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Abstract

We show that the problem of deciding whether a given graph G has a well-balanced
orientation G such that dé’(v) < {(v) for all v € V(G) for a given function
£ : V(G) — Zs¢ is NP-complete. We also prove a similar result for best-balanced
orientations. This improves a result of Bernath, Iwata, Kirdly, Kirdly and Szigeti and
answers a question of Frank.

Keywords Graph orientation - Well-balanced - Complexity

1 Introduction

This article contains a negative result concerning the possibility of deciding whether
a given graph has a well-balanced or best-balanced orientation with a certain extra
property. Any undefined notions can be found in Sect. 2.

During the history of graph orientations, the problem of characterizing graphs
admitting orientations with certain connectivity properties has played a decisive role.
The first important theorem due to Robbins (1939) states that a graph has a strongly
connected orientation if and only if it is 2-edge-connected. Nash-Williams (1960)
proved several theorems generalizing the result of Robbins. The first one is the fol-
lowing natural generalization of the result of Robbins to higher global arc-connectivity.

Theorem 1 Let G be a graph and k a positive integer. Then G has a k-arc-connected
orientation if and only if G is 2k-edge-connected.

While Theorem 1 resolves the problem of finding graph orientations of high
global arc-connectivity, Nash-Williams also considered orientations satisfying local
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arc-connectivity conditions. We say that an orientation G of a graph G is well-
balanced if ig(u, v) > [2¢%Y | for all (u,v) € V(G) x V(G). If additionally
dt(v) € {LdGzﬂj, f@]} holds for all v € V(G), then G is called best-balanced.
NGash—Williams (1960) proved the following result.

Theorem 2 Every graph has a best-balanced orientation.

Observe that Theorem 2 implies Theorem 1. In the last decades, numerous attempts
have been made to develop theory surrounding Theorems 1 and 2. These attempts
turned out to be much more successful when concerning Theorem 1 than when con-
cerning Theorem 2. For example, while a relatively simple proof of Theorem 1 relying
on a splitting off theorem of Lovasz has been found by Frank (2011), no simple proof
of Theorem 2 is known. Even though since the original, very complicated proof of
Nash-Williams new proofs have been found by Mader (1978) and Frank (1993), all
of them are pretty involved.

Another branch of research in the theory surrounding Theorems 1 and 2 consists
in characterizing graphs which admit orientations satisfying some extra properties in
addition to the connectivity conditions. These problems turn out to be much more
tractable when trying to generalize Theorem 1 than when trying to generalize Theo-
rem 2.

For generalizing Theorem 1, polymatroid theory has proven to be a valuable tool.
It allowed Frank (2011) to solve the problem of deciding whether a mixed graph has
a k-arc-connected orientation for some given positive integer k and to solve the more
general problem of finding a minimum cost k-arc-connected orientation of a given
graph where a cost is given for both possible orientations of each edge.

Bernith et al. (2008) attempted to obtain similar generalizations for Theorem 2
which yielded several negative results, see also (Berndth 2006). For example, the
problems of finding well-balanced and best-balanced orientations minimizing a given
weight function were proven to be NP-complete in Bernéth et al. (2008). The problem
of deciding whether a mixed graph has a best-balanced orientation has also been
proven to be NP-complete in Berndth et al. (2008). A proof that the problem of deciding
whether a mixed graph has a well-balanced orientation is NP-complete has been found
by Bernath and Joret (2008).

Another extra property which can be imposed on the orientation is degree con-
straints. Here a generalization of Theorem 1 has been obtained by Frank (1980) using
comparatively elementary methods. As its proof is constructive, he obtained the fol-
lowing result.

Theorem 3 There is a polynomial-time algorithm which, given a graph G, a positive
integer k and twoﬁmctions L1,£y : V(G) = Zso, decides whether there is a k-arc-
connected orientation G of G such that £1(v) < dé“(v) < £2(v) forallv € V(G).

Yet again, a similar generalization of Theorem 2 was proven to be out of reach in
Bernith et al. (2008).

Theorem 4 The problem of deciding whether, given a graph G and two functions
L1,£2 : V(G) = Zsxo, there is a well-balanced orientation G of G such that £1(v) <
dg (v) < £2(v) for all v € V(G), is NP-complete.
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A similar result for best-balanced orientations is also proven in Bernath et al. (2008).

In this article, we deal with the question whether a version of the above problem
with milder restrictions on the vertex degrees is better tractable. We are interested in
the case when instead of imposing an upper and a lower bound on the out-degree of
every vertex only an upper bound is imposed.

More concretely, we consider the following two problems:

Upper-bounded well-balanced orientation (UBWBO):

Input: A graph G, a function £ : V(G) — Zxo.

Question: Is there a well-balanced orientation G of G such that dg (v) < £(v) for all
v e V(G)?

Upper-bounded best-balanced orientation (UBBBO):

Input: A graph G, a function £ : V(G) — Zxo.

Question: Is there a best-balanced orientation G of G such that dé’(v) < £(v) for all
v e V(G)?

Observe that any orientation obtained from a well-balanced (best-balanced) orien-
tation by reversing the orientation of all arcs is again well-balanced (best-balanced).
Hence imposing lower bounds instead of upper bounds on the out-degrees would lead
to equivalent problems. Similarly, the bounds could be imposed on the in-degrees
instead of the out-degrees.

The question of the complexity of UBBBO can be found in various sources. It is
mentioned by Frank (2011), by Bern4th et al. (2008) and there is an online posting on
it in the open problem collection of the Egervary Research group. The contribution of
this article is to prove that even these problems involving milder restrictions remain
hard. We prove the following two results:

Theorem 5 UBWBO is NP-complete.
Theorem 6 UBBBO is NP-complete.

Observe that Theorem 5 implies Theorem 4. Theorems 5 and 6 can be considered
yet another indication of the isolated position that Theorem 2 has in the theory of
graph orientations.

After a collection of formal definitions and preliminary results in Sect. 2, we prove
Theorems 5 and 6 in Sect. 3 using a reduction from Cubic Vertex Cover. While our
reduction is inspired by the one used in Bernath et al. (2008) to prove Theorem 4, it
is more involved.

2 Preliminaries
This section is dedicated to providing the background for the proof of the main results

in Sect. 3. We first define all important terms in Sect. 2.1 and then give some preliminary
results in Sect.2.2.
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2.1 Definitions

We first give some basic notions of graph theory. A mixed graph F consists of a
vertex set V (F), an edge set E(F'), and an arc set A(F). We also say that F contains
V(F), E(F),and A(F). Anedge e = uv € E(F)is aset containing the vertices u and
v. We say that e links u and v and e is incident to u and v. More generally, we say that
e links two disjoint sets X, Y € V(F)ifu € Xandv € Y. Ifelinks X and V(F) — X,
we say that e enters X. An arc a = uv € A(F) is an ordered tuple of the vertices
u,v € V(F) where u is called the fail of a and v is called the head of a. For some
X CV(F)withu € Xandv € V(F) — X, we say that e enters V(F) — X and leaves
X.Forsome e = uv € E(F)U A(F), we say that u and v are the endvertices of e. A
mixed subgraph F' of F is a mixed graph F’ with V(F') C V(F), E(F') C E(F),
and A(F’) C A(F). For some X C V(F), we let F[X] denote the mixed subgraph
of F whose vertex set is X and that contains all the edges in E(F) and all the arcs in
A(F) whose both endvertices are in X.

A mixed graph G without arcs is called a graph. For a graph G and some X C V (G),
we let dg (X) denote the number of edges in E£(G) that have exactly one endvertex in
X and we let i (X) denote the number of edges in E(G) that have both endvertices in
X . For a single vertex v € V(G), we abbreviate dg ({v}) to dg (v) and call this number
the degree of v in G. If dg(v) = 3 for all v € V(G), we say that G is cubic. For
two vertices u, v € V(G), we use Ag (u, v) for min,cycv(G)—v dG(X). Observe that
A (u, v) = Ag (v, u). For some positive integer k, we say that G is k-edge-connected
if A\g(u,v) > k forall u,v € V(G). A 1-edge-connected graph which contains two
vertices u, v of degree 1 and in which all other vertices are of degree 2 is called a uv-
path. We also say that # and v are the endvertices of the path. Two graphs whose edge
sets are disjoint are called edge-disjoint. For two paths T1, T, with V(T1) NV (Tz) = x
for a vertex x that is an endvertex of both 77 and 7>, we denote by 777> the path with
V() = V(T) U V(Ty) and E(T1T2) = E(T1) U E(T7).

A mixed graph D without edges is called a digraph. For a digraph D and some
X C V(D),welet dEr (X) denote the number of arcs whose tail is in X and whose head
isin V(D) — X. We use dp,(X) for dg(V(D) — X). For a single vertex v € V(D),
we abbreviate d;;({v})(dg {vh) to dz;(v)(dB (v)) and call this number the out-degree
(in-degree) of v in D. If di’)'(v) =dp,(v) forall v € V(D), we say that D is eulerian.
Given afunction ¢ : V(D) — Zxo, we say that D is £-bounded if dz;(v) < £(v) forall
v € V(D).Fortwoverticesu, v € V(D),weuseAp(u, v) forminyexcv(p)—u dp (X).
For some positive integer k, we say that D is k-arc-connected if Ap(u, v) > k for all
(u,v) € V(D) x V(D). We abbreviate 1-arc-connected to strongly connected. The
operation of exchanging the head and the tail of an arc is called reversing the arc. Two
digraphs whose arc sets are disjoint are called arc-disjoint.

A mixed graph F’ is called a partial orientation of another mixed graph F if F’
can be obtained from F' by replacing some of the edges in E(F) by an arc with the
same two endvertices. This operation is called orienting the edge. If F’ is a digraph,
then F’ is called an orientation of F. The unique graph G such that F is an orientation
of G is called the underlying graph of F. A strongly connected orientation of a graph
all of whose vertices are of degree 2 is called a circuit. An orientation T of a uv-

@ Springer



Journal of Combinatorial Optimization (2023) 45:30 Page50f14 30

path with A7 (u, v) = 1 is called a directed uv-path. For a directed uv-path 77 and a
directed vw-path T, for some vertices u, v and w, we denote by T 7> the uw-path with
V(T1'T>) = V(T)UV(T2) and A(T1T2) = A(T1) U A(T>). We say that an orientation
G of agraph G is well-balanced if ). (u, v) > [ 2692 | forall (u, v) € V(G)xV(G).
If additionally d* (v) € {192 | rdGz(”ﬁ} holds for all v € V(G), then G is called
best-balanced. We also say that a digraph is well-balanced (best-balanced) if it is a
well-balanced (best-balanced) orientation of its underlying graph.

For basic notions of complexity theory, see Garey and Johnson (1979). Given a
graph H, a vertex cover of H is a subset U of V(H) such that every e € E(H) is
incident to at least one vertex in U. We consider the following algorithmic problem:
Cubic Vertex Cover (CVC):

Input: A cubic graph H, a positive integer k. Question: Is there a vertex cover of H
of size at most k?

2.2 Preliminary results

For proving the correctness of our reduction, we need a few preliminaries.
The following classic results are due to Menger (1927) and fundamental to graph
connectivity.

Theorem7 Let G be a graph and sy,s» € V(G). Then the maximum number of
pairwise edge-disjoint s1sy-paths in G is Ag(s1, $2).

The second result is the directed analogue of Theorem 7.

Theorem 8 Let D be a digraph and sy, s» € V(D). Then the maximum number of
pairwise arc-disjoint directed s1s2-paths in D is Ap(sy, $2).

The next result is helpful when proving that a given orientation is well-balanced.

Proposition 1 Let G be a graph and a € V(G). Let G be an orientation of G such
that Az (a,s) > LdG(A)J and L (s, a) > LdG(S)J hold for all s € V(G) — a. Then G
is well-balanced.

Proof Let 51,59 € V(G) and R C V(G) — s; with sp € R. If a € R, we have
dZ(R) = 2g(s1,a) = |da) | > | 26819) | If ¢ € V(G) — R, we have dZ(R) =
rgla, s2) > LdGéé‘z)J > L*G(SZI*W)J, In either case, we obtain dg(R) > L%"”)J, SO

Ag(s1, ) > LMJ. Hence G is well-balanced. O

The next simple result allows to modify orientations maintaining important prop-
erties.

Proposition2 Let G be a graph, £ : V(G) — Zsxo a function, éo an {-bounded,
well-balanced orientation of G, D an eulerian directed subgraph of Gy and G the
orientation of G which is obtained by reversing all the arcs of D. Then G is £-bounded
and well-balanced.
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Proof Since D is eulerian, we have dg (s) = déro (s) for all s € V(G). Hence, as éo
1

is £-bounded, so is Gp. Similarly, we have d(?;l (s) = dgo (s) forall s € V(G). We

hence have dgl (R) =23 ek d(f;l (5)—ig(R) =) ;cr dgo (s)—ig(R) = d(f;o (R) for

all R € V. Hence Aé] (S1,52) = ming,crcy—s, d(?;l (R) = ming,ercv—s, déO(R) =

)»50 (s1, s2) for all (s1, s2) € V(G) x V(G). Thus, as éo is well-balanced, so is 5}1. O

Finally, we need the following result to justify the usefulness of our reduction. It
can be found in Garey and Johnson (1979).

Theorem 9 Cubic Vertex Cover is NP-complete.

3 The reduction

In this section, we give the reduction we need to prove Theorems 5 and 6. We first give a
reduction for Theorem 5 and then show how to adapt it to prove Theorem 6. In Sect. 3.1,
we describe the instance (G, £) of UBWBO we create from a given instance (H, k)
of CVC. In the remaining part of the paper (H, k) and (G, £) are fixed. In Sect.3.2,
we describe a particular kind of orientations, called convenient orientations that play
a crucial role in the proof of the reduction. In Sect. 3.3, we give the first direction of
the reduction showing how to obtain an £-bounded, well-balanced orientation of G
from a vertex cover of H. The other direction is divided into two parts. First, we show
in Sect. 3.4 how an ¢-bounded, well-balanced orientation of G can be turned into one
that additionally has the property of being convenient. After, in Sect.3.5, we show
how an orientation with this extra property yields a vertex cover of H.In Sect.3.6, we
show how to adapt our construction for the proof of Theorem 6. Finally, in Sect. 3.7,
we conclude our proof.

3.1 The construction

We here show how to create an instance of UBWBO from an instance of CVC. Let
(H, k) be an instance of CVC. Since H is cubic, we have |V(H)| =2n and |E(H)| =
3n for some integer n > 2.

We first describe, for every v € V(H), a vertex gadget GV that contains 6 vertices:
Po» PYs P340 41 - g5 and Sedges: pgpy, pips. 4041 9143 Py4; - We nextdescribe,
for every e € E(H), an edge gadget G* that contains 6 vertices x°, y°, z{, 25, 253, 74
and Sedges: x°y¢, x°z{, y°z5, y¢z5, y°z4. Anillustration of these gadgets can be found
in Fig. 1.

We are now ready to describe G. For every v € V(H), we let G contain a vertex
gadget GV and for every e € E(H), we let G contain an edge gadget G¢. Let P =
UveV(H) V(GY), X = UeeE(H){Xe, v}, and Z = UeeE(H){Z?’ ZS, Zg, ZZ}. We let
V(G) contain two more vertices a and b. We now finish the description of G by
linking these components by some additional edges. For every z € Z, we let E(G)
contain an edge az and an edge bz. Further, for every v € V(H), let ey, €3, e3 be
an arbitrary ordering of the edges in E(H) which are incident to v in H. We add

@ Springer



Journal of Combinatorial Optimization (2023) 45:30 Page7of 14 30

1,6
v v X €
qo ql | ,7(\
—_—
€ € € €
2y 25 Z3 2y

o Py ps

Fig. 1 A vertex gadget for a vertex v and an edge gadget for an edge ¢

b

Fig. 2 An example for the graph G created from a graph H where V (H) contains two vertices # and
v and E(H) contains three parallel edges e, ¢, and ¢” linking u and v. All the edges belonging to a
vertex gadget are marked in red while all the edges belonging to an edge gadget are marked in blue.

The names of the vertices in Z have been omitted due to space restrictions. They are from left to right:
!

/ / / / a 1 a . . .
2,25, 25,25, 28 . 25 .25 .25 . 2] .25 .25 2§ - Seealso Fig. 1 (Color figure online)

v,,e3 ,U.e]

the edges apy, aqg, pyy°', p3y®, pyy®, qix°', q3x°*, and g;x. This finishes the
construction of G.

Observe that dg(a) = 4|E(H)| + 2|V(H)| = l6n,dg(b) = 4|E(H)| =
12n,dg(s) =3 foralls € PUZ,and dg(x¢) =4 and dg(y®) = 6 foralle € E(H).
An illustration can be found in Fig. 2.

We now define . We set £(a) = 8n + k and ¢(z) = 1 for all z € Z. For all
s € V(G) — (Z Ua), we set the trivial bound £(s) = dg(s).

We now give an important result on the connectivity properties of G.
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Proposition3 Ag(s,a) = dg(s) foralls € V(G) — a.

Proof By definition, Ag (s, a) < dg(s) for all s € V(G) — a. First observe that for
every z € Z, G contains the ba-path bza. By Theorem 7, this yields Ag (b, a) > |Z] =
12n = dg(b). Now consider some ¢ = uv € E(H). By construction, there are some
i, j € {1,2} such that G contains the edges g;'x¢, p;'y*, q}’xe and p;ye. Due to the
pairwise edge-disjoint x“a-paths 71 = x°z{a, T) = x°y“z5a, T3 = x°q}' ... qqya and
Ty = xeq;’ ...qja and Theorem 7, we obtain that Ag (x®, a) > 4 = dg(x®). Due to
the pairwise edge-disjoint y“a-paths T} = y’x°z{a, Tr = y°z5a, T3 = y°z5a, Ty =
yézha, Ts = y°pi ... pga and Tg = yep; ... ppa and Theorem 7, we obtain that
Ac(¥¢, a) = 6 = dg(y°). Finally, suppose tor the sake of a contradiction that for some
te PUZ, Ag(t,a) <dg(t) =3.Leta € R C V(G) —t withdg(R) = Ag(t, a).
As Ag(s,a) > 3foralls € X Ub, we obtain X Ub C R. Hence, since every z € Z is
adjacent to three vertices in R, we obtain Z C R,sot € P. As ¢ is adjacent to three
distinct vertices in G and every vertex in P is linked to R, we obtain dg(R) > 3, a
contradiction. O

By Propositions 1 and 3, we have the following characterization of well-balanced
orientations of G.

Corollary 1 Let G be an orientation of G.

(a) G is well-balanced if and only if Lz (a, s) > L@J and Ay (s, a) > L@Jfor
alls € V(G) — a.

(b) If G is well-balanced, then di(s) = d_(s) = D) = jala,s) = rg(s,a) for
alls € X Ub.

Proof (a) The sufficiency is Proposition 1. The necessity is an immediate consequence
of the definition of well-balanced orientations and Proposition 3.

(b) Suppose that G is well-balanced and let s € X U b. As dg (s) is even and by (a),
we have d(s) = 21992 ] < ha(s,a) + hg(a, ) < dZ(s) +d5(s) = dg(s),
hence equality holds throughout.

O

3.2 Convenient orientations

In order to prove that the reduction works indeed, we wish to consider a certain
restricted class of orientations. We now define a mixed graph F which is obtained as
a partial orientation of G.

First for every e € E(H) and i € {1, 2}, let the edge az{ be oriented from a to z{
and the edge bz{ be oriented from z{ to b. For every e € E(H) and i € (3, 4}, let the
edge az{ be oriented from z{ to a and the edge bz{ be oriented from b to z7. Let all
the edges linking X and Z be oriented from X to Z. For every e € E(H), let the edge
x°y¢ be oriented from x¢ to y¢. Next, let all the edges linking P and X be oriented
from P to X. For every v € V(H) and i € {0, 1}, let the edge p; p;, | be oriented
from p; to p;, | and let the edge ¢;q;, | be oriented from g;’ to g/, ;. We denote the
obtained partial orientation of G by F.
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Fig.3 Anexample for the mixed graph F created from the same graph H as considered in Fig. 2. The edges
of F are marked in green (Color figure online)

Observe that the edge set of F' consists of the 3 edges aq(, apy, pq, for every
v € V(H). An illustration of F can be found in Fig. 3.

We now say that an orientation G of G is convenient if G is also an orientation
of F. The following lemma contains a characterization of convenient, well-balanced
orientations of G which is a crucial ingredient for proving the correctness of our
reduction.

Lemma 1 A convenient orientation G of G is well-balanced if and only if for every
uv € E(H),

(i) either the edges from a to {py, qy} are oriented from a to {pg, g4} or the edges
froma to {pg, g5} are oriented from a to {pg, q3 ),

(ii) in é[{a, Po» 40 Py- 45 1) there is a directed as-path for all s € {py, qi, g 94 )-

Proof First suppose that G is well-balanced and let ¢ = uv € E (H). Consider the set

R=V(G")UV(GY)U{x° y°}. By y* € R € V — a and Corollary 1(b), we have

dg (R) = Ag(a, y°) = %‘e) =3.AsG is convenient, it follows that the only arcs

entering R in G have the tail a. Since the set of edges linking a and R consists of the
four edges apy, aqy , apg, and aq, we get that either the arcs apg and aqg existin G
or the arcs apg and aq existin G, that is, (i) holds.
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Consider a vertex s in { Po qo Po qo} Since G is well- balanced, by Corollary 1(a),
dg(s) =3 and Theorem 8, there exists a directed as-path in G. Since G is convenient,
this path also exists in G[{a Po» 44 Py- 4511, that is, (i) holds.

For the other direction, we will use that G is convenient several times without
explicit mention. By Corollary 1(a), it suffices to prove that Az (a, s) > L@J and
Ag(s.a) = 922 | hold for all s € V(G) — a.

First we consider b. For every e € E(H),i € {1,2} and j € {3, 4}, az{b and sza
is a directed ab-path and ba-path, respectively, in G. We obtain, by Theorem 8§, that
min{ig (@, b), A (b, )} = 2| E(H)| = [ 952 ).

We next consider the vertices in X. Let e = uv € E(H). By construction, there are
indices i, j € {1, 2} such that G contains the arcs Py qixt, p]”.ye, and q]”.xe. By (ii),
there is a directed as-path 7 in é[{a, Py 45 Py» a5 forevery s € {pg, g4, Po- 45 }-

Since 71 = Tq(z;qo"q{‘ ...qi'x®and T) = qungf...q;’xe are two arc-disjoint
directed ax®-paths, by Theorem 8, we obtain Az (a, x¢) > 2 = LdG (XF)J Since T1 =
x¢z{bz5a and T, = x®y®z4a are two arc-disjoint directed x“a-paths, by Theorem 8,
we obtain A (x¢, a) > 2 = deg‘ ).

Next consider T} = yez‘ébzgla, T = yezga, and T3 = y“zja, where e e E(H)—e
is chosen arbitrarily. These are three arc-disjoint directed y®a-paths, so by Theorem 8,
wehaveAs(y%,a) > 3 = L%yqj.{orthe next part, by (i) and symmetry, we may sup-
pose that the arcs apy, aqg existin G. Since Ty = apyy ... pi'y¢, Tr = aqg ... q}'y*,
and T3 = T)p popy--- p}? y¢ are three arc-disjoint directed ay®-paths, by Theorem 8,
we obtain 1.z (a, y°) > 3 = [%6§7 .

Let R be the vertex set of the strongly connected component of G containing a. By
the above, we have X Ub C R. Next, every z € Z is incident to an arc entering R — z
and an arc leaving R — z,s0 Z C R. Now let v € V(H). For every p € V(G"), by
(ii), a directed ap-path is contained in G[V (G") U a]. Further, G contains a directed
path from p to X. We hence obtain that P C R, so G is strongly connected. This
yields Az (a,s) > 1 = L@J and Az (s,a) > 1= L@J foralls € PU Z. O

3.3 From vertex cover to orientation

In this section, we give the first direction of the reduction. More formally, we prove
the following result.

Lemma 2 [f there exists a vertex cover of size at most k of H, then there exists an
L-bounded, well-balanced orientation of G.

Proof Let U be a vertex cover of size at most k of H. Let G be the unique convenient
orientation of G in which for every v € V(H), the edges ap, pjqg are oriented to
a directed path apgqg; further the edge ag is oriented from a to ¢ if and only if

v € U.ByLemma | and as U is a vertex cover, we obtain that G is well-balanced. By
construction, we have d(i; (s) < €(s)foralls € V(G)—a.Finally, G contains 2| E(H)|
arcs from a to Z, one arc from a to p§ for all v € V(H) and one arc from a to g for
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all v € U. This yields dér(a) =2|E(H)|+ |V(H)|+|U| <6n+2n+k = £(a), so
G is £-bounded. O

3.4 Making a well-balanced orientation convenient

In this section, we give a slightly technical lemma that shows that if an £-bounded,
well-balanced orientation of G exists, we can also find one which is additionally
convenient.

Lemma 3 [f there exists a well-balanced, £-bounded orientation of G, then there also
exists a convenient, well-balanced, £-bounded orientation of G.

Proof Let Go be a well-balanced, - bounded orientation of G.

Let Zo be the setofall z € Z such that Go contains the arc bz andlet Z; = Z— Z0
As Go is well-balanced and by Corollary 1 (b), we have |Z +| = |Z, | = 6n. Further,
let Z; be the set of all z € Z such that éo contains an arc from z to X. Observe that
Z(’; - Zg because éo is £-bounded. O

Claim 1 There is a set of pairwise arc-disjoint circuits {C; : z € Z3} such that
V(C,)NZ =z forallz € Z;.

Proof By Corollary 1(b), we have Ag (b, a) = d (b) = 4a(®) — 6n. By Theorem 8,
0

there is a set 7 of 6n pairwise arc-disjoint directed ba-paths in Go.Forall z € Z, ,as
éo is £-bounded and contains the arc zb, we obtain that z is not contained in a directed
ba-path of 7.

Clearly, every T € 7 contains a vertex in Z; +. Further, as Go is £-bounded and the
directed ba-paths in 7 are pairwise arc- dlSjOlnt no vertex in Z + can be contained in
two distinct ba-paths of 7. As |Z+| = 6n = |7|, we obtain that every z € Z
contained in exactly one directed ba-path T; of 7 and T; satisfies V(T;) N Z = z. For
everyz € Z§,as Go is £-bounded, the arc az is contained in Go Now let C, be obtained
from T by deleting the arc bz and adding the arc az. Then C; is a circuit. Since the
directed ba-paths in 7 are arc-disjoint, {C; : z € Z{} has the desired properties. O

Let G, be obtained from éo by reversing all the arcs of U, 7:A(C2). Observe that

in G all the edges linking Z and X are oriented from X to Z. Further observe that
forall z € Z0 , G1 contains the directed ba-path bza and for all z € Z,, G1 contains
the directed ab-path azb. Now let 712 = UeeE(H) zl, Zz} and Z34 = 7 — 712 Let

D be the spanning directed subgraph of G1 whose arc set is Uzezgmzl.z{bz, za} U
Uzezgmzl“{azv zb}.

Claim 2 D is eulerian.

Proof Clearly, we have dg(s) = dp(s) forall s € V(G) — {a, b}. Further, we have

i)y =125 Nnz'2 =1z —|1Zy Nz =6n—1Zy N 212 =125 | —1Z5 N
Z'2| =1zy N Z3*| = d(b) and similarly d}) (a) = d}, (a). o
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Let G be obtained from G by reversing the orientation of every arc of D.

Observe that all the edges in G incident to a vertex of Z have the same orientation
in G, and F. Applying Proposition 2 twice, we obtain that G, is well-balanced and
£-bounded. In order to complete the proof of Lemma 3, we show in the following that
52 is convenient.

Claim 3 All the edges in G incident to at least one vertex in X have the same orientation
in Go and F.

Proof Let e € E(H). As observed above, all the edges linking {x¢, y¢} and Z are

oriented from {x°, y°} to Z in Gz By Corollary 1(b), we obtain d+ %) = d (ye) =

4609 _ 3 and 4 (x¢) =d= (x°) = 60 _ 9 Ag Gz contams 3 arcs from y¢ to
2 G» G» 2

Z, we obtain that the edges linking P and y® are oriented from P to y© in G, and that
the edge x¢y¢ is oriented from x¢ to y°¢ in 62 As Gz contains two arcs from x¢ to
Z U y®, we obtain that the edges linking P and x¢ are oriented from P to x¢ in G2 O

Claim 4 Foreveryv € V(H), the edges in E(G") —{p§qy} have the same orientation
in Go and F.

Proof For every v € V(H), as 62 is well-balanced and by Corollary 1(a), we have

d, y
rg, @ py) = [0 c
there is a directed pg pj-path in G2, namely pg p{ p5. Similarly, ggq{ ¢} is a directed
q393-path in G». O

] = 1. Hence, by construction and Claim 3, we obtain that

Claims 3 and 4 finish the proof of the fact that G is convenient. O

3.5 From convenient orientation to vertex cover

We now give the last step of the other direction of our reduction. More formally, we
prove the following result.

Lemma4 If there is a convenient, well-balanced, £-bounded orientation of G, then
there is a vertex cover of size at most k of H.

Proof Let G be a convenient, well-balanced, ¢-bounded orientationqof G.LetU C
V (H) be the set of vertices v for which the arcs apg and ag existin G. By Lemma 1,
we get that U is a vertex cover of H and for every v € V(H), at least one arc
exists in G from a to V(G?). Next note that there are exactly 2|E(H)| = 6n arcs
leaving a in F. As G is a convenient, £-bounded orientation of G, we have |U| =
dg(a) —df(a)—|V(H)| < (@) —6n—2n=@8n+k) —8n=k. o

3.6 Best-balanced orientations

We now show how to extend our reduction to best-balanced orientations. We create
an instance (G’, £') of UBBBO by altering the instance (G, £) of UBWBO created in
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Sect.3.1. Let G’ be obtained from G by adding a set W of 2k new vertices and an edge
wa for all w € W. Observe that dg/(a) = dg(a) + |W| = 16n + 2k and dg'(w) = 1
for all w € W. Further, we set £/(z) = 1 for all z € Z and we set the trivial bound
U'(s) =dg (s) foralls € V(G') — Z

Lemma5 There exists an £'-bounded, best-balanced orientation of G’ if and only if
there exists an £-bounded, well-balanced orientation of G.

Proof First suppose that there exists an Z’ bounded, best-balanced orientation G’ of
G.Let G = G [V(G)]. Observe that G is an orientation of G. Further, as G’ is
well-balanced, for any (s1, 52) € V(G) x V(G), we have Az (51, 52) = Ag (51, 52) >
L)‘G/(;"Sz)J = LAG(Q'”)J, hence G is well-balanced. For any s € V(G) —a, as G’ is
£'-bounded, we have d(“—; (s) = dé‘/ (s) < €' (s) = £(s). Finally, as G’ is best-balanced,
we have dé’ (a) < dg, (a) < (@1 = 8n + k = £(a). Hence G is ¢-bounded.

Now suppose that there is an £-bounded, well-balanced orientation of G. We obtain

by Lemma 3 that there is also a convenient, £-bounded, well-balanced orientation G
of G. This yields 8n < d+(a) < 8n+k.

We now create an orientation G’ by giving every edge in E(G) the orientation it
has in G orienting 8n + k — d+(a) of the edges linking W and a from a to W and
orienting all the remaining edges linking W and a from W to a. For any (s1, s2) €
V(G) x V(G), we have A5, (s1,52) = Ag(s1,s0) > [26608) | — | 2ar0L92) | R,
any (s1,52) € V(G') x V(G') with {s1,s2} N W # , we have A, (s1,52) > 0 =
|_1J LMJ Hence, G’ is well-balanced. For every s € V(G) — a, we have
d+ (s) = d+(s) < £(s) = {'(s). Further, as G is convenient, we have d+ (s) €

{l_dG(S)J |—dG(S)'|} — {Ld(;/(S‘)J |'dG’(Y)'|}.F0rallw e W,wehavedg,(w) <1= E(u))
and d, (w) € (0, 1} = {|9e{w) | [96()1} Finally, we have dt (@) = di(@)+@n+
k— dér (a)) =8n+k= w < {'(a). Hence G is best-balanced and ¢/-bounded. O

3.7 Conclusion

We here conclude the proof of Theorems 5 and 6. First observe that both UBWBO
and UBBBO are clearly in NP. Next observe that the size of both (G, £) and (G, £') is
polynomial in the size of (H, k). By Lemmas 2 to 4, we obtain that (G, £) is a positive
instance of UBWBO if and only if (H, k) is a positive instance of CVC. By Lemmas 2
to 5, we obtain that (G, £) is a positive instance of UBBBO if and only if (H, k) is
a positive instance of CVC. As CVC is NP-complete by Theorem 9, Theorems 5 and
6 follow.

@ Springer



30 Pagel14of14 Journal of Combinatorial Optimization (2023) 45:30

Author Contributions The authors have equally contributed.
Funding Open Access funding enabled and organized by Projekt DEAL. No other funding is available.

Data availability No data is associated to this manuscript.

Declarations

Conflict of interest There are no competing interests.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Berndth A (2006) Hardness results for well-balanced orientations, Tech. Report TR-2006-05, Egervary
Research Group, Budapest, https://web.cs.elte.hu/egres/tr/egres-06-05.pdf,

Bernith A, Iwata S, Kirdly T, Kirdly Z, Szigeti Z (2008) Recent results on well-balanced orientations.
Discrete Optim 5:663—-676

Bernith A, Joret G (2008) Well-balanced orientations of mixed graphs. Inf Process Lett 106(4):149-151

Egres Open Problems, Problem: “Smooth well-balanced orientations with prescribed in-degrees”, http:/
lemon.cs.elte.hu/egres/open/Smooth_well-balanced_orientations_with_prescribed_in-degrees,

Frank A (1993) Applications of submodular functions. In: Walker K (ed) Surveys in combinatorics, London
mathematical society lecture note series. Cambridge University Press, Cambridge, pp 85-136

Frank A (2011) Connections in combinatorial optimization. Oxford University Press, Oxford

Frank A (1980) On the orientation of graphs. J Comb Theory Ser B 28(3):251-261

Garey M, Johnson D (1979) Computers and intractability: a guide to the theory of NP-completeness, W.H.
Freeman

Mader W (1978) A reduction method for edge-connectivity in graphs. Annals Discrete Math 3:145-164

Menger K (1927) Zur allgemeinen Kurventheorie. Fund Math 10:96-115

Nash-Williams CSJA (1960) On orientations, connectivity, and odd vertex pairings in finite graphs, Canad.
J Math 12:555-567

Robbins HE (1939) A theorem on graphs with an application to a problem of traffic control. Am Math Mon
46:281-283

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://web.cs.elte.hu/egres/tr/egres-06-05.pdf
http://lemon.cs.elte.hu/egres/open/Smooth_well-balanced_orientations_with_prescribed_in-degrees
http://lemon.cs.elte.hu/egres/open/Smooth_well-balanced_orientations_with_prescribed_in-degrees

	On the complexity of finding well-balanced orientations with upper bounds on the out-degrees
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Definitions
	2.2 Preliminary results

	3 The reduction
	3.1 The construction
	3.2 Convenient orientations
	3.3 From vertex cover to orientation
	3.4 Making a well-balanced orientation convenient
	3.5 From convenient orientation to vertex cover
	3.6 Best-balanced orientations
	3.7 Conclusion

	References




