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Abstract

Let G be a graph with vertex set V and asubset D C V. D is atotal dominating set of G
if every vertex in V is adjacent to a vertex in D. D is a restrained dominating set of G if
every vertex in V' \ D is adjacent to a vertex in D and another vertex in V\ D. D is a total
restrained dominating set if D is both a total dominating set and a restrained dominat-
ing set. The minimum cardinality of total dominating sets (resp. restrained dominating
sets, total restrained dominating sets) of G is called the total domination number (resp.
restrained domination number, total restrained domination number) of G, denoted by
¥:(G) (resp. Yr(G), ¥4+ (G)). The Minimum TotaL RESTRAINED Domination (MTRD)
problem for a graph G is to find a total restrained dominating set of minimum car-
dinality of G. The ToraL RESTRAINED DomNaTioN DEcision (TRDD) problem is the
decision version of the MTRD problem. In this paper, firstly, we show that the TRDD
problem is NP-complete for undirected path graphs, circle graphs, S-CB graphs and
C-CB graphs, respectively, and that, for a S-CB graph or C-CB graph with n vertices,
the MTRD problem cannot be approximated within a factor of (1 — €)lnn for any
€ > Ounless NP € DTIME (n©U0glogn)y Secondly, for a graph G, we prove that
the problem of deciding whether y,-(G) = y4(G) is NP-hard even when G is restricted
to planar graphs with maximum degree at most 4, and that the problem of deciding
whether y;(G) = y4+(G) is NP-hard even when G is restricted to planar bipartite
graphs with maximum degree at most 5. Thirdly, we show that the MTRD problem is
APX-complete for bipartite graphs with maximum degree at most 4. Finally, we design
a linear-time algorithm for solving the MTRD problem for generalized series—parallel
graphs.
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1 Introduction

Domination is a well-researched topic in graph theory, the literature on this subject is
well described in two books by Haynes et al. (1998a,b). And numerous researchers
have thoroughly investigated the variations of domination in graphs.

Let G be a graph with vertex set V and edge set E. For vertex v € V, the open
neighborhood Ng (v) of v is the set {u € V|uv € E}, its cardinality |[Ng(v)| is called
the degree of v, and the closed neighborhood of v is the set Ng[v] = N(v) U {v}.
Moreover, when no confusion can arise, Ng (v) and Ng[v] are simplified by N (v) and
N[v], respectively. The maximum degree of G will be denoted by A(G). A leaf of
G is a vertex of degree 1, a support vertex is a vertex adjacent to a leaf. For a subset
D C V. D is a total dominating set (TDS), introduced by Cockayne et al. (1980), of
G if every vertex in V is adjacent to a vertex in D. D is a restrained dominating set
(RDS), introduced by Domke et al. (1999), of G if every vertex in V \ D is adjacent
to a vertex in D and another vertex in V \ D. D is a total restrained dominating set
(TRDS), introduced by Ma et al. (2005), of G if every vertex in V is adjacent to a vertex
in D and every vertex in V \ D is adjacent to a vertex in V \ D. Obviously, a TRDS
is exactly both a TDS and a RDS. By the definitions we easily get two observations:

Observation 1.1 Each RDS in graph G includes all its leaf vertices.

Observation 1.2 Each TRDS in graph G contains all its leaf vertices and support
vertices.

The minimum cardinality of total dominating sets (resp. restrained dominating sets,
total restrained dominating sets) of G is called the toral domination number (resp.
restrained domination number, total restrained domination number) of G, denoted by
¥ (G) (resp. ¥, (G), y1r(G)). The Minimum ToTaL RESTRAINED DomiNaTioN (MTRD)
problem (resp. the Minimum TotaL Domination (MTD) problem) for a graph G is to
find a TRDS (resp. a TDS) of minimum cardinality of G. Given a positive integer k
and a graph G, the ToraL ReEsTRAINED DomiNaTION DECIsioN (TRDD) problem (resp.
the TotaL DominatioN Decision (TDD) problem) is to decide whether G has a TRDS
(resp. a TDS) of cardinality at most k. For detail research on total domination, see a
survey (Henning 2009).

Obviously, for a graph G with no isolated vertices, ¥, (G) > y:(G) and y;,-(G) >
¥r(G). Raczek and Cyman (2008) characterized the trees T with y;-(T) = y;(T) and
Raczek (2007) characterized the trees T with y;,(T) = y(T). Maet al. (2005) proved
that for bipartite graphs and chordal graphs, the TRDD problem is NP-complete. Chen
et al. (2012) also proved that the TRDD problem is NP-complete for planar graphs
and split graphs, respectively.

G is called an undirected path graph (circle graph) if there exists direct mapping
between V and a family of paths of a tree (a set of chords of a circle) such that two
vertices are adjacent if and only if the corresponding paths (chords) intersect. It is well
known that undirected path graph is a subclass of chordal graphs.

A comb is atree obtained from a path P (called backbone) by joining a pendant leaf
(called a rooth) to each vertex of P. A staris defined as a tree with at most one non-leaf.
A bipartite graph G with bipartition (X, Y) (roles of X and Y can be exchanged) is
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called tree-convex, if there exists a tree 7 with vertex set X such that for every vertex
y € Y, the neighborhood of y induces a subtree of 7. When T is a comb (resp. a
star), then G is called comb-convex (resp. star-convex) bipartite graph. We abbreviate
the two bipartite graphs above as C-CB graph and S-CB graph, respectively. Bao
and Zhang (2012) demonstrated that the construction of the associated tree T can be
completed in linear time, and tree-convex bipartite graphs can be efficiently identified
in linear time.

As mentioned in Ma et al. (2005), an application of total restrained domination
is that of guards and inmates. Each vertex in the TRDS represents a guard and each
vertex not in the TRDS represents a inmate. For supervise inmates and ensure the safety
of guards, each prisoner and each guard must be seen by some guards; However, to
safeguard the rights of inmates, it is necessary to ensure that each innate is observed
by another inmate; To ensure the lowest possible cost, it is preferable to deploy the
fewest number of guards feasible.

The present paper is organized as follows. In Sect. 2, we prove that the TRDD
problem is NP-complete for undirected path graphs, circle graphs, S-CB graphs and
C-CB graphs, respectively, and that, for a S-CB graph or C-CB graph with n vertices,
the MTRD problem cannot be approximated within a factor of (1 — €)lnn for any
€ > Ounless NP C DTIME (n©U0glogmy Next, for a graph G, we prove that the
problem of deciding whether y,-(G) = y4(G) is NP-hard even when G is restricted
to planar graphs with maximum degree at most 4, and that the problem of deciding
whether y;(G) = y:(G) is NP-hard even when G is restricted to planar bipartite
graphs with maximum degree at most 5. Finally, we show that the MTRD problem is
APX-complete for bipartite graphs with maximum degree at most 4. In Sect. 3, we
design a linear-time algorithm for solving this problem for generalized series—parallel
graphs.

2 Hardness results

In this section, we firstly show that the TRDD problem is NP-complete for undirected
path graphs, circle graphs, S-CB graphs and C-CB graphs, respectively. Secondly,
we discuss the lower bounds of approximation ratio for the MTRD problem in S-
CB graphs and C-CB graphs, and the upper bound of approximation ratio for the
MTRD problem in general graphs. Thirdly, we show that for a planar graph G with
A(G) <4, itis NP-hard to decide whether y,(G) = y4,(G), and that it is NP-hard to
decide whether y;(G) = y;,(G), even if G is a planar bipartite graph with A(G) < 5.
Finally, we show that the MTRD problem is APX-complete for bipartite graphs with
maximum degree at most 4.

2.1 NP-completeness for the TRDD problem

To establish the NP-completeness of a problem P, it is enough to show that P belongs
to the class NP and that a known NP-complete problem is reducible to P in polynomial
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Fig. 1 Illustrations for Theorem 2.1: G and G constructed from G

time. Here, We use the TDD problem, which is already known to be NP-complete for
undirected path graphs (Laskar et al. 1984), circle graphs (Keil 1993), respectively.

Now we present a reduction from the TDD problem to the TRDD problem as fol-
lows.Let G = (V, E) beagraph with V = {v1, v, .. ., v, }, without isolated vertices,
we construct a new graph G| = (Vy, E1), where Vi = V U {qa;, b;, ¢i, d;, e, fill <
i <n}and E1 = E U {v;a;, a;b;, bic;i, cid;, aje;, e; fi| 1 <i < n} (see Fig.1).

Theorem 2.1 Let G and G| be graphs defined as above. Then G has a TDS of size at
most k if and only if G| has a TRDS of size at most k + 4n.

Proof Sufficiency. Let D be a TDS of G with |D| < k. It is obvious that D; =
D U{c;, d;, fi,eill <i <n}isaTRDS of G| with |D{| <k + 4n.

Necessity. Let D’ be a TRDS with |D’| < k +4n in G such that |[D’ N {a;, b;|1 <
i < n}| is as small as possible. For 1 < i < n, since d;, f; are leaves of Gy,
{ci, d;, fi, e;} € D’ by Observation 1.2. By the choice and definition of D’, either
{a;, b;} € D' or {a;, b;} N D' = . But we have

Claim. D' N{a;, b;} =@ forl <i <n.

Let I = {ila;, bi € D'} and D" = D" U |J,; . {vi, vir'}\ U;e;{ai, bi}, where vy €
Ng,(vi) N V. Now we show that D" is a TRDS of G;. Forany 1 < i < n, g;
is adjacent to ¢; € D” and b; is adjacent to ¢; € D”. Consider any v; € V. If
i € I, then there is vy € Ng,(v;) NV such that vy € D”. Otherwise i ¢ I, then
there is v; € Ng,(v;) NV N D’. By the construction of D”, v; € D”. Any vertex
v; € V\D" is adjacent to @; ¢ D”. Thus D" is a TRDS of G| with |D”| < |D’| and
D" N{a;, b;|1 <i < n} =, acontradiction with the choice of D’.

From Claim and {c¢;, d;, f;,e;} € D' for 1 < i < n, it follows immediately that
D' NV isaTDS with [D'N V| <kinG. o

From definitions of undirected path graphs and circle graphs, the following lemma
emerges.
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Lemma 2.1 Assume that G is constructed from a graph G as above, shown in Fig. 1.
If G is an undirected path graph or circle graph, then so is G1.

Clearly, the TRDD problem is in NP for undirected path graphs and circle graphs,
respectively. Combined with Theorem 2.1 and Lemma 2.1, the following theorem
emerges, the following theorem emerges.

Theorem 2.2 The TRDD problem is NP-complete for undirected path graphs and
circle graphs, respectively.

2.2 Lower bounds on the approximation ratio

To obtain a lower bound, we give an approximation preserving reduction from the
MiNnmvuM SET COVER problem.

Minimum SET Cover (MSC) problem: Let U be any non-empty set and S be a col-
lection of (non-empty) subsets of U such that UgcsS = U (and (U, S) is called a set
system). A subcollection 8’ C S is called a set cover (SC) of U, if every element of U
belongs to at least one element of &', i.e., Uges'S = U. The MSC problem is finding
the smallest SC for a given set system (U, S). The SEr Cover DEcisioN problem is to
decide whether U has a SC of cardinality at most k, for a given positive integer k and
a set system (U, S).

A lower bound of the approximation ratio for the MSC problem has been
investigated in Feige (1998).

Theorem 2.3 (Feige 1998) The MSC problem for the input instance (U, S) does
not admit a (1 — €)ln|U |-approximation algorithm for any € > 0 unless NP C
DTIME(|U|P0oelUDY - Eyrthermore, this inapproximability result holds for the
case when the size of the input collection S is no more than the size of the base set U.

Now, we show that a hardness result for the MTRD problem in S-CB graphs. First,
the characterization of S-CB graphs was given as follows.

Lemma 2.2 (Pandey and Panda 2019) Let G = (X, Y, E) be a bipartite graph. G is
a S-CB graph if, and only if, there is a vertex v in X, and every vertex in Y is either a
pendant leaf or a neighbor of v.

Theorem 2.4 The MTRD problem for a S-CB graph G with n vertices does not
admit a (1 — €)lnn-approximation algorithm for any € > 0 unless NP C
DT IME (n©oglogm),

Proof 1t is sufficient to reduce the MSC problem to the MTRD problem. Let the set
system (U, S), where U = {uy,uz,...,up}and S = {S1, 82, ..., Su}, m < p be
an instance of the MSC problem. We construct the bipartite graph G = (X, Y, E) as
follows.

1. For u; € U, add a vertex x; in X; add an additional vertex x,, in X; for §; € S,
add two vertices y; 1, yj2inY.
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Fig. 2 a the S-CB graph and b the C-CB graph constructed from a set system (U,S), where
U = {uy,uz,u3,ug}, and S = {{uy,un}, {up, usz}, {u3, us}}; (c) the corresponding star and (d) the
corresponding comb, respectively

2. Foru; € Sj,add edges XiYj1,Xiyj2 in E; add {xp+1yj,1,xp+1yj,2|l < ] < m}
in E.

Clearly, in polynomial time, G can be constructed. By the construction of G, x4 is
a neighbor of every vertex in Y and further G is a S-CB graph withn = p +2m + 1
vertices by Lemma 2.2. See Fig.2a for an example. Then we have

Construction x: Let D be a TRDS of G defined as above. Construct a SC S’ of U
from D, where S’ = {S;|yj10ryjo € DNY, 1< j <m}with |S'| <|U|— 1.

First, we show that S" is a SC, i.e., for any 1 < i < p, there exists S; € S’ such
that u; € §;. By the definition of D, there exists a neighbor y of x; such that y € D.
Since G is bipartite, y = y; 1 or y; 2 for some 1 < j < m, further u; € §; by the
definition of G and §; € S’ by the definition of S’. Therefore, S” is a SC of U. Note that
|S’| < |DNY|. Then we show that |S’| < |D|—1. Since D is a TRDS of bipartite graph
G=(X,Y,E),DNX #@.Thus |S'| < |DNY| < |DNX|+|DNY|—1=|D|—1.

Claim. For a positive integer k, U has a SC of size at most £ if and only if G has a
TRDS of size at most k + 1.

Let S’ bea SCof U and |S’| < k. Obviously, the set D = {x,11, y; 11S; € S'}isa
TRDS of G and |D| < k4 1. Conversely, it can be obtained directly from Construction
*.

By Claim, if O PT;. is a MSC of U and O PT;,4 is a minimum TRDS of G, then
|OPTtrql = |OPTg| + 1. Suppose to the contrary that there exists a polynomial
time algorithm, say Algorithm A, to approximate the MTRD problem within a ratio
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of (1 — €)Inn for S-CB graphs with n vertices. Then Algorithm 1 (defined as follows)
constructs a solution for the MSC problem.

Algorithm 1 APPROX-TOTAL-RESTRAINED-DOM-SET(G)

Input: An instance (U, S).
Output: A SC S’ of U.
Construct a bipartite graph G = (X, Y, E) from set system (U, S) as above.
Calculate a TRDS D for graph G by Algorithm A.
Construct a SC S’ of U by using Construction  from D.
return S’

Since each step of Algorithm 1 can be accomplished within polynomial time,
Algorithm 1 can be computed in polynomial time. Let / be a positive integer such
that % < €. If |OPTs| < I, then OPTy. can be computed in polynomial time.
Next we assume that |OPTy.| > [. If S’ is a SC of U computed by Algorithm 1,
then |S’| < [D| < ((1 — Onm)|OPTyral = (1 — )lnn)(|OPTse| + 1) = (1 —
6)lnn)(1+|0}3—m)l0PTsc| < (A=) (14+1)|0PTyc| < (1—€?)nn)| O PTy|.
Since m < p,wehaven = p 4+2m + 1 < 4p. Then

IS'] < ((1 = €)nn)| O PTyc| < (1 — €»)In(dp))

In4
|OPTy| = (1—€?) (1 + @> (Inp)|O PT|.

In4

fnp Can be bounded by 1 + €2. Now we

For sufficiently large p(= |U]), the term 1 +
have

In4
IS’ < (1 —€?) (1 + @) (Inp)|OPTsc| < (1 — €)(In|UN|OPTy|,

where €/ = €*.

By Theorem 2.3, if the MSC problem can be approximated within (1 — €’)In|U]|,
then NP C DTIME(|U|°0goglUDy 1t follows that if the MTRD problem can be
approximated within(1 — €)Inn for any € > 0, then NP C DT 1M E (n©Uoglogn)
Hence, the MTRD problem cannot be approximated within (1 — €)Inz unless NP C
DT I ME (n©oglogn)y, |

Theorem 2.5 (Karp 1972). The SET COVER DECISION problem is NP-complete.

Clearly, the TRDD problem is in NP for S-CB graphs. Combined Theorem 2.5 with
Claim in Theorem 2.4, we get

Theorem 2.6 The TRDD problem is NP-complete for S-CB graphs.

Next, we show that the hardness result for the MTRD problem in C-CB graphs by
giving the similar proof as in Theorem 2.4, but the construction of the bipartite graph
is different.

Givenasetsystem (U, S), where U = {u1, u, ..., upyandS = {81, S2, ..., Su},
m < p, we construct a C-CB graph H = (X, Y, E) in the following way:
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1. Foru; € U,addtwo vertices x; | andxi,zinXandavertexylf inY;forS; € S,adda
vertex y; in Y; Denote by X = {x; x|l <i < ph,k=1,2,Y = {y/|l <i < p}.

2. Add the edge x;,1y;, 1 <i < p;

Ifu; € S;, then we add the edge x; 1y, 1 < j < m;

4. Form a complete bipartite graph between X; and Y. Note that H can be

constructed in polynomial time. Figure2b shows the construction of the C-
CB graph H from the set system (U,S), where U = {uy, us, u3, usq}, and
S = {{uy, uz}, {uz, us}, {uz, usg}}. It is easy to see that H is a C-CB graph if
X is taken as the backbone and X is taken as the teeth of the comb. Next,
we give a construction. Construction *%: Let D be a TRDS of H defined
as above, f a mapping from D N Y’ to S such that, for y; € D NY’ with
1 <i < p,u; € f(y)). Construct a SC |S’| < |U| — 1 of U from D by
§'={S;lyj e D, 1<j<m}U{f(y)eSlyeD,1<i=p}
Firstly, we show that " is a SC, i.e., for any 1 < i < p, there exists §; € &’
such that u; € §;. By the definition of D, there exists a neighbor y of x; 1 such
that y € D. Since H is bipartite, either y = y; forsome 1 < j <m,ory = y..
If y = yj, then u; € S; by the definition of H and (u; €)S; € S’ by the
definition of &’. Otherwise, y = y;. Then u; € f(y!) by the definition of f and
(u; €) f(y!) € S’ by the definition of S’. Therefore, S” is a SC of U. Secondly, we
show that |S’| < |D| — 1. Since D is a TRDS of bipartite graph H = (X, Y, E),
DNX #@.Thus |S'|<|DNY|<|DNX|+|DNY|—1=|D|-1.

(O8]

Lemma2.3 Let (U, S) be a set system and H the bipartite graph associated with it,
defined as above. Then (U, S) has a SC of size at most k if and only if H has a TRDS
of size at most k + 1. In particular; the size of a MSC of U equals the size of a minimum
TRDS of H minus 1.

Proof Let S’ be a SC of U with |S’| = k. Evidently, the set D = {x1 2} U{y;|S; € S’}
is a TRDS of H with |D| = k + 1. Conversely, it can be obtained directly from
Construction . O

Clearly, the TRDD problem is in NP for C-CB graphs. Combined Theorem 2.5
with Lemma 2.3, we get

Theorem 2.7 The TRDD problem is NP-complete for C-CB graphs.
Similar to Theorem 2.4 and its proof, we have

Theorem 2.8 The MTRD problem for a C-CB graph G with n vertices does not
admit a (1 — €) Inn-approximation algorithm for any € > 0 unless NP C
DT IME (n©U0glogn),

2.3 Upper bound on the approximation ratio

Let G = (V, E) be a graph of maximum degree A with no isolated vertices, D be a
minimum TRDS of G. Since for any v € D has a neighbor in D by the definition of
TRDS, and V = U,epNg (v), we have |V| = | Uyep No(W)| < Y cp ING(V)| =
Yowepdc() <Y ,cpA=A-|D|.So|V| < A-|D|. It follows that (take the full
vertex set as a TRDS).
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Theorem 2.9 For any graph G = (V, E) with A(G) = A, the minimum TRDS can
be approximated within an approximation ratio of A.

2.4 Hardness results on y,(G) = ¥.(G) (resp. ¥¢(G) = Y (G)) problems for a
graph G

Itis evident that, for a graph G without isolated vertices, ¥, (G) < y4(G) and y:(G) <
v+ (G). A natural question arises: for which graphs does the respective equality hold?
Raczek (2007) characterized the trees T with y,(T) = y;(T) and Raczek and Cyman
(2008) characterized the trees T with y,(T) = y;,-(T), respectively. In this section,
we show that it is NP-hard to decide whether y,-(G) = y;,(G) holds for planar graphs
G with A(G) < 4 and whether y;(G) = y;(G) holds for planar bipartite graphs G
with A(G) < 5, respectively. Here we use the following NP-complete problem, due
to Dahlhaus et al. (1994), as the reduction.

Pranar Exactry 3-BounDeD 3-SAT problem: A formula & with variable set X and
clause set C such that, firstly, each variable has exactly three literals with one of them
occurring in two clauses and the other in one, and each clause in the disjunction of
either two or three literals; secondly, the bipartite graph B with bipartition (X, C),
obtained by connecting an edge between x € X and ¢ € C if ¢ contains one of the
literals x and X, is planar. Notice that A(B) < 3. The PLanar ExacTLy 3-BouNDED
3-Sar is the problem of deciding whether a given Boolean formula satisfied the above
conditions is satisfiable.

Theorem 2.10 For a given planar graph G with A(G) < 4, it is NP-hard to decide
whether v (G) = y-(G).

Proof We reduce from the PLaNAR ExacTLy 3-BounDED 3-Sar problem. Consider a
set of clauses C = {c1, 2, ..., cp} with variables X = {x1, x2, ..., x,}, as the input
for the PLANAR ExacTLy 3-BOUNDED 3-SAT problem, say, B the planar bipartite graph
associated with it, now we construct a graph G = (V, E). For any variable x;, we
introduce a triangle G, with two distinguished literal vertices x; and X;, for any clause
cj € C, we denoted by G, the graph described in Fig. 3 (left). Finally, for x; € ¢;
(resp. X; € cj), we add the edge x;a; (resp. X;a;). See Fig.3 (right) for an example.
In fact, G is obtained from planar B mainly by splitting each of vertices of degree
3 corresponding to variables into two vertices connecting an edge. Clearly, G is also
planar and A(G) < 4.

Claim. C is satisfiable if and only if y;,(G) = y,(G).

First we show that ¥, (G) =n+5p.Let DbeaRDS of G. Then [DNV(Gy,)| > 1
forl1 <i <n.Forl < j <p,{ej, kj} € D by Observation 1.1, |[D N N[m;]| > 1,
IDNN[gjll > 1and [DNN[b;]| > 1 by the definition of D. Note that N[m ], N[g;]
and N [b;] are pairwise disjoint. Thus [D N V(ch)| > 5. Therefore, y(G) = n+5p.
Moreover, {x;,a;,dj,e;, k;,[;|]1 <i <n,1 < j < p}isaRDS of G. Therefore,
vr(G) =n+5p.

Now, assuming that ® is satisfiable. Given a satisfying truth assignment of ®, next
we will prove there exist a TRDS D of G with |D| =n+5p.For1 <i <n,weadd x;
to D, if x; evaluate to true, or X;, otherwise. For 1 < j < p,weadd {a;,d;, ¢;, kj, [;}
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Fig.3 ch and G constructed from a formula ® = (x1 vV x2) A (x1 VX2) A (X1 V x2)

to D. Clearly, | D| = n+5 p. Next we show that D is a TRDS of G. By the construction
of D, it is obvious that D is a dominating set and for any v € V' \ D, v has a neighbor
in V\D. It s sufficient to show that for any v € D, v has a neighbor in D. Obviously,
dj is adjacent to e}, [; is adjacent to k; for 1 < j < p and each literal vertex whose
corresponding literal evaluates to true is adjacent to one of a; for 1 < j < p. Since
® is satisfiable, each a; has a neighbor that is a literal vertex whose corresponding
literal is true, thus a; is adjacent to a vertex in D.

Conversely, let’s assume that 3, (G) = y,,(G)(= n + 5p) and let T be a TRDS of
size n 4+ 5p in G. Similar to the proof above of y,(G) = n+5p, wehave |G, NT| =
1and |T N ch| = 5. By Observation 1.2, {dj,e;,l;, k;j} € T.If b; € T, then
|T NN[b;]| > 2, acontradiction with |ch NT|=5.1tb; ¢ T, fj €T,thenh; €T,
otherwise A is an isolated vertex in V' \ 7. Thus |G; N T'| > 6, a contradiction with
|G, NT|=5.S0a; € T.Thus T N V(G¢;) ={aj,dj, ej, 1}, k;}.

For 1 < i < n, obviously, T contains exactly one of x; and X; in V(G,,). We
establish a truth assignment for ® in the following manner: set x; to true if x; € T
and to false if x; € T. Since each a; belongs to T and b; ¢ T, by the definition of
T, aj has a neighbor that is a literal vertex in T', and the corresponding literal is true.
Consequently, ® satisfies all clauses. O

Theorem 2.11 For a given planar bipartite graph G with A(G) < 5, it is NP-hard to
decide whether y;(G) = y:(G).

Proof We reduce from the PLANAR ExacTLY 3-BOUNDED 3-Sat problem. Consider a set
of clauses C = {c1, 2, ..., cp} with variables X = {x1, x2, ..., x}, as the input for
the PLANAR EXACTLY 3-BOUNDED 3-Sat problem, now we constructagraph G = (V, E).
For any variable x;, we introduce a G,; with two special vertices x; and X;, see Fig.4
(left). For any clause ¢; € C, we introduce a G; described in Fig. 4 (right). If literal
x; (resp. X;) in ¢, then we add the edge x;u } (resp. xju ;) in G. By simple analysis,
we get G is planar bipartite graph and A(G) < 5.

Claim 1. y,(G) = 4n + 5p.

Let D be a TDS of G. By simple analysis, for each G.;, we have the sub-
graph induced by {v}, v?, e, v?} (resp. by {u;, u?, el u}}) contains at least three
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Fig.4 Illustration for Theorem 2.11

(resp. two) vertices in D, thus |D N V(ch)| > 5; for each Gy,, we have the sub-
graphs induced by {r;, x;, gi, z;} and by {x;, #;, s;, w;} both contain at least two
vertices in D, thus |[D N V(Gy)| > 4. Then, y,(G) > 4n 4+ 5p. Moreover,
{xi, zi, wi, xj, u;, u?, v}, v?, v?|1 <i<n,l1<j<plofsizedn+SpisaTDS of
G. Therefore y;(G) < 4n + S5p, then y4(G) = 4n + Sp.

Next, we show

Claim 2. @ is satisfiable if and only if y;,(G) = y,(G).

Suppose that @ is satisfiable. Given a satisfying truth assignment of ®, next we
construct a TRDS D of size 4n 4 5p of G. In each G4, we add {X;, w;, g;, r;} to D,
if x; evaluates to true, and add {x;, z;, s;, t;} to D, otherwise. In each GCJ., we add
{u;, ui, vjl., v;, v?} to D. Clearly, | D| = 4n + 5p. Now we show that D is a TRDS of
G.Obviously, any v € V hasaneighborin D, every vertex in V\(DU{u}. 1<j<ph
has a neighbor in V \ D. It is sufficient to prove that u}, 1 < j < p,isadjacent to a
vertex in V \ D. Since ® is satisfiable, each u} has a neighbor that is a literal vertex

whose corresponding literal is true, which is not in D by the definition of D, thus u}
is adjacent to a vertex in V' \ D.

Conversely, let’s assume that ;- (G) = y;(G) andlet T be a TRDS of size 4n+5p in
G. By the similar analysis as above, we have [T NV (Gy,)| = 4and [T NV (G¢;)| =5.

Fact 1. In each G,;, T contains exactly one of x; and X;.

In G,;, since y; is totally dominated by T, either x; € T orX; € T. If both of them
are in T, then y; € T. Thus the remained one vertex in ' N V (G,;) can not dominate
g; and s; simultaneously, a contradiction.

Fact 2. In each ch, u} ¢T, u? eT.

Similar to the proof of Claim 1, |T N {u}, u?, ... uj}| =2.Thenu ¢ T by the
definition of T. Ifu? ¢ T, then, by the definition of 7, Tﬂ{u}, u?, o “Z} = {u?, u‘}}
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or {ui, u?}. Assume that T N {u}, u?, el u;} = {u?, u‘}}. To dominate u;, then
v? € T. By simple analysis, we have T N {v}, v?, el v?} = {v}., vi;?, v?}. Then ui is

isolated in V \ T, a contradiction with the definition of 7. Therefore u? eT.

We establish a truth assignment for @ by Fact 1 in the following manner: set x;
to be true if x; ¢ T, to be false otherwise. By Fact 2 and the definition of T, u} is
adjacent to a literal vertex which is not in 7 such that the corresponding literal is true.
Consequently, ® satisfies all clauses. O

2.5 APX-completeness

In this section we will prove the APX-completeness of the MTRD problem P for
bipartite graphs with maximum degree at most 4. We need to prove that both P is in
APX, that is, P can be approximated within a constant ratio, and P is APX-hard. To
show the problem P is APX-hard, it is sufficient to show that there is an L-reduction
from an APX-complete problem to P. We first recall the notation of L-reduction as
follows.

L-reduction ( Papadimitriou and Yannakakis 1991): Consider two NP-optimization
problems F and G, along with a polynomial-time transformation f which maps
instances from F and G. We can categorize f as an L-reduction if there are posi-
tive constants « and S8, such that the following condition holds for every instance x of
F,

L. optg(f(x)) <« - optp(x),

2. For every feasible solution y of f(x) with objective value ¢z, in polynomial time
one can find a solution y’ of x with objective value c¢; such that |optg(x) — c1| <
B - loptc(f(x)) — cal.
Next we define the Minimum VERTEX CovER (MVC) problem. Given a graph G =
(V,E),aset S C V of G is called a vertex cover (VC) of G if for every edge
uv € E, eitheru € S orv € S. The MVC problem is to find a VC of G with
minimum cardinality.

Theorem 2.12 The MTRD problem is AP X-complete for bipartite graphs with
maximum degree at most 4.

Proof By Theorem 2.9, the MTRD problem is in APX for bipartite graphs with
maximum degree 4. The MVC problem for graphs with maximum degree at most 3 is
APX-complete (Papadimitriou and Yannakakis 1991). Next, we use the MVC problem
for graphs with maximum degree at most 3 to L-reduction the MTRD problem for
bipartite graphs with maximum degree at most 4. Given a graph G = (V, E) with
A(G) < 3,where V = {vy,v2,...,v,}and E = {ey, e2, ..., e, }, next we construct
a graph G* = (V', E’) (see Fig.5 for an example):

1. Foreachedgee; = uvin G, we first subdivide the edge by introducing an additional
vertex g; (called subdividing vertex corresponding to e;), connecting g; and u, v,
respectively; then we introduce three additional vertices 7;, s;, t; and add the edges
qiri, riSi, Sili.
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(a) (b)

Fig.6 TIllustrations for the proof of Claim in Theorem 2.12. Vertices in Q are indicated as triangles, vertices
in D (resp. D”) are indicated by solid vertices in (a) (resp. (b))

2. For each vertex v; in G, take two additional vertices o;, p; and add the edges v;0;,
0; pi. Obviously, G* is bipartite and A(G*) < 4. For the sake of simplicity, we
denote by O = {o;|1 <i <n}, P ={p;i|]l <i <n}, R ={ri|l <i <m}and
O={qll<i<m} T={]1<i<m},§S={s[l <i<m}

Claim. Let D be any TRDS of G*. There exists a TRDS D’ with |D’| < | D| such that
(Q UR)N D' = @. Furthermore, if C* is a MVC of G and D* is a minimum TRDS
of G*, then |D*| = |C*| + 2n 4+ 2 m.

First, O U P U SUT C D by Observation 1.2. If (Q U R) N D = @, then we can
choose D’ = D, we have finished. Otherwise we can construct another TRDS D”
from D such that |[(Q U R) N D”| < |(Q U R) N D|. Then we can continue to carry
out the process repeatedly until we find D’.

Suppose there exists some 1 < i < m such that {g;,7;} N D # ¥ with g; € Q
corresponding to the edge v;vr in G. If g; € D, then r; € D. Otherwise r; is isolated
in V(G*)\ D, a contradiction with the definition of D. Next, we will break down the
discussion into two cases.

Case 1. {qi, ri} € D.

If either v; or vg is in D, then, by the fact that {0, ox} € D, D" = D\({q;, r;} is
as desired. Otherwise D” = D \ {g;} is as desired.

Case2.q; ¢ Dandr; € D.

If either v;j or vg isin D, then D” = D\ {r;} is as desired. Suppose {v;, vg}ND = ¢
in the following. Let L = {l|q; € Ng+(vj),q; ¢ D,r; € D}. Note thati € L. Then
D" = D U {v;}\{r|l € L} is as desired (see Fig.6 for the illustration).
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IfC*isaMVCof G,then C*U O U P USUT isaTRDS of G*. Hence |D*| <
|C*| 4 2n + 2m. Conversely, by the former part of Claim, we can assume that D* is
a minimum TRDS of G* such that D* N (Q U R) = . Then for any vertex ¢; € Q,
it is dominated by some v; in D*, which is an end of ¢; in G by the definition of G*.
Thus D*\(O U P U SUT)isaVCof G. Therefore, |C*| < |D*| —2n — 2m.

Finally, we prove that the previously introduced construction leads to an L-
reduction. Let D* be a minimum TRDS of G* and C* be a VC of G with the
smallest cardinality. Since A(G) < 3, m < %n and n < 4|C| for any VC C.
Hence |D*| = |C*| + 2n 4+ 2m < 21|C*|. Moreover, given a TRDS D of G*,
there exists a TRDS D’ in G* with |D’| < |D| such that D' N (Q U R) = @ by Claim.
Then C = D'\(OU PUSUT)isaVC of G by the same discuss above. Thus,
IC| = |C*| = (ID'| = 2n —2m) — |C*| < |D| — 2n +2m + |C*|) = |D| — | D*|.
Therefore f is an L-reduction witho =21, 8 = 1. O

3 Alinear-time algorithm for generalized series—parallel graphs

In this section we study generalized series—parallel graphs, including outerplanar
graphs and trees (Korneyenko 1994).

Generalized series—parallel (GSP) graphs with two distinct vertices u and v, called
its left and right terminals respectively, and denoted by G (u; v), are defined recursively
as follows.

(1) A graph with only two vertices, denoted as « and v, connected by an edge represents
a fundamental GSP graph with u and v as its terminals, and

(2) For two GSP graphs G(u1; v1) and Go(uz; v2), performing any of the three
operations below results in a GSP graph:

Series-1 (S1) composition: sticking v and u, while designating u and v, as the
left and right terminals, respectively, of the newly generated graph;

Series-2 (S2) composition: sticking v and u, (still named as v1) while designating
u1 and v as the left and right terminals, respectively, of the newly generated graph;

Parallel (P) composition: sticking u1 and u, (denoted by u1), v and vy (denoted
by v1), respectively, while designating u| and v as the left and right terminals, respec-
tively, of the newly generated graph. We assume that this composition will not result
in multiple edges.

For any GSP graph G, we introduce the definition of a parse tree PT(G). A
parse tree PT(G) is a rooted binary tree where every non-leaf vertex serves as a
representation of a subgraph within G:

(1) Each leaf of PT(G) exactly represents an edge in G;

(2) Eachinternal node u has a label [ (1) either Sy, S> or P, meaning that the subgraph
represented by the node is constructed from two subgraphs represented by its two
children by /(#) composition;

(3) The root represents G itself.

The structure of any GSP graph G can be succinctly represented by its P7 (G). There
are algorithms, with linear time complexity, to determine if a graph G is GSP and to
construct a PT(G) (Eppstein 1992; Ho et al. 1999). And note that parse trees of a
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Fig.7 A GSP graph (left), and one of its parse trees (right)

GSP graph are possibly not unique. An example for a GSP graph and one of its parse
tree is shown in Fig. 7. In what follows, by using the structure of a parse tree, we will
design an algorithm (linear-time) to solve the MTRD problem on GSP graphs.

First, for a GSP graph G = G(u;v) and i, j € {1,2,...,5}, we define a subset,
denoted by T;; (G), of vertex set V (G) such that:

(1) N(w) NT;;(G) # @ forevery w € V(G)\{u, v}.

(2) N(w) N (V(G)\ T;j(G)) # P forevery w € V(G) \ ({u, v} U T;;(G)).

(3) ueTyjand N(u) NTy; # . (resp. v € T;1 and N(v) N T;1 # 0).

4) ueTrjand N(u) NTp; =@. (resp. v € Tj and N (v) N T;p = 0).

O u ¢ T35, Nw)NT3; # ¥ and Nu) N (V(G) \ T3j) # ¥. (resp. v ¢ T;3,
N@) N T3 # P and N(v) N (V(G\Ti3) # D).

6) u ¢ Tyj, Nwu) NTy; # @ and Nu) N (V(G) \ Tyj) = 0. (resp. v ¢ Tia,
N () N T4 # ¥ and N(v) N (V(G)\Ti4) = ¥).

(M u ¢ Ts55, Nu)NTs5; = Pand Nw) N (V(G) \ Ts;) # 0. (resp. v ¢ Tis,
N@) NTi5s = ¥ and N(v) N (V(GN\T;3) # ¥). Let MT;;(G) be a minimum
cardinality T;;(G) and m;;(G) = |[MT;;(G)|. Note that T;; (G) may not exist for
some i, j. If T;;(G) does not exist, denoted by €2, where we let S U Q = Q for
any set S, then m;;(G) is infinity by convention. For example, m11(K2) = 2,
m4(K2) =1, mgp(K3) =1, mss(Kz) = 0, m;j(K2) = oo otherwise.

Let Fi, ..., F; be subsets of V(G). Define min{F;|1 < t < s} be a set which has
minimum cardinality among all {F;|1 < t < s}, that is, |min{F;|l <t < s}| =
min| <<y | F;|. Obviously, min{MT;;(G)|i, j € {1, 3}} is a minimum TRDS of G.
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Lemma 3.1 Let G(uy; va) be a GSP graph obtained by applying a S| composition to
GSP graphs G1(uy; vy) and Go(uy; va). Then, fori, j € {1,2,3,4, 5}, the set

S: _mn{MTlp(Gl)UMTq/(GZ) p; 616{1 2} pq#“'
i MT;,(G1)UMT,;(G2), p.q € {3,4,5}, pq # 16, pq # 25.

isa MT;;(G). Here vy in G1 and uy in G are considered as the same vertex.

Proof In the following, we just show the statement holds for the case of i = 1, j = 1,
the other cases can be proven in similar ways. It is obvious that S7; defined in Lemma
3.1isa T11(G). So |S11] = m11(G). All that needs to be proven is that, for any chosen
MT11(G), |S11| < |[MT11(G)|. We divide M T11(G) into two cases to discuss.

Case 1. vi € MT11(G).

Then by the definition of M T11(G), either Ng, (v1) "M T11(G) # @ or Ng, (u2) N
MTi1(G) # @, if, Ng,(v1) N MT11(G) # . Obviously, G| N MTy;(G) is a
T11(Gy), further [MT11(G1)| < |Gy N MT11(G)|. If Ng,(u2) N MT11(G) # ¥,
then G, N MTy1(G) is a T11(Gy), further |MT11(G2)| < |G2 N MT11(G)|. Thus
IMT11(G1) U MT11(G2)| < [(G1 N MT11(G)) U (G2 N MT11(G)| = IMT11(G)].
Note that MT1(G1) N MT1(Gy) = (G1 N MT1(G)) N (G, N MTy1(G)). If
NG, (u2) "N MT1(G) =@, then Go N MTy1(G) is a T21(G>) by the definition. Simi-
larly, we have [MT11(G1) U MT21(G2)| < |MT11(G)|.If Ng,(vi)) "N MT11(G) =9
then Ng, (u2) N MT11(G) # ¥, we can get IMT12(G1) U MTi1(G2)| < [MT11(G)].

Case 2. vi ¢ MT11(G).

Subcase 2.1. Ng,(v1) N MT11(G) # @ and Ng, (v1) \ MT11(G) # 9.

Obviously, G1 N MT11(G) is a T13(G1). If Ng,(u2) N MT11(G) = @, then G2 N
MT11(G) is a Ts;(Gy). Thus, |MT13(G1) U MTs1(G2)| < |MTi;(G)|. Note that
T13(G1) N T51(G2) = (G1 N MT11(G)) N (G2 N MT11(G)) = 0. If Ng,(uz) <
MTi1(G), then G, N MT1(G) is a Ty1(G3). Thus, IMT13(G1) U MT41(Gy)| <
|[MT13(G)|. Otherwise, GoNMT11(G)isaT31(Gy). Thus, IMT13(G1)UMT31(G2)| <
IMTi3(G)|.

Subcase 2.2. Ng,(v1) € MT11(G).

Obviously, GiNMT1(G)isaTi4(G1) and NG, (u2) \MT11(G) # 8.1f NG, (u2) N
MTi1(G) =@, then Go N MT1(G) is a T51(G2). Thus |[MT14(G1) U MT51(G3)| <
|[MTy1(G)|. Otherwise, GoNMT11(G)isaT31(G>2). Thus [MT14(G1)UMT31(G2)| <
IMT1(G)I.

Subcase 2.3. Ng,(v1) N MT11(G) = 0.

Obviously, GiNMT11(G)isaTi5(G1)and Ng, (u2) "M T11(G) # @.1f NG, (u2) <
MTi1(G), then G, N MT11(G) is a T41(G2). Thus |MT5(G1) U MT4(Gp)| <
|[MT11(G)|. Otherwise, GoNMT11(G)isaT31(G>2). Thus [MTi5(G1)UMT31(G>)|
IMT11(G)I.

A

O IA

Lemma3.2 LetG = G(uy; v1) bea GSP graph obtained by applying a S composition
to GSP graphs G1(uy; v1) and Go(uy; v2). Then, foranyi € {1,2,3,4,5},t € {1, 3},
q € {2,4, 5}, the sets

MT;s(G1) UMT1:(G2), s €{1,2}

Si = min { MT;1(G1) U MT5(Ga),

@ Springer



Journal of Combinatorial Optimization (2023) 46:28 Page 17 0of20 28

Sig = min{MT;q(G1) U M Ty (G2)};

MT;3(G1) UMT,(G2), s €{3,4,5);
MT;,(G1) UMT3(Gy), pe{3,4,5);
MTi4(G1) U MT5,(G2),
MT;5(G1) UMT4(G2).

S;3 = min

are MT;1(G), MT;4,(G), MT;3(G), respectively. Here vy in G and uj in G are
considered as the same vertex.

Proof In the following, we just show the statement holds for the case of i = 1,
j = 1l,andi = 1, j = 3, the other cases can be proven in similar ways. It is
obvious that §11 and S;3 defined in Lemma 3.2 is a 711 (G), T13(G), respectively. So
[S11] = m11(G), |S13] = m13(G). All that needs to be proven is that, for any chosen
MTi1(G), |S11] = IMT11(G)|, for any chosen MTi3(G), |S13] < IMT13(G)|. First
we show that |S11| < |[MT11(G)|. By the definition of M T11(G), vi € MT11(G), and
either Ng, (v1) N MT11(G) # 9 or Ng,(u2) N MT11(G) # 9. We divide MT11(G)
into two cases to discuss.

Case 1. vo € MT11(G).

Subcase 1.1. Ng,(v1) N MT11(G) # 0.

If NG, (u2)NMT11(G) # 0, obviously, G1NMT11(G)isaT11(G1), GoNMT11(G)
isaTll(Gg).Thus |MT11(G1)UMT11(G2)| < |MT11(G)|.OtherWiSC, GlﬂMTll(G)
is a T11(G1), G2 N MT11(G) is a T21(G2). Thus [MTi1(G1) U MT21(G2)| <
IMTi1(G)].

Subcase 1.2. Ng,(v1) N MT11(G) = 0.

By the definition of MT11(G), NG, (u2) NMT11(G) # 0, then G1 " MT11(G)isa
T12(G1), GoNMT11(G) isaT11(G2). Thus [IMT12(G1) UMT11(G2)| < |[MT11(G)l.

Case 2. vo ¢ MT11(G).

The proofis similar to Case 1, thus wehave |[MT11(G1)UMTi3(G2)| < |IMT11(G)|,
IMT11(G1) UMT3(Gr)| < IMT11(G)|, IMT12(G1) U MTi3(G2)| < IMT11(G)|.

Next we show that |S13] < |MT13(G)|. By the definition of MT13(G), v ¢
MT3(G), and either Ng, (v1) N MT13(G) # ¥ or Ng,(uz) N MT13(G) # ¥. Next,
we divide M T13(G) into two cases to discuss.

Case 1. vy € MT3(G).

Subcase 1.1. Ng,(v1) N MT13(G) # 0.

Subsubcase 1.1.1. Ng,(u2) N MT13(G) # 9.

If Ng,(v1) \ MT13(G) # ¥ and Ng,(u2) \ MT13(G) # . Obviously, G1 N
MT13(G)isaT13(G1), GoNMTi3(G)isaT31(G2). Thus |[MT13(G)UMT31(G2)| <
IMT13(G)|.If Ng, w)\MT13(G) # Vand Ng, (u2) \MT13(G) = ¥. Obviously, G1N
MT3(G)isaTi3(G1), GaNMT13(G) isaT41(G2). Thus IMT13(G 1) UMTy(G2)| <
IMT13(G)|. If NG, (v1)\MT13(G) = ¥and Ng, (u2) \MT13(G) # @.Obviously, G1N
MTi3(G)isaTi4(G1), GoNMTi3(G)isaT31(Gr). Thus [MT14(G1)UMT31(Gr)| <
IMT3(G)|.

Subsubcase 1.1.2. Ng,(u2) N MT13(G) = 9.

If Ng, (w)\MT13(G) # @,0bviously, GiNMT3(G)isaT13(G1), GoNMT13(G)
isaTs1(G2). Thus |IMT13(G1)UMTs51(Gy)| < |[MT3(G)|. Otherwise, GiNMT13(G)
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is a T14(G1), G2 N MT13(G) is a Ts51(G2). Thus [MTi4(G1) U MT51(G2)| <
IMT13(G)I.

Subcase 1.2. Ng,(v1) N MT13(G) = 0.

By the definition of M T13(G), NG, (u2) "M T13(G) # 0. If NG, (u2)\MT13(G) #
#. Obviously, G; N MT13(G) is a T15(G1), G2 N MT3(G) is a T31(G2). Thus
IMT15(G1) U MT31(G2)| < [MT13(G)|. If Ng,(uz2) \ MT13(G) = @. Obviously,
G1 N MTi3(G) is a Tis(G1), G2 N MTi3(G) is a Tai(Ga). Thus |MTis(Gy) U
MT41(G2)| < IMTi3(G)].

Case 2. vo ¢ MT13(G).

The proofis similar to Case 1, thus we have M T13(G1)UM T33(G2)| < |MT13(G)],
IMT3(G1) UMTy3(G2)| < IMTi3(G)|, IMT14(G1) U MT33(G2)| < [MTi3(G)|,
IMT13(G1) U MT53(G2)| < IMT13(G)|, IMT14(G1) U MTs3(Ga)| < IMT13(G)|,
IMTi5(G1) U MT33(G2)| < |IMT13(G)l, IMTi5(G1) U MT43(G2)| < |MT13(G)|. O

Lemma 3.3 Let G(u1; v2) be a GSP graph obtained by applying a P composition to
GSP graphs G1(uy; v1) and Go(uz; va). Then, for anyi, j € {2,4, 5}, the sets

St =min{M T (G1) UMT;(Go)ls, t,x,y € {1,2}, st # 4, xy # 4};

S1j = min{MT;(G1) UMT;j(Go)ls, t € {1,2}, st #4};

Si3 = min{MTsp(Gl) U Mth(G2)|S7t € {17 2}7 p.q € {37 4, 5}’ st 7& 4, rq 7&
16, 25};

Si1 = min{M7T;5(G1) U MT;;(G2)ls, t € {1,2}, st # 4};

Sij = MT;;(G1) U MT;;(Gr);

Si3 = min{MT;,(G1) U MT;y(G2)|p, q € (3,4,5), pg # 16,25);

S31 = min{MTpS(Gl) U Mth(GQ,)'Svt € {la 2}3 p7 q € {37 49 5}3 st 7é 45 pq #
16, 25};

S3j = min{M T, (G1) U MT,;(G2)|p, q € {3,4,5), pg # 16,25);

S33 = min{MTpm(Gl) U Man(G2)|P, q,m,n € {3,4,5}, pqg, mn # 16, 25}.
are MT1(G), MT;;(G), MTi3(G), MT;1(G), MT;;(G),MT;3(G), MT3(G),
MT3;(G), MT33(G), respectively. Here uy in G1 and uy in G, are considered as
the same vertex, vy in G| and v in Gy are considered as the same vertex.

Based on Lemmas 3.1-3.3, an algorithm for finding a minimum TRDS of GSP
graphs is designed by using dynamic programming technique.

Theorem 3.1 Algorithm 2 produces a minimum TRDS of a GSP graph in linear-time.

Proof The correctness of Algorithm 2 comes directly from Lemmas 3.1-3.3. Next,
we analyze the time complexity. P 7T (G) can be constructed in linear-time in Eppstein
(1992); Ho et al. (1999); Hopcroft and Tarjan (1973). And since PT(G) has O(|E])
leaves, the initialization of lines 1-3 of Algorithm 2 takes O (|E|) time. The iteration
in lines 4-15 of Algorithm 2 is O(|E|), because PT (G) is a binary tree with O (|E|)
nodes and the calculation of each iteration in lines 4—15 requires a constant time.
Therefore, the time complexity of Algorithm 2 is linear-time. O

@ Springer



Journal of Combinatorial Optimization (2023) 46:28 Page 190f20 28

Algorithm 2 TOTAL-RESTRAINED-DOM-GSP(G)

Require: A GSP graph G.
Ensure: A minimum TRDS D of G.
Construct a parse tree P7(G) of G with root r, each non-leaf node is labelled by Sy, Sy or P, mark all leaves;

1: for each leaf K, (u; v) of PT(G) do

2 MTy1(Kp) = {u, v}; MTr4(K3) = {u}; MTy(K7) = {v}; MT55(K,) = ¥; Others are Q.

3: end for

4: while there are still unmarked nodes in P7(G) do

. Select an unmarked node w in PT(G) with marked children; Define G, as the corresponding subgraph of node w;

5
6. if [(w) = S| then
7 Compute all MT;;(Gy) for 1 <i, j <5 by Lemma 3.1;
8. endif
9 if [(w) = S, then
10: Compute all MT;;(Gw) for1 <i,j <5byLemma3.2;
11:  end if
122 if [(w) = P then
13: Compute all MT;;(Gw) for1 <i,j <5byLemma3.3;
14: end if

Mark w;
15: end while

16: return D = min{MT;; (Gr)li, j € {1,3}}
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