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NONLINEAR NEUMANN BOUNDARY STABILIZATION
OF THE WAVE EQUATION USING ROTATED
MULTIPLIERS

P. CORNILLEAU, J.-P. LOHEAC, and A. OSSES

ABSTRACT. We study the boundary stabilization of the wave equation
by means of a linear or nonlinear Neumann feedback. The rotated
multiplier method leads to new geometrical cases concerning the ac-
tive part of the boundary where the feedback is applied. Due to mixed
boundary conditions, these cases generate singularities. Under a sim-
ple geometrical condition concerning the orientation of the boundary,
we obtain stabilization results in both cases.

INTRODUCTION

In this paper, we are concerned with the stabilization of the wave equation
in a multi-dimensional body 2 C R™ by using a feedback law applied on
some part of its boundary. The problem can be written as follows:

u—Au=0 in Q x RY,

u=20 on 0fdp x R,
ou=F on Oy x R,
u(0) = uo in Q,
u'(0) = ug in Q,

where we denote by u’, u”, Au, and 9,u the first time-derivative of the
scalar function u, the second time-derivative of u, the standard Laplacian
of u, and the normal outward derivative of u on 9%, respectively; (9Qp,
00y ) is a partition of 9 and F' is the feedback function which may depend
on the state (u,u’), the position x and time ¢.

Our purpose here is to choose the feedback function F' and the active part
of the boundary, 0y, so that for every initial data, the energy function

B(wt) = 5 [ (0 @F +[u(t)) de,
Q
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is decreasing with respect to time ¢ and vanishes as t — oco. Formally, we
can write the time derivative of E as follows:

E'(u,t) = /Fu’da,
1219754

and a sufficient condition so that F is nonincreasing is Fu' < 0 on 0Qy.

In the two-dimensional case and in the framework of the Hilbert unique-
ness method [12], it can be shown that the energy function is uniformly
decreasing as t — oo, by choosing m : * — x — xg, where x is some given
point in R™ and

Ny ={x €| mx) vix) >0}, F=-m- v,

where v is the normal unit vector pointing outward of 2. This method
has been performed by many authors (see, e.g., [10] and the references
therein). Here we extend the above result for rotated multipliers [15] by
following [4], i.e., we take in account singularities which can appear when
changing boundary conditions along the interface I' = 0y N INp.

1. NOTATION AND MAIN RESULTS

Let Q be a bounded open connected set of R™(n > 2) such that
08 is of class C? in the sense of Necas [14]. (1)

Let x( be a fixed point in R™. We denote by I the (n x n) identity matrix,
by A areal (n x n) skew-symmetric matrix, and by d a positive real number
such that d? + || A||?> = 1, where || - || stands for the usual 2-norm of matrices.
Now we define the following vector function:

Ve e R", m(x) = (dIl + A)(x — x).
We consider a partition (02x,082p) of 0§ such that
I' = 9Qp NIy is a C3-manifold of dimension n — 2,
m-v=0onT,

(2)

00 Nw is a C3-manifold of dimension n — 1,

H 1 (90p) > 0,

where w is a suitable neighborhood of I' and H"~! denotes the usual (n—1)-
dimensional Hausdorff measure.
Let g : R — R be a measurable function such that

g is nondecreasing and 3K > 0: |g(s)| < K|s]| a.e. (3)
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Now let us consider the following wave problem:

W —Au=0 in Q x RY,

w=0 on 90p x R,
dyu=-m-vg) on Iy x R, (S)
u(0) = ug in €,

u (0) = uy in 0,

for some initial data
(uo,u1) € Hp(Q) x L*(Q) := H,
where
HL(Q) = {v c H'(Q) ‘ v=0on 8QD}.

This problem is well-posed in H. Indeed, following Komornik [9], we define
the nonlinear operator W by

W(u,v) = (—v, —Au),
where
DOW) = {(u,v) € HL(Q) x Hp() ‘
Au € L?(Q) and d,u = —m - v g(v) on 8QN},
so that (S) can be written in the form
(u,v) +W(u,v) =0,
{ (4, 0)(0) = (o, ).

It is a classical fact that W is a maximal-monotone operator on H and that
D(W) is dense in H for the usual norm (see, e.g., [1]). Hence, for any initial
data (ug,vg) € D(W), there is a unique strong solution (u,v) such that
u € WH(R; HL(Q)) and Au € L*°(R4;L2(2)). Moreover, for two initial
data, the corresponding solutions satisfy

[(ut (t), 01 () = (u(8), 0% (1))l < Ol (ug, vg) — (ug, v5)llw Yt = 0.
Using the density of D(W), one can extend the map
DW) —H,  (uo,vo) — (u(t),v(t))

to a strongly continuous semigroup of contractions (S(t));>o and define for
(up, vp) € H the weak solution (u(t), ' (t)) = S(t)(uo,u1) with the regularity
u € C(Ry;HEL(Q)) NCHRy; L2(£2)). We hence define the energy function



166 P. CORNILLEAU, J.-P. LOHEAC, and A. OSSES

of solutions by

1
B(u,0) = /(|u1|2 + Vo [2) dar,
Q

B(wt) = 5 [(w@F +[Vu(®)) do
Q

if t > 0. In order to obtain stabilization results, we need further assumptions
concerning the feedback function g:

Ip>1, k>0, |g(s)| > kmin{|s|,|s]’}, a.e. (4)
Concerning the boundary, we assume that
oy c {z e o0 \ m(z) - v(@) > 0},
0Qp C {a: € 00 ‘ m(z) - v(z) < 0},
and the additional geometric assumption
m-7<0 onT, (6)

where 7 () is the normal unit vector pointing outward of 9 at a point
x € I when considering 9Q2x as a sub-manifold of 0.

Remark 1. Tt is worth observing that it is not necessary to assume that
H ! ({w € 00N ) m(x) - v(x) > 0}) >0

to obtain stabilization. In fact, our choice of m implies such properties (see
examples in Sec. 4) whether the energy tends to zero.

Since the pioneering work [8], it is now a well-known fact that Rellich type
relations [16] are very useful for the study of control and stabilization of the
wave problem. As we said before, Komornik and Zuazua [10] have shown
how these relations can also help us to stabilize the wave problem. In order
to generalize it for dimensions higher than 3, the key-problem is to show the
existence of a decomposition of the solution in regular and singular parts
[6,11] which can be applied to stabilization problems or control problems.
The first results in this direction are due to Moussaoui [13] and Bey, Lohéac,
and Moussaoui [4] who also have established a Rellich type relation in any
dimension.

In this new case of Neumann feedback deduced from [15], our goal is to
generalize those Rellich relations to get stabilization results about (S) under
assumptions (5), (6).

As well as in [9], we shall prove here two results of uniform boundary
stabilization.
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Exponential boundary stabilization. We here consider the case where
p=11in (4). This is satisfied when g is linear,

Ja>0:9(s)=as VseR.
In these cases, the energy function is exponentially decreasing.

Theorem 1. Assume that geometrical conditions (2) and (5) hold and
that the feedback function g satisfies (3) and (4) with p = 1. Under the fur-
ther geometrical assumption (6), there exist C >0 and T > 0 (independent
of d) such that for all initial data in H, the energy of the solution u satisfies

E(u,t) < E(u,0)exp (1 - %t) vt > %

The constants C' and T depend only on the geometry.

Rational boundary stabilization. Now we consider the general case and
we get rational boundary stabilization.

Theorem 2. Assume that geometrical conditions (2) and (5) hold and
that the feedback function g satisfies (3) and (4) with p > 1.

Then under the further geometrical assumption (6), there exist C > 0
and T > 0 (independent of d) such that for all initial data in H, the energy
of the solution u of satisfies

T
E(u,t) < Ct*/0=P) vt > =

where C depends on the initial energy E(u,0).

Remark 2. Taking advantage of the works of Banasiak—Roach [2] who
generalized Grisvard’s results [6] in the piecewise regular case, we will see
that Theorems 1 and 2 remain true in the bi-dimensional case, where as-
sumption (1) is replaced by following:

09 is a curvilinear polygon of class C?, each component of (7)
OQ\ T is a C%2-manifold of dimension 1,

and condition (6) is replaced by
0<wy<m Vexel and ifws=m, then m(x) - m(x) <0, (8)
where w, is the angle at the boundary in the point «.

These two results are obtained by estimating some integral of the energy
function as well as in [9]. This specific estimates are obtained thanks to an
adapted Rellich relation.
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2. RELLICH RELATIONS

2.1. A regular case. We can easily construct a Rellich relation corre-
sponding to the above vector field m when considered functions are suffi-
ciently smooth.

Proposition 3. Assume that Q is an open set of R™ with boundary of

class C? in the sense of Necas. If u belongs to H2(Q), then

2/Au(m~Vu)d:c
Q

:d(n—2)/|Vu|2d:c+/(28uu(m~Vu)—m~V|Vu\2) do.
Q 19}

Proof. Using the Green-Riemann identity, we obtain

2 / Au(m - Vu) dx = /28,,u (m-Vu)do —2 / Vu.V(m - Vu) de.
Q o9 Q

So, observing that
1
Vu-V(m:Vu) = m- V(|Vul?) + d|Vu|? + (AVu) - Vu

and since A is skew-symmetric, we obtain

2 / Au(m - Vu) dx
Q

= /Q&,U(m -Vu)do — 2d/ |Vu|? de — /m -V(|Vul?) de.
oQ Q Q

With another use of the Green—Riemann formula, we obtain the required
result for div(m) = nd. ]

Now we try to extend this result to the case of an element u belonging
less regular when €2 is sufficiently smooth.

2.2. Bi-dimensional case. We begin by the plane case. It is the simplest
case from the point of view of singularity theory and its understanding dates
from Shamir [17].

Theorem 4. Assume that n = 2. Under geometrical conditions (2) and
(7), let u € HY(2) be such that

AueL?(Q), uloa, € HY2(00p), 8,uloa, € H/2(0Qy).  (9)
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Then 20,u(m-Vu)—m-v |Vul|? belongs to L1(9S2) and there exist coefficients
(ca)aer such that

5 / Au(m - V) da = / (20,u(m - V)
Q o0
2 T 2
-—m-v|Vu| )da—l—z Z c(m - 7)(x).
z€el /we=m

Proof. We first begin by some considerations which will also be used in the
general case. It is a classical result that u € H?(w) for every open domain
w such that w € Q \ I'. For completeness, we recall the proof.

A trace result shows that there exists up € H?(w) such that ur = u on
9Qp and d,ur = 0,u on ONy. Hence, setting f = Augr — Au € L%(Q), we
see that ug = u — up satisfies

—Aug = f in Q,
us =0 on 0Qp, (10)
d,usg =0 on 0N y.

Now, if w € Q\TUINp and & is a cut-off function such that £ = 1 on w and
supp(&) C €, then for suitable g € L2(Q), u,, = usé satisfies the Dirichlet
problem
Au, =g on €,
{ Uy =0 on 0f),

and using the classical method of difference quotients (see [6]), we conclude
that u,, € H2(2), hence ug € H2(w).

Else, if w € Q\ T U0y and £ is a cut-off function such that £ = 1 on
w and supp(¢) C €, then for a suitable g € L2(€), u, = usé satisfies the
Neumann problem

— Aug, + u, = g, on €,
{auuw — 07 on 89,

and, using similar argument, we obtain ug € H?(w).
Let

ng{wEQ ‘ d(z,T) >5}.

By the compactness of €., we have u € H?(€2.). An application of Propo-
sition 3 to our particular situation gives us the following relation:

2 / Au(m - Vu) da = / (20,u(m - Vu) = m - v [Vul?) do,
Qs BQE
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and we set ¢ — 0. Using the derivatives with respect to v and 7, we obtain

Q/Au(m-Vu) dx
Q.

- /m-u (B0)? — (Byu)?) do +2 / m 7 (D) (Do) do
o0

20,

First, since Au € L2(Q2) and u € H!(Q2), the Lebesgue dominated conver-
gence theorem implies

lim [ Au(m - Vu)dx = /Au(m -Vu)de.
E—

Q. Q
Now we consider work boundary terms. Let us introduce the following

partition of 9€.:
00 =90 NON, 00 =90 NQ

and use the decomposition result due to Banasiak and Roach [2]: every vari-
ational solution of (10) can be represented as the sum of singular functions.
There exist some coefficients (cg)zer and ug € H?(Q) such that

u:uR—i—Zché? =:up + ug, (11)
zecl
where UZ are singular functions which, in some neighborhood of € I, are
defined in local polar coordinates (see Fig. 1) by

x _ /200 o ™
Ug(r,0)=p(r)r sin (wa 9) ,

where p is a cut-off function. _
Using the density of C1(Q) in H?(£2), we can assume that ug € C*(Q).

First, consider boundary terms on 92.. We claim that for some constant
C >0,

|m -v| < Cd(-,T).
In fact, if € Q and @, € T satisty |z — x| = d(z,T), then we have
m-v(z) =m(z) - (v(z) - v(z1)) + (m(z) - m(z1)) - v(z))

observing that m - v(x1) = 0. Hence, using the fact that v is a piecewise
C'-function (see Fig. 2), we obtain

jm (@) < (ol e + 1) dz,T).

Now, working in local coordinates, we have

d(z,T) |Vul|* € L=(09).
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Hence the Lebesgue theorem implies

e—0

lim [ m-v ((9,u)? — (0:u)?) do = /m v ((0,u)* = (0yu)?) do.
0. 0
On the other hand, assumptions (9) give
Ojpay € HY2(0QN),  Orujpa, € HV/2(00N),
3DU/aQD S Hil/Q(GQD), &—U/aQD S Hl/Z(aQD).
Hence we obtain
/ m -7 (0,u)(0-u) do — /m -1 (Opu)(0ru) do
5. aQ

as € — 0. Now we must consider the boundary term on 0, I.(Vu). It is
a quadratic form with respect to Vu; using (11), one can decompose it as
follows:

I.(Vug) + 2J.(Vug, Vug) + I.(Vug),
where J; is the corresponding bilinear form.

Concerning I.(Vug), the regularity of m yields the estimate

|IE(VUR)|§C’/|VUR|2dJ.
a0

This term is O(e) since Vug is bounded on Q.

For the term I.(Vug), we first observe that, adjusting the cut-off func-
tions, the supports of u% and u¥ are disjoint, provided that « # y. Hence,
using decomposition (11), we can write

I.(Vug) = Z c2 / (20, u%(m - VuZ) — m - v |Vug|?) do.
2€l
If w, < 7, one gets
20,u%(m - Vu) —m - v |Vug|? = O(e == ?)
on C¢(x). Hence, after integrating on C.(x), we obtain
;i_I)I(l) IT(e) = 0.
If w, = 7, we will need the following identity:

1
20,uE(m - Vul) —m - v |Vug]? = E(m -1)(x) on C.(x).
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00y

Wy

191975

Fig. 1. Shape of the boundary near an angular point x
One can observe that C.(x) behaves as a half-circle when ¢ — 0. Integration
gives

lim / 2(v - Vug)(m - VuE) —m v |Vul|?) do = %(m T)(x).

e—0
Ce(x)

0Qp

Fig. 2. Unit vectors v(x), 7(x), v(y) and 7(y) when 09
is regular at x

Finally, the bilinear term J.(Vug, Vug) can be written entirely

/ Oyur (m.Vug)do + / Oyug (m.Vug) do — / (m-v) (Vug - Vug) do.
o9z o0z a0z
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Using the regularity of m and the Cauchy—Schwarz inequality, we obtain
an estimate of the form

1 1/2

/2
|J.(Vug, Vug)| < C /|VuR|2dU /\wsﬁdg
o0z o0

We have seen that the first term in this inequality vanishes as ¢ — 0. For
the second term, we now observe that, if € is sufficiently small, then

00z = | | Ce(a),

xel’

where C¢ () is an arc of circle of radius € centered at . Then we can write
/ |Vug|? do < 2 Z ci / |VU¥|? do.
o0 Yl ()
A similar calculation shows that, for x € T,
/ |VUZ|*do = O(1).
Ce ()
Moreover, if  # y, U¥ is bounded near @, we obtain
/ IVU¥|? do = O(e).
Ce ()

This completes the proof. O

Remark 3. The assumption H!(9Qp) > 0 is not necessary in the above
proof. We will now see why we need this assumption on the Dirichlet part
in higher dimension.

2.3. General case. Now we state the result in general dimension.

Theorem 5. Assume that n > 3. Under geometrical conditions (1) and
(2), let u € HY(Q) be such that

AueL?(Q), uloa, € B2(00p), dyulaa, € HY2(00y).  (12)

Then 20,u(m - Vu) — m - v |Vu|? belongs to L1(0Q) and there exists ¢ €
HY2(T) such that

Q/Au(m-Vu)d:c:d(n—2)/|Vu|2dsc
Q Q
+/(28yu(m~Vu) fm~V\Vu|2)do+/m.T|C|2 dry.
o0 r
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Proof. We will essentially follow [4]. As in the plane case, we set
Q. ={xecQ; d(z,T) > ¢}

For any given € > 0, we can apply the identity of Proposition 3:

Q/Au(m-Vu)d:c:d(n—2)/|Vu|2dsc
Q. Q.

+ / (20,u (m - Vu) — m - v|Vul?) do,
0.

and we will again analyze the behavior of each term as ¢ — 0.
First, since Au € L2(Q) and u € H'(Q), the Lebesgue dominated con-
vergence theorem immediately implies

lim [ Au(m - Vu)dx = /Au(m -Vu)de,

e—0

Q. Q
lin(l)/|Vu|2dac:/\Vu\2da:.
E—

Q. Q

Below, we will consider boundary terms. We define 8AJQE = 090, N IN and
o0 = 00, NQ (see Fig. 3).

(ﬁﬂaﬁp

Fig. 3. Picture of 02} and 0.

Consider boundary integral terms on 5\/(28 As well as in the plane case,
there exists some constant C' > 0 such that |[m -v| < Cd(-,T"). Thus, using
the fact that

d(-,T)|Vul* € L} (09)
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(see [4, Proposition 3]), we can apply the Lebesgue theorem to conclude
that

/ m-v|Vul*do — /m-l/|Vu|2da
0. o
as € — 0. For the second integral, denoting by Vs the tangential gradient
along 012, we write
du(m -Vu) =m - v|0ul* + d,u(m - Vaqu).

The first term is integrable. The second term is, on €y, the product of a
H'/2 term by a H~'/2 one and, on dQp, the product of a H~'/2 term by a
H'/2 one. Hence, the Lebesgue theorem yields

/ Oyu(m - Vu)do — /ayu(m -Vu)do
Q. o9
ase — 0.
Now let us consider boundary integral terms on 0€2;. We assume that
e < g9 and we define
Weo 1= \Qq, .
As well as in the plane case, we can write
U= UuR + ug, (13)

where ug is the variational solution of some homogeneous mixed boundary
problem and ug belongs to H?(w,, ). Working by approximation if necessary,
we can assume that ur € C1(wz,). Considering the same quadratic form as
in the bi-dimensional case, this leads to the following splitting

/ (20,u(m - Vu) — m - v |Vul?) do
Ox
= IE(VUR) + IE(VUS) + 2JE(VUR, VUS).

Since Vug € L®(w,,) and H"~1(927) — 0 as e — 0, the first term I.(Vug)
clearly vanishes.
As above, the bilinear term J.(Vug, Vug) is

/ayuR(m-Vus)da—l—/8,,us(m-VuR)dU— /(mu) (Vug-Vug) do.
09z a9 o9z

Using the regularity of m and the Cauchy—Schwarz inequality, we obtain
an estimate of the form
1/2 1/2

|J-(Vug, Vug)| < C /|vuR\2da /\vuSPdU . (14)
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As above, it is clear that the first term vanishes as ¢ — 0.

Before analyzing I.(Vug), we introduce some notation.

Every © € 0Qf belongs to a unique plane x* + (7%, v*) (setting: 7* =
T(x*), v* = v(x*)) and, more precisely, to an arc-circle Ce(a*) of radius
centered at * € T' (the figure is similar to Fig. 2 in the plane * + (7%, v*)).
We define

D (x*) == w: N (x" + (77, 0%)).

For any © € D, (x*), we separate the derivatives of u along the sub-
manifold € — «* + I' with the co-normal derivatives:

Vu(z) = Vru(x)+ Vau(z), Vriu(x) € T, Vau(x) € (7%,v*). (15)

Using methods of difference quotients (see, e.g., [4, Theorem 4]), we obtain
Vru € Hl(wso), i.e., Vrus € H'(w.,). We also need the following result
concerning the behavior of boundary integrals.

Lemma 6. Leteg > 0. Assume that u is such that u = 0 on Ow.,NINp,
u(z*,-) € HY(D.,(z*)) Vz* €T,
and
(m* — |Ju(x”, .)||H1(D50(w*))) € LA(I).

Then there exists C > 0, depending only on 2, such that, for any sufficiently
small g,

/ Ju@*, )22 0. oy dv(@) < Cz / (e, )2 o oy d1(E).

Proof. We begin by changing coordinates as well as in [4]. For every x € T,
there exist po > 0 and a C?-diffeomorphism © from an open neighborhood
W of xf to B(po) := Br—2(po) X Ba2(po) (see Fig. 5) such that

z;) =
) = (o) | yn > 0},
@(W NoQp) ={y € B(po) | Yyn—1 >0, yn =0},
O(W NoQn) ={y € B(po) | yn—1 <0, yn = 0},
oW NT) ={y € B(po) | Yyn—1 =0, yn = 0} := v(po).

Reducing eq if necessary, we may assume that D, (xf) C W. Then we
obtain, writing for x € W, O(z) = (Y,y) € R" 2 x R?, and v := uo0 O~ 1,

u? dl dy(z) = / / v? dl(y) dY.
WAL C, (z*) 7(po) ©(Ce(x*))
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Fig. 4. The set W

Setting
B (p) = {7 = (Yn—1,9n) € Ba(p) | yn >0},
C(p) =¥ = (Yn-1,Yn) € 9B2(p) | yn > 0},
we first observe that we can choose pg» such that
{Y} x By (p) € O(D:(x")).

Hence denoting by 75 the projection on {Ogn—2} x R?, the change of variables

ﬂﬂmqu»ﬁCﬂm7aHz:q%

gives the estimate
v(Y,9)*de(y) < C / v(Y, 2)? di(2) (16)
O(Cc(x*)) Cc(p)

for a constant C' depending only on xj.
Now we estimate this latter integral in terms of ||V2’U||L2({y,}xB;r(p)).

Setting v, (7) := v(Y,¥), we obtain Vv, € L2(B (1)) and
VOl (my ayy = IV20lle gy x B ()

1
lellzegay = P72 I0lla gy xes -

Observing that v, = 0 on BF *(1) := {(yn—1,yn) € B5 (1) | y > 0}, the
trace theorem and the Poincaré inequality yield, for some universal constant
C > 0, the estimate

2 2
/1N%®W@§Cﬂwﬂmwwg@y

CH (p)
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Hence, owing to (16), we have

,Uz(Yﬂ ij) dg(g) < Cpm* ||v2v||i2({y}><33—(
O(Ce(z*))

pzx))’

Fig. 5. The C?-diffeomorphism ©(zx*,-) in the plane x* + (7%, v*)

Observing that pz+ is O(g) uniformly on W N T and the diffeomorphism
©(z*,.) (see Fig. 6), we can conclude that, for some constant Cz; depending
only on xj,

(Y, ) dl(y) < Caze
O(C. (%))

* 2
(@™, M o1 vy <t (o))

(z", ')”?—Il(Ds(w*))'

Hence, after an integration on W N T,

[ watne)<cus [ e i, e dia)

WAL C. (z*) waAr

Finally, we complete the proof by using a partition of unity on the open

sets (Wgs )zzer. Lemma 6 is proved. O

Let us come back to our problem. Using (15) for ug, by the Pythagoras
theorem we have

/|Vus|2d(7: / |Vrus|® do + / Vaugl|? do.
o o0 o0

Applying Lemma 6 to Vrug, we obtain that the first term vanishes as ¢ — 0.
As well as in the bi-dimensional case, we will see that the second term above
is bounded, using more information on ug.

Owing to [4, Theorem 4] and the Borel-Lebesgue theorem, we can write

us(@) = n(@")Us(x — ") = (@)U () on we,, (17)
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where Usg is locally diffeomorphic to the Shamir function and n € H/2(T).
We then have, owing to the Fubini theorem,

[ 1Wausfdo - / @y [ 1VaUE Pt ),

o0y Ce(z*)

and, as well as in the bi-dimensional case, we show that this term is bounded
by O(1) ||77||iz(r). Now we have proved that the second term in (14) is
bounded, that is

Je(Vur) -0 ase—0.

To treat the last term I.(Vug), we use similar tools. Splitting (13) for
ug gives us

I.(Vug) = I.(Vaug) + I.(Vrug) + 2J.(Vaug, Vrug).
As above, the term I.(Vrug) is estimated by

/ |Vpus\ do.

a0
It then vanishes as ¢ — 0.
The bilinear term is estimated by
1/2 1/2

/ |Vaus|? do / |Vrus|? do ;

o0 o0

it then tends to zero since the first term is bounded and the second one
vanishes as ¢ — 0.
For the last term I.(Vaug), we use (17) and the Fubini theorem and have

/ / v VoUE )(m VoUE ) = me v [VoUE ) dedn(a).

First, we work in the plane * + (7%, —v*) and, as above, we obtain

lim 2(v-VoUZ ) (m-VoUZ ) —m v |VoUZ |2) dl = %m(m*)-‘r(m*).
C.(x*)

Moreover, for any € > 0, this integral term on C¢(x*) is dominated by

z||m||c><> € L'(T'). So, the dominated convergence theorem can be applied

and, finally,
lim I.(Vaug) = il /an -1 dy.
e—0 4

s

The proof is now complete with { = 5 O
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Now we apply the Rellich relation to the stabilization of solutions of (.5).

3. PROOF OF LINEAR AND NONLINEAR STABILIZATION

We begin by writing the following consequence of Sec. 2.
Corollary 7. Assume that t — (u(t),u'(t)) is a strong solution of (S)

and that the geometrical additional assumption (5) if n >3 or (6) if n =2
holds. Then for every time t, u(t) satisfies

2/Au(m~Vu)da:
Q
<d(n—2) /|Vu\2dw+/(28 u(m - Vu) —m-v|Vul|?)do
o0

Proof. Indeed, under theses hypotheses, for each time ¢, (u(t),u/(t)) €
D(W) so that u(t) satisfies (9) or (12). The corollary is then an appli-
cation of Theorem 4 or 5. |

We will be able to prove Theorems 1 and 2 showing that, for & = (p—1)/2,
one can apply the following result (see [9]).

Proposition 8. Let E: Ry — Ry be a nonincreasing function such that
there exists a > 0 and C > 0 such that

/EO‘*1 yds < CE(t) Vt>0.
t

Then, setting T = CE*(0), we have
t
if a =0, vVt > T, E(t) < E(0) exp (1_T> )

T+ aT\ Y
T+ at '

if a >0, vt > T, E(t) < E(0) (
We come back to our proof now.

Proof. Following [5,9], we prove the estimates for (ug,u;) € D(W), which,
using the density of the domain, will be sufficient to obtain get the result
for all solutions. Setting Mu = 2m - Vu + d(n — 1)u, we prove the following
result.
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Lemma 9. For any 0 < S < T < oo, we have

T

< — EpTl/uMuda:} +—/E E’/uMud:cdt
Q
T
+/E2
5

Proof. Using the fact that u satisfies (S) and observing that «’Mu =
(v Mu) — v M, integration by parts gives

T
/E 2 /u — Au)Mu dx dt
S

T T
_ -1 _
_ EpTl/ulMuda; —p—/Ep_;E’/u'Mudwdt
Q Q

3
t

— |Vul]? = g(u')Mu) do dt.

QN

T
/E z /uMu + AuMu) de dt.
g Q

Corollary 7 now yields

/AuMuda:§d(nf1)/Auudm+d(n72)/|VU|2dm
Q Q
+/(28yu(m-Vu) —m v |Vul|?)do
o0

Hence, the Green—Riemann formula leads to

/AuMudac < d/|Vu|2dsc—|—/(8 uMu —m - v|Vul|?) do
o0
Using the boundary conditions and the fact that Vu = d,uv on 0Qp, we

obtain

/AuMud:L'< d/|Vu|2da:— /m v (9(u') Mu+ |Vul?) do
121975
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On the other hand, using div(m) = nd, another use of the Green formula

yields
/u’Mu’da:: —d/\u’\QdaH— / m.v |[v/|? do.
o)

Q QN

Coming back to our problem, the Young inequality gives

/u' Mudz| < CE(t).
Q

Lemma 9 shows that

p+1

T T
zd/EpT“ dtgc(E”T“(T)JrET(S)) +C/E%E’dt
S S

T
+ /E’p%1 / m-v ([u']* — |Vu> = g(v')Mu) do dt.
S 0N
For simplicity, let do,,, = m - v do. Observing that
E'(t)=— / g(u" )W doy, <0,
QN

we obtain, for a constant C' > 0 independent of E(0) if p =1,

T T
Zd/E% dt < CE(S) + /Ep2;1 / (Ju'[> = |Vul* — g(u')Mu) do, dt.
S S 15195

Using the definition of Mw and the Young inequality, we obtain, for any
e >0,

T
Qd/E"%l dt < CE(S)

S
T d2 1 2
[ [ (e (Imiz o+ S g 402 o
£
S

1219394

Now, using the Poincaré inequality, we can choose € > 0 such that

d
£ / m~uu2da§§/|Vu|2d:c§dE.
Q

121939
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We conclude
T T

d/E”%‘ dt < CE(S) + C’/E; / ((u')? + g(u')?) do, dt.
S S QN

We split 0 to bound the last term of the above estimate
NN ={x € 0Qn; |u/(x)| > 1}, 0% = {x € 0Qn; |u/(x)| < 1}.
Using (3) and (4), we obtain

T
/E p / (Ju')? + g(u)?) do, dt
S

an
T
S/ / (') o, dt < CE(S),

121939

where C' neither depend on E(0) if p = 1.
On the other hand, using (3) and (4), the Jensen inequality, and the
boundedness of m, we successively obtain

[ (@ gy don < ¢ [ o) do,,
092, 992,
P
<C / u'g(u) doy, < C(-E")».
002,

Hence, using the Young inequality again, we obtain for every € > 0

T T
-1 w2 o, dt < /
S/E /(( )2+ g(u)?) d dt<S/ C(e)E') dt

T
< e/EL it + C(e)E(S).

Finally, we obtain, for some C(g) and C independent of E(0) if p =1,

T T
d/ B dt < C(e)B (5)+ec/ B at.
S S

Now choosing eC < d/2, Theorems 1 and 2 follow from Proposition 8. [
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4. EXAMPLES AND NUMERICAL RESULTS

4.1. Examples. We consider the case where € is a plane convex polygonal
domain. The normal unit vector pointing outward of {2 is piecewise constant
and the nature of boundary conditions involved by the multiplier method
can be determined on each edge, independently of other edges.

Along each edge, vector v is constant and the boundary conditions are
defined by the sign of

m(x) - v(z) = (Ro(x — x9)) -v(z) = (T — 20) - Rp(¥(2)).

Hence we construct v, R_g(v), and we can determine the sign of above
coefficient with respect to the position of xy. To this end, we construct
two straight lines, orthogonal with respect to R_g(v) so that each of them
contains one vertex of the considered edge. This determines a belt and if
x( belongs to this belt, we obtained mixed boundary conditions along this
edge, if o does not belong to this belt, then we get Dirichlet or Neumann
boundary conditions along whole the edge (see Fig. 6).

R |
/ ~N

N 0
/ /

D ' ND / _N
_— / —— / —
/ /

/ /

/ /

Fig. 6. Boundary conditions along some edge depending
on the position of xq

Performing this method for a square, = (0,1)%, we show in Fig. 7
the different cases of boundary conditions depending on the position of xq.
Three main cases are considered:

1. 0 < 6 < 7/4: above belts controlling opposite edges have a nonempty

intersection, which is a belt of positive thickness,

2. 6 = 7/4: this intersection is a straight line,

3. /4 < 0 < 7/2: the intersection is empty.

The case where 6 is negative can be easily deduced by symmetry.

In the three above cases, there are four angular sectors (shaded areas in
Fig. 7) such that if @y belongs to one of them, then geometrical condition
(6) is satisfied.

4.2. Numerical results. We perform numerical experiments by consider-
ing the following case:

Q=(0,1% 09p= ({0} x [0,1/2]) U ([0,1] x {0}), QN =\ O,
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Fig. 7. Shape of boundary data with respect to g
(cases 1, 2, and 3)

and using above vector field
m(xz) = Ro(x — xp).

We only consider the case of a linear feedback. The problem is as follows:

' —Au=0 in Q x RY,
u=20 on 0€dp x R,
ou=-m-vu on 90y x R,
u(0) = ug in Q,

u(0) = uy in Q.

We will investigate the cases where 6 varies in [0, arctan(2)]. A particular
case is given in Fig. 8.

Our aim is to study numerically the variations of the speed of stabilization
with respect to the position of &g and the value of . To this end, we have
constructed a finite differences scheme (in the space). This leads to a linear
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d c

oy
077 -

,D/ a o0p b

Fig. 8. When x( belongs to Dy, geometrical condition (6)
is satisfied at «

second order differential equation
U"+ BU' + KU =0, (18)

where B is the feedback matrix and — K is the discretized Laplace operator.
Let us define V = K'/2U. The above differential equation can be rewrit-

ten as follows:
vy 0 K2 1%
v ) =\ -k B )\

and the energy function can be approximated by
1 1
(U KUY+ U117) = SUVIE + 107]1%).

The decreasing rate is given by the highest eigenvalue of above matrix.
The results of our computations are shown in Fig. 9, where we constructed
the decreasing rate as a function depending on 6 and the position of xq
represented by the abscissa A along Dy.

It can be observed that in this case, the decreasing rate is increasing with
0 and the best position for xg is the origin of half-line Dy.
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