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STABILITY AND BIFURCATION ANALYSIS

ON A RING OF FIVE NEURONS

WITH DISCRETE DELAYS

CHANGJIN XU, XIANHUA TANG, and MAOXIN LIAO

Abstract. In this paper, a five-neuron model with discrete delays
is considered, where the time delays are regarded as parameters. Its

dynamics is studied in terms of local analysis and Hopf bifurcation
analysis. By analyzing the associated characteristic transcendental
equation, it is found that Hopf bifurcation occurs when these delays

pass through a sequence of critical value. Some explicit formulae for
determining the stability and the direction of the Hopf bifurcation

periodic solutions bifurcating from Hopf bifurcations are obtained by

using the normal form theory and center manifold theory. Finally, nu-
merical simulations supporting the theoretical analysis are presented.

1. Introduction

In recent years, the dynamics properties (including stable, unstable, os-
cillatory and chaotic behavior) of neural networks with delays have become
a subject of intense research activity of mathematical fields because of the
successful application of neural networks to many fields such as intelligent
control, optimization solvers, associative memories (or pattern recognition)
etc., and many excellent and interesting results have been obtained (see [1,
3, 8, 11]). It is well known that the dynamic behaviors such as periodic
phenomenon, bifurcation and chaos are of great interest and periodic phe-
nomenon has become an important aspect of neural information processing.
There are a large number of results about the existence of periodic solutions
of neural networks (see [1, 2, 4, 6, 18, 21, 23, 25]) which help in understand-
ing the system,s dynamics and are important complements to experimental
and numerical investigations using analog circuits and digital computers. It
is known that the delayed bidirectional associative memory neural network
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is described by the following system:


ẋi(t) = −µixi(t) +

m∑
j=1

cjifi(yj(t− τji)) + Ii, i = 1, 2, · · · , n,

ẏj(t) = −νjyj(t) +

n∑
i=1

dijgj(xi(t− νij)) + Jj , j = 1, 2, · · · ,m,
(1)

where cji, dij(i = 1, 2, · · · , n; j = 1, 2, · · · ,m) are the connection weights
through neurons in two layers: the I-layer and J-layer; µi and νj describe
the stability of internal neuron processes on the I-layer and J-layer, respec-
tively. On the I-layer, the neurons whose states are denoted by xi(t) receive
the inputs Ii and the inputs outputted by those neurons in the J-layer via
activation functions fi, while on the J-layer, the neurons whose associated
states are denoted by yj(t) receive the inputs Jj and the inputs outputted
by those neurons in the I-layer via activation functions gj (see [5]). Because
neural networks are complex and large-scale nonlinear dynamical systems
and the dynamics of the delayed neural networks are even more rich and
more complicated [8], most of them deal with the simple delayed neural net-
works models with two, three or fourth neurons (see [2, 4, 6, 9, 12, 16, 18,
23, 25, 26]). It is expected that we can gain some light for our understand-
ing about the large networks by discussing the dynamics of two, three or
four neurons networks (see [2, 4, 6, 9, 12, 16, 18, 23, 25, 26]). But there are
inevitably some complicated problems if the simplified networks are carried
over to large-scale networks, for example, the characteristic equation and
the bifurcating periodic solutions are very complicated. So it is necessary to
investigate the large-scale neural networks themselves. In order to obtain a
deep and clear understanding of dynamics of the model, some researchers
have focused on the studies on Hopf bifurcation of the above neural net-
works and showed the system exhibits very interesting and rich dynamics.
For example, on the above model, Song et al. [20] studied existence and
local Hopf bifurcations of a simplified case with three neurons and multiple
delays. Huang et al. [10] investigated linear stability and Hopf bifurcation
of a two-neuron network with four delays. Cao and Xiao [2] considered sta-
bility and Hopf bifurcation of a simplified BAM neural network with two
delays. Zou et al. [18] investigated linear stability and Hopf bifurcation in a
three-unit neural network with two delays. For more related work on Hopf
bifurcation of the delayed bidirectional associative memory neural network,
one can see [6, 16, 21, 23, 25] and the references cited therein.
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Recently, Haijun Hu and Lihong Huang [12] studied the following differ-
ential equations with delay:

ẋ1(t) = −r1x1(t) + g1(x1(t)) + f1(x4(t− τ2)) + f1(x2(t− τ2)),
ẋ2(t) = −r2x2(t) + g2(x2(t)) + f2(x1(t− τ1)) + f2(x3(t− τ1)),
ẋ3(t) = −r3x3(t) + g3(x3(t)) + f3(x2(t− τ2)) + f3(x4(t− τ2)),
ẋ4(t) = −r4x4(t) + g4(x4(t)) + f4(x3(t− τ1)) + f4(x1(t− τ1)),

(2)

where ẋ = dx/dt, xi(t) represents the state of the i-th neuron at time t, ri ≥
0 is the internal decay rate, fi is the connection function between neurons,
gi represents the nonlinear feedback function, τi ≥ 0 is the connection time
delay, i = 1, 2, 3, 4. They obtained the condition of the existence of Hopf
bifurcation, a formula for determining direction of the Hopf bifurcation and
stability of bifurcating periodic solutions.

Motivated by the paper [12] and considering that when the number of
neurons is large, the simplified model can reflect the really large neural
networks more closely, in this paper, we consider a five dimensional de-
layed bidirectional associative memory neural network and assume that the
information processing between the first neuron and the fifth neuron is in-
stantaneous (i.e., there is no delay of the signals transmission between the
first neuron and the fifth neuron). Then we have the following system:

ẋ1(t) = −r1x1(t) + g1(x1(t)) + f1(x5(t)) + f1(x2(t− τ2)),
ẋ2(t) = −r2x2(t) + g2(x2(t)) + f2(x1(t− τ1)) + f2(x3(t− τ1)),
ẋ3(t) = −r3x3(t) + g3(x3(t)) + f3(x2(t− τ2)) + f3(x4(t− τ2)),
ẋ4(t) = −r4x4(t) + g4(x4(t)) + f4(x3(t− τ1)) + f4(x5(t− τ1)),
ẋ5(t) = −r5x5(t) + g5(x5(t)) + f5(x4(t− τ2)) + f5(x1(t)).

(3)

In order to establish the main results for model (3), it is necessary to make
the following assumptions:

(H1) fi, gi ∈ C3, fi(0) = gi(0) = 0 (i = 1, 2, 3, 4, 5),

(H2) τ1 + τ2 = τ.

The purpose of this paper is to discuss stability and properties of Hopf
bifurcation of model (3). We would like to mention that there are few papers
related to the high dimensional neural networks system with multiple delays.
To the best of our knowledge, it is the first time to deal with the dynamical
properties of five dimensional neural networks, especially the properties of
Hopf bifurcation.

This paper is organized as follows. In Sec. 2, stability of the equilibrium
and existence of Hopf bifurcation at the equilibrium are studied. In Sec. 3,
direction of Hopf bifurcation and stability and periodic of bifurcating peri-
odic solutions on the center manifold are determined. In Sec. 4, numerical
simulations are carried out to illustrate validity of the main results. Some
main conclusions are drawn in Sec. 5.
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2. Stability of the equilibrium and local Hopf bifurcations

By the hypothesis (H1), it is easy to see that (3) has a unique equilibrium
x∗(0, 0, 0, 0, 0). Under the hypotheses (H1) and (H2), the linearized equation
of (3) at x∗(0, 0, 0, 0, 0) takes the form:

ẋ1(t) = −m1x1(t) + f
′

1(0)x5(t) + f
′

1(0)x2(t− τ2),

ẋ2(t) = −m2x2(t) + f
′

2(0)x1(t− τ1) + f
′

2(0)x3(t− τ1),

ẋ3(t) = −m3x3(t) + f
′

3(0)x2(t− τ2) + f
′

3(0)x4(t− τ2),

ẋ4(t) = −m4x4(t) + f
′

4(0)x3(t− τ1) + f
′

4(0)x5(t− τ1),

ẋ5(t) = −m5x5(t) + f
′

5(0)x4(t− τ2) + f
′

5(0)x1(t),

(4)

where mi = ri − g
′

i(0), (i = 1, 2, 3, 4, 5). Then the associated characteristic
equation of (4) is

(λ+m1)(λ+m2)(λ+m3)(λ+m4)(λ+m5)

− [(λ+m1)(λ+m2)(λ+m5)f
′

3(0)f
′

4(0)

+ (λ+m1)(λ+m2)(λ+m3)f
′

4(0)f
′

5(0)

+ (λ+m1)(λ+m4)(λ+m5)f
′

2(0)f
′

3(0)

+ (λ+m3)(λ+m4)(λ+m5)f
′

1(0)f
′

2(0)

− (λ+m4)f
′

1(0)f
′

2(0)f
′

3(0)f
′

5(0)

− (λ+m2)f
′

1(0)f
′

3(0)f
′

4(0)f
′

5(0)]e−λτ

+ [(λ+m1)f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0)

+ (λ+m5)f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)

+ (λ+m3)f
′

1(0)f
′

2(0)f
′

4(0)f
′

5(0)

− 2f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0)]e−2λτ = 0. (5)

Let λ = iω0, τ = τ0, and substituting this into (5), for the sake of simplicity,
denote ω0 and τ0 by ω, τ , respectively. Separating the real and imaginary
parts, we have

(a1 + b1) cosωτ + (c1 − d1) sinωτ = e1, (6)

(c1 + d1) cosωτ + (a1 − b1) sinωτ = e2, (7)

where

a1 = p1ω
4 − p3ω2 + p5,

b1 = m1f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0) +m5f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)

+m3f
′

1(0)f
′

2(0)f
′

4(0)f
′

5(0)− 2f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0),

c1 =
[
f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0) + f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)
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+f
′

1(0)f
′

2(0)f
′

4(0)f
′

5(0)
]
ω,

d1 = ω5 − p2ω3 + p4ω,

e1 =
[
m1m2m5 − (m1 +m2 +m5)ω2

]
f
′

3(0)f
′

4(0)

+
[
m1m2m3 − (m1 +m2 +m5)ω2

]
f
′

4(0)f
′

5(0)

+
[
m1m4m5 − (m1 +m4 +m5)ω2

]
f
′

2(0)f
′

3(0)

+
[
m3m4m5 − (m3 +m4 +m5)ω2

]
f
′

1(0)f
′

2(0)

−m4f
′

1(0)f
′

2(0)f
′

3(0)f
′

5(0)−m2f
′

1(0)f
′

3(0)f
′

4(0)f
′

5(0),

e2 =
[
m1m2 +m1m5 +m2m5)ω − ω3

]
f
′

3(0)f
′

4(0)

+
[
m1m2 +m1m3 +m2m3)ω − ω3

]
f
′

4(0)f
′

5(0)

+
[
m1m4 +m1m5 +m4m5)ω − ω3

]
f
′

2(0)f
′

3(0)

+
[
m3m4 +m3m5 +m4m5)ω − ω3

]
f
′

1(0)f
′

2(0)

− f
′

1(0)f
′

2(0)f
′

3(0)f
′

5(0)ω − f
′

1(0)f
′

3(0)f
′

4(0)f
′

5(0)ω,

p1 = m1 +m2 +m3 +m4 +m5,

p2 = m1m2 +m1m3 +m2m3 +m1m4 +m2m4

+m3m4 +m1m5 +m2m5 +m3m5 +m41m5,

p3 = m1m2m3 +m1m2m4 +m1m3m4 +m2m3m4 +m1m2m5

+m1m3m5 +m2m3m5 +m1m4m5 +m2m4m5 +m3m4m5,

p4 = m1m2m3m4 +m1m2m3m5 +m1m2m4m5 +m1m3m4m5

+m2m3m4m5,

p5 = m1m2m3m4m5.

Thus, we get

cosωτ =
e1(a1 − b1)− e2(c1 − d1)

a21 − b21 − c21 + d21
, (8)

sinωτ =
e1(c1 + d1)− e2(a1 + b1)

a21 − b21 − c21 + d21
. (9)

According to sin2 ωτ + cos2 ωτ = 1, we obtain

[e1(a1 − b1)− e2(c1 − d1)]2 + [e1(c1 + d1)− e2(a1 + b1)]2

= [a21 − b21 − c21 + d21]2 (10)

which leads to

l1ω
16 + l2ω

14 + l3ω
13 + l4ω

12 + l5ω
11 + l6ω

10 + l7ω
9 + l8ω

8

+ l9ω
7 + l10ω

6 + l11ω
5 + l12ω

4l13ω
3 + l14ω

2 + l15ω + l16 = 0, (11)
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where

l1 = e222,

l2 = 2e11e12p1 − 2e11e22 − 2p2e
2
22,

l3 = −2p1e11e22,

l4 = e212p
2
1 + e221 + 4p2e21e22 + e222(p22 + 2p4) + 2e11e22(p1p2 + p3)

+ 2ne222 − 2p21e21e22 − 2p1p3e
2
22,

l5 = −2n2p1e21e22 + 2p1(e12e21 + e11e22) + 2e11e22(p3 + p1p2),

l6 = −2p21e11e12 − 2p1p3e
2
12 − 2p2e

2
21 + 2e21e22(p22 + 2p4) + 2p2p4e

2
22

− 2e11e22(p1p4 + p2p3 + p5)− 2n(2e21e22 + p2e
2
22) + p21e

2
21

+ 4p1p3e21e22 + (p23 + 2p1p5)e222 + 2ne212 + 2b1p1e
2
22,

l7 = 2p1n
2(e12e21 + e21e22) + 2n2(e12e21 + e11e22p1) + 2p3n

2e12e22

+ e212 + e11e22(p5 + p1p4 + p2p3) + (p1p2 + p3)(e12e21 + e11e22)

− 2b1e12e22,

l8 = p21e
2
11 + 4p1p3e11e12 + e212(p23 + 2p1p5) + ne222 + e221(p22 + 2p4)

+ 4e11e22(p1p2 + p3) + 2(e12e21 + e11e22)(p1p4 + p2p3 + p5)

+ e11e22(p3p4 − p2p5) + 2n(e221 + p4e
2
22 + 2p2e21e22 + p21e

2
21

+ 4p1p3e21e22 + e222(p23 + 2p1p5)− 2p1p3e
2
21 − 2e21e22(p23 + 2p1p5)

− 2p3p5e
2
22 − 2n(2e21e22 + p2p

2
12)− 2b1(p3e

2
22 + 2p1e21e22,

l9 = −2n2p1e11e21 − 2n2[p1e11e21 + p3(e12e21 + e11e22) + p2e11e22]

− 2b1(e12e21 + e11e22)− 2e11e12 − p2e212 − e11e21(p3 + p1p2)

− (p5 + p2p3 + p1p4)(e12e21 + e11e22) + (p2p5 + p3p4)e11e22

+ 2b1p2e11e22,

l10 = −2p1p3e
2
11 − 2e11e12(p23 + 2p1p5)− 2p3p5e

2
12 − 2e21e22k

− 2p2p4e
2
21 − 2e21e22p

2
4 + 2b1(2e11e21p1 + p3e

2
12) + 2p4p5e11e22

− 2e11e22(p1p4 + p2p3 + p5)− 2(e12e21 + e11e22)(p3p4 − p2p5)

− 2n2(p2e
2
21 + 2e11e22p4) + n2e212 + e212(p23 + 2p1p5) + e222p

2
5

+ e221(p23 + 2p1p5) + 4p3p5e21e22 + b21e
2
22 + 2n(p4e

2
12 + 2p2e11e12)

− p3e11e12 − p1(e12e21 + e11e22) + 2b1(p5e
2
22 + p1e

2
21),

l11 = 2n2p3e11e21 + 2n2[p3e11e21 + p5(e12e21 + e11e22) + 2b1ne11e22

+ 2b1[e11e21 + p2(e12e21 + e11e22) + p4e11e22 + e211 + 2p2e11e22

+ p4e11e22]− 2b1ne12e21 + e12e21(p5 + p2p3 + p1p4)− 2b1(e12e21

+ e11e22)(p2p5 + p3p4) + e11e22p4p5 − 2b1[e12e21 + p2(e12e21
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+ e11e22) + p4e11e22],

l12 = (p23 + 2p1p5)e211 + 4e11e12p3p5 + p25e
2
12 + b21e

2
12 + e221n

− 2b1(p1e
2
11 + 2p3e11e12 − p5e212 + e11e22(p1p4 + p2p3 + p5) + p24e

2
21

+ (e12e21 + e11e22)(p3p4 − p2p5) + p4p5e11e22 + 2p4e
2
21 − 2n2e12e21

− 2p3p5e
2
21 − 2e21e22p

2
5 − 2b21e21e22 − 2n(p2e

2
11 + 2p4e11e22)

×p3(e12e21 + e11e22) + p5e11e22 + p1e11e22 − 2b1(p23e
2
21 + 2p5e21e22),

l13 = −2n2p5e11e21 − 2b1n(e12e21 + e11e22)− 2b1p2e11e21 − p2e211
− 2b1p4(e12e21 + e11e22 + 2p4e11e12 + 2n(p3e11e21 + p5e12e21

+ p5e11e22 + 2b1(e12e21 + e11e22)− p2p5 − p3p4
+ 2e11e22(p2p5 + p3p4)×p4p5(e12e21 + e11e22)

+ 2b1[p2e11e21 + p4(e12e21 + e11e22)],

l14 = −2e11e21p
2
5 − 2e11e12b

2
1 + 2b1(p3e

2
11 + 2e11e12p5) + n2e211

− e11e21(p3p4 − p2p5)− p4p5(e12e21 + e11e22) + p25e
2
21 + b21e

2
21

+ 2np4e
2
11 + 2b1p5e

2
21,

l15 = 2nb1e11e21 + 2p4b1e11e21 + p4e
2
11 + 2np5e11e21 − 2b1ne11e21

− 2p4p5e11e21 − 2b1p4e11e21,

l16 = p25e
2
11 + b21e

2
11 − 2b1p5e

2
11,

where

n = f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0) + f
′

1(0)f
′

2(0)f
′

4(0)f
′

5(0)

+ f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0),

e11 = m1m2m5f
′

3(0)f
′

4(0) +m1m2m3f
′

4(0)f
′

5(0)

+m1m4m5f
′

2(0)f
′

3(0) +m3m4m5f
′

1(0)f
′

2(0)

−m4f
′

1(0)f
′

2(0)
′
(0)f

′

3(0)f
′

5(0)
′
(0)−m2f

′

1(0)f
′

3(0)f
′

4(0)f
′

5(0),

e12 = (m1 +m2 +m5)f
′

3(0)f
′

4(0) + (m1 +m2 +m3)f
′

4(0)f
′

5(0)

+ (m1 +m4 +m5)f
′

2(0)f
′

3(0) + (m3 +m4 +m5)f
′

1(0)f
′

2(0),

e21 = (m1m2 +m1m5 +m2m5)f
′

3(0)f
′

4(0)

+ (m1m2 +m1m3 +m2m3)f
′

4(0)f
′

5(0)

+ (m1m4 +m1m5 +m4m5)f
′

2(0)f
′

3(0)

+ (m3m4 +m3m5 +m4m5)f
′

1(0)f
′

2(0)

− f
′

1(0)f
′

2(0)f
′

3(0)f
′

5(0)− f
′

1(0)f
′

3(0)f
′

4(0)f
′

5(0),
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e22 = −f
′

3(0)f
′

4(0)− f
′

4(0)f
′

5(0) + f
′

2(0)f
′

3(0)− f
′

1(0)f
′

2(0).

Suppose that Eq. (11) has positive roots. Without loss of generality, we as-
sume that it has sixteen positive roots, denoted by ωk, ( k = 1, 2, 3, · · · , 16).
By (8), we have

τ
(j)
k =

1

ωk

[
arccos

e1(a1 − b1)− e2(c1 − d1)

a21 − b21 − c21 + d21
+ 2jπ

]
, (12)

where k = 1, 2, 3, · · · , 16 and j = 0, 1, 2, · · · . Then ±iωk is a pair of purely

imaginary roots of Eq. (5) with τ = τ
(j)
k . Obviously, the sequence {τ (j)k }

+∞
j=0

is increasing, and

lim
j→+∞

τ
(j)
k = +∞, k = 1, 2, 3, · · · , 16.

Then we can define

τ0 = τ
(0)
k0 = min

1≤k≤16
{τ (0)k }, ω0 = ωk0. (13)

Note that when τ = 0, (5) becomes

λ5 + p1λ
4 + q1λ

3 + q2λ
2 + q3λ

2 + q4 = 0, (14)

where

q1 = p2 − f
′

3(0)f
′

4(0)− f
′

4(0)f
′

5(0)− f
′

2(0)f
′

3(0)− f
′

1(0)f
′

2(0),

q2 = p3 − (m1 +m2 +m5)f
′

3(0)f
′

4(0)− (m1 +m2 +m3)f
′

4(0)f
′

5(0)

− (m1 +m4 +m5)f
′

2(0)f
′

3(0)− (m3 +m4 +m5)f
′

1(0)f
′

2(0),

q3 = p4 − (m1m2 +m1m5 +m2m5)f
′

3(0)f
′

4(0)

− (m1m2 +m1m3 +m2m3)f
′

4(0)f
′

5(0)

− (m1m4 +m1m5 +m4m5)f
′

2(0)f
′

3(0)

− (m3m4 +m3m5 +m4m5)f
′

1(0)f
′

2(0)

+ f
′

1(0)f
′

2(0)f
′

3(0)f
′

5(0) + f
′

1(0)f
′

3(0)f
′

4(0)f
′

5(0)

+ f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0) + f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)

+ f
′

1(0)f
′

2(0)f
′

4(0)f
′

5(0),

q4 = p5 −m1m2m5f
′

3(0)f
′

4(0)−m1m2m3f
′

4(0)f
′

5(0)

−m1m4m5f
′

2(0)f
′

3(0)−m3m4m5f
′

1(0)f
′

2(0)

+m4f
′

1(0)f
′

2(0)f
′

3(0)f
′

5(0)−m2f
′

1(0)f
′

3(0)f
′

4(0)f
′

5(0)

+m1f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0) +m5f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)

+m3f
′

1(0)f
′

2(0)f
′

4(0)f
′

5(0)− 2f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0).
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A set of necessary and sufficient conditions for all roots of (14) to have a
negative real part is given by the well-known Routh-Hurwitz criteria in the
following form:

p1 > 0, p1q1 − q2 > 0, p1(q1q2 − p1q3)− q22 + p1q4 > 0, q4 > 0. (15)

In order to obtain the main results in this paper, it is necessary to make
the following.

Assumption 1. (H3) If (15) holds. Namely, (5) has sixteen roots with
negative real parts when τ = 0, (4) is stable near the equilibrium.

(H4) Re

(
dλ

dτ

)∣∣∣∣
τ=τ0

6= 0.

Let λ(τ) = α(τ) + iω(τ) be the root of Eq. (5) near τ = τ
(j)
k satisfying

α
(
τ
(j)
k

)
= 0, ω

(
τ
(j)
k

)
= ωk. Taking the derivative of λ with respect to τ

in (5), it is easy to obtain:(
dλ(τ)

dτ

)−1
=
P

Q
− τ

λ
, (16)

where

P = 5λ4 + 4p1λ
3 + 3p2λ

2 + 2p3λ+ p4)eλτ

−
[
3λ2 + 2(m1 +m2 +m5)λ+ (m1m2 +m1m5 +m2m5)

]
f
′

3(0)f
′

4(0)

− 3
[
λ2 + 2(m1 +m2 +m3)λ+ (m1m2 +m1m3 +m2m3)

]
f
′

4(0)f
′

5(0)

− 3
[
λ2 + 2(m1 +m4 +m5)λ+ (m1m4 +m1m5 +m4m5)

]
f
′

2(0)f
′

3(0)

− 3
[
λ2 + 2(m3 +m4 +m5)λ+ (m3m4 +m3m5 +m4m5)

]
f
′

1(0)f
′

2(0)

+ f
′

1(0)f
′

2(0)f
′

3(0)f
′

5(0) + f
′

1(0)f
′

3(0)f
′

4(0)f
′

5(0) + [f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0)

+ f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0) + f
′

1(0)f
′

2(0)f
′

4(0)f
′

5(0)]e−λτ ,

Q = −λeλτ (λ5 + p1λ
4 + p2λ

3 + p3λ
2 + p4λ+ p5)

+ λe−λτ
[
(λ+m1)f

′

2(0)f
′

3(0)f
′

4(0)f
′

5(0)

+ (λ+m5)f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)

+ (λ+m3)f
′

1(0)f
′

2(0)f
′

4(0)f
′

5(0)− 2f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0)
]
.

Then we obtain (
dλ(τ)

dτ

)−1 ∣∣∣
τ=τ0

=
A1 + iA2

C1 + iC2
− τ

λ
, (17)

where

A1 = 5ω4
0 − 3P2ω

2
0 + p4) cosω0τ0 − (2p3ω0 − 4p1ω

3
0) sinω0τ0
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−
[
−3ω2

0 +m1m2 +m1m5 +m2m5

]
f
′

3(0)f
′

4(0)

−
[
−3ω2

0 +m1m2 +m1m3 +m2m3

]
f
′

4(0)f
′

5(0)

−
[
−3ω2

0 +m1m4 +m1m5 +m4m5

]
f
′

1(0)f
′

2(0)

−
[
−3ω2

0 +m3m4 +m3m5 +m4m5

]
f
′

1(0)f
′

2(0)

+ f
′

1(0)f
′

2(0)f
′

3(0)f
′

5(0) + f
′

1(0)f
′

3(0)f
′

4(0)f
′

5(0)

+
[
f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0) + f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)

+ f
′

1(0)f
′

2(0)f
′

4(0)f
′

5(0)
]

cosω0τ0,

A2 = 5ω4
0 − 3p2ω

2
0 + p4) sinω0τ0

− (2p3ω0 − 4p1ω
3
0) cosω0τ0

− 2(m1 +m2 +m5)ω0f
′

3(0)f
′

4(0)

− 2(m1 +m2 +m3)ω0f
′

4(0)f
′

5(0)

− 2(m1 +m4 +m5)ω0f
′

2(0)f
′

3(0)

− 2(m3 +m4 +m5)ω0f
′

1(0)f
′

2(0)

− [f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0) + f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)

+
[
f
′

1(0)f
′

2(0)f
′

4(0)f
′

5(0)
]

sinω0τ0,

C1 = (p1ω
4
0 − P3ω

2
0 + p5)ω0 sinω0τ0 − (ω5

0 − p2ω3
0 + p4ω0)ω0 cosω0τ0

+ ω0 sinω0τ0

[
m1f

′

2(0)f
′

3(0)f
′

4(0)f
′

5(0) +m5f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)

+ m3f
′

1(0)f
′

2(0)f
′

4(0)f
′

5(0)− 2f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0)
]

−
[
f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0) + f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0)

+ f
′

1(0)f
′

2(0)f
′

4(0)f
′

5(0)
]
ω2
0 cosω0τ0,

C2 = (ω5
0 − P2ω

3
0 + p4ω0)ω0 sinω0τ0 − (p1ω

4
0 − p3ω2

0 + p5)ω0 cosω0τ0

+ ω2
0 sinω0τ0

[
f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0) + f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)

+ f
′

1(0)f
′

2(0)f
′

4(0)f
′

5(0)
]

+ ω0 cosω0τ0

[
m1f

′

2(0)f
′

3(0)f
′

4(0)f
′

5(0)

+m5f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0) +m3f
′

1(0)f
′

2(0)f
′

4(0)f
′

5(0)

+ −2f
′

1(0)f
′

2(0)f
′

3(0)f
′

4(0)f
′

5(0)
]
.

Thus we have

Re

(
dλ

dτ

) ∣∣∣
τ=τ0

=
A1C1 +A2C2

C2
1 + C2

2

. (18)
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In order to investigate the distribution of roots of the transcendental
equation (5), the following lemma that is stated in [19] is useful.

Lemma 1 (See [19]). For the transcendental equation

P (λ, e−λτ1 , · · · , e−λτm) = λn + p
(0)
1 λn−1 + · · ·+ p

(0)
n−1λ+ p(0)n

+
[
p
(1)
1 λn−1 + · · ·+ p

(1)
n−1λ+ p(1)n

]
e−λτ1 + · · ·

+
[
p
(m)
1 λn−1 + · · ·+ p

(m)
n−1λ+ p(m)

n

]
e−λτm = 0,

as (τ1, τ2, τ3, · · · , τm) vary, the sum of orders of the zeros of
P (λ, e−λτ1 , · · · , e−λτm) in the open right half plane can change, and only
a zero appears on or crosses the imaginary axis.

From Lemma 1, it is easy to obtain the following results:

Theorem 2. If (H1)− (H4) hold, then
(I) For system (3), its zero solution is asymptotically stable for τ ∈ [0, τ0);
(II) system (3) undergoes a Hopf bifurcation at the origin when τ = τ0,
i.e, system (3) has a branch of periodic solutions bifurcating from the zero
solution near τ = τ0.

3. Direction and stability of the Hopf bifurcation

In the previous section, we obtained conditions for Hopf bifurcation to
occur when τ = τ0. In this section, we shall derive the explicit formulae
determining the direction, stability, and period of these periodic solutions
bifurcating from the equilibrium x∗(0, 0, 0, 0, 0) at these critical value of τ ,
by using techniques from normal form and center manifold theory [10].
Throughout this section, we always assume that system (5) undergoes Hopf
bifurcation at the equilibrium x∗(0, 0, 0, 0, 0) for τ = τ0, and then ±iω0 are
the corresponding purely imaginary roots of the characteristic equation at
the equilibrium x∗(0, 0, 0, 0, 0). Linear part of system (3) at x∗(0, 0, 0, 0, 0)
is given by

ẋ1(t) = −m1x1(t) + f
′

1(0)x5(t) + f
′

1(0)x2(t− τ2)),

ẋ2(t) = −m2x1(t) + f
′

2(0)x1(t− τ1) + f
′

2(0)x3(t− τ1)),

ẋ3(t) = −m3x1(t) + f
′

3(0)x2(t− τ2) + f
′

3(0)x4(t− τ2)),

ẋ4(t) = −m4x1(t) + f
′

4(0)x3(t− τ1) + f
′

4(0)x5(t− τ1)),

ẋ5(t) = −m1x5(t) + f
′

5(0)x4(t− τ2) + f
′

5(0)x1(t))

(19)

and non-linear part is given by

f(µ, ut) =
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g
′′
1 (0)
2 x21(t) +

g
′′′
1 (0)
3! x31(t) +

f
′′
1 (0)
2 x22(t− τ2) +

f
′′′
1 (0)
3! x32(t− τ2)

g
′′
2 (0)
2 x22(t) +

g
′′′
2 (0)
3! x32(t) +

f
′′
2 (0)
2 x21(t− τ1) +

f
′′′
1 (0)
3! x31(t− τ1)

g
′′
3 (0)
2 x23(t) +

g
′′′
3 (0)
3! x33(t) +

f
′′
3 (0)
2 x22(t− τ2) +

f
′′′
3 (0)
3! x32(t− τ2)

g
′′
4 (0)
2 x24(t) +

g
′′′
4 (0)
3! x34(t) +

f
′′
4 (0)
2 x23(t− τ1) +

f
′′′
4 (0)
3! x33(t− τ1)

g
′′
5 (0)
2 x25(t) +

g
′′′
5 (0)
3! x35(t) +

f
′′
5 (0)
2 x21(t) +

f
′′′
5 (0)
3! x31(t)



+



f
′′
1 (0)
2 x25(t) +

f
′′′
1 (0)
3! x35(t) + h.o.t.

f
′′
2 (0)
2 x23(t− τ1) +

f
′′′
2 (0)
3! x33(t− τ1) + h.o.t.

f
′′
3 (0)
2 x24(t− τ2) +

f
′′′
3 (0)
3! x34(t− τ2) + h.o.t.

f
′′
4 (0)
2 x25(t− τ1) +

f
′′′
4 (0)
3! x35(t− τ1) + h.o.t.

f
′′
5 (0)
2 x24(t− τ2) +

f
′′′
5 (0)
3! x34(t− τ2) + h.o.t.


. (20)

Denote

Ck[−τ∗2 , 0] =
{
ϕ |ϕ : [−τ∗2 , 0]→ R5, each component of ϕ has

k-order continuous derivative} .

For convenience, denote C[−τ∗2 , 0] by C0[−τ∗2 , 0].
For ϕ(θ) = (ϕ1(θ), ϕ2(θ), ϕ3(θ), ϕ4(θ), ϕ5(θ))T ∈ C

(
[−τ∗2 , 0], R5

)
, define

a family of operators

Lµϕ = Bϕ(0) +B1ϕ(−τ∗1 − µ) +B2(−τ∗2 ) (21)

and

G(µ, ϕ) = (k1, k2, k3, k4, k5)T , (22)

where

B =


−m1 0 0 0 f

′

1(0)
0 −m2 0 0 0
0 0 −m3 0 0
0 0 0 0 −m4

f
′

5(0) 0 0 0 −m5

 ,

B1 =


0 0 0 0 0

f
′

2(0) 0 f
′

2(0) 0 0
0 0 0 0 0

0 0 f
′

4(0) 0 f
′

4(0)
0 0 0 0 0

 ,

B2 =


0 f

′

1(0) 0 0 0
0 0 0 0 0

0 f
′

3(0) 0 f
′

3(0) 0
0 0 0 0 0

0 0 0 f
′

5(0) 0

 ,
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k1 =
g
′′

1 (0)

2
ϕ2
1(0) +

g
′′′

1 (0)

3!
ϕ3
1(0) +

f
′′

1 (0)

2
ϕ2
2(−τ2) +

f
′′′

1 (0)

3!
ϕ3
2(−τ2)

+
f
′′

1 (0)

2
ϕ2
5(0) +

f
′′′

1 (0)

3!
ϕ3
5(0) + 0

(
||ϕ||)4

)
,

k2 =
g
′′

2 (0)

2
ϕ2
2(0) +

g
′′′

2 (0)

3!
ϕ3
2(0) +

f
′′

2 (0)

2
ϕ2
1(−τ1) +

f
′′′

1 (0)

3!
ϕ3
1(−τ1)

+
f
′′

2 (0)

2
ϕ2
3(−τ1) +

f
′′′

2 (0)

3!
ϕ3
3(−τ1) + 0

(
||ϕ||)4

)
,

k3 =
g
′′

3 (0)

2
ϕ2
3(0) +

g
′′′

3 (0)

3!
ϕ3
3(0) +

f
′′

3 (0)

2
ϕ2
2(−τ2) +

f
′′′

3 (0)

3!
ϕ3
2(−τ2)

+
f
′′

3 (0)

2
ϕ2
4(−τ2) +

f
′′′

3 (0)

3!
ϕ3
4(−τ2) + 0 (||ϕ||)4),

k4 =
g
′′

4 (0)

2
ϕ2
4(0) +

g
′′′

4 (0)

3!
ϕ3
4(t) +

f
′′

4 (0)

2
ϕ2
3(−τ1) +

f
′′′

4 (0)

3!
ϕ3
3(−τ1)

+
f
′′

4 (0)

2
ϕ2
5(−τ1) +

f
′′′

4 (0)

3!
ϕ3
5(−τ1) + 0

(
||ϕ||)4

)
,

k5 =
g
′′

5 (0)

2
ϕ2
5(0) +

g
′′′

5 (0)

3!
ϕ3
5(0) +

f
′′

5 (0)

2
ϕ2
1(0) +

f
′′′

5 (0)

3!
ϕ3
1(0)

+
f
′′

5 (0)

2
ϕ2
4(−τ2) +

f
′′′

5 (0)

3!
ϕ3
4(−τ2) + 0

(
||ϕ||)4

)
,

and Lµ is a one-parameter family of bounded linear operators in
C([−τ∗2 , 0], R5) → R5. By the Riesz representation theorem, there ex-
ists a matric whose components are bounded variation functions η(θ, µ)

in [−τ∗2 , 0]→ R52 , such that

Lµϕ =

∫ 0

−τ∗2
dη(θ, µ)ϕ(θ). (23)

In fact, choosing

η(θ, µ) =


B, θ = 0,

B1δ(θ + τ∗1 + µ), θ ∈ [−τ∗1 − µ, 0),

−B2δ(θ + τ∗2 ), θ ∈ [−τ∗2 ,−τ∗1 − µ),

(24)

where δ(θ) is Dirac function, then (23) is satisfied. For (ϕ1, ϕ2, ϕ3, ϕ4, ϕ5) ∈
(C1[−τ∗2 , 0], R5), define

A(µ)ϕ =


dϕ(θ)

dθ
, − τ∗2 ≤ θ < 0,∫ 0

−τ∗2
dη(s, µ)ϕ(s), θ = 0

(25)
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and

Rϕ =

{
0, − τ∗2 ≤ θ < 0,

f(µ, ϕ), θ = 0.
(26)

Then (3) is equivalent to the abstract differential equation

u̇t = A(µ)ut +R(µ)ut, (27)

where u = (u1, u2, u3, u4, u5)T , ut(θ) = u(t+ θ), θ ∈ [−τ∗2 , 0].
For ψ ∈ C([−τ∗2 , 0], (R5)∗), define

A∗ψ(s) =


− dψ(s)

ds
, s ∈ (0, τ∗2 ],∫ 0

−τ∗2
dηT (t, 0)ψ(−t), s = 0.

(28)

For φ ∈ C([−τ∗2 , 0], R5) and ψ ∈ C([0, τ∗2 ], (R5)∗), define the bilinear form

〈ψ, φ〉 = ψ(0)φ(0)−
∫ 0

−τ∗2

∫ θ

ξ=0

ψT (ξ − θ)dη(θ)φ(ξ)dξ, (29)

where η(θ) = η(θ, 0). We have the following result on the relation between
the operators A = A(0) and A∗.

Lemma 3. A = A(0) and A∗ are adjoint operators.

Proof. Let φ ∈ C1([−τ∗2 , 0], R5) and ψ ∈ C1([0, τ∗2 ], (R5)∗. It follows
from (29) and the definitions of A = A(0) and A∗ that

〈ψ(s), A(0)φ(θ)〉

= ψ̄(0)A(0)φ(0)−
∫ 0

−τ∗2

∫ θ

ξ=0

ψ̄(ξ − θ)dη(θ)A(0)φ(ξ)dξ

= ψ̄(0)

∫ 0

−τ∗2
dη(θ)φ(θ)−

∫ 0

−τ∗2

∫ θ

ξ=0

ψ̄(ξ − θ)dη(θ)A(0)φ(ξ)dξ

= ψ̄(0)

∫ 0

−τ∗2
dη(θ)φ(θ)−

∫ 0

−τ∗2
[ψ̄(ξ − θ)dη(θ)φ(ξ)]θξ=0

+

∫ 0

−τ∗2

∫ θ

ξ=0

dψ̄(ξ − θ)
dξ

dη(θ)φ(ξ)dξ

=

∫ 0

−τ∗2
ψ̄(−θ)dη(θ)φ(0)−

∫ 0

−τ∗2

∫ θ

ξ=0

[
−dψ̄(ξ − θ)

dξ

]
dη(θ)φ(ξ)dξ

= A ∗ ψ̄(0)φ(0)−
∫ 0

−τ∗2

∫ θ

ξ=0

A∗ψ̄(ξ − θ)dη(θ)φ(ξ)dξ

= 〈A∗ψ(s), φ(θ)〉.
This shows that A = A(0) and A∗ are adjoint operators and the proof is
complete.



STABILITY AND BIFURCATION ON A RING OF FIVE NEURONS 251

By the discussions in Sec. 2, we know that ±iω0 are eigenvalues of A(0), and
they are also eigenvalues of A∗ corresponding to iω0 and −iω0, respectively.
We have the following result.

Lemma 4. The vector

q(θ) = (1, a1, a2, a3, a4)T eiω0θ, θ ∈ [−τ∗2 , 0],

is the eigenvector of A(0) corresponding to the eigenvalue iω0, and

q∗(s) = D(1, a∗1, a
∗
2, a
∗
3, a
∗
4)eiω0s, s ∈ [0, τ∗2 ],

is the eigenvector of A∗ corresponding to the eigenvalue −iω0, moreover,
〈q∗(s), q(θ)〉 = 1, where

D =
1

C
, (30)

where

C = 1 +

4∑
i=1

āia
∗
1 + ā1f

′

1(0)τ∗2 e
iω0τ

∗
2 + a∗1τ

∗
1 f
′

2(0)eiω0τ
∗
1 (1 + ā2)

+ a∗2τ
∗
1 f
′

3(0)eiω0τ
∗
2 (ā1 + ā3) + a∗3τ

∗
1 f
′

4(0)eiω0τ
∗
1 (ā2 + ā4)

+ a∗4τ
∗
2 f
′

5(0)eiω0τ
∗
2 ā3.

Proof. Let q(θ) be the eigenvector of A(0) corresponding to the eigenvalue
iω0 and q∗(s) be the eigenvector of A∗ corresponding to the eigenvalue −iω0,
namely, A(0)q(θ) = iω0q(θ) and A∗q(s) = −iω0q

∗(s). From the definitions
of A(0) and A∗, we have A(0)q(θ) = dq(θ)/dθ and A∗q(s) = −dq∗(s)/ds.
Thus, q(θ) = q(0)eiω0θ and q∗(s) = q(0)eiω0s. In addition,

∫ 0

−τ∗2
dη(θ)q(θ) =


−m1 0 0 0 f

′

1(0)
0 −m2 0 0 0
0 0 −m3 0 0
0 0 0 0 −m4

f
′

5(0) 0 0 0 −m5

 q(0)

+


0 0 0 0 0

f
′

2(0) 0 f
′

2(0) 0 0
0 0 0 0 0

0 0 f
′

4(0) 0 f
′

4(0)
0 0 0 0 0

 q(−τ∗1 )
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+


0 f

′

1(0) 0 0 0
0 0 0 0 0

0 f
′

3(0) 0 f
′

3(0) 0
0 0 0 0 0

0 0 0 f
′

5(0) 0

 q(−τ∗2 )

= A(0)q(0) = iω0q(0). (31)

That is
−m1 + a4f

′

1(0) + a1f
′

1(0)e−iω0τ
∗
2

−m2a1 + f
′

2(0)e−iω0τ
∗
1 + a2f

′

2(0)e−iω0τ
∗
1

−m3a2 + f
′

3(0)a1e
−iω0τ

∗
2 + a3f

′

3(0)e−iω0τ
∗
2

−m4a3 + f
′

4(0)a2e
−iω0τ

∗
1 + a4f

′

4(0)e−iω0τ
∗
1

f
′

5(0)−m5a4 + a3f
′

5(0)e−iω0τ
∗
2

 =


iω0

ia1ω0

ia2ω0

ia3ω0

ia4ω0

 . (32)

Therefore, we can easily obtain

a1 =
(m3 + iω0)f

′

2(0)e−iω0τ
∗
1 + f

′

2(0)f
′

3(0)e−iω0(τ
∗
1 +τ

∗
2 )

(m2 + iω0)(m3 + iω0)− f ′2(0)f
′
3(0)e−iω0(τ∗1 +τ

∗
2 )

,

a2 =
(m2 + iω0)f

′

3(0)e−iω0τ
∗
1 + f

′

2(0)f
′

3(0)e−iω0(τ
∗
1 +τ

∗
2 )

(m2 + iω0)(m3 + iω0)− f ′2(0)f
′
3(0)e−iω0(τ∗1 +τ

∗
2 )

,

a3 =
(m5 + iω0)a4 − f

′

5(0)

f
′
5(0)e−iω0τ∗2

,

a4 = iω0 +m1 − a1f
′

1(0)e−iω0τ
∗
2 .

On the other hand,

∫ 0

−1
q∗(−t)dη(t) =


−m1 0 0 0 f

′

1(0)
0 −m2 0 0 0
0 0 −m3 0 0
0 0 0 0 −m4

f
′

5(0) 0 0 0 −m5

 q∗(0)

+


0 0 0 0 0

f
′

2(0) 0 f
′

2(0) 0 0
0 0 0 0 0

0 0 f
′

4(0) 0 f
′

4(0)
0 0 0 0 0

 q∗(−τ∗1 )
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+


0 f

′

1(0) 0 0 0
0 0 0 0 0

0 f
′

3(0) 0 f
′

3(0) 0
0 0 0 0 0

0 0 0 f
′

5(0) 0

 q∗(−τ∗2 )

= A∗q∗(0) = −iω0q
∗(0). (33)

Namely,
−iω0 +m1 − f

′

2(0)eiω0τ
∗
1 a∗1 − f

′

5(0)a∗4
−f ′1(0)eiω0τ

∗
1 + (−iω0 +m2)a∗1 − f

′

3(0)a∗2e
iω0τ

∗
2

(−iω0 +m3)a∗2 − f∗4 (0)eiω0τ
∗
1 a∗3

−f∗4 (0)eiω0τ
∗
1 a∗2 + (−iω0 +m4)a∗3 − f

′

5(0)eiω0τ
∗
2 a∗4

−f∗1 (0) + (−iω0 +m5)a∗4

 =


0
0
0
0
0

 . (34)

Therefore, we can easily obtain

a∗1 =
(−iω0 +m2)(−iω0 +m5)− f ′1(0)f

′

5(0)

(−iω0 +m5)f
′
2(0)eiω0τ∗1

,

a∗2 =
(−iω0 +m2)a∗1 − f

′

1(0)eiω0τ
∗
2

f
′
3(0)eiω0τ∗2

,

a∗3 =
(−iω0 +m3)a∗2
f
′
4(0)eiω0τ∗1

,

a∗4 =
f
′

1(0)

−iω0 +m5
.

In the sequel, we shall verify that 〈q∗(s), q(θ)〉 = 1. In fact, from (29),
we have

〈q∗(s), q(θ)〉 = D̄(1, ā∗1, ā
∗
2, ā
∗
3, ā4)(1, a1, a2, a3, a4)T

−
∫ 0

−τ∗2

∫ θ

ξ=0

D̄(1, ā∗1, ā
∗
2, ā
∗
3, ā4)e−iω0(ξ−θ)dη(θ)(1, a1, a2, a3, a4)T eiω0ξdξ

= D̄

[
1 +

4∑
i=1

aiā∗1 −
∫ 0

−τ∗2
(1, ā∗1, ā

∗
2, ā
∗
3, ā4)θeiω0θdη(θ)(1, a1, a2, a3, a4)T

]

= D̄

{
1 +

4∑
i=1

aiā∗1 + (1, ā∗1, ā
∗
2, ā
∗
3, ā4)

[
−τ∗1 e−iω0τ

∗
1B1 − τ∗2 e−iω0τ

∗
1B2

]
× (1, a1, a2, a3, a4)T

}
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= D̄

[
1 +

4∑
i=1

aiā
∗
i + a1f

′

1(0)τ∗2 e
−iω0τ

∗
2 + ā∗1τ

∗
1 f
′

2(0)e−iω0τ
∗
1 (1 + a2)

+ ā∗2τ
∗
1 f
′

2(0)e−iω0τ
∗
1 (a1 + a3) + ā∗3τ

∗
1 f
′

2(0)e−iω0τ
∗
1 (a2 + a4)

+ ā∗4τ
∗
2 f
′

5(0)e−iω0τ
∗
2 a3

]
= 1.

Next, we use the same notations as those in Hassard, Kazarinoff and
Wan [10], and we first compute the coordinates to describe the center man-
ifold C0 at µ = 0. Let xt be the solution of Eq. (3) when µ = 0.

Define

z(t) = 〈q∗, xt〉, W (t, θ) = xt(θ)− 2Re{z(t)q(θ)} (35)

on the center manifold C0, and we have

W (t, θ) = W (z(t), z̄(t), θ), (36)

where

W (z(t), z̄(t), θ) = W (z, z̄) = W20
z2

2
+W11zz̄ +W02

z̄2

2
+ · · · (37)

and z and z̄ are local coordinates for center manifold C0 in the direction
of q∗ and q̄∗. Noting that W is also real if xt is real, we consider only real
solutions. For solutions xt ∈ C0 of (3),

ż(t) = 〈q∗(s), ẋt〉 = 〈q∗(s), A(0)ut +R(0)ut〉
= 〈q∗(s), A(0)xt〉+ 〈q∗(s), R(0)xt〉
= 〈A∗q∗(s), xt〉+ q̄∗(0)R(0)xt

−
∫ 0

−τ∗2

∫ θ

ξ=0

q̄∗(ξ − θ)dη(θ)A(0)R(0)xt(ξ)dξ

= 〈iω0q
∗(s), xt〉+ q̄∗(0)f(0, xt(θ)

def
= iω0z(t) + q̄∗(0)f0(z(t), z̄(t)). (38)

That is

ż(t) = iω0z + g(z, z̄), (39)

where

g(z, z̄) = g20
z2

2
+ g11zz̄ + g02

z̄2

2
+ · · · . (40)

Hence, we have

g(z, z̄) = q̄∗(0)f0(z, z̄) = f(0, xt)

= D̄(1, ā∗1, ā
∗
2, ā
∗
3, ā
∗
4)

×(f1(0, xt), f2(0, xt), f3(0, xt), f4(0, xt), f5(0, xt))
T , (41)
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where

f1(0, xt) =
g
′′

1 (0)

2
x21t(0) +

g
′′′

1 (0)

3!
x31t(0) +

f
′′

1 (0)

2
x22t(−τ2)

+
f
′′′

1 (0)

3!
x32t(−τ2) +

f
′′

1 (0)

2
x25t(0) +

f
′′′

1 (0)

3!
x35t(0) + h.o.t.,

f2(0, xt) =
g
′′

2 (0)

2
x22t(0) +

g
′′′

2 (0)

3!
x32t(0) +

f
′′

2 (0)

2
x21t(−τ1)

+
f
′′′

1 (0)

3!
x31t(−τ1) +

f
′′

2 (0)

2
x23t(−τ1)

+
f
′′′

2 (0)

3!
x33t(−τ1) + h.o.t.,

f3(0, xt) =
g
′′

3 (0)

2
x23t(0) +

g
′′′

3 (0)

3!
x33t(0) +

f
′′

3 (0)

2
x22t(−τ2)

+
f
′′′

3 (0)

3!
x32t(−τ2) +

f
′′

3 (0)

2
x24t(−τ2)

+
f
′′′

3 (0)

3!
x34t(−τ2) + h.o.t.,

f4(0, xt) =
g
′′

4 (0)

2
x24t(0) +

g
′′′

4 (0)

3!
x34t(0) +

f
′′

4 (0)

2
x23t(−τ1)

+
f
′′′

4 (0)

3!
x33t(−τ1) +

f
′′

4 (0)

2
x25t(−τ1)

+
f
′′′

4 (0)

3!
x35t(−τ1) + h.o.t.,

f5(0, xt) =
g
′′

5 (0)

2
x25t(0) +

g
′′′

5 (0)

3!
x35t(0) +

f
′′

5 (0)

2
x21t(0)

+
f
′′′

5 (0)

3!
x31t(0) +

f
′′

5 (0)

2
x24t(−τ2)

+
f
′′′

5 (0)

3!
x34t(−τ2) + h.o.t.

Noticing that

xt(θ) = (x1t(θ), x2t(θ), x3t(θ), x4t(θ), x5t(θ))
T = W (t, θ) + zq(θ) + z̄q̄

and

q(θ) = (1, a1, a2, a3, a4)T eiω0θ,

we have

x1t(0) = z + z̄ +W
(1)
20 (0)

z2

2
+W

(1)
11 (0)zz̄ +W

(1)
02 (0)

z̄2

2
+ · · · ,

x2t(0) = a1z + ā1z̄ +W
(1)
20 (0)

z2

2
+W

(1)
11 (0)zz̄ +W

(1)
02 (0)

z̄2

2
+ · · · ,
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x3t(0) = a2z + ā2z̄ +W
(3)
20 (0)

z2

2
+W

(3)
11 (0)zz̄ +W

(3)
02 (0)

z̄2

2
+ · · · ,

x4t(0) = a3z + ā3z̄ +W
(4)
20 (0)

z2

2
+W

(4)
11 (0)zz̄ +W

(4)
02 (0)

z̄2

2
+ · · · ,

x5t(0) = a4z + ā4z̄ +W
(5)
20 (0)

z2

2
+W

(5)
11 (0)zz̄ +W

(5)
02 (0)

z̄2

2
+ · · · ,

x2t(−τ2) = a1e
−iω0τ2z + ā1e

iω0τ2 z̄ +W
(2)
20 (−τ2)

z2

2

+W
(2)
11 (−τ2)zz̄ +W

(2)
02 (−τ2)

z̄2

2
+ · · · ,

x4t(−τ2) = a3e
−iω2τ0z + ā3e

iω0τ2 z̄ +W
(4)
20 (−τ2)

z2

2

+W
(4)
11 (−τ2)zz̄ +W

(4)
02 (−τ2)

z̄2

2
+ · · · ,

x1t(−τ1) = e−iω0τ1z + eiω0τ1 z̄ +W
(1)
20 (−τ1)

z2

2

+W
(1)
11 (−τ1)zz̄ +W

(1)
02 (−τ1)

z̄2

2
+ · · · .

x3t(−τ1) = a2e
−iω1τ0z + ā2e

iω0τ1 z̄ +W
(3)
20 (−τ1)

z2

2

+W
(3)
11 (−τ1)zz̄ +W

(3)
02 (−τ1)

z̄2

2
+ · · · ,

x5t(−τ1) = a4e
−iω0τ1z + ā4e

iω0τ1 z̄ +W
(5)
20 (−τ1)

z2

2
+W

(5)
11 (−τ1)zz̄

+W
(5)
02 (−τ1)

z̄2

2
+ · · · .

From (40) and (41), we have

g(z, z̄) = q̄∗(0)f0(z, z̄)

= D̄ [f1(0, xt) + ā∗1f2(0, xt) + ā∗2f3(0, xt)

+ ā∗3f4(0, xt) + ā∗4f5(0, xt)]

=
1

2
D̄
{[

g
′′

1 (0) + f
′′

1 (0)a21e
−2iω0τ2 + f

′′

1 (0)a24

]
+ ā∗1

[
g
′′

2 (0)a21 + f
′′

2 (0)e−2iω0τ2 + f
′′

2 (0)a22e
−2iω0τ2

]
+ ā∗2

[
g
′′

3 (0)a21 + f
′′

3 (0)e−2iω0τ2 + f
′′

3 (0)a23e
−2iω0τ2

]
+ ā∗3

[
g
′′

4 (0)a23 + f
′′

4 (0)a22e
−2iω0τ2 + f

′′

4 (0)a24e
−2iω0τ2

]
+ ā∗4

[
g
′′

5 (0)a24 + f
′′

5 (0) + f
′′

5 (0)a3e
−2iω0τ2

]}
z2
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+ D̄
{[

g
′′

1 (0) + f
′′

1 (0)a21e
−2iω0τ2 + f

′′

1 (0)a4ā4 + g
′′

2 (0)a1ā1

]
+ ā∗1

[
g
′′

2 (0)a1ā1 + f
′′

2 (0) + f
′′

2 (0)a2ā2

]
+ ā∗2

[
g
′′

2 (0)a1ā1 + f
′′

3 (0)a1ā1 + f
′′

3 (0)a3ā3

]
+ ā∗3

[
g
′′

4 (0)a3ā3 + f
′′

4 (0)a2ā2 + f
′′

4 (0)a4ā4

]
+ ā∗4

[
g
′′

5 (0)a4ā3 + f
′′

5 (0) + f
′′

4 (0)a3ā3

]}
zz̄,

+
1

2
D̄
{[

g
′′

1 (0) + f
′′

1 (0)a1ā1e
2iω0τ2 + f

′′

1 (0)ā24 + g
′′

2 (0)ā21

]
+ ā∗1

[
g
′′

2 (0)ā21 + f
′′

2 (0)e2iω0τ1 + f
′′

2 (0)a22e
2iω0τ1

]
+ ā∗2

[
g
′′

2 (0)ā21 + f
′′

3 (0)ā21e
2iω0τ2 + f

′′

3 (0)ā23e
2iω0τ2

]
+ ā∗3

[
g
′′

4 (0)ā23 + f
′′

4 (0)ā22e
2iω0τ1 + f

′′

4 (0)ā24e
2iω0τ1

]
+ ā∗4

[
g
′′

5 (0)ā24 + f
′′

5 (0) + f
′′

5 (0)ā23e
2iω0τ2

]}
z̄2,

+
1

2
D̄
{
g
′′

1 (0)
[
W

(1)
20 (0)) + 2W

(1)
11 (0)

]
+ g

′′′

1 (0)

+ f
′′′

1 (0)
[
W

(2)
20 (−τ2))ā1e

iω0τ2 + 2W
(2)
11 (−τ2)a1e

−iω0τ2
]

+ f
′′′

1 (0)a21ā1e
−iω0τ2 + f

′′

1 (0)
[
W

(5)
50 (0)ā4 + 2W

(5)
11 (0)a4

]
+ f

′′′

1 (0)a42ā4 + g
′′

2 (0)
[
W

(2)
20 (0)ā1 + 2W

(2)
11 (0)a1

]
+ ā∗1

[
g
′′

2 (0)
(
W

(2)
20 (0)ā1 + 2W

(2)
11 (0)a1

)
+ g

′′′

2 (0)a21ā1

+ f
′′′

2 (0)
(
W

(1)
20 (−τ1)eiω0τ1 + 2W

(1)
11 (−τ1)e−iω0τ1

)
+ f

′′′

2 (0)e−iω0τ1 + f
′′

2 (0)
(
W

(3)
20 (−τ1)ā2e

iω0τ1

+ 2W
(3)
11 (−τ1)a2e

−iω0τ1
)]

+ ā∗2

[
g
′′

1 (0)
(
W

(2)
20 (0)ā1

+ 2W
(2)
11 (0)a1

)
+ g

′′′

3 (0)a22ā2 + f
′′′

3 (0)
(
W

(2)
20 (−τ2)ā1e

iω0τ2

+ 2W
(2)
11 (−τ2)a1e

−iω0τ2
)

+ f
′′′

3 (0)a21ā1e
iω0τ2

+ f
′′

3 (0)
(
W

(4)
20 (−τ2)ā3e

iω0τ2 + 2W
(4)
11 (−τ2)a3e

−iω0τ2
)

+ f
′′′

3 (0)a23ā3e
−iω0τ2

]
+ ā∗3

[
g
′′

4 (0)
(
W

(4)
20 (0)ā3 + 2W

(4)
11 (0)a3

)
+ g

′′′

4 (0)a23ā3 + f
′′

4 (0)
(
W

(3)
20 (−τ1)ā2e

iω0τ1
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+ 2W
(3)
11 (−τ1)a2e

−iω0τ1
)

×f
′′′

4 (0)a22ā2e
−iω0τ1 + f

′′

4 (0)
(
W

(5)
20 (−τ1)ā4e

iω0τ1

+ 2W
(5)
11 (−τ1)a4e

−iω0τ1
)

+ f
′′′

4 (0)a24ā4e
−iω0τ1

]
+ ā∗4

[
g
′′

5 (0)
(
W

(5)
20 (0)ā4 + 2W

(5)
11 (0)a4

)
+ g

′′′

5 (0)a24ā4

+ f
′′

5 (0)
(
W

(1)
20 (0) + 2W

(1)
11 (0)

)
+ f

′′′

5 (0) + f
′′

5 (0)
(
W

(4)
20 (−τ2)ā3e

iω0τ2

+ 2W
(4)
11 (−τ2)a3e

−iω0τ2 + f
′′′

5 (0)a23ā3e
−iω0τ2

)]}
z2z̄ + · · · ,

and we obtain

g20 = D̄
{[

g
′′

1 (0) + f
′′

1 (0)a21e
−2iω0τ2 + f

′′

1 (0)a24

]
+ ā∗1

[
g
′′

2 (0)a21 + f
′′

2 (0)e−2iω0τ2 + f
′′

2 (0)a22e
−2iω0τ2

]
+ ā∗2

[
g
′′

3 (0)a21 + f
′′

3 (0)e−2iω0τ2 + f
′′

3 (0)a23e
−2iω0τ2

]
+ ā∗3

[
g
′′

4 (0)a23 + f
′′

4 (0)a22e
−2iω0τ2 + f

′′

4 (0)a24e
−2iω0τ2

]
+ ā∗4

[
g
′′

5 (0)a24 + f
′′

5 (0) + f
′′

5 (0)a3e
−2iω0τ2

]}
,

g11 = D̄
{[

g
′′

1 (0) + f
′′

1 (0)a21e
−2iω0τ2 + f

′′

1 (0)a4ā4 + g
′′

2 (0)a1ā1

]
+ ā∗1

[
g
′′

2 (0)a1ā1 + f
′′

2 (0) + f
′′

2 (0)a2ā2

]
+ ā∗2

[
g
′′

2 (0)a1ā1 + f
′′

3 (0)a1ā1 + f
′′

3 (0)a3ā3

]
+ ā∗3

[
g
′′

4 (0)a3ā3 + f
′′

4 (0)a2ā2 + f
′′

4 (0)a4ā4

]
+ ā∗4

[
g
′′

5 (0)a4ā3 + f
′′

5 (0) + f
′′

4 (0)a3ā3

]}
,

g02 = D̄
{[

g
′′

1 (0) + f
′′

1 (0)a1ā1e
2iω0τ2 + f

′′

1 (0)ā24 + g
′′

2 (0)ā21

]
+ ā∗1

[
g
′′

2 (0)ā21 + f
′′

2 (0)e2iω0τ1 + f
′′

2 (0)a22e
2iω0τ1

]
+ ā∗2

[
g
′′

2 (0)ā21 + f
′′

3 (0)ā21e
2iω0τ2 + f

′′

3 (0)ā23e
2iω0τ2

]
+ ā∗3

[
g
′′

4 (0)ā23 + f
′′

4 (0)ā22e
2iω0τ1 + f

′′

4 (0)ā24e
2iω0τ1

]
+ ā∗4

[
g
′′

5 (0)ā24 + f
′′

5 (0) + f
′′

5 (0)ā23e
2iω0τ2

]}
,

g21 = D̄
{
g
′′

1 (0)
[
W

(1)
20 (0) + 2W

(1)
11 (0)

]
+ g

′′′

1 (0)
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+ f
′′′

1 (0)
[
W

(2)
20 (−τ2)ā1e

iω0τ2 + 2W
(2)
11 (−τ2)a1e

−iω0τ2
]

+ f
′′′

1 (0)a21ā1e
−iω0τ2 + f

′′

1 (0)
[
W

(5)
20 (0)ā4 + 2W

(5)
11 (0)a4

]
+ f

′′′

1 (0)a42ā4 + g
′′

2 (0)
[
W

(2)
20 (0)ā1 + 2W

(2)
11 (0)a1

]
+ ā∗1

[
g
′′

2 (0)
(
W

(2)
20 (0)ā1 + 2W

(2)
11 (0)a1

)
+ g

′′′

2 (0)a21ā1

+ f
′′′

2 (0)
(
W

(1)
20 (−τ1)eiω0τ1 + 2W

(1)
11 (−τ1)e−iω0τ1

)
+ f

′′′

2 (0)e−iω0τ1 + f
′′

2 (0)
(
W

(3)
20 (−τ1)ā2e

iω0τ1

+ 2W
(3)
11 (−τ1)a2e

−iω0τ1
)]

+ ā∗2

[
g
′′

1 (0)
(
W

(2)
20 (0)ā1

+ 2W
(2)
11 (0)a1

)
+ g

′′′

3 (0)a22ā2 + f
′′′

3 (0)
(
W

(2)
20 (−τ2)ā1e

iω0τ2

+ 2W
(2)
11 (−τ2)a1e

−iω0τ2
)

+ f
′′′

3 (0)a21ā1e
iω0τ2

+ f
′′

3 (0)
(
W

(4)
20 (−τ2)ā3e

iω0τ2 + 2W
(4)
11 (−τ2)a3e

−iω0τ2
)

+ f
′′′

3 (0)a23ā3e
−iω0τ2 ] + ā∗3

[
g
′′

4 (0)
(
W

(4)
20 (0)ā3 + 2W

(4)
11 (0)a3

)
+ g

′′′

4 (0)a23ā3 + f
′′

4 (0)
(
W

(3)
20 (−τ1)ā2e

iω0τ1 + 2W
(3)
11 (−τ1)a2e

−iω0τ1
)

×f
′′′

4 (0)a22ā2e
−iω0τ1 + f

′′

4 (0)
(
W

(5)
20 (−τ1)ā4e

iω0τ1

+ 2W
(5)
11 (−τ1)a4e

−iω0τ1
)

+ f
′′′

4 (0)a24ā4e
−iω0τ1

]
+ ā∗4

[
g
′′

5 (0)
(
W

(5)
20 (0)ā4 + 2W

(5)
11 (0)a4

)
+ g

′′′

5 (0)a24ā4

+ f
′′

5 (0)
(
W

(1)
20 (0) + 2W

(1)
11 (0)

)
+ f

′′′

5 (0) + f
′′

5 (0)
(
W

(4)
20 (−τ2)ā3e

iω0τ2

+ 2W
(4)
11 (−τ2)a3e

−iω0τ2 + f
′′′

5 (0)a23ā3e
−iω0τ2

)]}
.

For unknown

W
(1)
20 (0),W

(1)
10 (0),W

(1)
20 (−τ1),W

(1)
11 (−τ1),

W
(4)
20 (0),W

(4)
20 (−τ2),W

(4)
11 (0),W

(4)
11 (−τ2),

W
(2)
20 (0),W

(2)
20 (−τ2),W

(2)
11 (0),W

(2)
11 (−τ2),

W
(5)
20 (0),W

(5)
11 (0),W

(3)
20 (−τ1),W

(3)
11 (−τ1)

in g21, we still need to compute them.
From (27) and (28), we have

W
′

=

{
AW − 2Re{q̄∗(0)f̄ q(θ)}, −τ∗2 ≤ θ < 0,
AW − 2Re{q̄∗(0)f̄ q(θ)}+ f̄ , θ = 0.
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def
= AW +H(z, z̄, θ), (42)

where

H(z, z̄, θ) = H20(θ)
z2

2
+H11(θ)zz̄ +H02(θ)

z̄2

2
+ · · · . (43)

Comparing the coefficients, we obtain

(A− 2iω0)W20 = −H20(θ), (44)

AW11(θ) = −H11(θ). (45)

And we know that for θ ∈ [−τ∗2 , 0)

H(z, z̄, θ) = −q̄∗(0)f0q(θ)− q∗(0)f̄0q̄(θ) = −g(z, z̄)q(θ)− ḡ(z, z̄)q̄(θ). (46)

Comparing the coefficients of (43) with (46) gives that

H20(θ) = −g20q(θ)− ḡ02q̄(θ), (47)

H11(θ) = −g11q(θ)− ḡ11q̄(θ). (48)

From (44), (47) and the definition of A, we get

Ẇ20(θ) = 2iω0W20(θ) + g20q(θ) + ¯g02q̄(θ). (49)

Noting that q(θ) = q(0)eiω0θ, we have

W20(θ) =
ig20
ω0

q(0)eiω0θ +
iḡ02
3ω0

q̄(0)e−iω0θ + E1e
2iω0θ, (50)

where E1 is a constant vector. Similarly, from (45), (48) and the definition
of A, we have

Ẇ11(θ) = g11q(θ) + ¯g11q̄(θ), (51)

W11(θ) = − ig11
ω0

q(0)eiω0θ +
iḡ11
ω0

q̄(0)e−iω0θ + E2, (52)

where E2 is a constant vector.
In what follows, we shall seek appropriate E1, E2 in (50), (52), respec-

tively. It follows from the definition of A and (47), (48) that∫ 0

−1
dη(θ)W20(θ) = 2iω0W20(0)−H20(0) (53)

and ∫ 0

−1
dη(θ)W11(θ) = −H11(0), (54)

where η(θ) = η(0, θ).
From (48), we have

H20(0) = −g20q(0)− ¯g02q̄(0) + (H1, H2, H3, H4, H5)T , (55)

where

H1 = g
′′

1 (0) + f
′′

1 (0)a21e
−2iω0τ2 + f

′′

1 (0)a24,

H2 = g
′′

2 (0)a21 + f
′′

2 (0)e−2iω0τ1 + f
′′

2 (0)a2e
−2iω0τ1 ,
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H3 = g
′′

2 (0)a21 + f
′′

3 (0)a21e
−2iω0τ2 + f

′′

3 (0)a23e
−2iω0τ2 ,

H4 = g
′′

4 (0)a23 + f
′′

4 (0)a22e
−2iω0τ1 + f

′′

4 (0)a24e
−2iω0τ1 ,

H5 = g
′′

5 (0)a24 + f
′′

5 (0) + f
′′

5 (0)a3e
−2iω0τ2 .

From (49), we have

H11(0) = −g11q(0)− ¯g11(0)q̄(0) + (P1, P2, P3, P4, P5)T , (56)

where

P1 = g
′′

1 (0) + f
′′

1 (0)a21e
−2iω0τ2 + f

′′

1 (0)a4ā4 + g
′′

2 (0)a1ā1,

P2 = g
′′

2 (0)a1ā1 + f
′′

2 (0) + f
′′

2 (0)a2ā2,

P3 = g
′′

2 (0)a1ā1 + f
′′

3 (0)a1ā1 + f
′′

3 (0)a3ā3,

P4 = g
′′

4 (0)a3ā3 + f
′′

4 (0)a2ā2 + f
′′

4 (0)a4ā4,

P5 = g
′′

5 (0)a4ā4 + f
′′

5 (0) + f
′′

5 (0)a3ā3.

From (44), (45) and the definition of A, we have{
BW20(0) +B1W20(−τ∗1 ) +B2(−τ∗2 ) = 2iω0W20 −H20(0),
BW11(0) +B1W11(−τ∗1 ) +B2(−τ∗2 ) = −H11(0).

(57)

Noting that (
iω0I −

∫ 0

−τ∗2
eiω0θdη(θ)

)
q(0) = 0, (58)

(
−iω0I −

∫ 0

−τ∗2
e−iω0θdη(θ)

)
q̄(0) = (H1, H2, H3, H4, H5)T (59)

and substituting (54) and (59) into (57), we have(
2iω0I −

∫ 0

−τ∗2
e2iω0θdη(θ)

)
E1 = (H1, H2, H3, H4, H5)T . (60)

Thus the equality given in Fig. 1 follows.
Hence,

E
(1)
1 =

∆11

∆1
, E

(2)
1 =

∆12

∆1
, E

(3)
1 =

∆13

∆1
, E

(4)
1 =

∆14

∆1
, E

(5)
1 =

∆15

∆1
, (61)

where the determinants ∆1 and ∆ij are given in Figs. 2–4.
Similarly, substituting (55) and (60) into (58), we have(∫ 0

−τ∗2
dη(θ)

)
E2 = (P1, P2, P3, P4, P5)T . (62)
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Fig. 1

That is
−m1 f

′

1(0) 0 0 f
′

1(0)

f
′

2(0) −m2 f
′

2(0) 0 0

0 f
′

3(0) −m3 f
′

3(0) 0

0 0 −f ′4(0) −m4 −f ′4(0)

f
′

5(0) 0 0 f
′

5(0) −m5




E

(1)
2

E
(2)
2

E
(3)
2

E
(4)
2

E
(5)
2

 =


−P1

−P2

−P3

−P4

−P5

 .

(63)
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Fig. 2
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Fig. 3
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Fig. 4
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Hence,

E
(1)
2 =

∆21

∆2
, E

(2)
2 =

∆22

∆2
, E

(3)
2 =

∆23

∆2
, E

(4)
2 =

∆24

∆2
, E

(5)
2 =

∆25

∆2
, (64)

where

∆2 = det


−m1 f

′

1(0) 0 0 f
′

1(0)

f
′

2(0) −m2 f
′

2(0) 0 0

0 f
′

3(0) −m3 f
′

3(0) 0

0 0 −f ′4(0) −m4 −f ′4(0)

f
′

5(0) 0 0 f
′

5(0) −m5

 ,

∆21 = det


−P1 f

′

1(0) 0 0 f
′

1(0)

−P2 −m2 f
′

2(0) 0 0

−P3 f
′

3(0) −m3 f
′

3(0) 0

−P4 0 −f ′4(0) −m4 −f ′4(0)

−P5 0 0 f
′

5(0) −m5

 ,

∆22 = det


−m1 −P1 0 0 f

′

1(0)

f
′

2(0) −P2 f
′

2(0) 0 0

0 −P3 −m3 f
′

3(0) 0

0 −P4 −f ′4(0) −m4 −f ′4(0)

f
′

5(0) −P5 0 f
′

5(0) −m5

 ,

∆23 = det


−m1 f

′

1(0) −P1 0 f
′

1(0)

f
′

2(0) −m2 −P2 0 0

0 f
′

3(0) −P3 f
′

3(0) 0

0 0 −P4 −m4 −f ′4(0)

f
′

5(0) 0 −P5 f
′

5(0) −m5

 ,

∆24 = det


−m1 f

′

1(0) 0 −P1 f
′

1(0)

f
′

2(0) −m2 f
′

2(0) −P2 0

0 f
′

3(0) −m3 −P3 0

0 0 −f ′4(0) −P4 −f ′4(0)

f
′

5(0) 0 0 −P5 −m5

 ,

∆25 = det


−m1 f

′

1(0) 0 0 −P1

f
′

2(0) −m2 f
′

2(0) 0 −P2

0 f
′

3(0) −m3 f
′

3(0) −P3

0 0 −f ′4(0) −m4 −P4

f
′

5(0) 0 0 f
′

5(0) −P5

 .
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From (50), (52), (61), (64), we can calculate g21 and derive the following
values:

c1(0) =
i

2ω0

(
g20g11 − 2|g11|2 −

|g02|2

3

)
+
g21
2
,

µ2 = − Re{c1(0)}
Re{λ′(τ0)}

,

β2 = 2Re(c1(0)),

T2 = − Im{c1(0)}+ µ2Im{λ′(τ0)}
ω0

.

These formulas give a description of the Hopf bifurcation periodic solutions
of (3) at τ = τ0, on the center manifold. From the discussion above, we
have the following result.

Theorem 5. For system (3), if (H1)− (H4) hold, the periodic solution
is supercritical (subcritical) if µ2 > 0 (µ2 < 0); The bifurcating periodic
solutions are orbitally asymptotically stable with asymptotical phase (unsta-
ble) if β2 < 0 (β2 > 0). The periodic of the bifurcating periodic solutions
increase (decrease) if T2 > 0 (T2 < 0).

4. Numerical examples

In this section, we present some numerical results of system (3) to verify
the analytical predictions obtained in the previous section. From Sec. 3,
we can determine the direction of a Hopf bifurcation and the stability of
the bifurcation periodic solutions. Consider the following special case of
system (3):

ẋ1(t) = − 0.6x1(t)− 0.6 tanh(x1(t)) + 0.3 tanh(x5(t))
+ 0.5 tanh(x2(t− τ2)),

ẋ2(t) = − 1.7x2(t) + 0.5 tanh(x2(t))− 1.4 tanh(x1(t− τ1))
− 1.3 tanh(x3(t− τ1)),

ẋ3(t) = − 0.8x3(t)− 0.5 tanh(x3(t)) + 0.6 tanh(x2(t− τ2))
+ 0.4 tanh(x4(t− τ2)),

ẋ4(t) = − 1.8x4(t) + 0.8 tanh(x4(t))− 0.8 tanh(x3(t− τ1))
− 0.8 tanh(x5(t− τ1)),

ẋ5(t) = − 1.5x5(t) + 0.7 tanh(x5(t))− 0.7 tanh(x4(t− τ2))
+ 0.6 tanh(x1(t)).

(65)

By some complicated computation by means of Matlab 7.0, we get ω0 ≈
0.8541, τ0 ≈ 6.2, λ

′
(τ0) ≈ 1.2437 − 3.4122i. Noting that tanh

′′
(0) = 0, we

can easily obtain g20 = g02 = 0, g11 ≈ −4.2832 + 4.2139i. Thus we can cal-
culate the following values: c1(0) ≈ −2.9542 − 22.2355i, µ2 ≈ 0.5642, β2 ≈
−4.4636, T2 ≈ 22.1327. We obtain that the conditions indicated in The-
orem 2 are satisfied. Furthermore, it follows that µ2 > 0 and β2 < 0.
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Choose τ1 = 3, τ2 = 2.5, then τ = τ1 + τ2 = 5.5 < τ0 ≈ 6.2. Thus, the
equilibrium x∗(0, 0, 0, 0, 0) is stable when τ < τ0 which is illustrated by
the computer simulations (see Figs. 5–7). When τ passes through the
critical value τ0 ≈ 6.2, the equilibrium x∗(0, 0, 0, 0, 0) loses its stability
and a Hopf bifurcation occurs, i.e., a family of periodic solutions bifur-
cations from the equilibrium x∗(0, 0, 0, 0, 0). Choose τ1 = 4, τ2 = 3.5, then
τ = τ1 + τ2 = 7.5 < τ0 ≈ 6.2. Since µ2 > 0 and β2 < 0, the direction of
the Hopf bifurcation is τ > τ0, and these bifurcating periodic solutions from
x∗(0, 0, 0, 0, 0) at τ0 are stable, which are depicted in Figs. 8–10.

5. Conclusions

In this paper, we have investigated local stability of the equilibrium
x∗(0, 0, 0, 0, 0) and local Hopf bifurcation in a ring of five-neuron model
with discrete delays. we have showed that if the conditions (H1), (H2), (H3)
and (H4) hold, the equilibrium x∗(0, 0, 0, 0, 0) of system (3) is asymptotically
stable for all τ ∈ [0, τ0) and unstable for τ > τ0. We have also showed that, if
the condition (H1), (H2), (H3) and (H4) hold, as the delay τ increases, the
equilibrium loses its stability and a sequence of Hopf bifurcations occurs
at x∗(0, 0, 0, 0, 0), i.e., a family of periodic orbits bifurcates from the the
positive equilibrium x∗(0, 0, 0, 0, 0). At last, direction of Hopf bifurcation
and stability of the bifurcating periodic orbits are discussed by applying the
normal form theory and the center manifold theorem.
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