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CONTROLLABILITY FOR SEMILINEAR RETARDED
CONTROL SYSTEMS IN HILBERT SPACES

JIN-MUN JEONG, JIN-RAN KIM, and HYUN-HEE ROH

ABSTRACT. This paper deals with well-posedness and LZ2-regularity
properties for a class of semilinear retarded functional differential
equations. A relation between the reachable set of a semilinear sys-
tem and that of the corresponding linear system is proved. We also
show that the Lipschitz continuity and the uniform boundedness of
the nonlinear term can be considerably weakened. Finally, a simple
example is given, to which our main result can be applied.

1. INTRODUCTION

In this paper, we deal with the approximate controllability of the follow-
ing semilinear equation:

d

%x(t) =Ax(t) + O/f(t, 8, xs,u(s))ds + Bu(t), (SE)

2(0) =¢°, a(s)=¢'(s), —h<s<0,

in Hilbert spaces. Let V and H be complex Hilbert spaces forming Gelfand
triple V-C H C V* with pivot space H. Here A is the operator associated
with a sesquilinear form defined on V' x V and satisfying the Garding in-
equality. Let U be some Hilbert space and the controller operator B be a
bounded linear operator from U to H. Let 0 < h < oo be given and let

xs:[=h,0) = H, z4r)=x(s+7r)for —h<r<D0.

Let f: R? x L?(—h,0;V) x U — H be a nonlinear mapping such that
there exist positive constants L1 and Lo such that

‘f(t737x>u) - f(t>s7j7ﬁ')‘H < L1||;L‘ - Cz7||Lz’(—h,0;V) + LQHU' - 'ELHU (1'1)
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for all (t,s) € R?, x,2 € L?*(—h,0; V), and u,4 € U. The mild solution of
(SE) is given by

(z¢)(0) = S(t)¢° + /S(t —5) /f(s,T, zr,u(7))dr + Bu(s) p ds,
z(0) = ¢°, x(s) = ¢'(s), —h<s<0,

where S(t) is an analytic semigroup generated by A. The solution of (SE) is
denoted by (T f,u) corresponding to the nonlinear term f and the control
u. System (SE) is said to be approximately controllable in the time interval
[0, T'] if for every given final state 21 and e > 0, there exists a control function
u € L%(0,T;U) such that ||z(T; f,u) —z1||g < €. Dauer and Mahmudov [1]
considered the approximate controllability of a semilinear control system
as a particular case of sufficient conditions for approximate solvability of
semilinear equations by assuming that

(1) S(¢) is a compact operator for each ¢ > 0,

(2) f is continuous and uniformly bounded, and

(3) the corresponding linear system (SE) for f = 0 is approximately con-
trollable.

Jeong, Kwun, and Park [3] studied control problems for semilinear re-
tarded functional differential equation under the natural assumption that
the embedding D(A) C V is compact instead of condition (1). Yamamoto
and Park [9] studied the controllability for parabolic equations with uni-
formly bounded nonlinear terms in the sense of (2). Both for some consid-
erations on the trajectory set of (SE) and that of the corresponding linear
system (in the case where f = 0) and for matters connected with (3), we re-
fer to [4,10] and references therein. Sukavanam and Nutan Kumar Tomar [5]
studied the control problems of (SE) by assuming (1.1), (3) and

(4) there exists a constant 3 > 0 such that ||Bv|| > g||v| for all v €
L?(0,T;U) and Ly < 3.

In this paper, we no longer require the compactness in (1) and the uniform
boundedness and the inequality condition for Lipschitz continuity of f in
(4), but instead we need the regularity and a variation of solutions of the
given equations. In Sec. 2, we begin to study the well-posedness and L?-
regularity properties for a class of semilinear retarded functional differential
equations. In Sec. 3, the relation between the reachable set of the semilinear
system and that of the corresponding linear system is found. We also show
that the Lipschitz continuity and the uniform boundedness of the nonlinear
term can be considerably weakened. Finally, a simple example is given to
which our main result can be applied.
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2. SEMILINEAR RETARDED FUNCTIONAL EQUATIONS

Let H and V be complex Hilbert spaces such that V. C H C V* by
identifying the anti-dual of H with H.

Therefore, for brevity, we can assume that ||ul|. < |u| < |lu|| forallu € V,
where the notations |- |, || - || and || - ||« denote the norms of H, V, and V*,
respectively, as usual. Let a(u,v) be a bounded sesquilinear form defined
on V x V satisfying the Garding inequality

Rea(u,u) > collul|® — c1lul?, co >0, ¢ >0.
Let A be the operator associated with this sesquilinear form:

(Au,v) = —a(u,v), u,v€V.
Then A is a bounded linear operator from V' to V*. The realization of A in
H which is the restriction of A to
D(A)={ueV:Auec H}
equipped with the graph norm |[u||p(ay = |u| 4 |Au| is also denoted by A.
Therefore, in terms of the intermediate theory we can see that
(V.V)1/2,2 = H, (2.1)
where (V,V*)1 5 denotes the real interpolation space between V and V*(see
[6]). Moreover, for each T' > 0, by using the interpolation theory, we have
L*(0,T; V)N W20, T;V*) c C([0,T]; H).

The inequalities

collull* < Rea(u,u) + c1|ul? < C|Au| |u| + c1|ul?
< (ClAu| + erfu))|ul < Cllullp(aylul
imply that there exists a constant Cy > 0 such that

1/2
lull < Collull 3¢y ul*’2. (2.2)

It is known that A generates an analytic semigroup S(t) in both H and
V*. For simplicity, we assume that ¢; = 0 and hence the closed half-plane
{A:Re\ > 0} is contained in the resolvent set of A.

The following lemma follows from [7, Lemma 3.6.2] or [8].

Lemma 2.1. There exists a constant M > 0 such that the following
inequalities hold for allt > 0 and every x € H or V*:

[S(t)z| < Mz], (
I1S@)z]l. < M|z, (
[S(t)x] < Mt ], (
IS@)all < Mt=12]z|. (
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Consider the following initial-value problem for the abstract linear para-
bolic equation

da(t)
5 = Au() + k1), 0<t<T, (LE)
z(0) = xo.

By virtue of [3, Theorem 2.1] or [2], we have the following result on the
corresponding linear equation of (LE).

Proposition 2.1. Let the assumptions on the principal operator A stated
above be satisfied. Then the following properties hold.

1. Let F' = (D(A), H)1/2,9, where (D(A), H)y /2,5 is the real interpolation
space between D(A) and H (see [6, Sec. 1.3.3]). For zy € F and
k € L?(0,T;H), T > 0, there exists a unique solution x of (LE)
belonging to
L*(0,T; D(A)) nWH2(0,T; H) € C([0,T]; F)
and satisfying
]l 220, 7; DAy w2 0,158 < Crlllzolle + |l 22 0,7:8)), (2.7)

where Cy is a constant depending on T.
2. Let xg € H and k € L?(0,T;V*), T > 0. Then there exists a unique
solution x of (LE) belonging to

L*(0,T;V)nWh2(0,T; V*) c C([0,T]; H)
and satisfying
Izl 220, 75vy w2 0,7 +) < Crllzol + 1kl L2(0,7:v+))s (2.8)
where Cy is a constant depending on T .

Lemma 2.2. Suppose that k € L?(0,T; H) and x(t fo (t—s)k(s)ds
for 0 <t <T. Then there exists a constant Cy such that

lzll 20,1504y < CillkllL20,m;m) (2.9)
2l 20,15y < C2T ||k 20,7 1) (2.10)
2]l 20,7y < CaVT ||| L2 (0,7:1)- (2.11)
Proof. Estimate (2.9) immediately follows from (2.7). Since
T| t 2
||55H%2(0,T;H) :/ /S(tfs)k s)ds dt<M/ /|k )ds | dt
0 |0
T ¢

// |2dsdt<M /|k )|2ds,

0
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it follows that
llzll 220,150y < T\/WHM\L?(O,T;H)-
From (2.2), (2.9), and (2.10) it follows that
lzllz20,15v) < COM(M/2)1/4||kHL2(O,T;H)-
Therefore, if we take a constant Cs > 0 such that
Cy = max{/M/2, Co/C1(M/2)"/*},
the proof is complete. O
For each s € [0,T], we define x : [-h,0] — H as follows:
zs(r)=z(s+r), —h<r<o.
We set
I =L*~h,0;V) and R* =]0,00).
Lemma 2.3. Let x € L?(—h,T;V). Then the mapping s — x belongs
to C([0, T];II) and
21|20, 7:1m) < VTl L2 (—nrvy- (2.12)

Proof. The first assertion is easy to verify and (2.12) is a consequence of
the estimate

T

EXTE / o s < / / s+ 1) Pdrds
—h
T T
< [ s [llatr)Par < Tl
0 —h

O

Consider the following initial-value problem for the abstract semilinear
parabolic equation:

im( t) = Az(t) + /f(t, s, xs, u(s))ds + Bu(t),

dt
0
z(0) = ¢°,  x(s) = ¢'(s), —h<s<O.

Let U be some Hilbert space and the controller operator B be a bounded
linear operator from U to H.
Let f : R?xII x U — H be a nonlinear mapping satisfying the following:

(SE)

(i) for any x € Il, w € U the mapping f(-,-, z,u) is strongly measurable;
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(ii) there exist positive constants Lo, L1, and Lo such that
|f(ta S,.’E,'LL) - f(ta S, ‘%7’&” < Lle - ‘%HH + LQHU - ﬁ’HU7 (Fl)
|f(t58a050)| < Lo (FQ)

for all (t,5) € R?, x,2 € I, and u, 4 € U.
For x € L?(—h,T;V) and u € L*(0,T;U), T > 0, we set

G(t,:z:,u):/f(t,s,zs,u(s))ds.
0

Lemma 2.4. Let x € L?>(—h,T;V) for any T > 0. Then G(-,x,u) €
L?(0,T; H) and
||G(',Jf, u))||L2(0,T;H) < 1;()113/2
+ T/V2ALVT ||z 2(—n vy + Lellull 20,7:0))- (2.13)
Moreover, if x,% € L*(=h,T;V), then
”G('axa 7_1,) - G('aiva)”L%O,T;H)
< T/V2ALWVT||z — & 2 (—nrivy + Lallu — @l| 20,00 (2.14)
Proof. From (F1), (F2), and (2.12) it is easily seen that
||G('7xa U)HLQ(O,T;H) < HG(’ 0, O)H + ||G(7 CC,U) - G(',O, O)H
1/2

T| t
< LT 4 //(f(t,s,xs,u(s))—f(t,s,0,0))ds dt
0 0

. 1/2

T
< LT + / i / (Ll + Lollull 2oz 2ds]
0 0

< LoT?*? + T/V2(La||z|| 20,751 + Lallull 22 0,750))
< LoT*? + T/V2ALaVT ||| 2(—n vy + Lallull 2 0,70))-
The proof of (2.14) is similar. O

Theorem 2.1. Under assumption (F) for the nonlinear mapping f, there
exists a unique solution x of (SE) such that

€ L%0,T;V)nWh2(0,T;V*) c C([0,T]; H)
for any (¢°,¢) € H x II. Moreover, there exists a constant Cy such that
|2l L2 (- movywrzomvey < CLle°| + 16 la + l[ullL20m0))- (2:15)
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Proof. We fix Ty > 0 satisfying
Col TE/V2 < 1 (2.16)

with the constant Cy from Lemma 2.2. Let y be the solution of
t s
(9:)(0) = y(t) = S(t)¢° + /S(t —s) /f(sm Tr, u(T))dT + Bu(s) o ds.
0 0

We show that z + y is strictly contractive from L2(0,Ty; V) to itself if
condition (2.12) is satisfied. Let y; and §; belong to II with the same initial
condition in [—h,0]. Then, noting that zo(s) — Zo(s) = 0 for s € [—h, 0], we
obtain from assumption (F1), (2.11), (2.12), and

(y:)(0) — (9:)(0)

t s

= /S(t—s) /(f(S,T, ZTr,u(T)) —f(S,T7i'T7’U,(T)))dT ds
0 0
that

ly = 9l L20,105v) < CoVTol|G(- 2, u) — G(+ &, u)|| L2 (0,10 1)
< CoLy TE/ V2|2 () — ()20, 10:v)-

Therefore, by virtue of condition (2.16), the contraction mapping principle
yields that the solution of (SE) exists and is unique in [0,7p]. Let z be a
solution of (SE) and zp € H. Then there exists a constant C; such that

1S dollL20,10:v) < Cy]¢° (2.17)

in view of Proposition 2.1. Let

t

z1(t)= [ S(t—s) f(s, 7, z-,u(r))dr + Bu(s) ¢ ds.
[

Then (2.11) implies

||x1||L2(07T0;V) < CoVTo||G (- z,u) + BUHLQ(QTO;H)
< Czﬁo(Lng)/z/\[2||$||L2(0,To;v) + |G (+,0,u) + Bul|12(0,1;m)-  (2-18)
Thus, combining (2.17) with (2.18), we have

Izl 20,705y < (1 — CoL1 T3 /V2) 71 (C1]¢|
+ Co/Tol|G (-, 0,u) + Bul £2(0,10;m))-
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Now we obtain from

z(Tp)| = |S(Tp)¢°| —|—/S(T0 —5) /f(s,T7 xr,u(7))dr + Bu(s) p ds
0 0

< Mlzo| + M L1 Tol|z| £2(0,10;v)) + M/ Tol|G(+,0,u) + Bul|£2(0,10;5)>

since condition (2.16) is independent of initial values, that the solution of
(SE) can be extended to the interval [—h,nTp] for every natural number
n. An estimate analogous to (2.15) holds for the solution in [—h,nTp], and
hence for the initial value z,7, in the interval [nTp, (n + 1)Tp]. O

3. APPROXIMATE CONTROLLABILITY OF SEMILINEAR SYSTEMS

Let z(T; f,u) be a state value of system (SE) at the time T corresponding
to the nonlinear term f and the control u. We define the reachable sets for
system (SE) as follows:

Ry(f) = {«(T; f,u) s u € L*(0,T;U)},
Rr(0) = {(T;0,u) : u € L*(0,T;U)}.
Definition 3.1. System (SE) is said to be approximately controllable in

the time interval [0, T if for every desired final state z1 € H and € > 0 there
exists a control function u € L?(0,T; U) such that the solution z(T}; f, u) of

(SE) satisfies |x(T; f,u) — z1] < ¢, i.e., if Rp(f) = H, where Ry (f) is the
closure of Ry (f) in H, then system (SE) is called approximately controllable
at time 7.

Let u € L'(0,T;Y). Then it is well known that

h
lim 4! / u(t + ) — u(®)|[yds = 0 (3.1)
0

for almost all points ¢ € (0, 7).

Definition 3.2. The point ¢, where (3.1) holds, is called the Lebesgue
point of u.

First, we consider the approximate controllability of system (SE) in the
case where the controller B is the identity operator on H under the Lipschitz
conditions (F1) and (F2) on the nonlinear operator f. Therefore, obviously,
H = U. Consider the linear system

ult) = Ay(t) + ult),
y(0) = 6% y(s) = 0}s), —h<s<0,

(3.2)
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and the following semilinear control system:

d

e /ftsxs, s))ds + v(t),

2(0) =¢°, x(s) =¢'(s), —h<s<O0.
Theorem 3.1. Under assumptions (F1) and (F2), we have

RT(O) C RT(f)

Therefore, if linear system (3.2) with f = 0 is approzimately controllable,
then so is semilinear system (3.3).

Proof. Let y(t) be a solution of (3.2) corresponding to a control u. First,
we show that there exists v € L?(0,T; H) such that

—/f(t,s,xs,v(s))ds, 0<t<T,

v(0) = u(0).
Let Ty be a Lebesgue point of u and v, so that
LyTo/V2 < 1. (3.4)
For given u € L?(0,T; H), we define a mapping
W L*(0,T; H) — L*(0,T; H)

as follows:
(Wo)(t /ftsys, s))ds, 0<t<Tp.

It immediately follows from the definition of W that

[Wor — WU2||2L2(0,TO;H)
2

= / /{f<t787y8ﬂvl(8)) - f(t787y87v2(8))}d8 dt
0 |0

To t 2

< [{ []tsviton = s ono]as | a
0

To

0
t To
<13 [ to/ (01s) = vals) Pt < 132 / (wi(s) = va(s)) P,

0
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whence
[Wor — Wos| p20,10:m5) < LoTo/V2[|vy — va|l2(0,70: )
By the well-known contraction mapping principle, W has a unique fixed

point v in L2(0,To; H) if condition (3.4) is satisfied.
Let

t
/f (t,s,ys,v(s))ds.
0

Then from (F1), (F2), and Theorem 2.1, it follows

vl o, 10;m) < NG (2, 0)) L2070y + 1wl 220,10 1)
< Ty/V2(Ly \/TOHI‘HLQ(fh,T;V) + Lallvllz2(0,750) + 1wl 2 0,10: 1)
< To/V2HLV Ty (C1 (6" ) + Lallvll 20,0}
+ lull 2(0,70;m) - (3.5)

Thus, we have

[0l L2(0,0:vy) < (1= ToLa/V2) ™ {To/V2{L1C1/To(|¢"]

+ 19 I + llullz20,750)) + llull 20,700 }

and

wmm=w%%/ﬂn@mmwmw

< u(To)| + VTo(Li vV Tollyl L2 (=n,1o:vy) + Lallvllz20,105v))
+ V1ol £(,0,0) [ 20,10 1)-  (3-6)

If 27y is a Lebesgue point of v and v, then we can solve the equation in
[To, 2Tp] with the initial value v(Tp) and obtain estimates analogous to (3.5)
and (3.6). If not, we can choose Ty € [Ty, 2Tp] to be a Lebesgue point of u
and v. Since condition (3.4) is independent of initial values, the solution can
be extended to the interval [Ty, T} + Tp] and therefore we have shown that
there exists v € L?(0,T; H) such that v(t fo 8, Ys, v(s))ds. Let
y be a solution of (3.2) corresponding to a control u. Consider the following
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semilinear system:
t

%x(t) = Ax(t) + /f(t, S, xs,v(s))ds + v(t)
0
t ! (3.7)
—Aa(t) + [ Flt, 0 v()ds +ult) = [ F(t5.00,0(5))ds,
0 0

z(0) = ¢°  a(s) = ¢'(s), —h<s<O.

The solutions of (3.2) and (3.7), respectively, can be written as

and

2(0) = 2(t) = S()¢° + / St — s)u(s)ds

+ O/S(t —5) O/{f(s,r, xr,0(T)) = f(8, 7, yr, v(7)) }drds.

Then from Theorem 2.1, it is easily seen that z.(0) € C([0,T]; H), i.e.,
25(0) — 2+(0) as s — t in H. Let € > 0 be given. For ¢ > €, we set

2£(0) = S()6° + / S(t — s)u(s)ds
0

t—e
+ [ St—9) [{f(s,m,z5,0(7)) = f(s,7,yr,v(T)) }dTds.
fau-o]

Then we have

24(0) — 25(0) = x(t) — 2°(t) = / S(t— s)u(s)ds

_t_/i S(t—s)O/Sf(s7T7yT,v(7))des +t_/i S(t—S)b/sf(S,T,xT,v(T)des

t—e

+/S(t—8)/{f(8,T,xT,U(T)) f(s,m 28, v(r)) Hdrds.

0
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Therefore, as we have seen in the proof of Theorem 2.1, for some constant
Ty > 0 satisfying Co L T2/v/2 < 1, we easily obtain that
|z — 2 L2 0,1v) < Covellullzo.1y:m)
+ CaLi € V2|l 2 o,mv) + 12l 20, }
+ Co L T3 V2@ — 2| 20,132
By the step-by-step method, we know that ¢ — x as € — 0in L?(0,T;V)

(T >0), ie, zf »>aras e — 0in Il for e < ¢t < T. From (2.6), it follows
that

5 — wellfr
0| t+s—e 2
:/ / S(t+s—1){G(r,z%v(r)) — G(1,y,v(7)) }dr| ds
"l 0
0 t+s—e 2
§M2/ /(t+5—7)_1/2{G(7’,$€,’U(T))—G(T,y,U(T))}dT ds
—h 0

t+s—e

< M2/Olog (i) / {G(r.25 v(r)) —G(T,y,U(T))}2d7d8

2

<hM2log< )// (r,0,25, (0 ))—f(T,a,yg,v(J)))do dr

0

t T
t
< hM?log (6> /T/qux; — Yol |fdodr
0

0
< etz (1) / 45 — o o

By using the Gronwall inequality, independently of €, we obtain zf = y;
in II for almost all € < ¢ < T and z§(0) = y¢(0) in H. Therefore, noting that
x.(0), y.(0) € C([0,T; H]), we see that every solution of the linear system
with control u is also a solution of the semilinear system with control w,
i.e., we have that Ry (0) C Rp(f). O

From now on, we consider the initial-value problem for the semilinear
parabolic equation (SE). Let U be some Hilbert space and the controller
operator B be a bounded linear operator from U to H.
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Theorem 3.2. Let a constant 3 > 0 exist such that || Bu|| > B||u|| for all

u € L?(0,T;U) and assumptions (F1), (F2), and R(f) C R(B) be satisfied.
Then the semilinear system (SE) is approzimate controllable.

Proof. Consider the linear system

Llt) = Ay(t) + u(t),

(3.8)
y(0) =¢°, y(s)=¢"(s), —h<s<0,
and the following semilinear control system:
t
iﬂ? +/ftsm s))ds + Bu(t),
dt ) v (3.9)
z(0) = ¢°,  x(s) = ¢'(s), —-h<s<O.

Let y be a solution of (3.8) corresponding to a control u. We set

ot) =u(®) ~ B [ £t 0(9)ds
0

Then, as we have seen in Theorem 3.1, v € L?(0,T;U)

Consider the
following semilinear system:

%aﬁ( t) = Ax(t) + /f(t, s, xs,u(s))ds + Bu(t)
0

t t
—|—/ftsgcs7 s))ds + Bu(t) /ftsyS7 (s))ds,
0

0
z9(0) = ¢°, zo(s) = ( ), —h<s<0.

If we define «§, y; as in the proof of Theorem 3.1, then we obtain

t—e

x5(0) — . (0) = /St—s /{f s, Ty 2o, (7)) — f(8, 7, yr, v(7)) }d7ds.

0

Therefore, using the Gronwall inequality in Theorem 3.1, we obtain that
Rr(0) C Rr(f). O
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Example 3.1. We consider the semilinear heat equation dealt with by
Naito [4] and Zhou [10]. Let
H =L*0,7), V=HN0,7), V*=H0,7r),

a(u,v) = / dl;(;) dq;l(;)d:c, A= d?/da?,

0
D(A) = {y € H*(0,7) : y(0) = y(r) = 0}.

We consider the following retarded functional differential equation:

Y y(t,z) = Ay(t, z) /f $,y(s — h,x),u(s))ds + Bu(t),
(SE1)

y(t,0) = y(t,7) =0, t >0,
y(0,2) = ¢°(x), y(z,s) = ¢'(x,5) —h<s<O.

The eigenvalues and eigenfunctions of A are \,, = —n? and ¢,,(r) = sinnz,
respectively. Let

U= {iunqbn : iui <oo}7
n=2 n=2

o0 o0
Bu =2us¢y + Y tn¢y for u=>» u, €U, T>0.
n=2 n=2

It is easily seen that the operator B is one-to-one and R(B) is closed. It
follows that the operator B satisfies hypothesis (B1). For example, consider
the nonlinear term

F(t,s,y,u) = alt, s)(IDayllér (y) + llullg2(y),  alt,s) € C([0,T7?).

Then f is not uniformly bounded and R(f) C R(B). For this function
f, Theorem 3.2 implies that system (SE1) is approximately controllable.
In the case where B = I, we obtain the approximate controllability of
(SE1) without restrictions such as the uniform boundedness and inequality
constraints for the Lipschitz constant of f or compactness of S(t).
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