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Abstract In this paper, we consider a coupled system of two Korteweg-de Vries equations
on a bounded domain. We establish the null controllability of this system from the left
Dirichlet boundary conditions. Combining the analysis of a linearized system and a fixed
point argument, this controllability result is reduced to prove the null controllability of a
linearized system with two distributed controls.
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1 Introduction

In this paper, we consider the following coupled system of two Korteweg-de Vries (KdV)
equations

Up + Uty + Uyyy + a3Vxxx + a1vvy +ax(wv)y =0, (1.1)
bivy + rvy + vuy + b2azuxx + Vxxx + baasuuy + bray (uv), =0, '
where 0 < x < L (L >0)and0 <t < T (T > 0) with boundary conditions
u(0,1) = hy(t), u(L,t) =ux(L,1) =0 in (0, T), (12)
v(0,1) = ha(t), v(L,t) =vx(L,t) =0 in (0, T) ’
and initial conditions
u(x,0) = ug(x), v(x,0) =wvp(x) in(0,L). (1.3)
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In Egs. 1.1-1.3, a1, a3, a3, by, by, r are real constants with by, b, positive and a%bz < 1.
u=u(x,t), v =v(x,t) are real valued functions and &, h, are two control functions.

System (1.1) was derived by Gear and Grimshaw [1] as a model to describe the strong
interaction of two long internal gravity waves in a stratified fluid, where the two waves are
assumed to correspond to different modes of the linearized equations of motion. It has the
structure of a pair of KdV equations with both linear and nonlinear coupling terms. This
system has been studied by many authors from various aspects of physics and mathematics
([2-12]).

The KdV equation

U +uy +tyxx +uuy =0

was first derived by Korteweg-de and Vries [13] in 1895 (or by Boussinesq [14] in 1876) as
a model for the propagation of water waves along a channel. The equation furnishes also a
very useful approximation model in nonlinear studies whenever one wishes to include and
balance a weak nonlinearity and weak dispersive effects. In particular, the equation is now
commonly accepted as a mathematical model for the unidirectional propagation of small
amplitude long waves in nonlinear dispersive systems.

The controllability of the KdV equation

{ut+ux+”xxx+uux:07 xe (L), t>0, (1.4)

u(0,t) = h3(t), u(L,t) = ha(t), ux(L,t) = hs(t), t>0

has been intensively studied (see [15] and the references therein). If only the left control
input A3 is in action, the system (1.4) behaves like a parabolic system and is only null
controllable. However, if the system is allowed to control from the right end of the spacial
domain, then the system behaves like a hyperbolic system and is exactly controllable.

For system (1.1), to our knowledge, the only known controllability results are due to [7,
10]. In [10], the authors established the exact controllability of Eq. 1.1 with the boundary
conditions

{ u(,1) =0, u(l,t) = he(t), ux(l,t) = hg(t) in (0, 7), (1.5)

v(0,1) =0, v(1,1) = hy(t), ve(1,1) = ho(t) in (0, T).

More precisely, they proved that for sufficient small ug, vg, u1, v| € L2(0, L), there exist
four control functions hg, h7 € HI(O, T) and hg, hg € LZ(O, T), such that the solution
(u,v) € C([0, T1; (L2(0, L))®) N L2(0, T; (H'(0, L))?) of system (1.1), (1.3), and (1.5)
verifies u(-, T) = uy, v(-, T) = v;. Later, Cerpa and Pazoto [7] improved this result by
using only two control functions hg and hg for L > 0, T > O satisfying

max{by, by}

| ( rL? N L3 )
>
. R 2p 32 3Tn?)’
min {b2(1 — &2), <1 — a;—z)} !

2

where

—(1 = by) + /(1 — b)? + 4a2b,

2by

£ =

Compared with the controllability results of Eq. 1.4 and motivated by [16, 18], it is natural
to consider the null controllability of system (1.1)—(1.3).
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Null Controllability of a Coupled System of two Korteweg-de Vries 21

The main result in this paper reads as follows:

Theorem 1.1 Let L > 0 and T > 0. Then, there exists a constant § > 0 such that for any
initial data (ug, vo) € (L*(0, L))? verifying || (uo, vo)ll(z20,y)2 <6 there exist two control
functions hy, hy € H/2—e (0, T) for any € > 0, such that the solution

(u,v) € C([0, T1; (L*(0, L))*) N L*(0, T; (H' (0, L)%
of system (1.1)—(1.3) verifies
uG,T)=v(,T)=0 in (0, L).

Remark 1.1 In [18], the authors considered the null controllability of Eq. 1.4 for hy =
hs = 0. To obtain a control which is more regular than L*(0, T), they extended the spatial
domain into (—L, L) and proved an internal controllability result for the linear system. In
this paper, we use the same method to prove Theorem 1.1.

The rest of this paper is organized as follows. In Section 2, we consider the null control-
lability of a linearized system on (—L, L) with two distributed controls. Section 3 is devoted
to proof of Theorem 1.1 by a fixed point argument.

2 Internal Controllability of a Linearized System on (—L, L)

In this paper, we use the same extension domain as in [18]. Let us introduce a linear exten-
sion operator IT, which maps functions on [0, L] to functions on [—L, L] which support
in [—L/2, L], and which is continuous from L2(0, L) to Lz(—L, L) and from H' (0, L) to
H'(=L, L). We define

ﬁo = H(M()) and Tfo = H(Uo).

In this section, we consider the following linearized system.

Uy 4 Uxxx + a30xxx + (M) + (N1V)x = Xo J1 in(—L,L)x(0,T),

blrﬁt + b2a3”/7xxx + Uxxx + (MZE)x + (NZB)X = waZ in (—L, L) X (0, T),
wW(—L,t)=u(L,t) =u(L,t)=0 in (0, T), 2.1)
V(—=L,t) =v(L,t) =v,(L,t) =0 in (0, T),

u(x,0) =up(x), v(x,0) = vy(x) in(—=L, L),

where w = (I1, b)) with —L < [{ < b <0and f| = fi(x,1), fo = fa(x, t) are two control
functions.

Remark 2.1 In order to prove Theorem 1.1, we study linearized system (2.1) for v =
(l1,1p) C (—L,0). In fact, all results in this section can be extended to the case where w is
any open set of (—L, L) without any difficulty.

2.1 Well-Posedness

In this subsection, we study the existence and the regularity of the solution to system (2.1).
The methods in this subsection are motivated by [18].
First, let us introduce a functional space which will be used in the sequel:

X =C(0,T]; L*(—=L, L) N L*©0, T: H' (—L, L)).
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22 Mo Chen

The space X is equipped with its natural norm.

Proposition 2.1 Ler (iig,v9) € (L*(—L,L))% (fi.f») € L*0,T;(L*(w)?) and
M;, N; € X (i = 1, 2). There exists unique solution (if, ) of Eq. 2.1 such that
(it,9) € C([0, T): (L*(=L, L)*) N L*(0, T; (H' (=L, L))*)
and the following estimate holds
1 D) oo 0,75 12— L,102) N L2073 (B (~L, L))
< C(ll(uo, 50)||(L2(—L,L))2 + 11(f1, f2)||L2(o,T;(L2(w))2))a (2.2)
where C = C(| M1l x, [Mzllx, IN1llx, | N2l x)-

Proof Let (L%(=L, L))* endowed with the inner product

b2 L L
(o) o) =32 [ wpdx+ [ oyar,
1 L —L

and consider the operator

A:D(A) C (L*(=L, L)* — (L*(—L, L))?,

where
D(A) = {(u,v) € (H (=L, L))* : u(—L)
= v(=L) =u(Ll) = v(L) = uy (L) = vy (L) = 0}
and
—Uxxx — A3Vxxx
A(u,v):(_i by ), Y (u,v) € D(A).
By Uxxx by Uaxxx

The calculations in [10] (» = 0) proved that the operator A and its adjoint A* are dissi-
pative in (L?(—L, L))?. Hence, A generates a strong continuous semigroup of contractions
on (L?(—L, L))* which will be denoted by {S(t)},>0.

To simplify notation, we define

By = C([0,01; (L*(~L, L)*) N L*(0,0; (H'(~L, L)%

endowed with its natural norm, where 6 > 0 will be determined later.
Write system (2.1) in its integral form

t
W, (@) = S(f)(ﬁo,50)+/o S(t — ) (—(M1u),
—(N10)x + Xo f1, —(Mall)y — (N2D)x + X0 f2)ds.

Define a map on I" on By by

t

'@, 0)(1) = S) (o, Vo) +/0 S(t — ) (— (M),
—(N10)x + Xo f1, —(M2il)y, — (N2D)x + X0 f2)ds
for (i1, V) € By.
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Null Controllability of a Coupled System of two Korteweg-de Vries 23

Simple computation shows that

ITGE Dz, = €10, )l 211y + 10 D 206502000

2
+Ci Z (IMill20.0: 11 1.2y + INil 1200.6: 51— 1.1yy) 11 D)1 By »
i—1

(2.3)
2
IT(uy, v1) — I'(uz, v2)ll, < Ci Z (||Mi||L2(o,0;H1(_L,L))
i=1
+ IN; ||L2(0,9;H1(—L,L))) @1, v1) — (u2, v2)llB,
for any (u1, v1), (u2, v2) and (4, V) € By.
We can choose 8 > 0 small enough such that
2 1
Crt Y (IMill20.6: 11 -1y + INill20.0: 11 (- 1.1y)) < 3 (2.4)

i=1
Then, it follows immediately that
~ 1
I'(u,v) € By and ||T(u1, v1) — T'(uz, v2)llg, < 5”(”1, v1) — (u2, v2)|B,

for any (u1, v1), (u2, v2), (U, V) € By. Thus, I' is a contraction mapping of By. Its fixed
point (i, V) = I'(&, D) is the unique solution of system (2.1) in By. Moreover, combining
Egs. 2.3 and 2.4, it is shown that

||(i7, m“Bg <C (||(i707 50)”(1‘2(_1‘,1‘))2 + I(f1, f2)||L2(0,9;(L2(w))2)) :

Note that 6 depends only on M;, N; (i = 1, 2), by standard extension argument, one may
extend 6 to T. Moreover, we have Eq. 2.2.
This proves Proposition 2.1. O

In the next section, we will need a regularity estimate for Eq. 2.1.

Proposition 2.2 Let (iig,%) € (H'(=L,L))* (fi,f) € L*0,T;(L*(®))?) and
M;, N; € X (i = 1,2). Then, the solution (i, V) of Eq. 2.1 belongs to

C(0, TL; (H' (=L, L)} N L*(0, T; (H* (=L, L)*),
and moreover, it satisfies the following estimate:

1GE D o0, 7 (1 (— 2, 2)2) () L200,T3 (H2(~ L, L))?)
=C (||(”/707 50)||(H1(—L,L))2 + (/1. f2)||L2(0,T;(L2(w))2)) ) (2.5)
where C = C(||M1|lx, [M2x, INtlx, IN2 x)-

Proof First, we prove an additional regularity result for the following system:

Et + ’I:[xxx + a3ixxx = &1 in(—L,L) x (0,T),
b1v; + brazliyyx + Vixx = &2 in(—=L,L) x (0,7),
u(—L,t) =u(L,t) =1uy(L,t) =0in(0,7T), 2.6)

V(—L,t) =v(L,t) = (L,t) =0 in (0, T),
fi(x,0) = ip(x), V(x,0)=7o(x) in(—L,L).
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24 Mo Chen

Case 1: (o, Tp) € (L*(—L, L))? and (g1, g2) € L*(0, T; (H™'(—L, L))?).

Multiplying the first equation in Eq. 2.6 by b,ii and the second equation in Eq. 2.6 by 7,
adding the two obtained equations and integrating by parts in (—L, L) x (0, t) that

1 (L N _ L[t . o~
5/ (bZiZQ +b17%) (x, T)[TZhdx + Ef (b2 + 2 + 2byaziiy ) (— L, 1)d
L 0

t L
_ / / (brg1T0 + ga2¥)dxdr
0 —L
t L
< 81/ f (ﬁ% +?5)2€)dxdr
0 —L

t
+ C(1) /O (g1 gz +lgalfr_p 1T

for any §; > 0.
The rest of the proof follows the proof of Theorem 2.2 in [10]. Same as in [10], choosing

& > 0 such that a%bz < ¢ < 1, we obtain that

2
~ ~ ~ ~ azby
boll2 4 02 + 2a3byii by > by(1 — M2 + (1 — ZT)U)%. 2.7

This implies
L L t L
/ @ + ) (x,1)dx < C / @3+ 0)dx + 8 f / @2 +dxdt
—L —L 0 J—L
t
+C(8) fo (g1 g gy Fllgalfn_p )dT (28

for any § > 0. Multiplying the first equation in multiplying the first equation in Eq. 2.6
by ba(x 4+ L)u and the second equation in Eq. 2.6 by (x + L)V, adding the two obtained
equations and integrating by parts in (—L, L) x (0, t) that

LM @+ D) (020 + 519 (e, 0|y dox + 3 [ 5 (022 + T2 + 2bra3ii T )dxd T
= fo J5 (ba(x + g1l + (x + L)gaV)dxdt
< 82y 5L @ +Tdxde +CE) [ 12 -, )+ el )de

for any 6, > 0. Taking (2.7) into consideration again and choosing &, small enough, we can
deduce that

JErE @ + Pydxdr + [1 5 @+ P)dxdr
L
< ([ @+ Tdx + i Ueilo ) 18y )dT). 29)
Combining (2.8)—(2.9) and choosing suitable §, it follows that

|, V) oo 0,70 (L2 (—L.1))?) () L2O.T: (H' (~L.L))?)
< C (| o, )l r2(—1,1y2 + (g1, 82)||L2(0,T;(1-171(_L,1_))2)) .
Case2:  (ig, Do) € D(A) and (g1, &2) € L*(0, T; (Hj(—L, L))?)
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Null Controllability of a Coupled System of two Korteweg-de Vries 25

Let us apply the operator P = 3 to system (2.6). Considering the conditions on the
traces of g;, g on the boundaries —L and L, (Pu, Pv) solves the following system:

(PU); + (PU)xxx + az(PV)yyx = Pgi in(—=L,L) x (0,T),
b1(PV); + b2a3(Pi)xxx + (PV)xxx = Pg in(—L,L) x (0, 7),
(Pu)(—L,t) = (Pu)(L,t) = (Pi)y(L,t) =0 in (0, 7T),
(PY)(=L,t) = (PU)(L,t) = (PV),(L,t) =0 in(0,T),

(Pu)(x,0) = (Pup)(x), (PV)(x,0) = (Pvp)(x) in (=L, L).

By the similar method as in case 1, it is not difficult to obtain that
(P, PO)| Lo (0,7:(L2(~ L.L)) ( L2O.T: (H (L. L))
< C (I(Pip, POo)ll2(—1,1y2 + 11 (Pg1, sz)||L2(0,T;(H71(_L,L))2)) .
This implies
G2, D) oo 0, 75 (H3 (=L, £))?) () L20.T: (HA (=L, L))?)
=C (”(ﬁ& 71‘0)||(H3(7L,L))2 + (g1, 82)||L2(0,T;(H2(7L,L))2)) ,

where we use the Poincaré’s inequalities: V u € H*(—L, L) such that u(—L) = u(L) =
u'(L) = 0, one has

||“||H3(—L,L) = C||P”||L2(7L,L) and ||u||H4(,L,L) = C||P”||Hl(7L,L)-
By interpolation arguments, we can deduce that
G2, D) | Loo 0, 7 (B (=L, £))2) () L20.T: (H? (=L, L))
<C (||(i70, EO)H(HI(—L,L))Z + (g1, 82)||L2(0,T;(L2(7L,L))2)) . (2.10)
Then, let
81 = Xo 1 — M)y — (N1V)x, 82 = Xof2 — (Mail)x — (N2V)x.

It is easy to obtain that

||gl ||L2(0,T;L2(—L,L)) = C(”fl ”LZ(O,T;LZ(w)) + ||M1’1'7x ||L2(0,T;L2(—L,L))
+||Mlxﬁ||L2(0,T;L2(_L,L))
+||N1P‘7x||L2((),T;L2(_L,L)) + ||N1x5||L2(O,T;L2(—L,L))>~
Direct computation shows that
IMitcl 20,7 02—,y <IMillLoeo,:r2-r. 0 1l 2200, 7: 0% (L. 1))

<M ||Loo((LT;L2(—L,L))||ﬁ||L2(0,T;H7/4(_L,L)) _
<elMillx ||M||L2(o,T;H2(_L,L))+C(5)||M1 ||X||M||L2(0,T;H1(_L,L))

and
||M1xﬁ||L2(o,T;L2(7L,L)) <M ||L2(O,T;H1(—L,L)) ||ﬁ||L°°(O,T:L°°(—L,L))

<M ||L2(O,AT‘;H'(7L,L)) Nl poo 0.7 34— L. L)) 5
<elMillx ||“||Loo(0,T;H1(7L,L))+C(5)||M1||X||M||L00(0,T;L2(7L,L))

for any & > 0. Similarly, we can estimate [N1xll;2¢ 7.22(—r.2) and
||leT)‘”LZ(o,T;LZ(fL,L))-
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Thus, for any ¢ > 0, we have

g1l 20,7:2=1,1y) < Cllfi [LZN(O,T;LZ(w))
+e([Millx + INtEON G, V)l oo, 711 (—L,1))2) () L20.T: (H2(—L,1))?) (2.11)
+ C@EUIMillx + INHEON, V)l Looo, 7512~ L,1))2) L2, 7: (H (—L, L))

By the same methods, we have

820l 20,7:L2(-L.Ly) = Cllf2llL20.7:220))
+ e(IMallx + N2l x) | (e, U)||LOC(0,T;(H1(7L,L))2)mLZ(o,T;(HZ(fL,L))z) (2.12)
+ CEUMllx + IN2ONE, O oo 0, 7: (22 (=L, L)) () L2O.T:(H (=L, 1))?)-
Gathering together Egs. 2.2 and 2.10-2.12 and choosing ¢ sufficient small, we can obtain
estimate 2.5. O

2.2 Internal Controllability

In this part, we study the null controllability of system (2.1).
First, we review an estimate for the following system:

Vi +ayexx = f in(—L,L)x (0,T),
y(—=L,t) =y(L,t) =y, (—L,t) =0 in (0, T), (2.13)
yx, T) = yr(x) in (=L, L),

where a > 0 is a constant.
Pick any function i € C3([-L, L)) such that

¥ >0in [—-L,L];
[¥'| >0, ¥’ <0 and ¥'¢"” <0 in [-L, L]\w;
Y'(=L) <0 and ¥'(L) > 0;

min ]Iﬁ(x) =¢() < Xéll[léllﬁz] Y(x) =vd1) =y,

Xe[ll,lz

I[TlaLXL]I/f()C) =y (—-L) =y (L) and Y (—L) < %1//(13) for some I3 € (I1, Ip).
xe|—L,

The existence of such ¥y can be found in [16].
To simplify notations, let Q = (—L, L) x (0, T) and Q® = w x (0, T). Set

_ Y(=x)
T KT —1)

Following the methods developed in [16] with minor changes, we have

and y = e %y,

p(x,1)

Proposition 2.3 There exists some positive constant sy such that for all s > sy and all
yr € L*(—L, L), the solution y of Eq. 2.13 fulfills

Jo (59°F* + (s9)°5? + s932,) dxdt

= C(fQ [re>%dxdt + [0 (59 + (s9)° V7 + 5¢3%,) dxdt).
Next, we are in a position to prove the main result in this subsection.

Theorem 2.1 Let (iiy, T) € (L*(—=L, L))? and M;, N; € X (i = 1,2). Then, there exists
(f1. f2) € L*(0, T; (L?*(w))?) such that the solution (if, V) of Eq. 2.1 satisfies

4, T)=3¢,T)=0in (=L, L).
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Null Controllability of a Coupled System of two Korteweg-de Vries 27

Moreover, there exists constant C = C(||M1||x, |M2llx, IN1llx, |N2llx) such that

I1Cf1, f2)||L2(0,T;(L2(w)))2 = C||(F’Z0’ 50)||(L2(—L,L)2)~ (2.14)

Proof Define

1\2  4bya? L1 L g1
- /(= daf=— _14u A :7(7 14 ).
" <b1) * b1 ane 4 by Mot =5 b]+ M)

Our assumption a3 2b, < 1 guarantees that )‘2 > (. Using the change of variable in [17], i
i =2a3u +2a3v and U = )»1 u+ A1,
we can transform linear system (2.1) into the following system

ur + )L;_ﬁxxx + (Eﬁ)x + (Ei)x = Xa)i in (=L, L) x (0, T),
Ut + Ay Uxxx + (Matt)y + (N20)x = Xof2 in (=L, L) x (0,T),

W(—L,t)=u(L,t) =t (L, 1) =0 in (0, T), (2.15)
V(—=L,t) =0(L,t) =0x(L,1) =0 in (0, T),
#(x,0) = o(x), v(x,0) = vo(x) in(~L, L),

where

M = 4m L (2a3M, + AT Ny + 2/Lh1 QazMy + 1T Ny),
Ny = 30y QasMy + A7 Ny) + zﬂb (2a3M> + A7 N2),
M, = 4a (2a3M1 + AN = g QasMa + A Vo),

Ny = r(Zale + AN — ﬁ(2a3M2 + A7 N2),

4a3 fit+ 2Mb1 h h= 4;3 fi— ﬁfz,

—_ )L ~
uy = — 4a3u0+ vo, UO:EMO

2

(2.16)

= \

2# UO

Next, we consider the adjoint system associated to Eq. 2.15:
N+ A;nxxx +ﬁ1nx + Mawy, =0 in(—L,L)x(0,T),
Wy + Ay Wixx +me + Nowy =0 in (=L, L) x(0,7T),
n(—L,t)=n(L,t) =n,(—L,t) =0 1in (0, T), 2.17)
w(—L,t) =w(L,t) =wy(—L,t) =0 in (0, T),
nx, T) =nr(x), wx,T)=wr() in(-L,L).

The following part is close to [16, 18]; therefore, w@stiketch it.
Claim that for any (57, wr) € (L2(—=L, L))?> and M;, N; € X (i = 1,2), the solution
(n, w) of Eq. 2.15 satisfies

(. 0), w(-, 0))||(L2(0,L))2 = Cll(n, w)||L2(0,T;(L2(w))2)7 (2.18)

where C = C(|Mi|lx, [M2lx. INtlix. | N2llx).
Indeed, let

n=en, w=e%w.

Then, it follows that

Ny = €Ny + 50’7 and wy = ™YWy + 5@’
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Applying Proposition 2.3 to the first two equations in Eq. 2.17 , we have the following
estimate

Jo (9P + ) + (500 GF + T3) + 59 G + 52, )dxd
=C .[Q <|ﬁ1’7x + Myw,|*e™ ¢ + [Ny, + Nowy |? e_zs‘p)dxdt
+C fgu (0GP + ) + (s9)* G + T2) + s, + %) ) dxdr.
It is clear that
So (¥in, + Maw, e + [Ny, + Npw, e % )dxd
C o (M2 + MG, 2 + [NV + [N
+ 22 (M + (M) + (NI + [N2if?) )dxdr
CAUM I, 1M, INT I, N2 10 f (1ee 4 [al? + 5202 P+ 17 ) ) .

IA

IA

Fors > s; with s; = s1(|M1 | x, [ Mzlx, [IN1]lx, N2 x) large enough, we infer that

Jo (69707 +w?) + (502 O + ) + 5@, + w2 )e ¥dxdr

<C wi ((s<,0)5(772 +w?) + (59)3 (2 + w?) +sp(n?, + w%x))e_zwdxdt. @19)
We introduce the functions
= T YO T 9 YO T
(2.20)
From Egs. 2.19 and 2.20, we have
Jo (9P @2 +w) + 6@P 0 + wd) + 542, +wd) e >Pdxds oo
= € fou (69702 +w?) + @ 0 + D) + s¢ (0, + wl))e ¥Pdxdr.
Using interpolation in the Sobolev spaces and Young’s inequality, it holds that
Sgo (6@ 0P +w?) + 6@ + wl) + 562, +w,) e > dxdr
< Cs'0 5 e ©TBDG G, 1), w2, 00t (2.22)

2T 256 v—
+es72fo e 209N MC D W DT s )t
for any ¢ > 0. Some complicated estimates yield

T _9sp v
Jo €267 C D, W DT yss 240
= C5? [ (6P + w?) + 6@ + wd) + 5P, + wh) e >Pdxdr.
(2.23)
Taking (2.21)—(2.23) into consideration and choosing suitable ¢, we conclude that

Jo (6970 +w?) + @1 07 + wd) + s¢ (0, + wd) )e ¥Pdxds

T H—8¢) ¥
< Cs0fy e COBOG G0, wC )T o, pdt

(2.24)

for s > max{sg, s1}.
Proceeding as in the proof of Proposition 2.3, we can find a constant C =
CUIM1llx, IM2llx. [IN1llx. [[N2llx) such that

2 2
||(777 w)||L°O(0,T;(L2(0,L))2) mLz(O,T;(Hl(O,L))Z) S C”(nTa wT)”(Lz(O,L))Z' (225)
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ReplaCing (77(7 t)7 lU(', t)) by (7](7 O)s w('v O)) and (77Ts UJT) by (77(, t)v 'LU(', 7:)) for
T/3 <t <2T/3in Eq. 2.25, and integrating over t € (T/3, 27 /3), we obtain that

21/3
2 2
||(TI(, 0)7 w('? 0))||(L2(0,L))2 f C /;/3 ||(7}(» t)7 w('? T)))”(LZ(—L,L))Z'
Combining (2.24), we derive the observability estimate (2.18).
From Eq. 2.18 and the classical dual arguments, we establish the null controllability of
Eq. 2.15. Combining (2.16), the proof of Theorem 2.1 is complete. O

3 Proof of Theorem 1.1

Now, we can prove the main result in this paper.
For&,¢ € X, let

1 ap brap 1
My = -E+axt, Ni=—¢ My=—"—""&+ba1¢, Np=r+ =¢ (3.1)
2 2 2 2
and
(u, v) = (L, Do,L1x0,7)> (3.2)

where (&, D) is the solution of Eq. 2.15 with M1, M», N, N, defined as in Eq. 3.1 and
(f1, f2) chosen as in Theorem 2.1. According to Theorem 2.1, it is clear that

W, T)=9,T)=0 in (=L, L).

Then, (u, v) solves the following system

e+ tens + @3vee + (36 +a20u) +(%¢v), =0 in (0, ) x (0, T),
bivs + badsttas + vew + (B2 +baarou) +(0r+ 20)v) =01in 0,L) x 0.7,
w0, 1) = hi(t), u(L,t) = uy(L,1) =0 in (0, T),
v(0,1) = hy(t), v(L,t) =v,(L,t) =0 in (0, T),
u(x,0) =uglx), vix,0) =vo(x) in (0, L)

for
hy =1i|x=0 and hy = V|y=0.
We clearly have that u(-, T) = v(-, T) = 0 and

11 2N 20,722 < Cxll@o, vo)ll (L2~ 1y)2> (3.3)

where Ci = C(Il€lx, 12 11x).

In the sequel, we suppose that (ug, vo) € (H'(0, L))? and that || (o, vo)ll (z1(0,1))2 is
sufficiently small.

In fact, for any ¢ € (0,T), assuming that iy = hy = 0 in (0,«), by the
Banach fixed point theorem, system (1.1)-(1.3) admits a unique solution (u#,v) €
C ([0, al; (L*(0, L)) N L*(0, a; (H'(0, L))?), and if ||(uo, vo)ll12(0.1)2 is sufficiently
small, we have

Gt V)| oo 0,0 22(0,2)2) N L2(0,05(H1 0,1)2) = &

for any ¢ > 0. In particular, we can find a constant o9 € (0,®) such that
(-, 00), v(-, c0)) € (H'(0,L))* and that ||(u(-, @), v(-, @0)) | 10,1y is sufficiently
small. Then, we consider system (1.1)—(1.3) in (0, L) X (o, T).
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According to Proposition 2.2, (2.14) and interpolation arguments, we get that h, hy €
HY/D=£(0, T) for any € > 0, and

(21, Bl garm—e 0,72 < Cll@o, vo)ll g1 (0,1))25

for some C = C(§, ¢).
Next, we introduce the space

E =C(0, T1; (L*(0, L)*) N L20, T; (H' (0, L)*) N H' (0, T; (H™*(0, L))?)

endowed with its natural norm. We consider in L2(0, T; (L2(0, L))?) the following compact
subset:
B={¢,0)eE|IGE DI <1}

Let us define

A, 0) = {,v) = @ Dlo,L1x0,n | 3fi, ) € L*(0, T; (L*(@))?) such that
(f1, f2) satisfies (3.3) and (i, V) solves (2.1) with M;, N; defined in Eq. (3.1) and u(-, T) =
u(-, T)=0}.

We shall use the following Banach space version of Kakutani’s fixed point theorem (see

[19D.

Theorem 3.1 Let F be a locally convex space, let B C Z and let A : B — 28 be a
set-valued mapping. Assume that:

® B is a nonempty, compact, convex set.
A(z) is a nonempty, closed, convex set of F for every z € B.

o A is upper semicontinuous, ie., for every closed subset A of F, A"'(A) = {z €
B; A(z) N A # B} is closed.

Then, A possesses a fixed point in the set B, i.e., there exists z € B such that z € A(2).

Let us check that Theorem 3.1 can be applied to F' = L2(0, T; (L0, L))?).

It follows from Egs. 2.5, 2.14, and 3.2 that A maps B into 28 for || (uo, Vo) ll (110, 1))
sufficiently small. The convexity of B and A((§, ¢)) for all (¢, ¢) € B is clear. By Aubin-
Lions’ lemma, B is compactin F. Applying Theorem 2.1, we see that A((€, ¢)) is nonempty
for all (&, ¢) € B. The fact that A((&, ¢)) is closed in F for every (§,¢) € B and that A is
upper semicontinuous can be obtained following the methods developed in [16] with minor
changes.

Consequently, Theorem 3.1 applied and this implies that there exists (1, v) € A(u, v),
that is to say, we have found two controls i1, hy € HU/2—¢ (0, T) for all & > 0, such that
the solution of Eqs. 1.1-1.3 satisfies u(-, T) = v(-, T) = 01n (0, L).

The proof of Theorem 1.1 is finished.
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