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Abstract

We present an improved approximation algorithm for k-level facility location problem
with submodular penalties, the new approximation ratio is 2.9444 for any constant &,
which improves the current best approximation ratio 3.314. The central ideas in our
results are as follows: first, we restructure the problem as an uncapacitated facility
location problem, then we use the primal-dual scheme with greedy augmentation. The
key technique of our result is that we change the way of last opening facility set in
primal-dual approximation algorithm to get much more tight result for k-level facility
location problem with submodular penalties.

Keywords Submodular penalties - Greedy augmentation - Primal-dual - k-level
facility location problem

Mathematics Subject Classification 90C27 - 90C10

1 Introduction

The uncapacitated facility location problem (UFLP) has been extensively studied in the
field of the facility location problem. Shmoys et al. (1997) provided the first constant
factor approximation ratio 3.16 for UFLP. Chudak and Shmoys (2003) presented an
improved approximation algorithm for UFLP with performance guarantee (1+1/e).
Sviridenko (2002) used pipage rounding to get an approximation algorithm with
approximation ratio 1.582. Jain and Vazirani (2001) proposed a primal-dual approxi-
mation algorithm for UFLP with approximation ratio 3. Mahdian et al. (2006) studied
UFLP by dual-fitting and greedy augmentation which give approximation ratio 1.52.
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The currently best approximation ratio for the UFLP is 1.488 provided by Li (2013). By
relating UFLP to set cover, Charikar and Guha (2005) proved the lower bound of UFLP
is 1.463 by assuming NP C DTIME (n'°¢1°27) The greedy augmentation introduced by
Charikar and Guha (2005). Charikar et al. (2001) considered the uncapacitated facil-
ity location problem with penalties FLPWP and obtained a 3-performance guarantee
based on primal-dual. Jain et al. (2003) presented a combinatorial 2-approximation
ratio by dual fitting. Xu and Xu (2009) presented a 1.8526-approximation algorithm by
primal-dual and local search heuristic. The currently best known approximation ratio
for FLPWP is 1.488 which was given by Qiu and Kern (2016) based on dual-fitting and
LP-rounding. Hayrapetyan et al. (2005) investigated the single level facility location
problem with submodular penalties (FLPSP) and provided an 2.488-approximation
algorithm. The penalties cost is a monotone increasing submodular function A(-)
defined on client set D, i.e., forany A, B € D with A € B C D, h(A) < h(B) and
h(A+j)—h(A) > h(B+j)—h(B).Lietal.(2013) gave an 2.375-approximation algo-
rithm for the FLPSP by using the primal-dual and the greedy augmentation scheme.
Then, Li et al. (2015b) provided an LP-rounding 2-approximation algorithm for the
single level FLPSP. The k-facility location problem (k-UFLP) is a generalization of
UFLP. The aim of k-UFLP is to open a subset of facilities and the size of the facility
subset is at most k facilities, where k is a given constant positive integer, connect
all clients to the closest opened facilities such that the total cost is minimized. Jain
and Vazirani (2001) firstly considered the metric k-UFLP and gave a 6 primal-dual
approximation algorithm. Jain et al. (2003) proved a 4-approximation algorithm by
combining greedy scheme and dual fitting with factor-revealing LP. Zhang (2007)
used local search approach and gave a 2++/3+€-approximation ratio, which is the best
approximation algorithm for k-UFLP. There are also many variant such as the squared
metric k-facility location problem, Zhang et al. (2023) gave a 36.342+¢-approximation
algorithm based on local search scheme, which is the currently best known approxi-
mation ratio. The k-facility location problem with linear penalties is also an extension
of k-UFLP, such as Wang et al. (2018) proved a2 + 1/p ++/3+2/p+1/p* + ¢
based on local search scheme, where p is positive integer, ¢ > 0. k-level uncapaci-
tated facility location problem (k-LFLP) is a generalization of UFLP, when k = 1, the
k-LFLP is UFLP. The aim of k-LFLP is to connect all clients to opened facilities from
level 1 to level k such that the sum of the opening and connection cost is minimized.
By observing the structure of solution of k-LFLP, Byrka and Rybicki (2012) proposed
a 3-approximation algorithm by rounding a fractional solution to an extended LP for-
mulation, which is also the currently best approximation algorithm for k-LFLP. For
k-LFLP, Krishnaswamy and Sviridenko (2012) proved that there is no polynomial
time approximation algorithm with performance guarantee better than 1.61 unless
NP C DTIME(n©(0glogn)) The k-level facility location problem with submodular
penalties (k-FLPSP) is a variant of k-LFLP. Li et al. (2012) presented a primal-dual
algorithms with a performance guarantee of 6 for k-FLPSP. Later on, Li et al. (2015a)
proposed an LP-rounding 1 + 1_32 (~ 3.314)-approximation algorithm, which is the
best known approximation ratio. In this paper, we present an improved combinatorial
algorithm for the k-FLPSP. The main idea to get the result are local search and greedy
augmentation. The main steps is as follows: firstly, we restructure the k-FLPSP, and
then we present our primal-dual greedy augmentation approximation algorithm for
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the k-FLPSP. Finally, scaling the cost of the facility and penalty function, we prove
that the presented algorithm has an approximation ratio 2.9444.

2 Problem statement and notation

In this paper, we present an improved combinatorial algorithm for the k-FLPSP. In the
k-FLPSP, let D be the client set, F be the facility set, F = U Flore{l,2, - k)

t
And F' is the facilities set on the rth level, where t € {1, 2, --- , k}. P is the paths set

of k-level facilities, P = {p : p = (i1 € F',ir € F?,--- iy € FX)}. Each client
is assigned to a sequence of k different facilities, each of the k facilities belongs to a
distinct level from level 1 to level k. Each client should pay a connection cost ¢, for
k
being connected, where ¢, = c¢ji, + ) ¢;,_,i, is the connection cost between client j
1=2

and path p, c;;, is the connection cost between client j and facility iy € F',¢;, ,;, isthe
connection cost between i;_| € F'~land i; € F',wheret € {2, -, k}. We consider
the uncapacitated k-FLPSP, there is no capacitated restrictions for each facility. For
the sake of simplification, f;, is the opening cost of facility i, € F', ¢ € {1,2,--- , k}.
Given a nondecreasing submodular function A(-), h(S) is the penalty cost of client
set § € D and h(¢) = 0. We consider the metric k-FLPSP, this means that the
connection cost satisfies symmetry triangle inequality, such as ¢;; < ¢ +ci7jr +¢jrj,
fori,i’ € F,j, j € D.Ouraim is to select the facility subset of each level to open
and connect all clients to the open facilities such that the total cost of k-FLPSP is
minimized. The k-FLPSP can be formulated as the following integer programming:

k
min Z Z Jiyip + Z Z CjpXjp + Z h(S)zs )

I=1 jjeF! j€D peP SCD
s.t. ijp-i- Z zs=1, VjeD,
peP SCD,jesS
ijpfyi,, VieD, ijeF, 1=1,---,k,
piep
xXjp >0, VpeP, jeD,
yi >0, VieF ., l=1,---,k,
zs >0, VS C D.

where x;, = 1 if client j is connected to path p, otherwise variable x;, = 0. When
the facility on level / is open y;; = 1, and O otherwise. Variable z5 equals 1 if the
client set S is penaltied, and O otherwise. The first constraint implies that a client can
be connected to a path p or be punished at some set S € D. The second constraint
indicates that if a client is connected to a path p, all the facilities of the path p must
be opened.
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The relaxation of the integer programming (1) is given as follows:

k
min YN fuvi+ D D cipXip+ ) h(S)zs 2)

=1 jeF! j€D peP SCD
s.t. ijp—l- Z =1, VjeD,
peP SCD,jes
D7 xip < i VieD, ijeF , 1=1,--,k,
piiep
Xjp =0, VpeP, jeD,
yi, >0, Vie Fl,l=1,---,k,
25 > 0, VS C D.

The dual program corresponding to the linear programming relaxation (2) is the
following:

max E o

jeD
s.t. ajfc./P_’_Zﬂilj’ VpeP,jeD,
ijeP
> aj < h(S), VS C D,
jes
Z,Biljffil, Vipe Fl,l=1,-- k,
jeD
aj >0, VjeD,
Bij =0, VieDgjeF,l=1,--- k.

where «; is the total spending of client j in the process, and B;, ; indicates the opening
cost of facility i; given by client j.

3 Primal-dual approximation algorithm

Different from the primal-dual approximation algorithm of Li et al. (2012), we change
the way of last opening facility set to get much more tight result for k-FLPSP.

In order to understand the situation of each client when we run primal-dual algo-
rithm, we give some definitions. Initially, all clients in D are unfrozen, if client j is
connected to path p of which each facility of path p is open, client j is frozen. When

> Bij = fi the facilities i; is open. For some path p = (ij € Floooo i e Fh,
jeD
if facilities iy, i, --- , ij—1 are all open and o; = ¢, + Zi/:l ﬂiz/j’ client j reaches

facility i; € F ! If facilities i; € F'is open, client j leaves i; and makes contribution to
connection cost for the facility of the / + Ith level, 1 <[ < k orl/ = k, client j is con-
nected. The dual variable «; of all unfrozen clients j € D increase uniformly at unit
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rate of time . B;,; increases at same rate of ; when client j € D reaches unopened
facility i; € F!. All dual variables Bi;j(j € D) stop increasing when facility 7; is open.
Time will stop until there is no unfrozen client. Facility iy € F' is temporarily open
when Z Bi,j = fi» ti, is the moment of facility i; temporarily open. The predecessor
jeD
of i; véill be the facility in the [ — 1th level via which #; was for the first time reached
by a client, i.e. pred(i;) := arg Em}}}} l{t,- + ¢y}, t; 1s time of facility i temporarily
l

open, the predecessor of i1 € F1is the client which is closest to i1, tpred(iy) = 0.

Algorithm 1

Step 1. Initialization: we introduce the notion of time ¢, Initially, = 0, set a; =
0(vj eD),B;,; =00G, Fl1i<l< k, j € D), all facilities are unopened and all
clients are unfrozen. § is the set of penalized clients, initially § = . With increase of
time, there will occur three events:

Event 1. Facility iy is temporarily open, we freeze those clients j with 8; ; > 0 and
let those clients be connected to iy, facility ix is the connecting witness for client j.
The associated path of iy is p(ix) = (i1, i2, - , ik), iy = pred(ij+1),V1 <1 <k—1,
the predecessor of i; is the client j;,. The neighborhood of facility iy are the clients
which pay for connected path p(ix),i.e. N(ix) :={j € DIB;,; > 0,i; € p(ir)}.

Event 2. When unfrozen client j reaches temporarily open facility iy, freeze client
J, we call facility iy the connecting witness of client j.

Event 3. For some subset S C D, if Z aj = h(S), freeze all unfrozen clients in

jes
S, set S:=SU S, we call clients in S the penalized clients.

When all clients are frozen, Step 1 terminates. If several events occur simultane-
ously, the algorithm executes these events in an arbitrary order.

Step 2. We choose set Sin Step 1 as the penalized client set, the temporarily open
facility set on level & is F* and sort these facilities temporarily according to the open
time # with nondecreasing order. Let F* be finial open facility set, we add facility iy
to F* with order if and only if there is no facility i{ € F*, which is satisfied with
iip = 3t;,, upset FK = F* U (i}, open facility iy € F* and the associated path
p(ix). For each client j € N(iy), if ix € F¥, connect client j to the associated path
p(ir) of facility i;. Otherwise, connect client j to the associated path p(i,’() of the
closest facility 7.

C

Lemma 1 Lietal. (2012) Algorithm 1 can be solved in polynomial time.
Lemma2 Iffacility ix, i € F*, then N (ix) N N(i}) = 0.

Proof We assume that N (ix) N N (i;) # ¥, there exists a client j € N(ix) N N(iy).
Suppose that facility ix is open after the opening of facility i;, then

Ciki,/( > 3t,'k > 2t,‘k > i, + til/(.

Due to j € N(ix), there exists a facility i; € p(ix) with B;;; > 0, and there exists a
path p;, from F Uto facility i;, where ¢ jpiy = ti- We consider the restructure of the path
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Algorithm 1

Input: connection cost ¢; s opening cost f;, submodular penalty function i(-),i € F, j € D.
Output: feasible integer solution.

1: Initialization: a;j =0, Bj; =0, the penalty set S = #,t=0.

2: for j € D do

3:  if iy is temporarily open then

4: freeze those clients j with B;, j > 0 and let those clients be connected to ix;
5:  endif

6:  if unfrozen client j reaches temporarily open facility i then

7 freeze client j and connect client j to facility ig.

8:  endif

9:  if For subset S C D, Zj e §«j = h(S) then

10: freeze all unfrozen clients in S, update S:=SuUs.

11:  endif

12: end for

13: for temporarily opened facility set F*onlevel k do
14:  if there is no facility iy € F*, which is satisfied with Cirip < 3tj, then

15: open facility iy € F and the associated path p(ix);
16:  endif
17: end for

Di, as following: firstly, along the path p;, from F !'to 7, then along the associated path
p(ix) of facility iy from i; to i. According to the definition of predecessor, c; pip = iy

Analogously, there exists a path pir of i ,’{ from F! to i ,’C with ¢; Py < tii' In conclusion,

Cji T Cjip = Cjpy + Cipy <ty 1y < Cps this conflict with triangle inequality. O

Lemma3 If j € N(ix)\S, ix € FX, thent;, < 2a;.

Proof Weassumethatf;, > 2«;,sinceclient j € N (ik)\S’ , from the proof of Lemma 2,
we know that there exists a path p;, of facility iy from F Ito facility iy with ¢ py = lig-

Client j firstly reaches the open facility i; € Fk. Then we have ty < aj, there also
exists a path pirs such thatcjp, < o;.
'k

Case 1. If facility i,/C is open, then Ciri] < ij"i +cjpy, Sty taj < %tik < 3t,.

Case 2. If facility i] is not open, there exists an open facility i}’ € F*, cipip < 3ty
and fi,;’ < ti:i < aj < t;.So we can get

Cipif) = Cjpiy T ij"i +ciiy

IA

liy +oj+ 3t,~]fc

< 3tik~

This conflict with the condition of facility opening in Algorithm 1. O
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Lemma4 Lietal. (2012) Azany momentt in Step 1 of Algorithm 1, the cost of penalized
clients set S is:

> i) =h(S).

JES

o (t) is equal to o j which oj is at moment t, and o j increases uniformly with time t
until client j is frozen.

In order to get tight bound of total cost of k-FLPSP, we analyze the opening cost
of facilities in detail.

Lemmas5 f(p(i) < > > Bj+ Y. ajixeF~

i€p(ik) jeN(ip)\S JENGNS
Proof
fpy =Y > B

i€p(ix) JEN (i)

- T oar T o
i€p(i) jeN(ip)\S JENGNS

S OED SR S
1€plic) jeN(in)\S JENGONS

]

Lemma 6 On Step 2 of the Algorithm 1, client j is connected to facility iy and iy is
not a connecting witness of client j, while j makes no contribution to facilities of path
plix), ie. M) == {j € D\NG) U SIi(j) # i, i(j) = ix). If facility i(j) is a
connecting witness of client j at Step 1, client j at Step 2 is connected to facility i (j),
then

Cipliy) < 60, j € M(ik).

Proof We assumed that client j is the connecting witness of i; at Step 1, then there

exists a path i which ¢;p, <« and iy < aj. According to triangle inequality, we
k

have:

k

CipGip) = Cjin + Zci,,,lil,
=2
k

= Cipy +2 Z Ciy_yip
I'=2

=< aj + 21‘1']/(

< 306]'.
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Ifi; € F*, then ¢jpq,) < Cip(ir)
If i zk ¢ F*k_ there exist facility zk € F* with cirir < 3t,-;€, and tl-;{r < tl-;{, N(i,’c) N
N@}) # ¥. Letclient j € N(ip) NN (i), from the proof above, we know that there

exist a associated path p(i})) := (i, --- ,i{_,, i) =1i") of facility i;. The connection
cost of client j satisfies the following mequahty

<30lj.

Ciplix) = €jpGl)
= ij(i”) + Y0 Cif i;/
]p(l ) + Clkl” + 221 =2 Cl,” Vi
Cipp iy + 21y
<aj+ 5til/(
< 60(].

]

Lemma7 Client j is connected to facility iy at Step 2 of Algorithm 1 and iy is the
connecting witness of client j at Step 1, while client j makes no contribution to the
opening of facilities of path p(iy), i.e. j € M'(ix), M'(ix) := {j € D\N(ix) U S|i ()
=i, i(j) = ix}, i(j) and i(j) are the same with Lemma 6, so we have

Ciptip) <3, j € M'(ip).

Proof Since client j is the connecting witness of facility i at Step 1, from Lemma 6
we know that: Ciplip) = 30tj,j € M/(ik). ]

Lemma8 Fori; € J:'k,

3f(paN+ Y, cGp) <6 Y. aj+3 Y aj

JEN(\S JENO\S JeN (NS

Proof For client j € N (ik)\S’ , the contribution of client j to the facilities of path
p(ix), facility i is the first facility which client j makes contribution to, i.e. i;(j) :=
{im € p()|Bi,; > 0. Bi,j = 0,¥1 < n < m}. There exists a path p;,(;, from F' to

e . . k
facility i; with Cipiyy = Tir- Let A = Zl, 2 Ciy_yin D10 Cip_iy

3£ (plin) + Z Cip(ir)

JENGONS

<3 Y D B3 Y wit Y i

JEN(i\S 1€P i) JEeN (NS JENO\S

k
<3 Z Zﬁiﬂj“‘ Z (iji1<j)+A)+3 Z o

JEN\SI'=1 JENGO\S JeN NS
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k
Z (3Zﬂi//j+cjl7i1(j)+A)+3 Z ®j

=<
jeNG@N\S 1=l JEN NS
k
= Z [(Z,Bi,/j+iji,(_/>)+2A]+3 Z %
JEN@NS I'=1 JENNS
k
< Z [(Z:Bil/j+Cj1’i[(j))+2tik]+3 Z @
jeN@NS I'=1 JEN NS
< Y Q4243 > a
JeNGEONS JEN NS
6 Y w3 ¥ o
JEN NS JEN NS
Lemma 8 is proved. O

Theorem 1 For k-FLPSP, the approximation ratio of Algorithm 1 is 6.

Proof F,C, h are the opening, connection and penalty cost, respectively.

3(F+h) +C
—3(2 f(p(lk))+za/)+ Z( Z CipGix) T Z Cjp(ix)
ireFk ireFk JEM (i) JEM' (ix)
+ D i)
JENGO\S
= Z GBf(plr) + Z CipGin) T Z( Z Cipli)
iyeFk JENGO\S iyeFk JEM(ix)
+ Z ij(tk))+3zo‘1
JeM'(iy)
<Y 6 ) a,-+3 YA+ Y 6 Y
ireFk  jeN@\S JENGNS ireFk  JEM(ir)
+3 2 a/)+32a;
JEM' (ik)
XY g Y ar Y e
ireFk jeN(i\S JEM (ix) jeM’ (ix)

+3> > a,+3Za,

lkE]:k jEN(lk)ﬁS

<6 Z a]+6Za]

j€D\S j€
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Which proves the Theorem. O

We restructure the k-FLPSP and firstly present the method of restructuring in the
following, then we give some notations. Lastly, we use greedy augmentation to improve
the initial solution.

Restructures: Consider the k-level facilities of the k-FLPSP. For every i; € F',
let P, = {i1,i2 € F2 ... € .7-""}. Let D be the set of clients, and the set of the
"facility"be P := {p : p € P;,,Vi; € F'},suchas p :=(iy € F',ip € F?,--- iy €
FX). the opening cost of each facility of each path p is calculated as follows:

, i, Wheni firstly be computed in a path,
f -—
L7010, otherwise.

This means that the opening cost of each facility can just be computed once. The
opening costof eachpath p € Pis f 1; = Z fi.Inorder to improve the approximation
AS]

ratio of the current solution, we use greedy ai’lgmentation technique. By executing some
local search operations from an arbitrary integer feasible solution, we can improve the
current approximation ratio. Let Fy be the set of open facilities, we randomly choose
a facility of each level from Fy, enumerate all paths, let Py be the path set and Sy be
the set of rejected clients in the current solution, let Fy, Co, ho be the current opening,
connection and penalty costs. cjf" is the connection cost of the client to its closest open
path in current solution, C(Fp U p) is the connection cost of all clients after adding
path p to facility set Fy. gain(S) and gain(p) can be calculated as follows:

gain(S) = Z c]]-:" +ho—hs, SoCS;
JE€S\So
gain(p) = Co—C(FoUp) — f,, peP\P.

We will try to improve the current solution by one of the two local search operations:
either replacing Sy with a larger set S (So € S € D) or incorporating a path p
from the path set P minus the current solution.

First, we extend the definition of gain(p) for p € Py, and set gain(p) = 0 for
p € Py. We will improve the approximation ratio by iteration upset the set penaltied
client or facility set until there is no set satisfies the condition. The following is the
new greedy augmentation algorithm.

Algorithm 2

Step 1. The arbitrary initial feasible solution SO Lo with open facilities set Fo, the
path set is Py and rejected clients set Sy. Initialization s:= 1.

gain(p)
Ip

set of current solution, when s = 1, P;_; = Py, let

Step 2. Find a path p* € P\ Ps_; to maximize { }, where P;_1 is the path

__gain(p*) gain(p)
rg = ———— = max (-
fp* PEP\PS—] fp
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‘We can calculate

mp = max gain(S;—1 U S).
SED\SS—I

Where S;_; is the penaltied clients set in the (s — 1)th iteration, S is client subset
which § € D\Ss—_1. If my > 0, find a set of unrejected clients S* which is the optimal
solution of the following optimization problem

gain(S;_1 U S)
= max
SED\Ss—1 | h(Ss—1 U S) — h(Ss—1)

otherwise, set r, := 0.

Step 3. If max{rs, i} < 0, the algorithm terminates, and outputs a feasible solution
SOLs;_1 (SOL;_1 is the solution which means we can’t found any client subset
or facility subset to be added, so the Algorithm terminates in the sth iteration. The
Algorithm outputs the (s — 1)z solution.) with open facilities set P;_; and the rejected
clients set S;_1.

Step 4. If ry > r/, open the path p and maintain the rejected clients set, meamng
that we get a feasible solution SOL;_; with Py := Ps_1 U {p} and S; := Ss_1;
otherwise, extending the rejected clients set to Sy—; U $* and maintaining the opening
facilities set, meaning that we get a feasible solution SO L;_1 with P; := P;_1 and
S5 := S;—1 U S*. Update s := s + 1, and return to Step 1.

In the following, we present the whole algorithm.

Algorithm 3

Step 0. Given an instance of k-FLPSP, scale the facility cost and penalty function
by a factor 6 = 0.8571.

Step 1. Through running the primal-dual algorithm (Algorithm 1) on the scaled
instance to obtain a feasible solution SO L to the original instance.

Step 2. Let SO Lo be the initial feasible solution, apply the greedy augmentation
algorithm (Algorithm 2) to get the solution S OL, Where SOL is the solution which
we obtain.

4 Analysis

We give the proof in Lemma 9-12 to prove that our algorithm can obtain a penaltied
client subset in polynomial time or we can enumerate all the paths, and we also give
the approximation ratio of Algorithm 3 in the following.

Lemma 9 Fujishige (2005) Suppose that f: 2D s R is a non-negative function with
f(@) = 0,and g: 2P — R isanonnegative function satisfying g(#) = 0and g(S) > 0
for some S C D. Define the following minimum-ratio problem
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Algorithm 2

Input: Initial feasible solution SO L, open facilities set Fg, rejected clients set Sg.
Output: integer feasible solution.

1: for p* € P\P' do

2:

_ gain(p®) gain(p)
Fg '= ————— = max (-
fp* PEP\Ps_ fp

ms = Sggé\i.)é;_l gain(Ss—1 US),
3. if mg > 0 then
4: find a set of unrejected clients S* which is the optimal solution of the following optimization
problem
S:
’ { gain(Ss—1 U S) }
rg = max ,
SCD\Ss—1 | A(Ss—1 U S) — h(Ss_1)
6 else
7: i =0.
8 if max{rs,r;} <0 then
9: outputs a feasible solution SOLg_1.
10: end if
11: if r; > 7/ then
12: open the path p and maintain the rejected clients set.
13: else
14: extending the rejected clients set to S;_; U $* and maintaining the opening facilities set.
15: end if
16:  endif
17: end for
Algorithm 3

Input: Given an instance of k-FLPSP, § = 0.8571.
Output: integer feasible solution of k-FLPSP.
Scaling the facility opening cost, penalty cost of given instance of k-FLPSP and call Algorithm 1 to
get the SOLy.
Let SO L be the initial solution of Algorithm 2, run Algorithm 2 and obtain solution SOL.

. f(S)
min ——
g(S)
s.t. g(8) >0,
ScD. 4.1)

The Lagrangian function for f and —g associated with (4.1) is given by

L(,8) = f(S)—rg(S),
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for x> 0and S C D. Then a nonnegative A is the minimum value of (4.1) if and only

if

min LA, S) =0, 0 <A <A,
SCcD

min L(A, S) =0, A < A.
SCD

Furthermore, the minimum-ratio problem (4.1) is solvable in polynomial time if
;ni% L(A, S) is solvable in polynomial time for any ). > 0.
c

Lemma 10 Li et al. (2013) For Step 2 of Algorithm 2,

mg = max {gain(S;_1US)}
SED\Sxfl

is solvable in polynomial time and the maximum-ratio problem
, { gain(S;_1 US) }

rg = max -

SSD\S;—1 | P(Ss-1) — Ps,_,

is solvable in polynomial time when my > 0.

Lemma 11 The path p can be found in polynomial time in Algorithm 2.

Proof There are total | F'||F?|---|F¥| paths after we restructure the k-FLPSP, for any
constant k. The number of paths of the final solution is at most |D| |FUIF2| - | FR
minus the number of paths which in the initial solution SOLg. So Step 2 of the
Algorithm 2 can be finished in polynomial time. O

Lemma 12 The Algorithm 2 can be completed in polynomial time.

Proof In the Step 1 of Algorithm 2, we know that the Algorithm of Li et al. (2013) can
be complete in the polynomial time. For Lemmas 9-11, it is possible in polynomial
time to find a path or a subset of clients to be punished. So the Algorithm 2 can be
executed in polynomial time. O

Lemma13 ) gain(p) + gain(SsoL U S5) = Cs — (FsoL + hsor + CsoLr),
PEPsoL
where Fsor, Csor, hsor are the opening, connection and penalty costs of arbitrary

integer solution SOL of k-FLPSP, Psoy is the path set of solution SOL. S is the
penaltied clients set in current solution SO L and Sso is the penaltied clients set in
solution SOL.

Proof For arbitrary path p € Fsor, Dsor(p) is the set of clients which are assigned
to path p in SOL. For arbitrary client j € Dsor(p), let 0(j) and osor(j) be the

paths servicing j in the current solution S O L(the output feasible solution of the sth
k

iteration in Algorithm 3 ) and solution SO L, respectively. Letcj, = cj;, + Z Ciy_yi -
=2
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By including path p and reassigning the clients in Dgor (p)\Ss to p, we can update
the current solution. The gain’(p) is the resulted saving in cost, i.e.,

gain'(p) = . > (Cioly = Cjosor() = fp-
J€Dsor(p)\Ss

Note that it may occur that gain’(p) < 0. From the definition of gain(p), we know

that gain(p) > gain’(p).For j € Dsor(p),let p = osoL(j). Let Psor be the path
set of solution SOL, S = Ssor U Ss. We have

> gain'(p) + gain(S)

PEPsoL
= Y =t Y Cioth = Cosad) + Y oG
P€PsoL J€DsorL(p)\Ss JES\Ss

— (h(S) = h(Sy))

=_ Z fl’,+( Z Z Cjo(j) T Z Cjo(j))

PEPsoL PEPsor jeDsor(p)\Ss JES\Ss

- Z Z Cjosor(j) — (h(S) — h(Ss))

PEPsor jeDsorL(p)\Ss

> Cs — FsorL —hsor — CsoL.
So we obtain the inequality O

From the definition of r;4; and r; 1 in Algorithm 3, and Lemma 13, we have the
following lemma.

Lemma 14 max{rg41, 7, } = CS_FSF%:@‘;LO:CSOL .

Proof Firstly, we assume h(Ssor U S5) — h(S;) > 0. Otherwise, with slight simplifi-
cation the following proof can be adapted to the special cases with f 1’7 = 0 for paths
p € Fsororh(Ssor USs)—h(Ss) = 0. We consider the special case that there exists
some special paths with f; = 0, when fl’, = 0, this means that the cost of facilities
in p have been computed before, let P” be the facility set of all the special paths, we
can calculate as follows:

max {%@}FSOL + Z gain(p)
p

eP. P”
PEPsorL\ pep”

= max {%/(p)} Z Zf,-/-f- Z gain(p)
P

 pePsoL\P"
pefsory pePsoL\P" iep pep”

= Z max % Zfi/—i- Z gain(p)

ePsor n
pePsor\P" 7SS0 iep i€p peP”
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= ) —gcg";’_f')Zﬂ + Y gain(p)

" 1 j "
pePsor\P icp iep peP
E gain(p).
PEPsoL

We can obtain the result by corresponding adjustment.
Now we consider the general case. From the above definition, we have

gain(p) galn(p)
m{f—}F: e { } 2 2N

pefsor p PEPsoL i€p

gain(p) ,
- Y e (SO
PEPSOLP sot iep i iep

gain(p)
S e
PEPsoL iep i€ep
Z gain(p). “4.2)

PEPsoL

The reason for the second equality holds is that the opening cost of each facility
of path p is just computed once, then the connection cost of the opened facilities is
0 after it is first opened in a path. So the total opening cost of facility set of solution

SOLis Fsor = Z Zfl/,

pEPsoL i€p
Due to the submodularity of 4(-), we have

gain(Ssor U S;) gain(Ssor U S)
h(S UsSs) — h(S
MSsor U S0 = h(s) "0 = iissor U s — sy S0L U THED)

= gain(Ssor U Ss). “4.3)

Combining the result of Lemma 11 and (4.2), (4.3), we have

gain(p) gain(Ssor U Sy)
max{ max , Foor 4 h(S
{PEPSOL { Ih } h(Ssor U Ss) — h(Ss) (FsoL +h(SsoL))

> max gain(p) Foor + gain(Ssor U Sy) h(Ssor)
~ pePsor fh h(Ssor U Ss) — h(Sy)
> Y gain(p) + gain(SsoL U S;)

PEPsoL

> Cy — (Fsor + hsor + CsoL).
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According to the definitions of 7541 and r[ |, we have the following:

PEPsoL\Ps fp " h((SsoL\Ss) U S5) — h(S)

{gain(p)} gain((SsorL\Ss) U Sy) }

max{ry;1, ry,} > max { max

gain(p) gain(Ssor U Sy)
= max max 5
pePsor Ip h(SsorL U Ss) — h(Sy)

— (FsoL +hsoL +CsoLr)
Fsor + hsor '

O

Lemma 15 Assume that SO L is an arbitrary feasible solution, Fy, Co, hg are the open-

ing, connection and penalty cost of the initial feasible solution SO L, respectively.

After greedy augmentation, the total cost of the resulted solution is not exceeding
Fo+ho + (Fsor + hsor) max{0, 1H(FSOL—$;€1(S)2L)} + FsoL +hsor + CsoL.

Proof For iteration s (s > 0), the current solution SOL; has opening cost Fj,
connection cost Cy and penalty cost hy. When Co < Fsor + hsor + Csor, the
lemma is true. Lemma 14 indicates that there exists an integer m > 1 such that
Cn < FsorL +hsor + Csor and Cx > Fsor + hsor + Csor forall0 <s < m.
It suffices to bound the cost at iteration m and the same bound will still hold for the
final solution.

Consider an arbitrary iteration s (0 < s < m). It follows from Lemma 14 and
Algorithm 3 that

Cs+ Fs+hs — (Cyq1 + Fyp1 + hsy1) - Cs — Fsor —hsorL — CsoL
Foy1 + hsy1 — (Fy + hy) - FsorL +hsoL '

or equivalently,

- Cs—H

Feq1 4+ hsy1 — Fs — hy < (FsoL + hSOL)
—Csor’

From the definition that in every iteration only one of Fy and iy changes. We have

m
Fon4+hw+Cun=Fo+ho+ Y (Fs+hs— Fs_1 —hg_1) +Cp
s=1 4.4)

< Fo+ho+ (FsoL +hsoL) Z CCS11—CSC(3L + G

The derivation of the last expression of (4.4) for C,, is | — ?OL(CTSZE forC,—1 >
Fsor +Csor = CsolL, so the right hand of inequality (4.4) increases monotonically
about Cy,,. When C,, = Fsor + hsor + Csor, (4.4) can arrive the maximal value.
In the following discussion, we assume that C,,, = Fsor + hsor + Csor. Finally,
we have
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Fo + hy + Cyy
< Fo+ho+ (FsorL +hsor) Z e

CsoL

+ Ci

= Fo+ho + (FsoL +hsor) Z (1 — =580y + ¢,
s_l

< Fo+ho+ (FsorL +hsoL) Z In(SlpsoL) + ¢,

= Fo+ho+ (Fsor + hsor) 111( CSOL )+ Ch

= Fo+ho+ (FsoL + hsoL) IH(FSOLfffS)gL) + Fsor +hsor + CsoL.

Theorem 2 The approximation ratio for Algorithm 3 is no more than 2.9444.

Proof Let Fopr, Copr, hopr denote the opening, connection and penalty costs of
the optimal solution to the original instance. Let the opening, connection and penalty
costs of the solution output of Algorithm 2 be F, C and h. Applying the primal-dual
algorithm to the modified instance, we get a solution SO L with facility opening
cost F’, penalty cost &’ and connection cost C’, which corresponding to facility cost
Fy = F'/$, penalty cost hg = h’/8 and connection cost Cy = C’, respectively. If
the initial solution S O L, which is the output solution of Algorithm 1, is viewed as a
feasible solution of the original instance.
From Theorem 1 and scale the opening and penalty costs by a factor §,

38(Fg+ho) +Co=3(F' +h)+C’
<6[5(Fopr +horr) + Corrl.

There are two possibilities.
Case 1. Cop < Fopr +hopr +CoPr.

F+h+C

IA

Fo+ho + Co
3§(Fy + ho) + Co

1
= 1—_
35 +d=35)C0

1 5
< @3- —)(F h 1+ —)C .
<( 38)( opT +hopt) +( +38) OPT

Case 2. Co > Fopr +hopr + Corpr.
Co < 6[8(Fopr +hoprr) +Coprr]l—38(Fo + ho),

Lemma 15 implies that the cost after greedy augmentation is at most

63(Fopr +hopr) +5Copr —38(Fo + ho))

Fo+ho+ (Fopr +hopr)In <
Fopr +hopr

+ Fopr +hopr +Corr.
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The derivation of Fy + hg in the above indicates that when

5
Fo+ho= Fopr +hopr + %COPTv

The polynomial achieves its maximal value.

v . 5
F+h+C=<@2+In@B8)Fopr +hopr)+ 1+ ﬁ)COPT-

From Case 1 and Case 2, we have
1
358’

5
2+ In@B8)(Fopr +hopr) + (1 + ﬁ)COPT

.. . 5
F+h+C <max{3 — 2+ I8} (FoprT +h0PT)+(1+3—8)C0PT

IA

IA

5
max{2 + In(34), 1 + 3_8}0PT'

When § = 0.8571, Algorithm 3 can achieve the best approximation ratio 2.9444. So
the approximation factor for the Algorithm 3 is no more than 2.9444. O

5 Conclusion

We consider k-FLPSP for any constant k in this paper and give an improved approx-
imation algorithm. In Algorithm 2, when we use greedy augmentation for path, the
facility in a path may appear in many paths, we define a new opening cost for each
facility to avoid repeating the computation of opening costs, every facility cost is just
computed once. How to analyse the opening cost properly, it is a question also exist
in k-FLPSP and all extensions of k-FLPSP. k-FLPSP is an extension of k-LFLP, we
don’t know whether our algorithm can be used in k-LFLP. The lower bound of k-LFLP
is 1.61, there is a sharp gap between the current upper bound and lower bound.
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