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Abstract

Grey wolf optimizer (GWO) is one of the most popular metaheuristics, and it has
been presented as highly competitive with other comparison methods. However, the
basic GWO needs some improvement, such as premature convergence and imbalance
between exploitation and exploration. To address these weaknesses, this paper devel-
ops a hybrid grey wolf optimizer (HGWO), which combines the Halton sequence,
dimension learning-based, crisscross strategy, and Cauchy mutation strategy. Firstly,
the Halton sequence is used to enlarge the search scope and improve the diversity of
the solutions. Then, the dimension learning-based is used for position update to bal-
ance exploitation and exploration. Furthermore, the crisscross strategy is introduced
to enhance convergence precision. Finally, the Cauchy mutation strategy is adapted
to avoid falling into the local optimum. The effectiveness of HGWO is demonstrated
by comparing it with advanced algorithms on the 15 benchmark functions in different
dimensions. The results illustrate that HGWO outperforms other advanced algorithms.
Moreover, HGWO is used to solve eight real-world engineering problems, and the
results demonstrate that HGWO is superior to different advanced algorithms.

Keywords Hybrid grey wolf optimizer - Halton sequence - Dimension
learning-based - Crisscross strategy - Cauchy mutation strategy - Engineering design
problems

1 Introduction

Recently, many scholars have favored metaheuristics due to their simple structure and
high solution efficiency, especially their application in engineering problems, which
have attracted more attention from researchers (Rao et al. 2023). Ewees et al. (2018)
divided optimization problems into three categories: constrained, unconstrained, and
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constrained engineering optimization problems. In solving an optimization problem,
finding the optimal value of the situation in a reasonable time is necessary, which is
urgently needed to design an effective optimization method. With the rapid develop-
ment of computer technology, many metaheuristics have emerged. Currently, there
are many popular metaheuristics, for example, grey wolf optimizer (GWO) (Mirjalili
et al. 2014), whale optimization algorithm (WOA) (Mirjalili and Lewis 2016), spar-
row search algorithm (SSA) (Xue and Shen 2020), gaining-sharing knowledge-based
(GSK) (Mohamed et al. 2020), arithmetic optimization algorithm (AOA) (Abualigah
et al. 2021), artificial hummingbird algorithm (AHA) (Zhao et al. 2022), honey bad-
ger algorithm (HBA) (Hashim et al. 2022), young’s double-slit experiment (YDSE)
(Abdel-Basset et al. 2023). However, the advantages of different metaheuristics can
be combined, which results in methods known as the hybrid method. Such approaches
are used in many research papers: multi-strategy improved slime mould algorithm
(MSMA) (Deng and Liu 2023) and enhanced opposition-based grey wolf optimizer
(EOBGWO) (Chandran and Mohapatra 2023).

GWO is a metaheuristic proposed by Mirjalili et al. (2014), inspired by the hunting
activities of grey wolves. And it has three leaders who lead the population toward
the optimal value. Compared with other metaheuristics, GWO has more competitive
performance, few control parameters, and a simple search mechanism. However, sim-
ilar to other algorithms, there are some drawbacks associated with GWO, such as
premature convergence and imbalance between exploitation and exploration. Thus,
some strategies are introduced to overcome its deficiencies. Here, we briefly review
the major works of GWO to understand its shortcomings.

Aiming at the shortcomings of GWO, scholars have been inspired to conduct
in-depth research and propose improved methods. Nadimi-Shahraki et al. (2021) devel-
oped an improved grey wolf optimizer to alleviate the lack of population diversity.
Rodriguez et al. (2021) proposed a modified version of the GWO called group-based
synchronous-asynchronous grey wolf optimizer that integrates a synchronous—asyn-
chronous processing scheme and a set of different nonlinear functions to improve the
weakness of basic GWO. Fan et al. (2021) proposed a grey wolf optimizer based on
a beetle antenna strategy to enhance the global search ability and reduce unneces-
sary searches. Yu et al. (2022) introduced a reinforced exploitation and exploration
GWO, which combines a random search based on the tournament selection and a well-
designed mechanism. Wang et al. (2022) suggested a variant of the GWO called the
cross-dimensional coordination grey wolf optimizer, which utilizes a novel learning
technique for engineering problems. Inag et al. (2022) developed a random weighted
grey wolf optimizer to improve the search performance. Duan and Yu (2023) proposed
an improved GWO based on the combination of GWO and sine cosine algorithm to
prevent convergence prematurely. Jain et al. (2023) combined genetic learning and
GWO to improve the intelligence of GWQO'’s leading agents and solve real-world opti-
mization problems. Yao et al. (2023) developed an entropy-based grey wolf optimizer
based on an information entropy-based population generation strategy and a nonlinear
convergence strategy for global optimization problems. Ma et al. (2024) proposed an
ameliorated grey wolf optimizer (AGWO) that integrated the opposition-based learn-
ing strategy to balance between exploration and exploitation.
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Through a review of GWO improvement literature, although a series of improve-
ment studies of GWO have been carried out and the performance of GWO has been
improved, there are still some shortcomings. On the one hand, improvements mainly
based on the combination of GWO and other algorithms can easily lead to the loss
of evolutionary direction, are challenging to implement, and quickly fall into local
optimality (Yu et al. 2023). On the other hand, GWO is improved using only a single
strategy, such as adaptive parameters or weights. Mohammed et al. (2024) changed
the control parameters by introducing the golden ratio, but the improvement effect was
not noticeable. In contrast, combining multiple strategies can significantly improve
the performance of GWO. Mafarja et al. (2023) proposed a multi-strategy grey wolf
optimizer to improve the shortcomings of the basic GWO, using an embedding strat-
egy of convergence control parameters, multiple exploration strategy, and multiple
exploitation strategy. Ahmed et al. (2023) introduced a new variant of GWO, which
integrates memory, evolutionary operators, and a stochastic local search technique
to address the limitation of basic GWO. Currently, existing research is dedicated to
introducing different new strategies into GWO, the effective combination of multiple
strategies can improve the performance of GWO (Luo et al. 2023; Zhao et al. 2023).
In addition, the “No Free Lunch” theory (Wolpert and Macready 1997) states that
existing algorithms cannot wholly solve all possible optimization problems, which
means that such algorithms may produce suitable optimization results for some prob-
lems but unacceptable results for other problems (Zaman and Gharehchopogh 2022).
Therefore, the above reasons prompted this study to propose a new algorithm.

This paper proposes a variant of the GWO called the hybrid grey wolf optimizer
(HGWO) that integrates the Halton sequence, dimension learning-based, crisscross
strategy, and Cauchy mutation strategy. It aims to address premature convergence
and imbalance between exploitation and exploration. Firstly, the Halton sequence is
used to enlarge the search scope and improve the diversity of the solutions. Then,
the dimension learning-based is used for position update to balance exploitation and
exploration. Furthermore, the crisscross strategy is introduced to enhance convergence
precision. Finally, the Cauchy mutation strategy is adapted to avoid falling into the
local optimum. Integrating those strategies removes the deficiencies of GWO and
dramatically enhances the performance of the primary method.

To verify the efficiency of the HGWO, this study differs from other research in
the following areas. Firstly, it is compared with ten advanced algorithms, including
GWO, WOA, SSA, GSK, AOA, AHA, HBA, MSMA, EOBGWO, and AGWO on 15
benchmark functions. Then, two non-parametric tests (Wilcoxon signed-rank test and
Friedman test) are examined. Furthermore, HGWO has been used in eight engineer-
ing problems and compared with other algorithms. The results indicate that HGWO
performed well regarding solution quality and stability. The main contributions of this
study can be summarized as follows:

1. The Halton sequence strategy can enlarge the search scope and improve the diver-
sity of the solutions.

2. Introducing the dimension learning-based for position update to balance between
exploitation and exploration.
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3. The crisscross strategy is introduced to enhance convergence precision, and the
Cauchy mutation strategy is adapted to avoid falling into the local optimum.

4. To verify the performance of HGWO, we compared it with other advanced algo-
rithms on 15 benchmark functions of different dimensions and eight real-world
engineering problems.

The rest of the study consists of five parts. In Sect. 2, we present the basic GWO.
In Sect. 3, HGWO is introduced. In Sect. 4, we evaluate HGWO’s performance based
on benchmark functions. In Sect. 5, we apply the HGWO to deal with engineering
issues. In the end, Sect. 6 draws conclusions and future works.

2 Grey wolf optimizer

The grey wolf optimizer (GWO) simulates the population hunting behavior of grey
wolves in nature. The wolves are divided into four categories: o wolf, 8 wolf, § wolf,
and o wolf. Among them, the « wolf, as the wolf that is best in the population,
coordinates and manages all essential decision-making matters. The 8 wolf is mainly
responsible for assisting the o wolf in making decisions. The § wolf obeys the dis-
patches of the o and 8 wolf and is responsible for surveillance and sentry monitoring.
Moreover, the @ wolf is mainly responsible for maintaining the internal balance of
the grey wolf population. There are three phases in the hunting of wolves, as shown
below.

@ Surrounding: to surround the prey, the grey wolf needs to calculate the distance
to the prey based on the approximate location of the prey and then move towards the
prey. The formulas are as shown in Egs. (1-2).

D=|C-X,—X©| (D

X(t+1)=X,(t)—A-D 2)

where ¢ denotes the iteration of current, X, denotes the location of prey, X denotes
the wolf’s location, A denotes the convergence factor, and C denotes the oscillation
factor, see Egs. (3—4).

A:2-a~r1—a (3)

C=2n “

2
a=2—z-<tmax) 5)

where a is the distance control parameter, r; is random in [0, 1], 7 is random in [0,
1], and #,,4x 1s the maximum number of iterations.

@ Hunting: throughout the hunting process, & wolf determine the location of their
prey and keep moving toward it. § and § wolves follow the & wolf to hunt prey and
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guide other wolves to surround the prey. The other wolves move towards the o wolf,
B wolf, and § wolf to complete the encirclement of the prey. The movement formulas
are as follows.

Dy = |Cy - Xo(t) — X(1)]
Dg =[Cy- Xp(t) — X(1)| (6)
Ds =|C3 - X5(t) — X(1)|

where X, denotes o wolf’s location, Xg denotes B wolf’s location, X5 denotes &
wolf’s location.

X1(t) = Xq(t) — Ay - Dy
Xo(t) = Xp(t) — Az - Dg @)
X3(t) = X5(t) — A3z - Ds

X1(0) + Xo(t) + X3(2)

X(t+1) = . (8)

@ Attacking: grey wolves finish hunting when the prey no longer moves. For the
sake of imitation of the nearing prey, a is reduced step by step, so the fluctuation of
A is reduced step by step. If the value of A is within the range, the wolves will revise
places at any location. Specifically, if IAl< 1, the grey wolves attack the prey; if |AI>
1, the grey wolves separate from their prey, hoping to find more suitable prey.

The GWO’s flowchart is illustrated in Fig. 1.

Start
Initialize the population

!

t=t+1 t<=tmax = No ‘Output the optimal solution ——Vl End

Yes

v

Find Xa X8 X6

v

Update the position of grey
wolves according to Equations

(1)-(8)

Fig. 1 The flowchart of GWO
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3 The proposed hybrid grey wolf optimizer

In the basic GWO, «, B, and § lead @ wolves to obtain an optimum value. In this way,
it is easy to result in an imbalance between global exploration and local exploitation.
Hence, we present a hybrid grey wolf optimizer (HGWO) to address these deficiencies.
Firstly, the Halton sequence is used to enlarge the search scope and increase the
diversity of the population. Then, the dimension learning-based is used for position
update to balance exploitation and exploration. Furthermore, the crisscross strategy is
introduced to enhance convergence precision. Finally, the Cauchy mutation strategy is
adapted to avoid falling into the local optimum. In this section, the HGWO is presented
and described in detail. The detailed flowchart of the proposed HGWO is shown in
Fig. 2.

( stat )
\ /

Initialize the candidate solutions
using the Halton sequence strategy

4

Calculate the fitness values of each

grey wolf’s position
t=t+1 t<=tmax — Output the optimal solution ——(  End
o o 4

| FndXa X8 X6 |

v

Update the position of grey wolves
according to Equation (14)

v

Update the position of grey wolves
by using the crisscross strategy

v
Update the position of the first

three grey wolves by using the
Cauchy mutation strategy

Fig. 2 The flowchart of HGWO
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3.1 Halton sequence strategy

The Halton sequence is used to produce pseudo-random numbers, and the ergodic
nature of pseudo-random numbers makes the population more evenly distributed
throughout the search domain (Li et al. 2022), which is beneficial to reducing the
search blind area of grey wolves, thereby improving the quality and diversity of the
initial solution. This study introduces the two-dimensional Halton sequence initializa-
tion population implementation process to understand the Halton sequence principle
better. Specifically, two prime numbers greater than or equal to two are selected as the
basic quantities, and the basic quantities are continuously divided to reconstruct a set
of evenly distributed points without repetition. The specific formulas are as shown in
Egs. (9-12).

n:ibi.pi:bm~pm+~~+b1-pl+bo )
i=0
O(n) =bop~ +b1p2 4+ 4 byp ! (10)
H(n) = [61(n), 62(n)] (11
X,=H(@)-(UB—LB)+LB (12)

where n is any integer in [1, N], p is prime and p > 2, b; is the constant coefficient,
and b; € {0, 1, ..., p — 1}, 8(n) indicates sequence function, H (n) indicates two-
dimensional uniform Halton sequence, X, indicates the Halton sequence initializing
the grey wolf population.

The initial random population generated by GWO is presented in Fig. 3. Figure 4
shows the initial distribution population produced using the Halton sequence, where
the basic quantities of the Halton sequence are two and three.

Fig. 3 Random populations 1.0

0.8 ”

0.6 1

0.4 A L

@ Springer



86 Page8of53 Journal of Combinatorial Optimization (2024) 47:86

Fig. 4 Halton populations 1.0
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3.2 Nonlinear parameter

The exploration and exploitation are crucial to their optimization performance in meta-
heuristics. Since hunting and attacking prey in GWO are related to a, coordinating
GWO’s exploration and exploitation is a scheme worthy of further research. Explo-
ration is the key for the population to use position updates to search a wide area and
avoid the algorithm falling into local optimality. The exploitation mainly uses the pop-
ulation’s existing information to search specific neighborhoods in the solution space.
If a is more extensive, it means that the algorithm has better exploration, which is
helpful to avoid the algorithm falling into the local optimum; if a is smaller, it means
that it has more robust exploitation, which can speed up the convergence speed of the
algorithm. However, in the basic GWO, with the number of iterations, a decreases
linearly from 2 to 0, which only partially reflects the exploration and exploitation. On
this basis, this study designed a nonlinear decreasing control parameter a that changes
rapidly in the early iteration and relatively slowly in the later iteration to balance the
exploration and exploitation of GWO, a is described in Eq. (13) as follows.

t
a—2. (1_ tmax) (13)

where ¢ and t,,4, denote current and maximum iteration, respectively.

3.3 Dimension learning-based population search strategy

In the basic GWO, «, 8, and § guide w wolves toward regions in the search space
where optimal solutions are expected to be found. In this way, it is easy to result in
an imbalance between exploration and exploitation. Moreover, it is easy to reduce
population diversity. Hence, to address these deficiencies, the dimension learning-
based population search strategy proposed in the literature (Nadimi-Shahraki et al.
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2021) is introduced to update the position. This principle is mainly based on the
grey wolves in the population learning from their neighboring grey wolves during the
hunting process. Among them, Eq. (14) indicates that the current grey wolf learns from
each other by its different neighbors and randomly selected wolves in the population.
Equation (15) represents finding the neighbor of the current grey wolf. The specific
description is shown in Egs. (14-15).

Xi(t+1) = Xi(t) +r x (Xu (1) — X, (1)) (14)

X () = {X;0ID(X; (1), X;(1) < D(X; (1), X;i(t + 1)), X;(1) e N} (15)

where X; represents the current position of the ith grey wolf, X, denotes a randomly
selected neighbor grey wolf, X, indicates a random selection of a grey wolf from
population N, r is random in [0, 1], D(X;(¢), X j(¢)) indicates the Euclidean distance

between the position of the ith grey wolf and the jth grey wolf.

3.4 Crisscross strategy

Since the grey wolf continues to move closer to the first three better individuals during
the iteration process, with the iteration increases, the population will likely gather
around the local optimal solution, thereby reducing the algorithm’s solving ability. To
avoid the occurrence of the above situation, this section will introduce the crisscross
strategy (Meng et al. 2014), which has been used to improve the performance of many
metaheuristics (Hu et al. 2022; Su et al. 2023). After executing the dimension learning-
based population search strategy in Sect. 3.3, the grey wolf population performs
horizontal and vertical crossover operations, which can improve global exploration
to solve complex optimization problems, thereby improving convergence speed and
solution precision.

3.4.1 Horizontal crossover

The horizontal crossover is an arithmetic crossover in all dimensions between two
different grey wolves, allowing different individuals to learn from each other, increase
global exploration, and prevent premature convergence of the population, thereby
improving the convergence speed and solution accuracy. Assume the ith parent grey
wolf X; and the kth parent grey wolf X; are accustomed to performing horizontal
crossover operations on the jth dimension. Equations (16—17) can calculate their off-
spring.

Xijt=r1 x Xjj+(1 —rp) x Xgj+c1 x (X,'j—ij) (16)

Xijr =r2 x Xpj + (1 = r2) x Xij +c2 x (Xij — Xij) a7
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where X;;/ and Xy;/ are the offspring of X;; and Xy;, respectively. r1 and r are
random in [0,1], ¢; and c; are random in [— 1,1]. The new solutions generated by
horizontal crossover operation must be compared with the pre-crossover to retain the
better grey wolves.

3.4.2 Vertical crossover

The vertical crossover is an arithmetic crossover operation on all individuals between
two dimensions. During the entire iteration process, each vertical crossover operation
produces only one offspring to provide the stagnant dimension with the opportunity
to jump out of the local optimum without destroying other dimensions that may be
globally optimal. Assume the jjth and the j>th dimensions of grey wolf X; are accus-
tomed to performing vertical crossover operations. Equation (18) can calculate their
offspring.

X,‘j/:rXXij|+(1—l")XXij2 (18)

where X;;/1is the offspring of X;;, and X;;,, and r is random in [0,1]. The new solutions
generated by vertical crossover operation must be compared with the pre-crossover to
retain the better grey wolves.

3.5 Cauchy mutation strategy

It can be seen from the grey wolf optimization process that the search process is led
by the first three grey wolves with better fitness in the current grey wolf population.
At the end of the search process, the grey wolf population will quickly gather near
the positions of the first three wolves, resulting in profound population convergence,
thereby increasing the probability that the algorithm will fall into a local optimum.
However, Cauchy mutation comes from the Cauchy distribution, which is a contin-
uous probability distribution common in probability theory, with a large probability
density in the middle and small probability density at both ends. Since the Cauchy
distribution has the characteristics of long and flat ends, the perturbation ability of the
Cauchy mutation is powerful. The probability density function of the standard Cauchy
distribution is shown in Eq. (19). Therefore, this study introduces the Cauchy mutation
strategy, which searches the local area of the first three grey wolves, generates random
disturbances within the potential optimal solution range, expands the search range,
and generates the possibility of new solutions, which enhances the algorithm to jump
out of the local optimum, as shown in Eq. (20).

1
7(1+x2)

fx) = 19)

Xo () = Xu() X Cauchy(0, 1)
Xg(t) = Xp(t) x Cauchy(0, 1) (20)
Xs(t) = X5(t) x Cauchy(0, 1)
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where X/, Xg/, and Xs/ are the positions generated by «, 8, and § grey wolf after
Cauchy mutation, respectively. f (x) represents the standard Cauchy distribution func-
tion.

3.6 The computational complexity of HGWO

In this section, we mainly introduce the computational complexity of HGWO. Gen-
erally speaking, metaheuristics are complex systems containing stochastic processes,
so it is unreasonable to use traditional estimation methods, that is, to study complex-
ity from a deterministic perspective. Therefore, this study draws on the practice of
Rodriguez et al. (2021) and uses Big-O notation to evaluate the computational com-
plexity of HGWO.

The computational complexity is affected by the population size N, the dimension
D, and the maximum number of iterations #,,,. The computational complexity of
basic GWO is O(N - D - ty4y). To facilitate the determination of the computational
complexity of HGWO, it is divided into two parts: I and II (see Algorithm 1). Part I
presents the initialization (see lines 1-2), and part II presents the main loop (see lines
3-14). Firstly, the computational complexity of Section @ to initialize the population
is O(N - D + N). Then, the computational complexity of Section @ is O(N - log
(N) - tyax), the computational complexity of Section @ is O(N - D - fyqy), the
computational complexity of Section @ is O ((% -D+N ) - tma x), the computational
complexity of Section ® is O(3 - D - t,45). Finally, the computational complexity of
Section ® is O (N - ty4y ). Thus, the total computational complexity of the HGWO is
ON-D+N+N -10g(N) - tyax + N - D - tyax + (5 - D+ N) - tyax +3 - D - tyyax+
N - tymax) & O(N - D - tyay). As a result, the computational complexity of the
proposed HGWO is not increased, but the performance is different. See the Table 1
for details.
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Algorithm 1 Pseudo-code of HGWO

Input: Maximum number of iterations t,,,,, population size N, and dimension D

Output: Optimal solution

1: Initialize the population of solutions by applying the Halton sequence strategy ~
1 1
2: Calculate the fitness values of each grey wolf’s position v
3: While (1< t,,4,) do
4: Find X,, Xp, and Xs (&)
S: for i=1: N do
6: Update the position of grey wolves according to Equation (14) ®
7: end for
8: for i=1: N do 11
9: Update the position of grey wolves by using the crisscross strategy @
10:  end for
11:  Update the position of the first three grey wolves by using the Cauchy mutation strategy ®
12:  Calculate the fitness values of each grey wolf’s position (G]
13: =t+1
14: end While

15: Optimal solution

4 Experimental results

In this section, the performance of the proposed HGWO is evaluated by 15 benchmark
functions in different dimensions. The whole experiments are carried out from the
following six parts: (1) experimental setup and benchmark functions; (2) comparison
with other methods; (3) effectiveness of introduced strategies; (4) convergence analysis
of HGWO; (5) diversity analysis of HGWO; and (6) non-parametric statistical analysis.

4.1 Experimental setup and benchmark functions

The HGWO is evaluated in 15 benchmark functions. The GWO and nine other methods
between 2016 and 2024, including WOA, SSA, GSK, AOA, AHA, HBA, MSMA,
EOBGWO, and AGWO, are used as a competition to investigate HGWO. Table 2
describes the parameters of different methods. The values are the same as those in the
corresponding references.

F to F5 are unimodal functions, Fg to F9 are multimodal functions, and Fjg to Fis
are fixed dimension functions. The corresponding formula of functions, dimension,
range, and theoretical optimal value are presented in Table 3. Several related studies

@ Springer



86 Page 14 0f 53

Journal of Combinatorial Optimization (2024) 47:86

Table 2 Parameter of different
methods

Specifications

Common parameters

GWO (Mirjalili et al. 2014)
WOA (Mirjalili and Lewis 2016)

SSA (Xue and Shen 2020)

GSK (Mohamed et al. 2020)

AOA (Abualigah et al. 2021)

AHA (Zhao et al. 2022)
HBA (Hashim et al. 2022)

MSMA (Deng and Liu 2023)

EOBGWO (Chandran and
Mohapatra 2023)

The maximum number of
iterations (¢4 ) = 500

Population size (N) = 30
Dimension (D) = 30/100/500
« reduces linearly from 2 to 0

b = 1, « reduces linearly from
2to0

pNum = 0.2 NP, sNum = 0.2
NP,R; =0.8

P=0.1kr=05k =09,K
=10

Control parameter u = 0.499,
sensitive parameter o« = 5

Migration coefficient = 2n

B (the ability of a honey badger
to get food) = 6,C =2

z=0.03,E=100,N =10

« reduces linearly from 2 to 0,
Jr =0.1

AGWO (Ma et al. 2024)
HGWO (in this study)

No parameters

o reduces from 2 to 0

have used these benchmark functions (Abd Elaziz et al. 2017). All the experiments
were carried out on PYTHON 3.9 software and the MacOS Catalina system, and the
hardware details were Intel Core i7 CPU (2.8 GHz) and 16 GB RAM.

4.2 Comparison with other methods

This section compares HGWO with GWO, WOA, SSA, GSK, AOA, AHA, HBA,
MSMA, EOBGWO, and AGWO on the 15 benchmark functions given in Table 3. The
parameter settings are detailed in Table 2. In Tables 4, 5 and 6, comparison methods
for benchmark functions in dimension = 30, 100, and 500 are described as the best,
worst, average (Avg), and standard deviation (Std). The optimal value is marked in
bold. Since AGWO has discussed the performance of most functions in Table 3 in
30 dimensions in its own published paper, the results of AGWO directly follow the
results of the published paper.

From Tables 4, 5 and 6, HGWO generally obtains the best results. Among them,
for the F3 function in Table 4, the average is 2.69E—06, 4.82E—10, 4.48E—07, 71.40,
2.39E+04, 1.93E—131, 2.53E—12, 7.69E—53, 7.77E—13, 0, and 0 for GWO, WOA,
SSA, GSK, AOA, AHA, HBA, MSMA, EOBGWO, AGWO, and HGWO, respec-
tively. Based on these results, the theoretical optimal values of unimodal (Fy, F3—F5s),
multimodal (Fg, Fy), and fixed dimension (F10—F14) are obtained by HGWO. For the
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F> function in Table 4, MSMA and AGWO found better Avg values. For the F5 func-
tion in Table 4, EOBGWO found better best and worst values. It is worth noting that
HGWO outperforms other methods by tens of orders of magnitude in all indicators on
the Fg function, which shows that HGWO can exploit more efficiently. It can be seen
from Tables 5 and 6 that as the dimension increases, the performance of EOBGWO
decreases significantly, especially the F3 function. Furthermore, we also use the stan-
dard deviation (Std) metric to validate the stability of HGWO. The smaller the standard
deviation, the better the stability of the algorithm. Tables 4, 5 and 6 show that HGWO
obtains smaller values on most benchmark functions, indicating that HGWO has good
stability.

4.3 Effectiveness of introduced strategies

This section is mainly to verify the effectiveness of different strategies and compare
HGWO with GWO containing only a single strategy, including the Halton sequence
initialized population grey wolf optimizer (GWO1), the dimension learning-based
position update strategy grey wolf optimizer (GWO?2), the crisscross strategy grey wolf
optimizer (GWQO3), and the Cauchy mutation strategy grey wolf optimizer (GWO4).
The specific results are shown in Table 7. The optimal value is marked in bold.

From Table 7, for most functions, the average and best values obtained by GWO1
are one to two orders of magnitude higher than those of GWO, which means the Hal-
ton sequence strategy effectively improves population diversity. Then, GWO?2 also
performs better than GWO, which indicates using Euclidean distance to obtain neigh-
boring solutions to balance exploration and exploitation. Moreover, GWO3 has other
enhancement effects for different functions, which brings better solutions than GWO
on unimodal functions, indicating that GWO3 continuously retains higher quality
grey wolves and converges quickly. Finally, GWO4 can find better solutions in the
late iteration. However, it is worth noting that a single strategy has some limitations
for GWO, making it impossible to maintain a high optimality search for different
functions. Therefore, by combining the above four improvement strategies, HGWO
can obtain better solutions.

4.4 Convergence analysis of HGWO

This section mainly discusses the convergence of HGWO and other advanced algo-
rithms such as GWO, WOA, SSA, GSK, AOA, AHA, HBA, MSMA, EOBGWO, and
AGWO on 15 benchmark functions. The convergence curve indicates the relationship
between the fitness and the iterations, which is mainly used to analyze the optimization
behavior of the proposed HGWO. Figure 5 shows the convergence curves of different
algorithms in detail.

From Fig. 5, HGWO achieves the least number of iterations in the case of similar
accuracy, WOA, SSA, GSK, AHA, and HBA are smoother, and they have lower accu-
racy. Moreover, for the F7 function, HGWO shows noticeable fluctuations decrease
with the lapse of iteration, which suggests that the dimension learning-based position
update strategy can find better solutions. Furthermore, compared to EOBGWO and

@ Springer
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Fig. 5 Convergence curves of different methods on 15 benchmark functions

AGWO, HGWO can find a smaller resolution, which indicates that it can outperform
the compared methods in various benchmark functions.

4.5 Diversity analysis of HGWO

This section analyzes the diversity of HGWO and GWO, WOA, SSA, GSK, AOA,
AHA, HBA, MSMA, EOBGWO, and AGWO on 15 benchmark functions. In this
study, we use the diversity metric proposed by Osuna-Enciso et al. (2022) to measure
the diversity of the algorithm. The specific metric is as shown in Eqs. (21-23). Table 8
shows the diverse results of different algorithms in detail. The optimal value is marked
in bold.

V
nVOL = [Lo (21)
lim
D
Viim = | [ Jlwi — i1 (22)
i=1
D
Voop = | [ [ - 90) (23)
i=1

where Eq. (21) is used to assess the diversity of the algorithm, Eq. (22) corresponds
to the boundary constraint of the search space, and Eq. (23) represents the spatial

@ Springer
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distribution of the population during the iterative process. u; and /; represent the upper
and lower bounds of the ith dimension, respectively. y; represents the interquartile
range of the ith dimension.

From Table 8, HGWO has obtained better values on most benchmark functions,
which is much smaller than other comparison algorithms, including GWO, WOA,
SSA, GSK, AOA, AHA, HBA, MSMA, EOBGWO, and AGWO, indicating that the
introduction of Halton sequence strategy improved the limitation of insufficient popu-
lation diversity of the basic GWO, and further verified the effectiveness of the proposed
HGWO.

4.6 Non-parametric statistical analysis

This section mainly verifies the performance of the proposed HGWO further. Non-
parametric statistical methods (Cleophas and Zwinderman 2011), including the
Wilcoxon signed-rank test and Friedman test, are used to conduct statistical tests
on HGWO and ten other advanced algorithms. Among them, the significance level p
is set to 5%. The specific results are shown in Tables 9 and 10 for details.

From Table 9, HGWO is significantly different from GWO, WOA, SSA, GSK,
AOA, AHA, HBA, MSMA, EOBGWO, and AGWO for all benchmark functions,
indicating that HGWO performs superior to the different methods. From Table 10,
HGWO is the best compared to other methods in the Friedman test, and the Chi-
Square is 48.73 and p < 0.05. Therefore, it is also shown that there is a remarkable
difference between HGWO and GWO, WOA, SSA, GSK, AOA, AHA, HBA, MSMA,
EOBGWO, and AGWO.

5 Experiments on engineering design problems

This section also applies the proposed HGWO to solve eight engineering opti-
mization problems, such as welded beam design, pressure vessel, three-bar truss,
tension/compression spring, speed reducer, tubular column, piston lever, and heat
exchanger. In this experiment, the maximum number of iterations is 1000, popula-
tion size is 30, the best results obtained from 30 runs are compared with the results
shown in the corresponding references (Meng et al. 2014; Mirjalili and Lewis 2016;
Nadimi-Shahraki et al. 2020; Abualigah et al. 2021; Chandran and Mohapatra 2023;
Seyyedabbasi and Kiani 2023; Hu et al. 2023). In Tables 11, 12, 13, 14, 15, 16, 17,
and 18, the optimal value is marked in bold.

5.1 Welded beam design

There are seven restrictions on the problem: g1(x) to g7(x), as well as four decision
variables, which are the weld width (x1), the bar length (x>), the bar height (x3), and the
bar width (x4) (Coello 2000). Mathematically, the details are shown in Egs. (24-31).

From Table 11, HGWO performs better than others in that it provides a more
reliable solution in which the optimal variables are [x1, x2, x3, x4] =[0.1679, 3.3724,
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Table 10 Experimental results of

the Friedman test Methods Mean Rank

GWO 7.36 8
WOA 7.39 9
SSA 6.96 6
GSK 7.25 7
AOA 8.25 11
AHA 3.64 2
HBA 7.57 10
MSMA 5.75 5
EOBGWO 4.82 4
AGWO 4.36 3
HGWO 2.64 1
Chi-square 48.73

p value 4.56E—07

Table 11 The results of a welded beam

Methods X1 X2 X3 X4 f(x)

CSO (Seyyedabbasi and Kiani 2023) 0.2044 3.3125 8.9941 0.2108 1.7321
WOA (Seyyedabbasi and Kiani 2023) 0.2919 3.5048 4.9972 0.6728 3.1610
SSA (Seyyedabbasi and Kiani 2023) 0.1734 3.9339 9.0565 0.2056 1.7374
GSA (Seyyedabbasi and Kiani 2023) 0.1545 4.6516 9.5467 0.2553 2.3093
PSO (Seyyedabbasi and Kiani 2023) 0.2059 3.2508 9.0332 0.2059 1.6963
BWO (Seyyedabbasi and Kiani 2023) 0.5584 2.5582 5.5655 0.6067 3.5709
SCSO (Seyyedabbasi and Kiani 2023) 0.2057 3.2530 9.0366 0.2057 1.6952
GWO (Seyyedabbasi and Kiani 2023) 0.2029 3.3172 9.0404 0.2058 1.7100
HGWO 0.1679 3.3724 10.0000 0.1680 1.5092

10.0000, 0.1680] and the optimal objective’ value is f(x) = 1.5092, it proves the
efficiency of HGWO in practical applications.

Function:
min f(x) = 1.10471x12x2 +0.04811x3x4(14 + x2) (24)
Subject to:
g1(x) = T(x) — Tjpax <0 (25)
82(x) =0 (x) = Opax <0 (26)
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23(x) = 8(x) — Smax <0
g4(x) =x1—x4 <0
gs(x) =P —P(x) <0
g6(x) =0.125—x; <0

g71(x) = 1.10471x12 +0.04811x3x4(14 +x2) —5<0

Variable range:

— n2 2///x_2 m2

T(x) \/(r) +2t't 2R+(r)
P

V2x1x2

_ MR

/

_L,//

X2X6
4.013E 34 X E
P(x) = —— V36 1 B/
L? 2LV 4G

P =6000/b, L = 14in., §uax = 0.25in., E = 30,000,000 psi
G = 12,000,000psi, Tnax = 13,600psi, o4 = 30,000psi
0.1 <x1,x<2,01<xp,x3<10

27)

(28)

(29)

(30)

€19
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5.2 Pressure vessel

There are four kinds of constraints: g1 (x) to g4(x), as well as four decision variables,
such as shell width (x1), head width (x3), inner radius (x3), and cylindrical height (x4)

(Sandgren 1990). Mathematically, the details are shown in Egs. (32-36).

From Table 12, HGWO performs better than others in that it provides a more
reliable solution in which the optimum variables are [x1, x3, x3, x4] =[0.7782,0.3850,
40.3209, 199.9919] and optimal objective’ value is f(x) = 5887.04.

Function:

min f (x) = 0.6224x1x3x4 + 1.7781x2x3 + 3.1661x4x7 + 19.84x3x7 (32)
Subject to:
g1(x) = —x1+0.0193x3 <0 (33)
g2(x) = —x2 +0.00954x3 <0 34)
_ 243
83(x) = —mxaxy — gﬂx3 +1,296,000 <0 35)
ga(x) =x4—240<0 (36)
Variable range:
0<xy, x0<99, 10 <x3, x4 <200
Table 12 The results of pressure vessel
Methods X1 X2 X3 X4 fx)
CSO (Seyyedabbasi and Kiani 2023) 0.9953 0.4922 51.5106 87.1774 6389.35
WOA (Seyyedabbasi and Kiani 2023) 0.8093 1.2151 41.1110 189.2692 8497.55
SSA (Seyyedabbasi and Kiani 2023) 0.9101 0.4499 47.1576 122.6549 6152.18
GSA (Seyyedabbasi and Kiani 2023) 1.0921 14.1349 56.5865 71.8650 84,851.85
PSO (Seyyedabbasi and Kiani 2023) 1.0206 0.5045 52.8803 77.0186 6442.20
BWO (Seyyedabbasi and Kiani 2023) 4.0618 20.3225 58.7254 77.2508 159,345.50
SCSO (Seyyedabbasi and Kiani 2023) 0.7798 0.9390  40.3864 199.2918 5917.46
GWO (Seyyedabbasi and Kiani 2023) 0.8055 0.3992  41.7309 181.2937 5938.51
HGWO 0.7782 0.3850  40.3209 199.9919 5887.04
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5.3 Three-bar truss

There are three kinds of constraints: g1 (x) to g3(x), and two decision variables, which
are the cross-sectional of component 1 (x1) and the cross-section of component 2 (x2)
(Save 1983). Mathematically, the details are shown in Egs. (37-40).

From Table 13, HGWO is superior to others in that it provides a more reliable
solution in which the optimal variables are [x, xo] = [0.78878, 0.40794], and the
optimal objective’ value is f(x) = 263.8958. Moreover, it is proved that HGWO is
effective in practice.

Function:
min f(x) = (NEM +x2) 1 (37)
Subject to:
2
gl(x):M.p_gso (38)
(ﬁxlz + 2x1x2)
o) = — 2 P-5<0 (39)
(«/zx% + 2x1x2)
(x) ! P <0 (40)
X)) =-—"—="P-0o=x
<x1 + \/Exz)

Variable range:

[ =100cm, P =2kN/cm?, o = 2kN/cm?

0<xi,x =1

Table 13 The result of the three-bar truss

Methods X1 X2 f(x)

AOA (Abualigah et al. 2021) 0.79369 0.39426 263.9154
GSA (Seyyedabbasi and Kiani 2023) 0.74707 0.53067 264.7698
WOA (Chandran and Mohapatra 2023) 0.80860 0.35461 264.1700
SCA (Chandran and Mohapatra 2023) 0.77693 0.44347 264.1000
GWO (Chandran and Mohapatra 2023) 0.79375 0.39407 263.9100
HGWO 0.78878 0.40794 263.8958
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5.4 Tension/compression spring

There are four constraints: g1(x) to g4(x), as well as three decision variables, which
are the wire diameter (x1), the average coil diameter (x,), and the number of active
coils (x3) (Coello 2000). Mathematically, the details are shown in Egs. (41-45).
From Table 14, HGWO is superior to others in that it provides a more reliable
solution in which the optimum variables are [x1, x2, x3] = [0.0515, 0.3537, 11.4643]
and the optimal objective’ value is f(x) = 1.2667238E—02.

Function:

Subject to:

min f(x) = x12x2(2 + x3)

3
X5 X3
x)=1-——2"_
8100 71785x%
4x§ — X1X2
xX) = + —1<
8209 = 1 S66(racs — %) | 51082 -
140.45x,
ga(r) = 1— 2 g
xX5X3
X1+ X2
ga(x) = 5~ 1<0

Variable range:

005<x1 <2, 025<xp <13, 2<x3<15

Table 14 The result of tension/compression spring

(41)

(42)

(43)

(44)

(45)

Methods X1 X2 X3 f(x)

CSO (Seyyedabbasi and Kiani 2023) 0.0671 0.8482 2.4074 1.6829585E—02
WOA (Seyyedabbasi and Kiani 2023) 0.0554 0.4526 7.2886 1.2901922E—02
SSA (Seyyedabbasi and Kiani 2023) 0.0500 0.3122 14.7463 1.3069754E—02
GSA (Seyyedabbasi and Kiani 2023) 0.0606 0.2749 4.8674 1.7762975E—02
PSO (Seyyedabbasi and Kiani 2023) 0.0500 0.3175 14.0373 1.2717021E—02
BWO (Seyyedabbasi and Kiani 2023) 0.0500 0.3122 14.7963 1.3109512E—02
SCSO (Seyyedabbasi and Kiani 2023) 0.0500 0.3175 14.0200 1.2717020E—02
GWO (Seyyedabbasi and Kiani 2023) 0.0500 0.3174 14.0373 1.2727747E-02
HGWO 0.0515 0.3537 11.4643 1.2667238E—02
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5.5 Speed reducer

In this model, the constraints include gi(x) to gi1(x). It has seven variables: face
width (x1), the module of teeth (x,), number of teeth in the pinion (x3), length of the
first shaft between bearings (x4), size of the other shaft between bearings (x5), the
diameter of the first shaft (xg), and diameter of the other shaft (x7) (Hu et al. 2023),
f(x) is the minimum weight of speed reducer. Mathematically, the details are shown
in Egs. (46-57).

Function:

min f (x) = 0.7854xx2 (3.3333x§ +14.9334x3 — 43.0934)

—1.508x; (xé + x%) +7.4777 (xg + x%) +0.7854 <x4x§ + xsx72> (46)

Subject to:
27
g1(x) = -1=<0 47)
X1X5X3
397.5
gx)=—55-1<0 (48)
X1X5X3
1.93x}
g = —4% 120 (49)
X2X3X¢
1.93x3
ga(x) = > —1<0 (50)
X2X3X7
2
\/(7;&) +16.9 x 109
(x) = 17 —1<0 (51)
g5 110.0x2 =
74555 \ 2 6
<x2—m> +157.5 x 10
86(x) = 85,012 -1<0 (52)
X2X3
g71(x) = 20 1<0 (53)
5)(2
gs(x) = o 1<0 (54)
xi
go(x) = T, 1<0 (55)
1.5x6 +1.9
gio(x) = Y 1<0 (56)
1.1x7+1.9
gll(X)Z;—S—lio (57)
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Table 15 Results of speed reducer problem compared with other methods

Methods X1 X2 X3 X4 X5 X6

X7

fx)

MVO (Hu 3.5107 0.7000  17.0000  7.5324  7.8000  3.3685
et al.
2023)

HHO (Hu 3.5000 0.7000  17.0000  8.0569  8.0632  3.3541
et al.
2023)

SCA (Hu 3.5096  0.7011 17.0000  7.3000  7.8000  3.3599
et al.
2023)

TSA (Hu 3.5182  0.7000  17.0000  7.3000  7.8000  3.3517
et al.
2023)

GWO (Hu 3.5010 0.7000  17.0000  7.3000  7.8092  3.3533
et al.
2023)

HGWO 3.5001  0.7000  17.0000  7.4532  7.8000  3.3533

5.2870

5.3091

5.3217

5.2951

5.2879

5.2868

3007.5742

3024.1829

3030.1687

3009.3231

2998.5686

2998.5623

Variable range:

26<x1 <36, 07<x<038, 17<x3<28

73 <x4<83, 78<x5<83, 29<x=<39, 5=<x7<55

From Table 15, HGWO is superior to others in that it provides a more reliable
solution in which the optimum variables are [x1, x2, x3, x4, X5, X6, X7] = [3.5001,
0.7000, 17.0000, 7.4532, 7.8000, 3.3533, 5.2868] and the optimal objective’ value is

f(x) =2998.5623.

5.6 Tubular column

In this model, the constraints include g1 (x) to ge¢(x), and the tubular column problem
has two variables, f(x) is the minimum cost of the tubular column (Bayzidi et al.

2021). Mathematically, the details are shown in Eqgs. (58—64).
Function:

min f(x) = 9.8x1x2 + 2x]

Subject to:
P
gIn) = ——— —1<0
TTX1X20Yy
8PL?
g2(x) = 1<0

7'[3Ex1x2(x12 + x%) B
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Table 16 Results of tubular column problem compared with other methods

Methods X1 X2 f(x)
AOA (Abualigah et al. 2021) 6.01172 0.32398 30.63003
MTDE (Nadimi-Shahraki et al. 2020) 5.50007 0.29816 27.05308
WOA (Mirjalili and Lewis 2016) 5.46349 0.29721 26.81767
CSO (Meng et al. 2014) 5.44323 0.29783 26.74054
GWO 5.45219 0.29191 26.50195
HGWO 545113 0.29197 26.49986
2.0
gx)=—-1=<0 (61)
X1
X1
=2 _1<0 (62)
14
0.2
g5(x)=——-1=<0 (63)
X2
X2
c(x)=——-1=<0 (64)
8 0.8

Variable range:

P =2500kgf, L =250cm, E =0.85x 10°kgflcm?, o, = 500 kgf/cm?
2<x1 <14, 02<x<0.8

From Table 16, HGWO is superior to others in that it provides a more reliable
solution in which the optimum variables are [x1, x2] = [5.45113, 0.29197], and the
optimal objective’ value is f(x) = 26.49986.

5.7 Piston lever

In this model, the constraints include g1 (x) to g4(x). The piston lever problem has four
variables, f(x) is the minimum oil volume of the piston lever (Bayzidi et al. 2021).
Mathematically, the details are shown in Egs. (65-69).

Function:
. I,
min f(x) = erx3 (L, — Ly) (65)
Subject to:
g1(x) = QLcosO — R x F <0 (66)
82(x) = QL —x4) — Mpyax <0 (67)
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Table 17 Results of piston lever problem compared with other methods

Methods X1 X2 X3 X4 f(x)
CSO (Seyyedabbasi and Kiani 2023) 0.050 2.399 4.804 85.68 13.7094
WOA (Seyyedabbasi and Kiani 2023) 0.099 2.057 4.112 118.14 9.0594
SSA (Seyyedabbasi and Kiani 2023) 0.050 2.073 4.145 116.32 8.8024
GSA (Seyyedabbasi and Kiani 2023) 497.49 500 2.215 60.041 168.0943
PSO (Seyyedabbasi and Kiani 2023) 500 500 1.882 59.999 159.3016
BWO (Seyyedabbasi and Kiani 2023) 12.364 12.801 3.074 172.02 95.9980
GWO 0.0500 1.0092 2.0162 500.0000 1.0584
HGWO 0.0501 1.0082 2.0162 500.0000 1.0576
g3(x)=12(L2—L)—-L1 =0 (68)
X3
galx) == —-x =0 (69)

Variable range:

R

| —x4(x48in0 + x1) + x1(x2 — x4c086)|

V(s — x2)?

F_an%
T4

L] = ,/()C4 —)CQ)2+X%

+)C1

L, = \/(x4sin9 +x1)2 + (xo — )C4COSQ)2

6 =45, Q=10,000lbs, L =240in.
Mpaxe = 1.8 x 10%1bs, P = 1500psi

0.05 < x1, x2, x4 <500, 0.05 < x3 <120

From Table 17, HGWO is superior to others in that it provides a more reliable
solution in which the optimum variables are [x1, x2, x3, x4] =[0.0501, 1.0082,2.0162,
500.0000] with the best objective’ value f(x) = 1.0576.

5.8 Heat exchanger

This model’s constraints include g1 (x) to g¢(x), and the heat exchanger problem has
eight variables (Jaberipour and Khorram 2010). f(x) is the minimum heat exchanger.
Mathematically, the details are shown in Egs. (70-76).
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Function:

min f(x) = x1 +x2 +x3 (70)

Subject to:
g1(x) =0.0025(x4 +x6) — 1 <0 71)
g2(x) =0.0025(xs +x7 —x4) — 1 <0 (72)
83(x) =1-0.01(xg —xs5) =0 (73)
g4(x) = x2x7 — 1250x5 — x2x4 + 1250x4 > 0 (74)
g5(x) = x1x6 — 833.33252x4 — 100x; + 83,333.333 > 0 (75)
g6(x) = x3x8 — x3x5 + 2500x5 — 1250,000 > 0 (76)

Variable range:
100 < x1 < 10,000, 1000 < x2, x3 < 10,000, 10 < x; < 1000 =4, 5, 6, 7, 8)

From Table 18, HGWO is superior to others in that it provides a more reliable
solution in which the optimum variables are [x1, X2, X3, X4, X5, X6, X7, X3] =[148.705,
1916.619, 5249.030, 122.595, 290.258, 229.805, 232.103, 390.242] with the best
objective’ value f(x) = 7314.354.

6 Conclusion and future works

In view of the shortcomings of GWO, this study proposes a hybrid grey wolf optimizer
(HGWO). First, the Halton sequence is used to enlarge the search scope and increase
the diversity of the population. Then, the dimension learning-based is used for position
update to balance exploitation and exploration. Furthermore, the crisscross strategy
is used to enhance convergence precision. Finally, the Cauchy mutation strategy is
adapted to avoid falling into the local optimum. To explore the performance, comparing
with other methods with three dimensions for 15 benchmark functions, the impact of
introduced strategies, convergence analysis, diversity analysis, and the non-parametric
analysis of HGWO are tested, the results show that HGWO performs better than GWO,
WOA, SSA, GSK, AOA, AHA, HBA, MSMA, EOBGWO, and AGWO. Statistically,
the performance of HGWO is better than that of other methods. Furthermore, it has
been demonstrated that HGWO can effectively address engineering problems.
Although HGWO effectively solves benchmark functions and practical engineering
optimization problems, there is still some field for improvement. In future research,
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single-objective HGWO can be further extended to multi-objective optimization algo-
rithms, and further improving HGWO by introducing adaptive adjustment parameters
or combining it with other effective strategies based on information entropy will be
one of the future research directions (Liang et al. 2024). In addition, the proposed
HGWO may also have great application potential in solving other complex optimiza-
tion problems, such as flow shop scheduling problems, traveling salesman problems,
feature selection, image segmentation, and path planning.
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