| < ¢,

-1 -1
eyl < 2o WD o oD
5] 1]
and
oy = 10D hoder)

|51 le]

So, we deduce that

ho(Is]) < [h(s)] < hg'(Is]) forall |s| < ey 5)
cilsl < |h(s)| < chls| forall |s| > & ’
Then Eq. 4.5, yields, for all |s| < ¢,
H(h*(s)) = |h(s)|ho(|h(s)]) < sh(s)
which gives
h%(s) < H '(sh(s)) forall |s| < e). (4.6)

Now, we define the following partition which was first introduced by Komornik [40]:
Fn={xeli:u@®l>e}, To={xeli:|u@®l <e}
Using Eq. 4.5, we geton '
wh(u (1) < e1hy ' (61) < ho(ra)ra = H(r3). 4.7)

Then, Jensen’s inequality gives (note that H ™! is concave)

H'U@)=e i H™ () (uy (1)))dT. (4.8)
12

Thus, combining Eqgs. 4.6 and 4.8, we arrive at

/ hz(ut(t))dl“:/ h2(u,(t))dl"+/ W% (uy(1))dT
Iy

INP) '

< | H7'uh () dr + / B2 (u ())dT

1NV I'n

<cH 'J@®) = cE @) 4.9)
O

Lemma 4.2 Assume that (A1) and (A2) hold and hg is linear. Then, the energy functional
satisfies the following estimate

+o00
/ E(s)ds < 0o (4.10)
0

Proof Let F(t) = L(t) + ¥3(¢), then using Egs. 3.9 and 3.16, we obtain

F'(t) < —(1 —e)/ |Vuldx —/ uldx — %(goVu)(t)-i—c/ W u)dr  (4.11)
Q Q

Iy
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Using Egs. 2.6, 4.1 and 4.11, we obtain

F'(t) < —bE() +c[ urh(u)dx
Q
< —bE(t) — cE'(1),

where b is some positive constant. Therefore,

b/tE(S)dSS Fi(t1) — F1(t) < Fi(n1) < oo, (4.12)
where Fl(t)=F(t)+c2(t)~E. O
Let’s define
I1(t) = — /tt g/(s)/s2 |Vu(t) — Vu(t — s)lzdxds < —cE'(1), 4.13)
1

Lemma 4.3 Under the assumptions (A1) and (A2), we have the following estimates
ql()
£(1)

(= 1) =1 ( ql(@)
q (r —1)&(1)

t
/ g(s)/ |Vu(t) — Vu(t — s)lzdxds < 35_1 ( ) , ifhois linear 4.14)
1 Q

t
/ g(s)/ [Vu(t) — Vu(r — s)lzdxds < ) , if ho is nonlinear
1 Q

(4.15)
where q € (0, 1) and G is an extension of G such that G is strictly increasing and strictly
convex C? function on (0, 00), see Remark 2.3.

Proof First we establish (4.14). For this, we define the following quantity

At) == q/t fQ |Vu(t) — Vu(t — s)|*dxds,
f
where, by Eq. 4.10, g is chosen so small that, for all # > ¢,
M) < L. (4.16)
Since G is strictly convex on (0, 1] and G (0) = 0, then
G(z) <6G(z), 0<6O <landze (0,r] (4.17)
The use of Eqgs. 2.2, 4.16, and 4.17 and Jensen’s inequality leads to

t
1(t) = L/ A(r)(—g’(s))/ q|Vu(t) — Vu(t — s)|*dxds
q)"(t) I3l Q

t
;/ A(t)&(s)G(g(s))/ q|Vu(t) — Vu(t — s)|*dxds
q)\.(t) n Q

t
> 5O Gawgs / q|Vu(t) = Vu(t — s)*dxds
q)"(t) 131 Q
t
> sWg (q/ g(s)/ |Vu(t) —Vu(t—s)|2dxds>
q 1 Q
t
= %6 (q/ g(s)/ |Vu(t) — Vu(s)|2dxds) (4.18)
1 Q
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This gives (4.14).
For the proof of (4.15), we define the following

t
A1) = (Zi’tl)/ﬂ /Q|Vu(t)—Vu(t—s)|2dxds,

then using (2.5) and (2.6), we easily see that

8¢ E(0)

)

r(r) <
then choosing ¢ € (0, 1) small enough so that, for all ¢ > 11,

A() < L. (4.19)

The use of Egs. 2.2, 4.17 and 4.19 and Jensen’s inequality leads to

t
I1(t) = ! / Al(t)(—g’(s))f qIVu(t) — Vu(t — s)|*dxds
qr1(t) Jy Q
t
> [ M0E6GEo) [ gIu) - utt - 9)Pdxas
q)"l(t) I3 Q
- &) tG / 2
> 2 | GOags) | qIVu(t) — Vu(t — 5)Pdxds
q)"l(t) 1 Q
_ t
S ¢ tl)g(”c( 4 / g(s)/ IVu(t) —Vu(t—s)lzdxds)
q (t—n)Jy Q
_—mED

G( 1 /tg(s)/ IVu(r) — Vu(s — s)|2dxds) _(4.20)
q (t - tl) I3l Q

This implies that

t ) (t—1t)—=-—1 ql(t)
ft]g(s)/Q|W(z)—W(t—s)l dxds = 4 G <(;_t1)g(t)>

O

Theorem 4.4 Let (g, u1) € V x L2(Q) be given. Assume that (A1) and (A2) are satisfied
and hg is linear. Then there exist strictly positive constants c1, ¢, k1 and ky such that the
solution of Eq. 1.1 satisfies, for all t > t1,

13
E(1) < cje” @ n 86245 if G is linear 4.21)

t
E(t) < kG (kl / s(s)ds>, if G is nonlinear, (4.22)
n

where G1(t) = rrl SG}(S)dS.
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Proof Casel: G is linear
Multiplying (3.13) by &(¢) and using Eqgs. 2.2, 2.6, 4.1, 4.3 and 4.13, we get

EML (1) <
t

—ms(t)E(z)+c§(z)/ g(t —s)/ |Vu(t) —Vu(s)|2dxds+c$(t)/ 1% (us (1))dT
131 Q 1_‘1

t
< —mé(t)E(t)-l—c/ g(s)g(s)/ |Vu(t) — Vu(s)|2dxds+c$(t)/ 12 (u; (£))dT
1 Q 1_‘1

<-—-mEQ)E() — c/t g/(s)fQ [Vu(r) — Vu(s)|*dxds + CE(I)/I: urh(u;(¢))dl’
t
< -mEME®) — 2cEl/(t) |
which gives, as £(¢) is non-increasing,
(EL+2cE) < —mEQ)E(t),Vt > 11. (4.23)
Hence, using the fact that £L + 2cE ~ E, we easily obtain
E@) < e S0 (4.24)
Case 2: G is non-linear.

Using Eqgs. 3.13, 4.1 and 4.14, we obtain

L'(t) < —mE@®) +¢(G) ™' (%) —cE'(n), (4.25)
Let F1(t) = L(t) + cE(t) ~ E, then Eq. 4.25 becomes
/ —\—1 ql(f))
F —mE@) +¢(G) (=), 426
1) < —mE@) + ¢ (G) (E(t) (4.26)
we find that the functional >, defined by
E(1)
“0F0)

Fo(t) =G ( )]—"1 )

satisfies, for some ap, op > 0.
a1 Fa(t) S E@) < axFa(h) 4.27)

and

, . E/(l‘)—// & =l E(1) ’
Fr(t) = o E(O)G (SOE(O)>]:1(Z)+G (SOE(0)>]:1 (1)

— E(1) — EM®)\—=—1/ql@®)
< -mE®)G <80E(0)> +cG (8()%) G ( 20 ) (4.28)

Let G be the convex conjugate of G in the sense of Young (see [41]), then

G@=s@)"®-G[@)'®]. ifse©.G ] (4.29)
and G satisfies the following generalized Young inequality

AB <G (A)+GB), ifAe(0,G (], Be©,rl (4.30)
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So,withA = G (80 g((é))) andB =G <q€1(g)) and using Eqgs. 2.6 and 4.28-4.30, we

arrive at
o e (o £5) (¢ (058)) (452
< -mEOT <80&> e 0 <8°&> +e <M> . (43D

E(0) E(0) E(0) £(r)

So, multiplying Eq. 4.31 by &£(¢) and using the fact that &g E(((’))) <r G (80 g(((’);) =
G’ (80 g(((’)))) gives

/ . EQ® E® . E(1)
E(t)fz(t)S—mE(t)E(t)G( E(O)>+ c&(t)eo 'F0) < E(O)>+ cql (1)

3 (. E) E®) [ E@) ,
< =mEVEWG (o o+ ) + 500 16 (0 )~ eE©

Consequently, with a suitable choice of &g, we obtain, for all # > ¢y,

Fi(t) < —ke(r) (E(’))G <80@> e (E(”) 4.32)

E(0) E(0) E(0)

where F3 = £F + cE ~ E and G2(1) = tG'(got). Since G, (t) = G'(got) + 0t G (e1),
then, using the strict convexity of G on (0, r1], we find that G/z(t), Go(t) > O on (0, 1].
Thus, with

R(t) = 8a1.7:3(t)’ 0<e<l,
E(0)
taking in account (4.27) and (4.32), we have
R(t) ~ E(1) (4.33)

and, for some k; > 0.
R'(t) < —ki§(1)G2(R(1)), Vi > 1.

Then, the integration over (¢, t) yields

/tﬂds>k /té(s)ds
W GaRes) =, '

Hence, by an approprite change of variable, we get

/SoR(tl) 1 t
dt > kj / E(s)ds
R TG'(T) fn

Thus, we have

1
R() < — (lq/ S(s)ds) (4.34)

€0
where G1(t) = t sG/( ds. Here, we have used the fact that G is strictly decreasing on
(0, r1]. Therefore Eq. 4. 22 is established by virtue of Eq. 4.33. O

Remark 4.5 The decay rate of E(t) given by Eq. 2.2 is optimal because it is consistent with
the decay rate of g(¢) given by Eq. 4.22. In fact,

t
g() < Gy! (/ s(s)ds), Vi > g7 (r).
g~ (r1)
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where G (1) = j;rﬁ
Using the properties of G, Gg and G, we can see that

r1 1 r1 1
Gi(t) :/t sG/(s)ds g/t G(s)ds = Go().

Gl < Gyl ).

This implies

This shows that Eq. 4.22 provides the best decay rates expected under the very general

assumption (2.2).

Theorem 4.6 Let (uq, u1) € V x L2(Q) be given. Assume that (A1) and (A2) are satisfied
and hy is nonlinear. Then there exist strictly positive constants c3, c4, ka, k3 and €y such

that the solution of Eq. 1.1 satisfies, for all t > ty,
t
E@) < Hl_] (63/ E(s)ds + 04) , if G is linear,
n

where Hi(t) = fz Hz(s)ds

ky

E kyt — )Wy | —8M——
(1) = kst —1)W2 ((t—n)f['lé(s)ds

) , if G is non-linear,

1
where Wa(t) = tW'(eat) and W = (G 'Y H 1) .

Proof Case1: G is linear
Multiplying Eq. 3.13 by &£(¢) and using Eq. 4.2, we get
t
EOLO) = -mEOEW +c0) [ gt =) [ 19u0) = Vus) Pards
1 Q
+c&@) | h®*(u,(t))dT
I
< —mEWE®) ~ cE'0)+ c0) [ B n)dr
Iy
< —mEW)E(t) — cE'(t) + cE()H " (J (1)) — cE(1)E (1)
< —mEWE(t) — cE'(t) + cE()H ™ (J (1)) — c£(0)E'(1)
< —mEWE() — cE'(t) + cE(H ' (J (1))
which gives, as £(¢) is non-increasing,
(EL +cE) < —mEWE(t) + cE(OH ' (J (1)), ¥t > 1.
Therefore, Eq. 4.37 becomes
L(t) < —mEME®) + cE)H ' (J(1),Vt > 11,

(4.35)

(4.36)

(4.37)

(4.38)

where £ := £ L +2cE, which is clearly equivalent to E. Now, for &; < rp and ¢y > 0, using
Eq. 4.38 and the fact that E’ < 0, H' > 0, H” > 0 on (0, r;], we find that the functional

L1, defined by

oy (1)
Li(t)=H ( E(0)> L(t) + coE(t)
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satisfies, for some a3, aq > 0.

a3 L1(t) < E(t) < aaly(1) (4.39)

ron E'® _,( E® , N
1) _EOE(O)H (s E(O)>£()+H< E(O)>£(t)+coE 3)

and

< -mEWH' <80 EEO))> +cE()H' (m %) H'(J(@1)) + coE'(t) (4.40)

Let H* be the convex conjugate of H in the sense of Young (see [41]), then, as in Egs. 4.29

and 4.30, with A = H'’ ( ggg;)) and B = H~'(J(1)), using Egs. 2.6 and 4.7, we arrive at

L) < —mE@)H’ (81 EU)) +cE(t)H* (H’( Ea )>> +cEM)J () +coE (1)
= E(0) E(0)
L E@) E(1) E(1) / /
< —mE(t)H (81 E(0)>+C ]S(f)m <€lm> —cE (t)+COE (t)
Consequently, with a suitable choice of ¢ and cg, we obtain, for all 7 > 71,
, E'W . (, EOY_ E(1)
1) =< £0) (&m) = —c§()Hy (81 E(O)) , (4.41)

where H(t) = tH'(et). Since H,(t) = H'(et) + ¢;tH” (e11), then, using the strict
convexity of H on (0, 3], we find that Hz’(t), H>(t) > 0 on (0, 1]. Thus, with

a3 Ly (t)

Ri(t) = , 0 L,
1) =¢ E0) <e<
taking in account (4.39) and (4.41), we have
Ri(t) ~ E(t) 4.42)

and, for some c¢3 > 0.
Ri(t) < —c36()H2 (R (1)), Vit >1.

Then, a simple integration gives, for some ¢4 > 0,
t
&msHﬂ@f5®M+m,wzm (4.43)
1
1
where Hi(1) = [, gog7ds.

Case 2. G is non-linear.

Using Eqgs. 3.13, 4.2 and 4.15, we obtain

— 1 qh () 1 /

L'(t) < —mE@)+c(t—1) (G (7> (J(@) —cE'(t). (4.44)
(6) @t —1)&@)

Since lim;_, ;o ﬁ = 0, there exists t, > f; such that ﬁ < 1 whenever t > 1.

Comblmng this with the strictly increasing and strictly convex properties of H, setting 6 =

,— < 1 and using Eq. 4.17, we obtain

_ i
H ') <t —mH 1(0_([[)1)),\#2@
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and, then, Eq. 4.44 becomes

L'(t) < —mE®t) +c(t — 1) (@71 (%) +c@t — t1)ﬁ71 ((tj_(tt)l)>

—cE'(1), vt > to. (4.45)

Let L1(¢) = L(t) + cE(t) ~ E, then Eq. 4.45 takes the form

— 1 —
Li(t) < —mE(t)+c(t—1) (G) ‘(%)H(r—nm '((IJ_(?]))>, (4.46)

— mi _ g1 (1) J(1) _ 1 !
Let ro = min {ry, r2}, x(t) = max{(t “IED) G- t1)} and W = (@) +H ) )

So, Eq. 4.46 reduces to
L’l(t) < -—-mE(@t)+c(t — tl)W_l(x 1), Vt =t (4.47)

Now, for &3 < rg and using Eq. 4.44 and the fact that E’ < 0, W' > 0, W’ > 0 on (0, ro],
we find that the functional L,, defined by

Lo(t) := W/( &2 E(t)>Ll(f) Vi > 1,

t—1t EQ)
satisfies, for some as, ag > 0.
asLy(t) < E(t) < asla(t) (4.48)

and, forall t > 1,

oo (e EW) e EO\_.( & E0
L0 = ((t—mz EO) G- E(O>>W <r—r1 E(O))L‘(’)

+W’( & EO))L (t)_—mE(t)W’( = EO))

t—n E@) t—n E@©)
€2 () —1
t—t)W 1% ). 4.49
+et —1n) (t—n E(O)) (x @) (4.49)
Let W* be the convex conjugate of W in the sense of Young (see [41]), then, as in
Egs. 4.29 and 430, and with A = W' (2 - £5}) and B = W~! (x(1), using (2.6), we
arrive at

/ (& E®) (w2 EO
LZ(t) <-mE@®)W <t — 1 E(O)) telt—mw < (l —n E(0)>)

+c(t — 1) x (@)

[ € E(1t) & E®t) ,( & E()
= TmEOW (t—r E<0>> e (z—n ' E(O))
+c(t — 1) x (2). (4.50)

Using Eqgs. 4.3 and 4.13, we observe that

(t —1m)EDx (1) < qI @)+ &I @)
< ql() +§0)J (1)
< —cE'(t) —cE'(t)
=

—cE'(t)
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So, multiplying Eq. 4.50 by £(¢) and using the fact that, &, E(((’))) < rp, give

, f &2 E®) () e E®@
EMLY(1t) < —mEMEBOW (r 0 E(O)) + ce§(1) - EQ0) (r i E(O))
—cE'(t),Vt > 1.

Using the non-increasing property of &, we obtain, for all ¢ > 15,

(ELy +CcE) (1) < —mé(t)E(t)W’< %2 @>

t—1t EQ)
EW ., (e EO
et g0 (r P E(0)>

Therefore, by setting L3 := &Ly + cE ~ E, we get

, (e E0 EO) (e E®
L) = —msOEOW (t—n E(0)> 250 1) (r—n'Em))

This gives, for a suitable choice of &7,

L<r>_—ks<r>(E(’)>w< & @> Vi> b

E(0) t—t1 E(0)

E0) t—t E(0) - = '

An integration of Eq. 4.51 yields

" (E(s) f €& E(s) t,
/tz k (E(O)) w (S = E(O)) £(s)ds < —/tz L} (s)ds < Ly (1) (4.52)

Using the facts that W/, W” > 0 and the non-increasing property of E, we deduce that the

or

mapt +— E@)W’ (t izt 1 gé&) is non-increasing and consequently, we have

(58w (2 B o
E(0) t—1n EQ)

t
5/ k(E(S)) W’( &2 -E(s))g(s)ds < Lity), Vi>1 (453)
5]

E(0) s—t E@)

Multiplying each side of Eq. 4.53 by ﬁ we have

1 E®O\.,[ & E@®
k<t_tl.E(0))W (z—zl E(O))/ §(s)ds = _7’ Vizn o (454)

Next, we set Wa(s) = s W/ (g2s) which is strictly 1ncreasing, then we obtain,

kW, ! E(t) / E(s)ds < Vi >t (4.55)
2\ = 1 E0) =2 ’
Finally, for two positive constants k, and k3, we obtain
-1 ko
E@W) =kst —t)Wo2 | —————— |- (4.56)
(t — 1) [, §(s)ds
This finishes the proof. O
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Example 4.7 The following examples illustrate our results:

L.

ho and G are linear

Let g(t) = ae 4D where b > 0 and ¢ > 0 is small enough so that Eq. 2.1 is
satisfied, then g'(t) = —&(¢t)G(g(¢)) where G(r) = t and £(¢) = b. For the frictional
nonlinearity, assume that 2o(t) = ct and H(t) = «/tho(s/t) = ct. Therefore,, we can
use Eq. 4.21 to deduce

E(t) <cle= 4.57)

which is the exponential decay.
hg is linear and G is non-linear

Let g(r) = ae ", where 0 < g < 1 and a > 0 is small enough so that g satisfies
(2.1), then g'(t) = —&()G (g(¢)) where £(t) = 1 and G(t) = %. For, the

(nfa/1)1
boundary feedback, let ho(t) = ct, and H(t) = «/tho(s/t) = ct. Since
(1—q) +qln(a/t)
(In(a/0)'/

and
(1 —=¢g)Un(a/t) +1/q)

1
(n(a/t)i*!
then the function G satisfies the condition (A1) on (0, r{] for any 0 < r| < a.

1

r r 1 alg
- [ [
: sG/(s) p s[l—q-l—qln%]

G'(t) =

G//(t) _

Then, Eq. 4.22 gives
E(t) < ke (4.58)

hg is non-linear and G is linear
Let g(t) = ae "0+ where b > 0 and a > 0 is small enough so that Eq. 2.1 is
satisfied, then g’(r) = —&(r)G(g(t)) where G(t) = t and &£(¢) = b. Also, assume that

ho(t) = ct9, where ¢ > 1 and H(t) = «/tho(\/t) = o't Then,
N0 = (et + D
Therefore, applying Eq. 4.35, we obtain
E() < (ert + )T (4.59)

4. hg is non-linear and G is non-linear

Letg(t) = where a is chosen so that hypothesis (2.1) remains valid. Then

_a__
a+n2’

g1 =—bGg), with G(s)=s3,
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where b is a fixed constant. For the boundary feedback, let o () = et and H (1) = ct>.
Then,

3
—14++/1+4s

W)= (G 1 +HH = :

and

2
3s —1+/1+4s
1+ 4s 2
_ 3s n 3s? 3s
2 T+4ds Jitds 2
3s 352 3s
G
-2 25 2
Therefore, applying Eq. 4.36, we obtain

Wa(s) =

3
= cs?2

E@t) < ;
(t—11)3
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