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Abstract The paper is concerned with a two-player nonzero-sum differential game in the
case when players are informed about the current position. We consider the game in control
with guide strategies first proposed by Krasovskii and Subbotin. The construction of uni-
versal strategies is given both for the case of continuous and discontinuous value functions.
The existence of a discontinuous value function is established. The continuous value func-
tion does not exist in the general case. In addition, we show the example of smooth value
function not being a solution of the system of the Hamilton—Jacobi equation.
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1 Introduction

The purpose of this paper is to study the Nash equilibria for a two-player deterministic
differential game in the case when the players are informed about the present position. We
construct the pair of strategies providing the Nash equilibrium at any initial position from
the given compact set. It is natural to say that such pair of strategies is a universal Nash
equilibrium for a given compact set. Note that the notion of universality generalizes the
concept of strong time consistency (subgame perfectness).

There are two approaches in the literature dealing with this problem (see [8] and the
references therein). The first approach is close to the so-called Folk Theorem for repeated
games and is based on the punishment strategy technique. This technique makes it possible
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to establish the existence of Nash equilibrium at the given initial position in the framework
of feedback strategies [14, 15] and in the framework of Friedman strategies [21]. The set
of Nash equilibria at the given initial position is characterized in [12, 14]. The infinitesimal
version of this characterization is derived in [2, 4]. In addition, each Nash equilibrium payoff
at the given position corresponds to the pair of continuous functions; these functions are
stable with respect to auxiliary zero-sum differential games, and their values at the initial
position are kept along some trajectory [3]. Note that in this case, the Nash equilibrium
strategies are not universal.

The key idea of the second approach is to find a Nash equilibrium payoff as a solu-
tion of the system of the Hamilton—Jacobi equations [5, 11, 13]. In this case, the universal
Nash equilibrium can be constructed. However, the existence theorem for the system of
the Hamilton—Jacobi equations is established only for some cases of the games in one
dimension [6, 7, 9, 10].

In this paper, we consider the Nash equilibrium for deterministic differential games in
control with guide strategies. These strategies was first proposed by Krasovskii and Sub-
botin for zero-sum differential games [17]. In the framework of this formalization, the player
forms his control stepwise. It is assumed that the player measures the state of the system
only in the times of control correction. At the time of control correction, the player esti-
mates the state of the system using the information about the state of the system at the
previous time instants of control correction. Having this estimate and the information about
the real state of the system, he assigns the control which is used up to the next control cor-
rection. Roughly speaking, the player using control with guide strategies needs instruments
to measure the current position and a computer to store the information about the state of
the system at the previous time of control correction, and to evaluate the state of the system
at the current time of control correction, whereas the player using feedback strategies needs
only measuring instruments.

The choice of control with guide strategies is motivated by the following arguments.
Even for zero-sum differential game, a universal feedback solution does not exist (feedback
strategies solving the game at any position from the given compact) [19]. The universal
solution of zero-sum differential games can be found in the class of feedback strategies
depending on the precision parameter [16] or in the class of control with guide strategies
[17]. However, for nonzero-sum differential games, an existing design of Nash equilibria
in the class feedback strategies depending on the precision parameter does not provide the
universality.

The paper is organized as follows. In Section 2, we set up the problem and introduce
the control with guide strategies. In Section 3, we construct the Nash equilibrium in the
control with guide strategies for the case of a continuous value function. This function is to
satisfy some viability conditions. Further in Section 3, the properties of a continuous value
function are considered. We give the infinitesimal form of viability conditions. After, we
compare the value functions satisfying viability conditions and the solutions of the system
of the Hamilton—Jacobi equations. The example showing that the continuous value function
does not exist in the general case completes Section 3. In Section 4, we generalize the
construction of Section 3 for the case of an upper semicontinuous value multifunction. In
Section 5, we prove the existence of a value multifunction.
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2 Problem Statement

Let us consider a two-player differential game with the dynamics
X=f(,x,u)+gt,x,v), t€[0,T], xeR", ueP, veQ. (1)

Here, u and v are controls of player I and player II, respectively. Payoffs are terminal. Player
I wants to maximize oy (x (7)), whereas player II wants to maximize o> (x(7)). We assume
that sets P and Q are compacts, and functions f, g, o1, and o, are continuous. In addition,
suppose that functions f and g are Lipschitz continuous with respect to the phase variable
and satisfy the sublinear growth condition with respect to x.
Denote
U :={u:[0,T] — P measurable},

V:={v:[0,T] - Q measurable}.
Ifu € U, v € V, then denote by x (-, fy, xo, u, v) the solution of the initial value problem

X() = ft, x(@), u()) + g, x(), v(1)), x(t0) = xo.

We assume that the players use control with guide strategies (CGS). In this case, the
control depends not only on a current position but also on a vector w. The vector w is called
a guide. The dimension of the guide can differ from n.

The control with guide strategy of player I U is a triple of functions (u, vl x l) such
that for some natural m, the function u maps [0, T'] x R" x R™ to P, the function 1//l maps
[0, 7] x [0, T] x R" x R™ to R™, and x! is a function of [0, T'] x R" with values in R™.

The meaning of the functions u, ¥ ', and x ! is the following. Let w! be a m-dimensional
vector. Further, it denotes the state of the first player’s guide. Player I computes the value of
the variable w! using the rules which are given by the strategy U. The function u (t*, X w‘)
is a function forming the control of player I. It depends on the current position (., x,) and
the current state of guide w!. The function 1//1 (t+, Ty, Xs, wl) determines the value of the
guide at time 74 under the condition that at time t,, the phase vector is equal to x,, and the
state of guide is equal to w!. The function x ! (fo, x¢) determines the initial state of guide.

Player I forms his control stepwise. Let (#o, xo) be an initial position, and let A = {#};_,
be a partition of the interval [#y, T']. Suppose that player II chooses his control v[-] arbitrar-
ily. He can also use his own CGS and form the control v[-] stepwise. Denote the solution
x[-] of Eq. (1) with the initial condition x[t9p] = x¢ such that the control of player I is
equal to u (tx, Xg, w}) on [t, e[ by x'[-, 70, x0, U, A, v[-]]. Here, the state of the sys-

tem at time #; is xi, the state of the first player’s guide is w,i; it is computed by the rule

w} =Y (te, ti—1, X1, wi_y) fork = 1, r, w) = x ' (1o, x0).

Note that the player needs only the finite number of sampling points (#, xx) to produce
the piecewise constant control on whole interval [#p, T']. Certainly, he should use a computer
to obtain the values wf{.

The control with guide strategy of player II is defined analogously. It is a triple V =
(v,wz,xz). Here, v = v(t*,x*,wz), Y2 = 2 (t_,_,t*,x*,wz), x2 = x%(to, x0));
(t4, x4) 1s a current position, where w? denotes the guide of player II, and (7o, xo) is
an initial position. The motion generated by a strategy V, a partition A of the interval

@ Springer



332 Yurii Averboukh

[0, T], and a measurable control of player II u[-] is also constructed stepwise. Denote it by
X2[ tey Xis V, A ul ).

We assume that the Nash equilibrium is achieved when the players get the same par-
tition. Let A = {#};"_, be a partition of the interval [fo, T]. Denote the solution x[-] of
Eq. (1) with the initial condition x[fg] = x¢ such that the control of player I is equal
to u (tk,xk, w,l) on [#, t+1[, and the control of player II is equal to v (tk,xk, w]%) on
[k, tk+1[ by xO[, 1y, x4, U, V, A]. Here, x denoting the state of the system at time #; w};
is the state of the i-th player’s guide at time #;. Recall that w}; = W (tk+1, thy Xk, w,}),
w6 = xi(19, x0),i = 1, 2.

Definition 2.1 Let G C [0, T] x R". A pair of control with guide strategies (U*, V*) is
said to be a control with guide Nash equilibrium on G iff for all (#p, xo) € G the following
inequalities hold:

}Sijgsup{ol (W27 10, x0, V¥, AL ul11) d(A) < 6,ul] €U}
< %iilainf[al (x(c)[T, t0, x0, U™, V*, A]) “d(A) < 3} ,

lim sup {02 (xl[T, t0, x0, U, A, v[~]]> Sd(A) <5, 0[] €V
510

< lsilrginf[@ (x(c)[T, t0. x0, U*, V*, A]) Ld(A) < 8} :

Note that if G is a reachable set from (¢*, x*), then the control with guide Nash
equilibrium on G is a subgame perfect Nash equilibrium.

Definition 2.2 A function (cy, ¢2) : [0, T] x R" — R2 is called a value function if for
any compact set G C [0, T'] x R", there exists a control with guide Nash equilibrium on G
(U*, V*) such that for all (¢9, x9) € G

¢i(to, x0) = ?IB’ inf{oy (x O[T, 19, x0, U*, V*, A]) : d(A) < 8}.

Note that for the zero-sum game, the value function is defined in each position indepen-
dently, and also it can be defined as in Definition 2.2 [20].

3 Continuous Value Function
3.1 Construction of the Nash Equilibrium Strategies

Let (t4, x4) € [0, T] x R", u, € P, v, € Q.
Define

Sol! (t4, x5 v4) 1= X (-, Ly, X, 1, 0) 1w € U,
SO]Z(t*7 Xo Us) 1= CHX (-, by X, Uy, v) 10 € VY,

Sol(ty, x4) == cl{x (-, ty, x5, u,v) :u €U, v € V}.

Here, cl denotes the closure in the space of continuous vector function on [0, T']. Note that
the sets Soll(t*, Xy Us), Solz(t*, Xy; Uy), and Sol(t,, x,) are compact.
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Theorem 3.1 Let a continuous function (c1, ¢3) : [0, T] x R" — R2 satisfy the following

conditions:

Fl) (T, x)=o0i(x),i=1,2;

(F2) Forevery (ty, x4) € [0, T] x R", u € P, there exists a motion y2(~) € Sol*(ty, xy; 1)
such that ¢ (t, yz(t)) < c1(ty, x4) fort € [t,, T];

(F3) Forevery (ty, x4) € [0, T] x R"*, v € Q, there exists a motion y](~) € Sol! (ty, X4; V)
such that c»(t, y] ) < co(ts, xy) fort € [ty, T,

(F4) Forevery (t«, x4) € [0, T] x R", there exists a motion y(")(~) € Sol(ty, x4) such that
ci(t, yO)) = ci(ts, x4) fort € [t:, T1, i = 1,2.

Then, (cy, ¢2) is a value function.
The proof of Theorem 3.1 is constructive, and it is based on the Krasovskii—Subbotin

extremal shift rule.
Let G C [0, T] x R" be a compact. Denote by E the reachable set from G:

E = {x(t, te, X, u,v) : (ty,xs) € G, t €[ts, T, u €lUd,v e V}. 2)
Put
K :=max{||f(t,x,u) + g, x,v)||:t€[0,Tl,x € E,ue P,ve Q}, 3)

Let L be a Lipschitz constant of the function f + gon [0,T] x E x P x Q, i.e., for all
tel0, T, x',x" e E,ue P,ve Q

If @, x' u)+ g, x',v) — f(t,x" u) — g(t, x", v)|| < L||Ix" —x"]|.
Also, put
@*(8) :=sup{|l f (¢/,x,u) + g/, x,u) — f(", x,u) — g(t", x,u)|| :
v, " el0, T, |t —t'| <8, x € E,ue P,ve Q).
Note that ¢*(§) — 0,as § — 0.
Let us introduce the auxiliary controlled system
s=h(t,s, 0,w), seR" w €. %)
Below, we consider two cases.
i =P, N=0,h=f+g;
(i) Q=PxQ,=0,h=f+g.

Note that in both cases, system (4) satisfies the Isaacs condition.
Put 8 :=2L, R := max{||s’ — s : s',s" € E}, 9(8) = 4¢*(§)R + 4K?5.
The following lemma was proved by Krasovskii and Subbotins (see [17]).

Lemma 3.1 Let s?,sg e R", 1, € [0,T], o] € Q1, 05 € Q satisfy the following

conditions:

max min <s£J — s(l), h (t*, s(l), w1, a)2>> = min <sg — s(l), h (t*, s(lj, oy, w2)>,
w1 EQ w2EQ0 W€

min max <sg — s?, h (t*, s?, wl,w2)> = max <sg — s?, h (t*, s?, wi, w§>>
W€ w1 €N w] €N

If 51(-) is a solution of the initial value problem

. 0
§1=h(t,s1, 0], 02(1), s1(ty) =57,
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and so(-) is a solution of the initial value problem
: 0
§2 = h(t, 52, w1(1), w3), s2(t) =55,

for some measurable controls w\(-) and wy(-), then for all ty € [t., T] the following
estimate holds:

ls2(t) — st < s — sV (1 + Bty — 1)) + @14 — 1) - (14 — ).

We assume that the i-th player’s guide w' is a quadruple (d, v/, w™@, w"()). The
variable d' € R describes an accumulated error, T/ € [0, T]is a previous time of the control
correction, w"® € R" is a punishment part of the guide, and w"?) € R" is a consistent
part of the guide. The whole dimension of the guide is 2n + 2.

For any (#4, x4«) € [0, T] x R", u € P, v € Q, choose and fix a motion y2(~; Ty, Xs, U)
satisfying condition (F2), a motion yl (+; t, X, v) satisfying condition (F3), and a motion
y(c)(~; t«, Xy) satisfying condition (F4).

Now, let us define the strategies U* and V*. Below, we prove that the pair of strategies
(U*, V*) is a control with guide Nash equilibrium on G.

First, put % (10, x0) = x%(to, x0) := (0, to, X0, X0).

Let (¢, x) be a position, and w' = (d’, t/, w"@, w"(©) be a state of the i-th player’s
guide. Put

o w‘:*(c), w© —x|? < d (1 + B (t — ri)) + ¢ (t — ‘L'i) (t — ri) , 5)
T @, otherwise.
Let us consider two cases.
i = 1. Choose a control u, by the rule

max(z! —x, £(t,x,w) = {z' = x, f (¢, x,u.)). (6)

ue

Further, let v* satisfy the following condition:

mig(z‘ —x. gt x,v)) = (' —x,g(t, x,v%). (7

€
Define u (t,x, wl) = u,. For t; > ¢, put w] (t+,t,x, wl) be equal to w],_ =

(d}r, T, wl;(a), wl(0)>, where

1, 1,(c
db =" =x|?, oli=1, wh@ = y'(t+;t,z],v*), wy© = y“”(u;t,z‘).

i = 2. Leta control v, be such that

2 2

maéc(z —x, 8, x,v)) = (z7 —x, 8@, x, v)). )
€
Choose u* satisfying the condition
mig(zz —x, f(t,x,u)) = (2% —x, f{t,x,u")). 9
ue
Set v(t,x,w) = v, For t; > ¢, put wz (t+,t,x,w2) be equal to w_%_ =
(szr, 2, wi’(a), wi’(c)), where
di =127 =xIP, rp =1 wi'@ =2 2w, wi =y, 2.
Note that A ‘
¢j (10wl ) = ¢, 7) forall i, j=1,2, (10)
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cl <t+, wi’(a)) <c] (t, zz) , € <t+, ler’(a)) < (t, Z]) . (11)

Below, let x4 denote the state of the system at time 7.

Lemma 3.2 Suppose that 7' = z%> = z. If players I and II use respectively the controls u,
and v, on the interval [t, t ], then w_l,_’(c) = w_z‘_’(c) and

ey — wh @I < d (1 + By — 7)) + oty — Ty — 7).

Proof The controls u. and v, satisfy the condition

max (z—x, f(t,x,u)+g(t, x,v)) =(z—x, ft,x,uy) + g, x,vy)).
ueP,veQ

We apply Lemma 3.1 with Q1 = P X Q, 2 =9, h = f+ g. Ifx(-) = x(-, 1, x, Uy, Vy),
YO =y 1, 2), then

Ix(t4) =y QDI < llx = 2P0+ Bty = D) + (14 — 1) - (14 = 1).
The definition of the strategies U* and V* yields that wi’r(c) = y© (ty) fori = 1,2. By

construction of the functions ¥, i = 1,2 we have that t = ‘L'_i,_, and dﬂr = |lx — z||%. This
completes the proof of the Lemma.

Lemma 3.3 If player I uses the control u, on the interval [t, t,], then

ey = wi@IP < db (14 Bls — 1) + 9l — T (1 — 13, i =1,2.

Proof We apply Lemma 3.1 with Q) = P, Q2 = Q and h = f + g. The choice of u, (see
Eq. (6)) and v* (see Eq. (7)) yields that the inequality
() =y @O? < e = 2" 1PA 4+ Bl = 0) + @(ts — 1) - (14 — 1)

1 (@)

holds with x(-) = x(-, ¢, x, us, v) and y](~) = yl (~,t,z ,U*). Since wir’ = y](t+),

‘L’_}_ =t, and d]r = |lx — z'||?, the conclusion of the Lemma follows.

We need the following estimate. Let A = {tk}zzo be a partition of the interval [fy, T],
and let {yy};_, be a collection of numbers such that

Vir1 < e+ B(+1 — 1)) + @(tkr1 — 1) - (vt — B (12)
Then,
Vi < [vo+ (1 + (t — t0))p(d(A))]exp Btk — to). (13)

Proof of Theorem 3.1 First, let us show that for all (¢y, xg) € G, the following equality is
valid:

cj(to, xo) = %ilfginf{dj(x(c)[T, t0, %0, U*, V*, A]),d(A) < 8}, j=12. (14)

Let A = {#};_, be a partition of the interval [f9, T]. Denote the state of the system at
time 7 by x, the state of the i-th player’s guide by w} = (d,ﬁ T, w,(f)’i, w;;’(c)). Also, let
z}; be chosen by rule (5) at time ;. We have that tg = fg, T4+ = # for k > 0. Moreover,

2

L) _ . 1) _
o T Wy = Zp

1
0 =W
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Hence using lemma 3.2 inductively, we get that
1 1,(c 2 2,(c i i 2
d=w =g =uw di,, =lx— %) (15)
and
k1 — 2y 17 < vk — 2R P+ Bltrst — 1)) + @(tig1 — 1) (e — 1)

forallk =0, N.
It follows from Eq. (13) that

I, — 22112 < [lxo — zh 1> + (1 + (& — 10)p(d(A))]exp Bty — 10).

Since zf) = X0, we obtain that

) 172
It = 2l < 229 = [ (1 + (@, = oD@ exp B —10)| (16)
where § = d(A). Note that »(8) — 0,5 — 0.
Let ¢;(Y) be a modulus of continuity of the function o; on the set E
¢j(y) :=sup{lo;(x") —o;(x")| : X', x" € E, |x = x"| < y}.
We have that '
lloj(xr) — oz < ¢ (5(8)). a7
Since z}; = wf{’ (c), it follows from Eq. (10) that c; (fk+1» w,i’f])) =cj(t, z}() =
cj (tk, w;{’ (C)). Therefore, using condition (F1), we get

lloj(x[T, 10, x0, U*, V*, A]) — ¢ (to, x0) || < ¢;(5¢(8))

with § = d(A). Passing to the limit, we obtain equality (14).
Now, let us show that for all (79, xg) € G

c2(to, xo) = 1(;113 sup{oa (x'[T, 10, x0, U*, A, v[-]), d(A) < 8, v[] € V). (18)

Let A = {#};_, be a partition of the interval [f9, T'], and let v[-] be a control of player
II. Denote the state of the system at time #; by xi, the state of the first player’s guide by

w,]C = (d,l, T, w,(f)’l, w,i’(c)). Also, let z,lC be chosen by rule (5) at time #.
We claim that inequality (12) is valid with y; = IIZ,IC — x¢||?. Note that T/ngl =fy, d11+1 =

||z}< — xi|2 If le¢+1 = w,:fi’), then inequality (12) holds by construction. If z,](_,_] = w,lcfl),

then by using Lemma 3.3, we obtain that inequality (12) is fulfilled also.
Therefore, we have inequality (13) with yp = 0 and y; = ||z,£ — x|%. Hence,

iz} — x|l < se(d(A)).

Consequently, inequality (17) is fulfilled fori =1, j = 2.
It follows from Eqgs. (5), (10), and (11) that

1) (lk+1, z,]<+]) <o (fk, Z}C) . (19)
Condition (F1) and the equality z(l) = x¢ yield the inequality
o (z,l) =c (T, z,l) < o2 (to, X0)-

From this and Eq. (19), we conclude that
o2 (x [T, 1o, x0. U*, A, v[]]) < c2(to, X0) + ha(54(8)),
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with § = d(A). Passing to the limit, we get inequality (18).
Analogously, one can prove the inequality

¢1(to, x0) > limsup [m (xz[T, fo. x0. V*, A, u[-]) d(A) < 8. ul] € u} G
840

Combining equality (14) and inequalities (18) and (20), we conclude that the strategies U*
and V* form the control with guide Nash equilibrium on G. Moreover, the Nash equilibrium
payoff of player i at the position (¢, xo) is ¢; (fo, xo). Hence, (c1, ¢3) is a value function.

3.2 Infinitesimal Form of Conditions (F1)—(F4)

Define

Hi(t, x,s) ;== maxmin(s, f(z, x,u) + g(t, x, v)),
ueP veQ

Hy(t, x, s) := maxmin(s, (¢, x,u)+ g(t, x,v)).
veQ ueP

Proposition 3.1 Conditions (F2) and (F3) are equivalent to the the following one: the
Sfunction c; is a viscosity supersolution of the following equation:

a .
aczl + H;(t,x,Ver) = 0. 30

This proposition directly follows from [20, Theorem 6.4].
Further, define a modulus derivative at the position (¢, x) in the direction w € R”" by the
rule

dabs(c1, 2) (7, x3 w)
et 8, x +dw) — et )+ lea(t + 8, x + dw') — ea(t, x)|
;= liminf .
510w —w 1)
Proposition 3.2 Condition (F4) is valid if and only if for every (¢t,x) € [0, T] x R"

inf  daps(c1, c2)(t, x; w) = 0.
weF(t,x)

Proof Condition (F4) means that the graph of the function (cy, ¢3) is viable under the
differential inclusion

x ft, x,u)+ g, x,v)
Ji | =co 0 cue P,veQ
I 0

One can rewrite this condition in the infinitesimal form [1, Theorem 11.1.3]: for J; =
c1(t,x), J» = ca(t,x) and some w € co{f(t,x,u) + g(t,x,v) : u € P,v € Q}, the
inclusion

w

0 | € Dgr(er, e2)(t, (x, J1, J2)) (22)

0

holds. Here, D denotes the contingent derivative. It is defined in the following way. Let
G C [0, T] x R™, G[t] denote a section of G by ¢:

gt ={w eR": (t,x) € G},
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and let the symbol d denote the Euclidian distance between a point and a set. Following [1],
set

DG(t, y) := {h eR": ligni(?f diy + (Sh;sg[[ +4D = 0} .

Let J; = ci(t, x). We have that (w, Y1, Y») € Dgr(cy, c2)(t, (x, J1, J2)) if and only if
there exist sequences {wk},‘?‘;l and {(Sk},fil such that w = limy_, o0 W, and
. ci(t 48k, x + Spwg) — ¢ (1, x)
Y; = lim .
k—o0 Sk

Therefore, condition (22) is equivalent to the condition daps(c1, ¢2) (¢, x; w) = 0 for some
weco{f(t,x,u)+ g, x,v):ueP,ve Q}.

3.3 System of the Hamilton—Jacobi Equations

It is well known that the solutions of the system of the Hamilton—Jacobi equations provide
Nash equilibria [5]. Let us show that Theorem 3.1 generalizes the method based on the
system of the Hamilton—Jacobi equations.

For any s € R", let u(¢, x, s1) satisfy the condition

(s, f(t, x,u(t,x,s))) =max{(s, f(t,x,u)) :u € P},
and let 0(z, x, s) satisfy the condition
(s, g(t, x,0(t, x,s))) = max{(s, g(t, x,u)) :u € P}.
Set
Hi(t, x,s1,52) = (si, f(¢&, x,04(t,x,51)) + g, x, 0(¢, x, 52))).
Consider the system of the Hamilton—Jacobi equations:

{ Wi+ Hi(tx, Vor, Vo) = 0,

.2 23
0i(T, x) = 0; (x). (23)

Proposition 3.3 If the function (@1, ¢2) is a classical solution of system (23), then it
satisfies condition (F1)—(F4).

Proof Condition (F1) is obvious.
Since (¢1, ¢2) is the solution of system (23), we have that
_ 0gi(t,x)
ot
+ (Vi (t, x), g(t, x, (¢, x, Vo1 (1, x))))
o it x)
- ot
+ min(Vei(t, x), g, x, v))
veQ

0 + max(Vo (t, x), f(t, x,u))
ueP

+ max(Vo (t, x), f(t, x,u))
uebP

2001 (t, x
= ‘“;[ ) L x, Vi, 1)
The subdifferential of the smooth function ¢; is equal to D™ ¢i(t,x) =
{(0¢1(t, x)/0t, Vi (2, x))}. Therefore, ¢ is a viscosity supersolution of Eq. (21) fori = 1
[20, Definition (U4)]. This is equivalent to condition (F2).
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Condition (F3) is proved in the same way.

dabs (91, ©2) (1, x5 w)

o (¢, x
_ @1( )+

agﬂ t,x
at

9 (Voo (t, x), w)| .

(Vo1 (1, x), w)' + '
Substituting w = f (¢, x, u(t, x, Voi (¢, x)))+ g, x, 0(¢, x, Vga (2, x))) gives condition
(F4).

Generally, there exists a smooth function (cy, ¢) satisfying conditions (F1)—(F4) not
being a solution of the system of the Hamilton—Jacobi equations.

Example 3.1 Consider the system

X1 = -—v
(a2t &
Here, t € [0, 1], u, v € [—1, 1]. The purpose of the i-th player is to maximize x; (1).

The function (cj, ¢3) with ¢](f, x1, x2) = x1 + (1 — 1), S5t x1,%2) = x2+ (1 — 1)
satisfies conditions (F1)—(F4), but it is not a solution of the system of the Hamilton—Jacobi
equations (23). Moreover, ¢/ (¢, x) > ¢; (¢, x) for some solutions of system (23) (¢1, ¢2).

Proof First, let us write down the system of the Hamilton—Jacobi equations for the case
under consideration. Denote d¢; /dx; by pj, d¢2/0x; by g;.
The variables & and ¥ satisfy the conditions

max pou = poit, max (—qi +q2)v = (—q1 +g2)0.
uel—1,1] vel—1,1]

Hence, the system of the Hamilton—Jacobi equations (23) takes the form
"0 — p1o+ paii+9) =0, o5)
W 15+ i+ ) =0.
The boundary conditions are ¢ (1, x1, x2) = x1 and g2 (1, x1, x2) = x».
The function (c}, c;) satisfies conditions (F1)—(F4). Indeed, condition (F1) holds obvi-
ously. Condition (F2) is valid with v = 1, and analogously, condition (F3) is valid with
u = —1. Moreover, both players can keep the values of the functions if they use the controls
v = —1, u = 1. This means that condition (F4) holds also.
On the other hand, the pair of functions (c’lk c’zk) does not satisfy the system of the
Hamilton—Jacobi equations. Indeed,

dci/0x; =p1 =1, dcj/dxa =p2=0, 3c5/9x1 =q1 =0,
dcy/0x2 =qo =1, dcj/0r = dc5 /ot = —1.
Therefore, 0 = 1. Substitution into the first equation of (25) leads to the contradiction.
Further, consider the functions ¢ (¢, x1, x2) = x; — (1 — 1), wg(t, X1, x2) =x2+ (1 +
2a)(1—1). Here, a is a parameter from [—1, 1]. Note that if 6 = 1 and il = «, then (1, ¢ )

is a classical solution of system (25).
We have that for @ € [—1, 0)

it x1,x2) > @1(t, x1,x2), cf(t, x1,x2) > @ (1, x1, x2).
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3.4 Problem of Continuous Value Function Existence

The continuous function (cy, ¢) satisfying conditions (F1)-(F4) does not exist in the
general case.

Example 3.2 Let the dynamics of the system be given by
x=u, te[0,1,x eR,ue[-1,1].

The purpose of the first player is to maximize |x(1)|. The second player is fictitious, and
his purpose is to maximize x(1). In this case, there is no continuous function satisfying
conditions (F1)-(F4).

Proof Let a function (c1,¢3) : [0,1] x R — R? be a value function. Since the payoft of
player I does not depend on the control of player II, we have that ¢ (¢, x) = |x|+ (1 —¢) and
the Nash equilibrium strategy of the player I U* = (u, 1, x1) should satisfy the conditions

u(t,x,w') e{-1,1}and
(t ])_ 1, x>0,
HEXHYI=T 21, x <o,

Therefore, c2(t,x) = x + (1 —¢) for x > 0 and (¢, x) = x — (1 —t) for x < 0. Note
that the value of the function c; at the positions (¢, 0) is determined only by the condition
c2(t,0) € {(1 — 1), —(1 — ¢)}. Thus, there is a nonuniqueness of the value functions.

The example shows that we need to modify Theorem 3.1 for the case of discontinuous
value functions. A natural way is to consider value multifunctions.

4 Value Multifunctions

A multifunction S : [0, T] x R” = R? is called a value multifunction if any of its selector
is a value function in the sense of Definition 2.2.

Theorem 4.1 Assume that there exists an upper semicontinuous multifunction
S 1 [0, T] x R" = R? with nonempty images satisfying the following conditions:

(S1) S(T,x) ={(o1(x),02(x))}, x € R";

(82) Forall(t,x) € [0, T] xR", (J1,J2) € S(t,x), u € P andty € [t, T], there exists a
motion y*(-) € Sol*(t, x; u) and a pair (Jl’, Jz/) eS (t_,_, yz(t+)) such that J; > J|;

(S3) Forall (t,x) €0, T] xR", (J1, o) € S(t,x), v e Qandty € [t, T], there exists a
motion y'(-) € Sol'(t, x; u) and a pair (J]”, Jz”) es (t+, y! (t+)) such that Jp > JJ;

(S84) Forall (t,x) € [0, T] x R", (J1, J2) € S(t, x) and ty € [t, T], there exists a motion
¥ () € Sol(ty, x,) such that (J1, J2) € S (t4, y©(11)).

Then S is a value multifunction, i.e., for any selector (J1, J») of the multifunction S and a
compact set G C [0, T] x R”", there exists a control with guide Nash equilibrium on G such
that the corresponding Nash equilibrium payoff at (tog, xo) € G is (J1(to, x0), J2(to, X0)) €
S(10, x0).

Remark 4.1 Let U*, V* be a Nash equilibrium constructed for the compact G C [0, T]xR"
and the selector (J1, J2). The value of (Ji, Jo) may vary along the Nash trajectory x<[-],
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that is, a limit of step-by-step motions generated by U* and V*. However, it follows from
Theorem 4.1 that for any intermediate time instant 6, there exists a Nash equilibrium such
that the corresponding payoff at (6, x{[f]) is equal to the value of (J1. J») at the initial
position.

Analogously, if x[-] is a limit of step-by-by step motions generated by strategy of player
I U* and a control of player II v[-], then for any intermediate time instant 0, there exists a
Nash equilibrium such that the corresponding payoff at (8, x[6]) of the player II does not
exceed the value of the function J; at the initial position.

Remark 4.2 Below, we prove the existence of multifunction satisfying conditions (S1)—(S4)
(see Theorem 5.2). Since properties (S1)—(S4) are preserved under pointwise union and
closure, there exists the maximal by inclusion multivalued map Spax satisfying conditions of
Theorem 4.1. Choose that the value of the selector (J;*(¢, x), J; (¢, x)) be equal to a Pareto
optimal for the set Smax (¢, x). The equilibrium corresponding to this selector is an optimal
Nash equilibrium achieved in control with guide strategies.

Proof of Theorem 4.1 To prove the theorem, we modify the construction proposed in the
Section 3. We add the expected payoff to the guide. The selector (J1, J») is used only
at the initial position. The starting value of the expected payoff at (7p, xp) is equal to
(f 1(t0, x0), fz (t0, x0)). In the times of control correction #, the expected payoff is recom-
puted in such way that if both players use Nash equilibrium strategies, then the expected
payoff at #; is equal to the value of the selector at the initial position and belongs to S (tk, z};),
where z}iC is a point close to the state of the system at time #.

Thus, the guide consists of the following components: d € R is an accumulated error,
T € R is a previous time of correction, w(® is a punishment part of the guide, w(® is a
consistent part of the guide, and ¥; € R and Y> € R are expected payoffs of the players.

Let (r,x) € [0,T] x R" be a position, £+ > t, (J;,J») € St,x), u € P,
v € Q. Let motions y2(~) and y1(~) satisfy conditions (S2) and (S3), respectively. Denote
b2ty t, x, J1, Ja,u) = y2(13), b (ty, t, x, J1, Jo, v) = yl(ty). Also, if y(© () satisfies
condition (S4), then put b¢(¢4, ¢, x, J1, J2) := yO(13).

First, let us define the functions

X1(t, x) = x2(t, x) 1= (do, 70, w((f), w(()a), Y10, Yz,o)

by the following rule: dp := 0, 70 := 1, w((f) = w((J“) =x, Y10 = fl (to, x0), Y20 1=

J2 (19, x0).

Now, we shall define controls and transitional functions of the guides. Assume that
at time ¢, the state of the system is x, and the state of the i-th player’s guide is w’ =
(d', ', w@i w© iyl y!). Define z' by rule (5). Now, let us consider the case of the first
player. Put

yi yi 1 _ ().l
(Yll’Jr, Y21,+) = { (Y/]/ YZ//)’ Zl _ w(a),l
(¥, 1), 2h =w@l.

Here, (Y{,Yy) is an element of S(r, w@-1) such that ¥} = min{J, : (J1, ) €
S(t, w®-1y}. Choose u, by rule (6) and v* by Eq. (7). As above, put u(z, x, w) := u, and

(a).1 1

also set ¥y (4,1, x, w!) := (dj_ o, wf ,wa)’l, Y|, Y21+) where
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,1
db =l v wh=n wi = by (2 YY),

wi! = b (02 v VL)
The case of the second player is considered in the same way. Put
(r2,33,) = [ (:12). 2 =u0
L4 f2,+) - (Yl/yz/) 72 = w®2,
Here, (Y{,Y;) is an element of S(r4,w@?) such that Y| =
min {J; : (J1, J») € S, w@?)}. Let v, satisfy condition (8). Also, let u* sat-
isfy condition (9). Put v(f,x,w) := v, Further, set V¥ (t4,7,x,w?) =

2 2 (a)l (C)2 2 2
(d TL, Wy Y1+,Y2’+>Where
dz_”z 2 —¢ @2 _ po(r 12 72 y2
T =1z — x5, =1, wy =02 \I+, 5,25, Xy s Iy 4, Uk ),

u)ff)’z = bc <l+, t, Zz, Yﬁ+, Y22’+) .
Let us prove that the following equality holds at any position (fy, xo) € G:
Ji = liminflo; (1T 0. %0, U, V7, AD. d(8) = 8}, i = 1.2 (26)

Let A = {tk}zzo be a partition of [fg, T], d(A) < §, x[-] 1= x°[-, ty, x4, U*, V*, Al
Extend the partition A by adding the element ¢, | = #, = T. Denote x; := x“[#]. Let us
denote the state of the i-th player’s guide at time #; by wf{ = (d,’;, w,(f)’l , (c) i Y]’ o Y’ )

Let z& be a position chosen by rule (5) for the i-th player at time 7.
k p y play

(0),i (©,1 _ ()2
= wk s

It follows from Lemma 3.2 that the point zi  isequal to w, """ In addition, wy,

and the following inequality is valid:

llxx — w/(f)’ill < Nkt — zh g P14 Btk — Tr—1) + @tk — Te1) (ke — Th—1)-
Applying this inequality sequentially and using the equality z6 = Xxp, we get estimate
(16) for i = 1, 2. Further, estimate (17) holds for i = 1,2, j = 1,2. The choice
of zi yields that (Y] ,,Yi ) = (Y], ,.Yi, ), and ( e Yi ) € S(tg—1.z}_,) for

k = 1,r + 1. Also, the construction of the function x; leads to the equality (Y]’ 0 Y2i‘0> =

(Ji(to, x0), Ja(t0, x0)). Hence, (Ji(to, x0), Ja(t0, x0)) € S (tr,2L) = {(01(z)), 02(zD)) }.
By Eq. (17), we conclude that equality (26) holds.
Now, let us prove that for any position (¢y, xg) € G, the following inequality is fulfilled:

Fato, x0) > limsup [02 (x‘[T, to. x0. U*. A, v[~]]) d(A) <8, v[] € V} NGY))

As above, let A = {#};_, be a partition of the interval [fp, T'], d(A) < 4, x] =
x -, t0, x0, U*, A, v[-]]. We add the element tr+1 = t, = T to the partition A. Denote
xk = x'#]. Let us denote the state of the first player’s guide at time #; by w,lc =

(dk, @), l, (©,1 YI] oY ) Further, let z} be a point chosen by rule (5) for the first

player at time tk.
The choice of z}c (see Eq. (5)) and Lemma 3.3 yield the inequality

Ik — 2112 < lxk—1 — zp_ 1P+ Btk — tk—1)) + @tk — k1) (1 — tx—1).
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Applying this inequality sequentially and using the equality z(l) = Xp, We get estimate
(16) for i = 1. Therefore, inequality (17) is fulfilled for i = 1, j = 2. In addi-
tion, Ygl,k > Y22,k—l' Indeed, if z,]( = w,(f)’l, then (Yllyk, Yzl,k> = (Y]lyk_l, Yzl‘k_]). If
z,l = w,(f)’l, we have that an element (Yll’k, Yzl,k) is chosen so that Yzl’k is the minimum of
{Jz :(J1, h) € S(tk_],zll_])}.

By the construction, we have (Yll’k, Yll’k) es (tkfl, Z,Ll). Hence, using condition (S1),
we obtain that

D0, x0) = V), 4y =02 (2}). (28)

Since inequality (17) is valid fori = 1, j = 2, estimate (28) yields inequality (27).
Analogously, for any position (7g, xg9) € G, we have the inequality

Jitto. ) = limsup {or (17,10, %0, V", A ul11) . d(A) < 5. ull U] (9)
Equality (26) and inequalities (27) and (29) mean that the pair of strategies U* and V*
is a Nash equilibrium on G. Moreover, the Nash equilibrium payoff at the initial position
(f0, x0) € G is equal to (J1(f0, x0), J2(f0, X0))-
5 Existence of Value Multifunction

5.1 Discrete Time Game

In order to prove the existence of a multifunction satisfying conditions (S1)—(S4), we intro-
duce the auxiliary discrete time dynamical game. Let N be a natural number, and let §V :=

T/N be a time step. We discretize [0, T'] by means of the uniform grid AN := {t,iv}]]:lzo
with £ = ksV.
Consider the discrete time control system
) =0+ [0 ) () (8 () 2]
k=0.N-1, u(i)er, v(i¥)eo. (30)

Denote
uvy = (w:[0,T) - P:u(l‘):M/](v € Pfort e [l]?],tjf\_l,_][}v

VN i={u:[0,T1— Q:v(t) =vp € Q for t € [, 1], [}.

Fort, € AN &, e R u e UN,andv € VN let N (-, 1, £ i, v) - AV N1, T] — R?
be a solution of initial value problem (30), & N(t,) = &,

First, we shall estimate ||EY (4, £, &, 1, V) — X (f4, Ly, X, 1, V).

Let G C [0, T] x R" be a compact of initial positions. Let E/ C R" be a compact such
that x (¢, t, X, 1, V) € E’, and EN (1, t,, x4, u, v) € E’ for all natural N, (t, x5) € G,
t,te € AN uelUN, v e VV. Set

K :=max{|| f(t,x,u) +g(t,x,v)|| :t €[0,T],x € E', ueP, ve)

Denote by L’ the Lipschitz constant of the function f + g on [0, T] x E’ x P x Q: for all
tel0,T],x',x" € E',ue P,ve Q

If@, x' u)+ g, x',v)— f(t,x",u) — g(t,x", v)|| < L'l|x" — x"|.
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Further, set
¢'(8) = sup{|lf(t', x",u) = f(", X" w) || + g, x', v) — g(¢", x", v)]|| :
t',t"e€[0, T, x',x" e E', |t —1| <38,
lx —x"| < K'8, ue P, ve Q).

Lemma 5.1 Ift,, 1y € AN, 1y > t,, (te, X0), (s, £&) € G, u e UV, and v € VV, then,
12 (£ B, X 11, 0) — EN (14, iy Eiy 11, V)|
< llxy — Ecll expRL/ (11 — 1)) + ¢/ (8V) exp(L/ (14 — 1,)). (1)

Proof Let m and r be natural numbers such that t, = tnly , e = trN . Denote x(-) :=
X(ey by, X, U, V), Xf i= X (t,iv, ta, Xs, U, v), & = “g‘N (tlgv, te, &, 1, v). ‘We have that

Xk+1

N
w00 + 8000, uolar
1

k

= i+ [ £ w0 + g0 v, v

i N N
[ x4 0,00 = S ) = g xe, v,
t

k

Here, u;, and v denote the values of # and v on [t,iv , tk]\ﬂrl [, respectively.
Further,
lx(@) —xill < K'(t = 10), t € [tg, i1
Therefore, the following inequality is fulfilled:

[ [rexom + gx@o0 - 1 (@) =g (10 o) Jar < 876",
73
Hence,

e =i =0V [ (0w ue) + ¢ (4 3 we) | 1 = 8%06™). (32)
Further, we have
xi + 8N [f (t,iv,xk, uk> +g (t,iv,xk, Uk)] = &k+1
= xx — & + 8" [f (tlﬁv,xk, Mk) +g (tlﬁv,xk, Uk) —f (t;fv,ék, Mk) -8 (f/iv &k, Uk)] .
Consequently,

i+ 0% [ (¥ v ) + g (Y 3 06 ) | = 6 ) = ok — &l + V2L e — &l
This inequality and estimate (32) yield that

It = 8t Il < o = &ell + 0N 2L — &l + 8™ o (8™).
Applying the last inequality sequentially, we get inequality (31).

Now, let us prove the existence of a function satisfying discrete time analogs of
conditions (S1)—(S4).

Theorem 5.1 For any natural N, there exists an upper semicontinuous multifunction ZV
AN x R" = R? satisfying the following properties:
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—

ZN(T, &) = {(01(§), 02(6))}:

2. Forall (ty,&) € AN xR, u e P, (Y1,Y2) € ZV(t,, &) and t, € AN, t. > t,, there
exists a control v € VN and a pair (Y{,Y;) € ZN(t4, EN (14, ty, &, u, v)) such that
Y1 > Yl/,‘

3. Forall (ty,&) € AN xR, ve Q, (Y1, V) € ZVN(ty, &) and t4 € AV, 1y > 1, there
exists a control u € VN and a pair Yy, vy e ZN (1, EN (14, 14, &, u, V) such that
Y, > YZ//’.

4. Forall (ty, &) € AN xR, (Y1,Y2) € ZV(t,, &) and t1 € AN, 1t > t,, there exist

controls u € UN and v € VY such that (Y1, Y») € ZN(t_,_, SN(t_,_, te, Ex, U, V)).

Proof 1In the proof, we fix the number N and omit the superindex N. Denote

SJie(z,u) == 68f(tk, z,u), gi(z,v) := 68, z, v).

The proof is by inverse induction on k. For k = N, put Z(ty, z) := {01(2), 02(2)}.

Now, let k € 0, N — 1. Assume that the values Z (tx+1, z), ..., Z(ty, z) are constructed
for all z € R”. In addition, suppose that the functions Z(fx+1, ), ..., Z(tn, -) are upper
semicontinuous. Define

i1 (@) =min{Y; : (Y1, Y2) € Z(tx41.2)}, i =1,2.

It follows from the upper semicontinuity of the multifunction Z(#;+1, -) that the functions
g,: 41 and g,? 1 are lower semicontinuity.

Set
We@ = | Zr, EGrgr e 2,0, 0),
ueP,veQ
04 (z) == maxmin g | (& (tes1, tk. 2, u, v)), (33)
ueP veQ
0t (2) = maxmin 7, | (& (fr1, tk, 2, U, V). (34)
veQ ueP

The multifunction Wy is upper semicontinuous. Indeed, let z/ — z*, and let
(Y]Z,Yzl) € Wi(z)) be such that (Y{,Yzl) — (Yl*»Yz*)~ We have that (Y{,Yzl) €
Z(txs1, £t 1, 2 ul, vh)) for some u' € P, v! € Q. We can assume without loss of
generality that (1!, v') — (u*, v*). By the continuity of the functions f; and g, we get
that & (tk+1, te, 7 ul, vl) =7 + fr (zl, ul) + gk (zl, vl) — & (fgx1, tr, 2%, u*, v*), as
| — o0. The upper semicontinuity of the multifunction Z (#x41, -) yields that (Y Yy ) €
Z(tky1, E (ks e, 255 u*,0%)) C Wie(2%).

Now, let us show that the functions g; are lower semicontinuous. We give the
proof only for the case i = 1. For a fixed u € P, consider the function z
ming,e g gle (E(tk+1, tx, 2, u, v)). We shall prove that this function is lower semicontinuous,
i.e., for any z*, the following inequality holds:

lim infmin ¢! teat, te, 2,1, V) > min ¢ tels B 25, 1, v)) . 35
Im in UEQ§k+1(E(k+1 & ))_UEngH (& (1 1 ) (35)

Let {zl}j'i] be a minimizing sequence:

liminfmin ¢! (€ (ts1, fx, 2, 4, v)) = lim min ¢/ (g (tk 1,tk,zl,u,v)).
z—7* veQ St + [—ocoveQ St +

Let v! € Q satisfy the condition

k+1 1 1 . 1 1
ot (E (tk+1,tk,z N )) = M Gt (E (tk+1,t1<,z ,u, v))
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Hence, we have

liminfmin ¢!\ | (& (tes1, 6, 2o 1, v) = lim g}, (g (tkH,tk,zl,u, u’)). (36)
>zt veQ oo

We can assume without loss of generality that the sequence {vl } converges to a control
v* € Q. From continuity of the function & (441, %, -, , -) and lower semicontinuity of the
function gkl L1 We obtain that

. 1
lim ¢y (E (tk+1,tk,z’, u, vl))
[—o00

v

et (8 (ter1s tes 2%, u, %))

%

. 1 *
min 41, tk, 2, U, V)).
vngk'H(g( + )

This inequality and equality (36) lead inequality (35).
Since the functions z > minye g{‘“ (E(tk+1, t, 2, u, v)) are lower semicontinuous for
each u € P, the function

k : k+1
0 (2) = maxmin ¢{ " (& (eq1, 1, 7, u, V)
ueP veQ

is lower semicontinuous.
Put

Z( ) = {0, ) e W@ Y 2 0(@), i =12}, (37)
First, we shall prove that it is nonempty. Let z € R”". Let u, maximize the right-hand

side of Eq. (33), and let v, maximize the right-hand side of Eq. (34). Choose (Y1, Y») €
Z(tyg1, E(tky1, Ik, 2, Us, v5)). We have that (Y1, Y2) € Wi (z). Further,

04(2) < 6f i (E(trar ke, 21, v,)) < Vi

Therefore, (Y1, Y2) € Z(t, 2).

The upper semicontinuity of the function Z(#, -) follows from Eq. (37), the upper
semicontinuity of the multifunction W¥, and the lower semicontinuity of the function Q}; (2).

Now, let us show that the function Z satisfies conditions 1-4 of the theorem.

Note that conditions 1 and 4 are fulfilled by the construction. Prove conditions 2 and
3.Let (1, &) € AN xR 1t € AN 1. > t,u, € P, (Y1, Y2) € Z(ts, &). It suffices
to consider the case t = f, 1+ = fx4+1. By construction of the function Z, we have that
Y| > Q,i (&4). From the definition of the function Q,i (see Eq. (33)), it follows that

Y1 > in 6y g Bttt Exs 1, v)) = min 6y (E(trpr, 1k, Ex, s, ).
1= maxmin Skt E ety ts &, u, v)) > min Sir1 E(tkrt, tr, &xy 4, V)
Let v« € Q be a control of player II such that

min St Bttty B 1, 0)) = Gy Bkt Th, B U, V3)).

From the definition of the function glg +1» We get that there exists a pair (Y 1 Yz’) €

Z(tr+15 & (Fr+15 T &, U, U5)) such that Yl/ = §;§+1 (& (tk+1, T, &, ux, v1)). Consequently,
Y1 > Y/{. Hence, condition 2 holds. Condition 3 is proved analogously.

5.2 Continuous Time Dynamics

Theorem 5.2 There exists an upper semicontinuous multifunction S : [0, T] x R" = R?
with nonempty images satisfying conditions (S1)—(S4).

The proof of Theorem 5.2 is given in the end of the section.
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First, for each N, define the multifunction SV : [0, T] x R" = R2 by the following rule:

VASGARSN 1€ (t-1,0), k=1,N—1
SN, x) == ZV (1, ) U ZN (141, %), t=t, k=0,N—1 (38)
ZN (@l x), t=T

The functions SV have the closed graph.
Denote
B() :={x : x| < v}
For X : [0, T] x R" = R? set
Gr, X = {(t,x, Y1, Y2) : x|l < v, (Y1, Y2) € (¢, x)}.
The sets Gr, SV are compacts. Indeed,
M; = max{|o; (x (T, ts, x4, u, V)| : 1 € [0, T], [Ix4l| <v,u € U,veV}<oo.
We have that Gr, Sy C [0, T] x B(v) x [-M1,,, M1,,] X [-M2,,, M3, ].
Consider the Hausdorff distance between compact sets A, B C [0, T'] x R" x R?
h(A, B) := max { max d((z,x, Y1, Y2), B), max d((t,x, Y1, Y), A)} .
(t,X,Y],Yz)EA (t,x,Yl,Yz)EB

Here, d((¢, x, Y1, Y2), A) is the distance from the point (¢, x, Y, ¥>) to the set A
generated by the norm

(2, x, Y1, Vo)l = [t] + llx || + [Y1] + |Y2].

Since for any v the set [0, T] x B(v+ 1) x [-M1,,, M1,,] X [-M>,,,, M2 ,] is compact,
using [18, Theorem 4.18], we get that one can extract a convergent subsequence from the
sequence {Grv+1SN}§’V°:1.

Using the diagonal process, we construct the subsequence { N} such that for any v, there
exists the limit

lim Gry41SV7 = R,.
J—> o0

One can choose the subsequence {N;} satisfying the property:
h(Gry+1SNi, R,) <277 for j > v.
Denote §j = SN,
Lemma 5.2 Let (Y1, Ya;) € Sj, (1, xp), |l < v+ 1, (1, x1) — (¢, x*), (Y11, Y11) —
(Y{, Y)), asl — oo. Then (¢t*, x*, Y[, Y}) € R,.
Proof Consider the set R, U {(¢*, x*, Y[, Y;)}. This set is closed. We claim that
h(Gry418, Ry U {(t%, x*, Y, YD) = 0, [ — oo. (39)

Indeed, d((t,x,Y1,Y2), R, U {(t*,x* Y, Y))}) < d((x,Y1,Y2),R,) for all
(t,x, Yy, Y2) < Gry41S),. Hence,

max _ d((z,x, Y1, Y2), Ry U{(t", x*, Y], Y)}) — 0, as [ —oco.  (40)
(t,x,Yl,Yz)EGrv+1Sj]

Further, the following convergence is valid:

max {d((, x, Y1, Y2), Grv+l§j,)} — 0, as | — oo.
(1,2, Y1, Y2) €R UL (1% x*, Y, Y))

This and Eq. (40) yield Eq. (39).
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Formula (39) means that
R, U{(t*, x*, Y§, ¥5)} = lim Gr,11S;, = R,.
[—00
This completes the proof.

Lemma 5.3 Forr > v, the following equality holds:
R, N ([0, T] x B(v) x Rz) —R,N ([0, T] x B(v) x Rz) .

Proof Let (t,x,Y1,Y?) € R., lIx|l < v, and j > r. There exists a quadruple
6, yj.¢1,j, &) € Grrq1 S such that

[t =01+ llx —yill +1Y1 =11 +1Y2 — &2l =d((t»x7Yl»Y2),Grr+1§j) <27, (41)

Therefore, [x —y; || < d((t,x, Y1, Y2), Gr,+L§j) <27/, Wehave that ||y; || < [lx[[+27/ <
v+1. Therefore, (0, y;, ¢1,j, ¢2,j) € Gryy1S;. It follows from formula (41) and Lemma 5.2
that (¢, x, Y1, Y2) € R,. Since the quadrable (¢, x, Yy, Y») satisfies the condition || x| < v,
we conclude that

R, N ([to, T] x B(v) x R?) C R, N ([t9, T] x B(v) x R?).

The opposite inclusion is proved in the same way.

Define the multifunction S : [0, T] x R” = R? by the following rule: for ||x|| < v
S@t,x) = {(Y1,Y2) : (1,x, Y1, Y2) € Ry}.

Note that this definition is correct by virtue of Lemma 5.3. We have that Gr,S = Ry N
([to, T] x B(v) x R?).

Proof of theorem 5.2 We shall show that the function S has nonempty images and satisfies
conditions (S1)—(S4).

First, we shall prove that the sets S(t, x) are nonempty. Let v satisfy the condition ||x|| <
v, and let (Y1, Y2 ;) € S;(t, x). Since S;(t,x) C [-My,, My] X [-M>3,,, M2, ], there
exists a subsequence {(Y1 j,, Y2, j)}72, converging to a pair (Y, Y;). By Lemma 5.2, we
obtain that (Yl*, Yz*) e S, x).

Now, let us prove that the multifunction S satisfies conditions (S1)—(S4).

We begin with condition (S1). Let x, € R". Choose v such that the following conditions
hold:

1. x(t,T,xs,u,v) € Bw)forallt € [0, T, u c¢UU,v eV,
2. All z such that x, = EN(T, t,z,u,v) for some natural N, 7 € AN, u e UN,v e V¥
belong to B(v).

Let K, be defined by Eq. (3) for E = B(v + 1).
Let N be a natural number, 7, € AV, and &. € B(v). By conditions 1 and 4 of Theorem
5.1, we have that if (Y], Y2) € Z (14, &), then there exists u € UV, and v € V¥ such that

Y, = o (SN(T,t*,E*,u, u)), i=1.2. (42)

We have the estimate

6 — EN(T, 1y, &y 1, V) || < Ky (T — 1,). (43)
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Let (J1, J») € S(T, x). This means that there exists a sequence {(¢;, x;, Y1 ;, ngj)}joz]
such that (Yl’j,Yz,j) € S:j (tj,Xj) = SV (tj,Xj), and tji — T, Xj —> X, Yl"j — J; as
j — oo.Let6; € ANi be such that (Y, ;, Y, ;) € ZNi (6;,x;) and 1; € (8; — 8", 0;].
Combining these Eqs. (42) and (43), we conclude that for any j, there exists x} € B(v)

such that [|x; —x}|| <K,(T —tj)and ¥, ; = o; (x}),i =1, 2. We have that x} — X, as

Jj — oo. By the continuity of the functions o;, we obtain that
Ji=lim Y; ; = lim o; (x;) =0;(x).
[—>o0 j—o0o

Now, we shall prove the fulfillment of condition (S2). Let (#, xs) € [0,T] x R”,
(J1,J2) € Sts,x2), u € P, ty € [t., T]. We shall show that there exists yz(-) €
So12(#y, xy, u) such that J{ < Ji for some ( 0 Jz’) es (t+, y2(1+)). N

There exists a sequence {(tj,xj, Y, Yz,j)}(;o:] such that (Yl,j, Yz,j) €S (tj,xj) =
SN (tj,xj), and t; — fty, Xj; — X4, Y; j — Ji,as j — 00. Let §; be an element of AN
such that (Y1 ;, Y2 ;) € ZNi (6;,x;) and t; € (6; — 8V, 6;]. Further, let 7; be the least
element of AN/ such that ty < 1.

By condition 2 of Theorem 5.1 for each j, there exists a control v; € YN,

and a pair (Yl’j, Yz’j) such that (Yl/j, Y2/j> c ZNj (rj,gN.f (rj,ej,xj,u,vj)) C
S (rj,%‘N-f ('L'j,Gj,xj, u, vj)) and Yl/’j <Y, ;.By Lemma 5.1, we have that

Ix (zj, 0, xj,u,v;) — &N (tj, 05, x5, u,v;) | < ¢ <3Nj)eXP(LT)~

We may extract a subsequence { jl}fi] such that {x (~, O, Xj,u,v jz) }?i] converges to some
/

motion y2(-), and {(Yl/.,jz’ YZ/,j,)} converges to some pair ( 1 Jz’) We have that y2(-) €

Sol?(t, x4, u). Lemma 5.2 gives the inclusion (J]. 1) € S (t4+, y* (t+)). We also have
J]/ < J.
This completes the proof of condition (S2).
Conditions (S3) and (S4) are proved analogously.
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