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Abstract In this paper, we consider a one-dimensional porous system damped with a sin-
gle weakly nonlinear feedback. Without imposing any restrictive growth assumption near
the origin on the damping term, we establish an explicit and general decay rate, using a
multiplier method and some properties of convex functions in case of the same speed of
propagation in the two equations of the system. The result is new and opens more research
areas into porous-elastic system.
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1 Introduction

In this paper, we consider the following porous system:

puy — puxx — bp, =0, xe (0,1, t>0,

Jou — 0xx +bux +Ep +a()g(d) =0, x€(0,1), >0,

u(x,0) =ug(x), us(x,0) =ui(x), x €(0,1), (1.1)
¢ (x,0) = do(x), ¢r(x,0) = ¢1(x), x € (0, 1),

ux(0,1) =ux(1,t) = ¢(0,1) = ¢(1,¢) =0, t >0,

where the functions u is the displacement of the solid elastic material and ¢ is the volume
fraction. The term o« (¢)g(¢,) is the nonlinear damping term, which acts only on the second
equation. Here, g and « are specific functions to be specified later. The mass density p and
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the coefficient J are always assumed positive. The parameters u, b, 8, £ are constitutive
constants, which satisfy the following conditions

w>0,8>0,&>0, ut > b

The conditions are imposed to guarantee the positivity of the internal energy (see Cowin
and Nunziato [3] for details). As coupling is concerned, » must be different from 0, but its
sign does not matter in the analysis. Our aim is to establish an explicit and a general decay
rate result for the energy of system (1.1) in case of the same speed of propagation in the two
equations of the system, that is
®_ é 1.2)
=7 (1.
In the last decades, a great deal of attention has been devoted to determine the asymptotic
behavior of solutions for porous-elastic systems, since the pioneer work of Goodman and
Cowin [1], in which they introduced the concept of a continuum theory of granular materi-
als with interstitial voids into the theory of elastic solids with voids. In addition to the usual
elastic effects, the materials with voids possess a microstructure with the property that the
mass at each point is obtained as the product of the mass density of the material matrix by
the volume fraction. This latter idea was introduced by Nunziato and Cowin [2] when they
developed a nonlinear theory of elastic materials with voids. The importance of materials
with microstructure has been demonstrated by the huge number of papers published in dif-
ferent fields of human endeavors most importantly, in petroleum industry, material science,
soil mechanics, foundation engineering, powder technology, biology, and others. We refer
the reader to [3, 4] and the references therein for more details.
The basic evolution equations for one-dimentional theories of porous materials are given
by
pug =Ty, Jéu = Hy + G, (1.3)
where T is the stress tensor, H is the equilibrated stress vector, G is the equilibrated body
force. The constitutive equations with nonlinear damping term are as follows:

T =pux+bp, H=268¢x, G=—bux—§p—a()g). (1.4)

By substituting (1.4) into (1.3), we obtain the first two equations in Eq. 1.1.
Replacing the nonlinear damping term in Eq. 1.1 with porous dissipation gives

pUy = Huxx + b¢.x’

Jpu = d¢xx — bur —E¢ — ady.
Quintanilla [5] considered (1.5) with some initial and boundary conditions, using Hurtwitz
theorem to prove that the damping through porous-viscosity (a¢;) is not strong enough to
obtain an exponential decay but only a slow (nonexponential) decay. However, Apalara [6]
considered the same system and proved that the system is exponentially stable provided the
wave speeds of the two systems are equal. Similarly, when the porous dissipation in Eq. 1.5

t

(1.5)

is replaced with memory term of the form f g(t — 5)¢xx(x, s)ds, Apalara [7] established

0

a general decay result depending on the kernel of the memory term and the wave speeds
of the system. We refer reader to [8, 9] for similar results. Relatedly, when ¢ = 0 and
viscoelasticity (—yux) is added to the elastic equation, that is

puy — flxx —bdy — yuxx =0, x € (0, 1), ¢ > 0,

Jpu —8¢pxx +bur +6¢ =0, x€(0,1),7>0
with some initial and boundary conditions, Magania and Quintanilla [10] proved that the
viscoelasticity damping is not strong enough to bring about exponential stability. However,
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they showed that the presence of both porous-viscosity and viscoelasticity stabilizes the
system exponentially. For various other damping mechanisms used and more results on
porous-elastic system, we refer reader to [11-17] and the references therein.

It is to be noted that when = b = &, then Eq. 1.1 becomes

puy — LUy +@)x =0, xe @, 1), t>0,
Jp — Spxx + (ux + @) +a(t)g(g) =0, x € (0, 1), 1 >0,

which is a well-known Timoshenko system with nonlinear feedback control. Alabau-
Boussouira [18] considered (1.6) with «(#) = 1 and established a general semi-explicit
formula for the decay rate of the energy at infinity subject to Eq. 1.2. Mustafa and Mes-
saoudi [19] considered (1.6) with all the coefficients (p, u, J, §) equal to one and obtained
an explicit and general decay result, depending on « and g. See [20-22] for similar result.
According to this observation and results, two questions naturally arise:

(1.6)

1. Is it possible to consider a porous system with a weakly nonlinear dissipation only on
the second equation and obtain the same result as in Timoshenko system?

2. [Is it possible to obtain the stability result with same conditions on «, g, and the
assumption of equal wave speed as in Timoshenko system?

The aim of the present work is to give satisfactory answers to these questions by considering
(1.1) and establish an explicit and general decay result depending on « and g and providing
that Eq. 1.2 holds. In other words, we consider (1.1) and establish an explicit and general
decay result subject to Eq. 1.2 and depending on « and g. Our result provides an explicit
energy decay formula that allows for a larger class of functions o and g, from which the
energy decay rates are not necessarily of exponential or polynomial types.

In view of the boundary conditions, our system can have solutions (uniform in the vari-
able x), which do not decay. To avoid such case and also to be able to use Poincaré’s
inequality, we perform the following transformation.

1
From the first equation in Eq. 1.1, we observe that / ugdx = 0.
0

1

1 1
So, if v(t) = / udx then v(0) = / uodx and v’ (0) = / u1dx. Thus, we have the
0 0 0

following initial value problem

V') =0, Vt>0

! 1.7
v(0) = / wodx, v'(0) = fuydx. -7
0
Solving (1.7), we obtain
1 1 1
v= / u(x,)dx = tf uy(x)dx +/ ug(x)dx.
0 0 0
Consequently, if we let
1 1
ulx,t) =ulx,t) — t/ uy(x)dx — / ug(x)dx, (1.8)
0 0

we obtain

1
/ ulx,t)dx =0, Vr=>0.
0
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Therefore, the use of Poincaré’s inequality in the sequel is justified. In addition, a simple
substitution shows that (&, ¢) satisfies system (1.1) with initial data for # given as

1

1
up(x) = ugp(x) —/ upg(x)dx and w1 (x) = uj(x) — / uy(x)dx.
0 0

Henceforth, we work with u instead of u but write u for simplicity of notation.

The paper is organized as follows. In Section 2, we give some notations and material
needed for our work. In addition, we state, without proof, the well-posedness of system
(1.1). In Section 3, we state and proof some technical lemmas needed in the proof of our
main result. Section 4 is devoted to the statements and proofs of our stability result. We use
¢ throughout this paper to denote a generic positive constant.

2 Preliminaries

In this section, we present some materials needed in the proof of our result.
We assume o and g satisfy the following hypotheses:

(H1) «: Ry — R is anon-increasing differentiable function;

(H2) g:R — Risanon-decreasing C”—function such that there exist positive constants
c1, €2, €, and a strictly increasing function G € C 1[0, +00)), with G(0) = 0, and
G is linear or strictly convex C 2__function on (0, €] such that

52+ g%(s) < G (sg(s)) forall |s| < e,
c1ls| < 1g(s)| < cals| for all |s| > e.

Remark 2.1 o Hypothesis (H2) implies that sg(s) > 0, for all s # 0.

e According to our knowledge, hypothesis (H2) with ¢ = 1 was first introduced by
Lasiecka and Tataru [23]. They established a decay result, which depends on the solu-
tion of an explicit nonlinear ordinary differential equation. Furthermore, they proved
that the monotonicity and continuity of g guarantee the existence of the function G
defined in (H2).

For completeness purpose we state, without proof, the existence and regularity result of
system (1.1). First, we introduce the following spaces:
H=H!0,1) x L20, 1) x H} (0, 1) x L*(0, 1),
and
H =0 c [Hf(o, N HNO, 1)] x H!(0,1) x [Hz(O, 1N HLO, 1)] x H(0, 1),
where

L20,1) = {y € L?(0, 1) : /Oll/f(x)dx =0}, H!0,1)=H'0,1)NLX0,1),
HZ0,1) = {y € H*(0,1) : ¢(0) = ¢ (1) = 0}.

For ® = (u, u;, ¢, ¢), we have the following existence and regularity result:

Proposition 2.2 Assume that (HI) and (H2) are satisfied. Then for all &y € H, the system
(1.1) has a unique global (weak) solution

ue CRy; HI0, 1) NCHRy; L2(0, 1)), ¢ € C(Ry; HL(0, 1)) N CH(Ry; L2(0, 1)).
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Moreover, if ®g € H, then the solution satisfies

ue L°Ry; HX0,1) N HNO0, D)) n W R, HL(0, 1)) n W2®(R,; L2(0, 1))
¢ € L®(Ry; H*(0, 1) N Hy (0, 1)) N WO (Ry; Hy (0, 1)) N W (Ry; L*(0, 1)).

Remark 2.3 This result can be proved using the theory of maximal nonlinear monotone
operators (see [24]).
3 Technical Lemmas
In this section, we state and prove several lemmas needed for the proof of our stability result.
Lemma 3.1 Let ©¢ € H. Then the energy functional E, defined by
_ 1 ! 2 2 2 2 2
E@) = > puy + puy + Jo; + 8¢y +E¢° + 2bu, ¢ | dx, 3.1
0

satisfies

1
E'(1) = —Ot(t)/o $18(¢s)dx < 0. (3.2

Proof Equation 3.2 follows by multiplying the first and the second equation of Eq. 1.1 by u;
and ¢, respectively, integrating by parts over (0, 1) and using the boundary conditions. [

Remark 3.2 The energy functional E(¢) defined by Eq. 3.1 is nonnegative. In fact, it can
easily be verified that

2 2
pi + 2bugh +E47 = » H(ux+3¢> +$<¢+9ux)
2 I §

b\ , b*\ ,
+luw——ui+E—— )07 |.
g )" w
So, using the fact that u§ > b2, we obtain

2 2
Wi + 2o, + €67 > [(u— b) ui + (s - b) ¢2} > 0.
2 g M

Consequently,

1 : 2 2 2 2 2
EW) > 5 | [puf +pmaud + 607 + 6197 + 767 | ax. (3.3)
0

b? b?
where 2111 =/L—€ >0and2& =& — — > 0.
u

Lemma 3.3 Assume that (H1) and (H2) hold. Then, for all &y € H, the functional

1 bp 1 X
Fi(t) == J/ rpdx + 7/ ¢/ u; (y)dydx
0 “Jo 0
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satisfies for any €1 > 0,

Fi(t) < 5/ ¢dx—§1/ q>2dx+c<1+ >/¢3dx
(3.4)

—I—s]/ u,dx—i—c/ g ((/),)dx.
0 0

Proof Direct computations using integration by parts and Young’s inequality, for 1 > 0,

yield
1 b2 1 1
Fi(t) = —8/ ¢%dx— ({-‘ — )/ ¢>2dx+1/ ¢,2dx
0 w 0 0

bp 1 X 1
Lo / " / s () dydx — ar(t) f $g(d)dx

—8/¢dx—(§—>/¢dx+c<l+ )/cp,dx 3.5)
1 X 2 1

el / ( / uz(y)d}’> dx + ¢ / £(@)dx.
0 0 0

By Cauchy-Schwarz inequality, it is clear that

1/ px 2 1 1 2 1
f ([ u,(y)dy) dng (f utdx> dng uzdx. (3.6)
0 0 0 0 0

b2
Estimate (3.4) follows by substituting (3.6) into Eq. 3.5 and recalling that 2§} = & — — >
“w

0. O

IA

Lemma 3.4 Assume (HI), (H2), and Eq. 1.2 hold. Then, for all &y € H, the functional

1 1
F(t) :=b | ¢yudx+ b/ Uy ¢rdx
0 0
satisfies

b2 1 1 1
Fz’(t)f—z—/ uidx+c/ ¢§dx+cf g% (¢y)dx. (3.7)
JJo 0 0

Proof By differentiating F>, using (1.1), and then integrating by parts, we obtain
b2 1 b 1 b2 1 ba(t 1
F(t) = _7/ udx — ﬁ/ uxpdx + 7[ $2dx — ()/ uxg(¢r)dx
J Jo J Jo pJo J Jo

$ 1
+b <; — 7) /. Mxx¢XdX.
0

The use of Young’s and Poincaré’s inequalities, bearing in mind (1.2), yields estimate (3.7).
O

Lemma 3.5 Let &y € H. Then the functional defined by

1
F3(t) := —pf uudx
0
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satisfies

1 3 1 1
Fi(1) < —p/ W2dx + 7“/ u?cdx+c/ $2dx. (3.8)
0 0 0

Proof Direct computations give

1 1 1
Fi(t) = —p/ udx + u/ udx + bf U pdx.
0 0 0
Estimate (3.8) easily follows by using Young’s inequality. O
Lemma 3.6 Suppose (HI), (H2), and Eq. 1.2 hold. Let ®y € H. Then, for N, N, N; > 0
sufficiently large, the Lyapunov functional defined by
L) :=NE(t) + N1 Fi(t) + N2F2 (1) + F3(1)
satisfies, for some positive constants dy, da, k1,
d\E(t) < L(t) < E(t), V=0 (3.9)
and

1
L(t) < —k E(t) + c/ (9% + ¢*(¢))dx, Vi > 0. (3.10)
0

Proof 1Tt follows that

1 prl 1 x 1
L(1) — NE1)| SN‘/O T el dx + /0 ‘05/0 s (y)dy dx+,0/0 guldx

n

1
+bN2/ |pxus + uy | dx.
0

Exploiting Young’s, Cauchy-Schwarz, and Poincaré inequalities, we obtain

1
|L(t) — NE(1)| < c/ (u% + o2+ u + ¢+ ¢,2) dx.
0

Using (3.3), we obtain
IL(t) = NE(1)| < cE(),
that is
(N =0c)E(t) < L(t) < (N +c)E(1).

Now, by choosing N(depending on Nj and N>) sufficiently large we obtain (3.9).
The proof of Eq. 3.10 is as follows: We let ¢; = ﬁ and then combine Eqgs. 3.2, 3.4, 3.7,
and 3.8, to obtain

1 2 1 1
b 3
L < —3/ W2dx — | =Ny — 2 / uﬁdx—[aNl—ch]/ $2dx
2 Jo 27 2 | o o

1 1 1
—[&IN1 — c] f ¢*dx + eNy (1 4+ Ny) f $2dx + c(Ny + N2) f g(¢7)dx.
0 0 0

We choose N so large that

T 2J 2
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then we choose N so large that
az:zSNl —CNZ > 0 and a3 :élNl —c>0.

So, we end up with

1 1 1 1
L) < _gf utde —a1/ ujzcdx—agf ¢§dx—a3f ¢2dx
0 0 0 0 G.11)
e /0 (@2 + g2 (é)dx.

On the other hand, from Eq. 3.1, using Young’s inequality, we obtain

E()

IA

1
: [ [+ b 502 + € + 6167 + 167 an
0

IA

1
c/ [u,2+u§ +¢§+¢2+¢,2]dx
0
which implies that
1
_ / [u,z +u + 2+ ¢2] dx < —E(t) + /2. (3.12)
0

The combination of Egs. 3.11 and 3.12 gives (3.10). O

4 Stability Result
In this section, we state and prove our stability result.

Theorem 4.1 Suppose (H1), (H2), and Eq. 1.2 hold. Let ®q € H. Then there exist positive
constants ay, az, az, and €qy such that the solution of Eq. 1.1 satisfies

t
E(t) <aiG;! (azf a(s)ds+a3), t>0, .1
0

where

1
1
Gi(t) = / ds and Go(t) = tG'(ept).
+ Go(s)
Remark 4.2 G strictly decreases and is convex on (0, 1] and liII(l)Gl(t) = 400.
t—
Proof We multiply (3.10) by «(#) to get

1
a(OL (1) < —kia(DEQ) + ca() fo @ + £2(g)dx. “2)
Now, we discuss two cases:

CaseI: G islinear on [0, €]. In this case, using (H2) and Eq. 3.2, we deduce that

1
a)L'(t) < —kia()E(t) + ca(t)/ ¢rg(pr)dx = —kia(t) E(r) — cE'(1),
0

which can be rewritten as

(@) L) + cE@) —a' () L(1) < —kja(t)E(2).
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Using (H1), we obtain

(@(L(@) +cE®) = —kia(HE®).
By exploiting (3.9), it can easily be shown that

Ro(t) := a(t)L(t) + cE(t) ~ E(¢). 4.3)
So, for some positive constant A1, we obtain

Ro(@) + ra(t)Ro(t) <0, Vi =>0. 4.4
The combination of Eq. 4.4 and 4.3, gives

’ '
E@) < E(O)e*)‘lfo‘x(‘?)d‘Y = E(O)Gl_l (AI/ a(s)ds) . 4.5)
0

CaseIl: G is nonlinear on [0, €]. In this case, we first choose 0 < €] < € such that
sg(s) <min{e, G(e)}, Vis| <ei. (4.6)
Using (H2) along with fact that g is continuous and |g(s)| > 0, for s # 0, it follows that

7+ 8%(s) < G (sg(9)), VIs| < e, “@n
cils| = 1g()| = calsl, Vis| = e1. ’
To estimate the last integral in Eq. 4.2, we consider the following partition of (0, 1):
Li={xe@©D: |l =<e}, L={xe@1): |¢]>er}.
Now, with I (¢) defined by
I(t) = / ¢18(dr)dx,
I
we have, using Jensen inequality (note that G~ is concave and recall (4.6))
Gl = ¢ / G~ (rg(¢) dx. 48)
I

The combination of Eq. 4.7 and 4.8 yields

! 2 2 2 2 2 2
a) [ (97 +82@00) dx = a) | (97 +82@0) dx+a) [ (67 +g7@0) dx
0 I I

IA

(X(t)/l G! (¢>tg(¢z))dX+ca(t)/I $18(¢r)dx
1 2

IA

ca ()G (1)) — cE (1). 4.9)
So, by substituting (4.9) into (4.2) and using (4.3) and (H1), we have
6@) < —kix(t)E(t) + ca(t)G_l(I(t)). (4.10)

Now, for g < € and 8y > 0, using (4.10) and the fact that E’ < 0, G’ > 0,G” > 0 on
(0, €], we find that the functional R, defined by

o E(1)
Ri(t) =G <607E(0)> Ro(t) + SoE(1),
satisfies, for some by, by > 0,
biRi(t) < E(t) < byR1(?) 4.11)
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and

R -

€0

E'®) (6 E(t)

EQ) OE(O))R ®+G < E(O))RO(Z)+8OE (1)

IA

—kia(t)E(t)G’ (GOE((E)))> + ca(t)G’ ( E((O))) G7LUI @) 4 80E (). (4.12)

Let G* be the convex conjugate of G defined by
G*(5) =s(GN ') = GUGN ' ®)],  ifs e (0,6 (),
satisfying the following general Young’s inequality

AB < G*(A)+ G(B), ifA € (0,G'(e)], B € (0,€].

o () I
WithA =G < E(O)) and B = G~ (I(t)), using (4.6), we obtain
ca(t)G’ (eo E(t)) G™! 1)) < ca(t)G* (G’ ( Ea )>> + ca(t)I(t)
E(0) = YE©) '
By exploiting (3.2) and the fact that G*(s) < s(G")~1(s), we get
ca(t)G' | e E® Tuw) < ceoa(t)& 60& —CcE'(1) (4.13)
E(0) E(0) E(0) ' '
By substituting (4.13) into Eq. 4.12, we obtain
/ / E(r) E(t ) E(r) / )
< — (E©) - ceo)oz(t)L 02D 4 39— OE'().
- E(0) E(O)
Letting €p = %E(O), 89 = 2c¢, and recall that E’(¢) < 0, we end up with
, E(t) E(t) E@)
Ri@) < —koz(t)m (e E(O)) ka(t)Go (E(O)) 4.14)
where k > 0 and Go(1) = tG/' (pt).

Note that
Gy(t) = G'(eot) + €0t G” (€ot).
So, using the strict convexity of G on (0, €], we find that Go(z), Gf)(t) > O on (0, 1].
With R(¢) = % it is obvious that R(r) < % < 1. Now, using Egs. 4.11 and
4.14, we have
R(t) ~ E(t) (4.15)
and, for some ay > 0,

R (1) < —arxa(t)Go(R(1)). (4.16)
Inequality (4.16) implies that % [G1(R(1))] = aza(1), where

L
= d
G / Go) "

Thus, by integrating over [0, ¢], we obtain, for some a3 > 0,

t
R() < Gl—l (azf a(s)ds +a3> . 4.17)
0

@ Springer



A General Decay for a Weakly Nonlinearly-Damped Porous System 321

Here, we used, based on the properties of G, the fact that G is strictly decreasing on (0, 1].
Finally, using (4.15) and (4.17), we obtain (4.1). O

Examples We give some examples to illustrate the energy decay rates given by Theorem
4.1.
(1) If g satisfies

kamin {ls1, 1517} < 1) < ks max 1s1, 1s]'/7

for some ky, k3 > 0 and ¢ > 1, then G(s) = cs? satisfies (H2). Then, we end up with
the following energy decay rate:

t
cexp <—k4/ a(s)ds) ifg =1,
0

E@r) < 1

t =1
c<k4/ a(s)ds+k5> itg > 1.
0

(2) If G(s) = e~!/% near zero, then we have the following energy decay rate:

c

; .
In (k4/ a(s)ds + k5>
0
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