Journal of Combinatorial Optimization (2022) 43:710-726
https://doi.org/10.1007/s10878-021-00807-0

®

Check for
updates

Adjacent vertex distinguishing edge coloring of IC-planar
graphs

Zhuoya Liu' - Changqing Xu'

Accepted: 27 August 2021/ Published online: 15 September 2021
© The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature 2021

Abstract

The adjacent vertex distinguishing edge coloring of a graph G is a proper edge coloring
in which each pair of adjacent vertices is assigned different color sets. The smallest
number of colors for which G has such a coloring is denoted by x/(G). An important
conjecture due to Zhang et al. (Appl Math Lett 15:623-626, 2002) asserts that x, (G) <
A(G)+2 for any connected graph G with order at least 6. By applying the discharging
method, we show that this conjecture is true for any IC-planar graph G with A(G) >
16.

Keywords IC-planar graph - Adjacent vertex distinguishing edge coloring -
Discharging method

1 Introduction

Throughout this paper, we are only concerned with finite and simple graphs. For a
plane graph G, let V(G), E(G), F(G), A(G) and 6(G) be the vertex set, edge set,
face set, maximum degree and minimum degree of G, respectively. For an arbitrary
x € V(G)UF(G), letdg(x) denote the degree of x in G. Let Ng (v) denote the set of
neighbors of a vertex v in G. A vertex v satisfying dg (v) = k (dg(v) > k,dg(v) < k)
is a k-vertex (k™ -vertex, k™ -vertex). The k-face and k™ -face are defined similarly. For
each v € V(G), let d’c‘;(v) denote the number of k-vertices adjacent to v in G. We
call a 3-vertex v € V(G) bad if d2.(v) = 1 and good if d3,(v) = 0. Let d¥’(v) and
dgg (v) denote the number of bad and good 3-vertices adjacent to v in G, respectively.
A 3-face (or cycle) vivpvs is called a (k1, ka, k3)-face (or cycle) if v; is a k;-vertex for
all 1 <i < 3. A3-cycleis bad if it is incident with two 3-vertices. Any undefined
notation can refer to (Bondy and Murty 1976).
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A proper k-edge coloring of a graph G is a mapping ¢ : E(G) — {1,2,...,k}
such that ¢(e) # @(¢’) for any two adjacent edges e and ¢’ of G. For any v € V(G),
let Cy(v) = {@p(uv)luv € E(G)} be the color set of v with respect to ¢. For two
adjacent vertices u and v, we call u conflict with v respect to ¢ if Cy (1) = Cy(v). A
proper k-edge coloring ¢ is a k-adjacent vertex distinguishing edge coloring (k-avd-
coloring for short) provided that Cy, (1) # Cy(v) for all uv € E(G). The adjacent
vertex distinguishing edge chromatic index of G, denoted by x,(G), is the smallest
such that G has a k-avd-coloring. A graph without isolated edges is normal. Clearly,
only normal graph can have avd-colorings. Thus, for avd-coloring, we only consider
normal graphs.

Zhang et al. (2002) first introduced the concept of avd-coloring and put forward
the following conjecture.

Conjecture 1 Zhang et al. (2002) If G is a connected graph with order at least 6, then
X.(G) < A(G) +2.

Conjecture 1 was determined by Balister et al. (2007) for bipartite graphs and
graphs with maximum degree 3. Horidk et al. (2014) showed that Conjecture 1 holds
for planar graphs with maximum degree at least 12. Bonamy et al. (2013) verified
that x,(G) < A(G) + 1 for any planar graph G with A(G) > 12. Wang and Huang
(2015) proved that x,(G) < A(G) + 1 for any planar graph G with A(G) > 16
and x,(G) = A(G) + 1 if and only if G contains two adjacent vertices of maximum
degree.

A graph is I-planar if it can be drawn in the plane such that each edge is crossed by
at most one other edge. Albertson (2008) first introduced the definition of IC-planar
graph. A graph is /C-planar if it admits a drawing in the plane where each edge is
crossed at most once and no two crossings are incident with the same vertex. Clearly,
each IC-planar graph is 1-planar. The associated plane graph G* of a 1-planar graph
G is a plane graph obtained by turning all crossings of G into new 4-vertices. A vertex
v e V(G*)is falseif visnot a vertex of G and real otherwise. A face is false if it
is incident with at least one false vertex. Clearly, for an associated plane graph G* of
an IC-planar graph G, each real vertex in G* is adjacent to at most one false vertex
and incident with at most two false 3-faces in G *. In the following, we always assume
that every IC-planar graph is drawn in a plane such that the number of crossings is as
few as possible.

Lemma1 Zhang and Wu (2011) Let G be a 1-plane graph and G* be the associated
plane graph of G. If dg (u) = 3 and v is a false vertex of G*, then either uv ¢ E(G™)
or uv is not incident with two 3-faces.

In this paper, we will prove that Conjecture 1 is true for any IC-planar graph with
maximum degree at least 16, which can be expressed more concisely as follows:

Theorem 1 Let G be an IC-planar graph, then x,(G) < max{A(G) + 2, 18}.
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2 The proof of Theorem 1

We will prove Theorem 1 by contradiction. Let G be a counterexample to Theorem 1
minimizing |V (G)|+|E(G)|. Clearly, G is a connected graph. Let ¢ = max{A(G)+
2,18} and C = {1,2,...,tc}. Then {1,2,...,18} < C. First we will prove the
following claims.

Claim 1 There is no edge uv € E(G) withdg(u) = 1 and dg(v) < 9.

Proof Assume, to the contrary, that G contains an edge uv with dg(u) = 1 and
dg(v) < 9. We have dg(v) > 2 because G is normal. Let H = G — u. If H
contains only one edge, then we color this edge with 1 and color uv with 2 to obtain
a tg-avd-coloring of G, a contradiction. If H contains at least two edges, H has a
tg-avd-coloring ¢ with the color set C by the minimality of G. Note that v has at
most eight conflict vertices. Hence we can color uv with a color in C \ Cy(v) such
that v does not conflict with its neighbors, which yields a 7g-avd-coloring of G, a
contradiction. O

Remark 1 Claim 1 implies that for an arbitrary ¢ € E(G), H = G — e is normal.
Therefore x,(H) < tg by the minimality of G.

Remark 2 1In the following, if dg(v) = k, set Ng(v) := {v1, v2, ..., vk}
Claim 2 Let v be a k-vertex of G with2 < k < 6, then dé v) <1

Proof Assume, to the contrary, that G contains a k-vertex v (2 < k < 6) sat-
isfying dé(v) > 2. We prove the case that k = 6 (the proof can be given
similarly and simply for 2 < k < 5). Assume that dg(v;) = dg(vy) = 6. Let
Ng(v1) = {v, wi, w2, w3, we, ws}. Let H = G — vvy, by Remark 1, H has a tg-avd-
coloring ¢ with the color set C. Without loss of generality (W.l.o.g.), p(vv;) =i — 1
for2 <i <6and ¢(viw;) =a; for 1 <i <5. We consider the next three cases.

Case 1: 3 < |ai,az,...,as} N {1,2,...,5}} < 5. 1If |{a1,a2,...,as} N
{1,2,...,5}] = 5, then we recolor vvy with a color in C \ (Cy(v) U Cy(v2))
such that v does not conflict with its neighbors. So we may assume that 3 <
Hai,a,...,as} N {1,2,...,5}] < 4. Hence we can color vv; with a color in
C\ (Cy(v) U Cy(v1)) such that v and vy do not conflict with their neighbors, which
yields a tg-avd-coloring of G, a contradiction.

Case 2: 1 < |ay,az,...,as} N {1,2,...,5}] < 2. Set |{a1,a2,...,as5} N
{1,2,...,5}) = L, then 1 <[ < 2. Wlog,qaq = i forl < i < [ and
ai =i —1+5forl+1 < i < 5. Suppose that vv; cannot be colored with-
out causing conflicts, say, Cy(v;) = {1,2,3,4,5,i —1 + 9} for2 < i < 6 and
Co(w;) =1{1,6,7,8,16 —7l,i — 1+ 15} for 1 <i <[+ 3. We recolor vv, with
acolorin {13, 14, ..., 18} such that v» does not conflict with its neighbors, then we
color vvy with a color in {11, 12} such that v; does not conflict with its neighbors,
which yields a 7-avd-coloring of G, a contradiction.

Case 3: {ay, a2, ...,a5}N{1,2,...,5} =0.Wlo.g,a; =i+5forl <i <
5. Suppose that vv; cannot be colored without causing conflicts, say, Cy(v;) =
{1,2,3,4,5,i + 9} for 2 < i < 6 and Cy(w;) = {6,7,8,9,10,i + 15} for
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1 <i < 3,0r Cp(vy) = {1,2,3,4,5,i + 9} for 2 < i < 5 and Cy(w;) =
{6,7,8,9,10,i + 14} for1 <i <4.If Cy(v;) =1{1,2,3,4,5,i +9}for2 <i <6
and Cy(w;) ={6,7,8,9,10,i + 15} for 1 <i < 3, then we recolor vv; with a color
in {6, 7, 8, 16, 17, 18} such that v» does not conflict with its neighbors, and color vv;
with a colorin {12, 13, 14} such that v; does not conflict with w4 and ws, which yields
atg-avd-coloring of G, a contradiction. If Cy (v;) = {1,2,3,4,5,i+9}for2 <i <5
and Cy(w;) =1{6,7,8,9,10,i + 14} for 1 <i < 4, then we recolor vv; with a color
in {6, 7, 8,9, 10, 18} such that v, does not conflict with its neighbors, and color vv;
with a color in {12, 13, 14} such that v and v; do not conflict with their neighbors,
which yields a ¢g-avd-coloring of G, a contradiction. O

Claim 3 There is no edge vvy € E(G) with 2 < dg(vy) < 6 and dg(vy) +1 <
dg(v) <9.

Proof Assume, to the contrary, that G contains an edge vv; with 2 < dg(vy)) < 6
and dg(v1) + 1 < dg(v) < 9. We prove the case that dg(v;) = 6 and dg(v) = 9
(the proof can be given similarly and simply for other cases). Let H = G — vvy, by
Remark 1, H has a tg-avd-coloring ¢ with the color set C. W.l.o.g., p(vv;) =i — 1
for2 <i <9and Cy(vy) € {1,2,...,13}. By Claim 2, every 6-vertex has at most
one conflict vertex. Suppose that vv; cannot be colored without causing conflicts, say,
Cowj) =1{1,2,...,8,i + 12} for2 <i < 5and Cy,(vy) = {9, 10, ..., 13}. Without
considering the conflict of v, for any given integer i (2 < i < 5), we select {b;, d;}
from {9, 10, ..., 18} \ {i + 12} to recolor vv; and color vv; such that v; and v do
not conflict with their neighbors. {b;, d;} has at least two selected ways. Since i has
four possibilities, we have at least 2 x 4 = 8 ways such that v; does not conflict with
its neighbors and v does not conflict with vy, v3, v4 and vs, while v has at most four
conflict vertices other than vy, v3, v4 and vs. So we can obtain a ¢g-avd-coloring of
G, a contradiction. O

Claim 4 Let v be a k-vertex of G with 10 < k < 11, then d3°™" () < 1.

Proof Assume, to the contrary, that G contains a k-vertex v (10 < k < 11) satisfying
d(Gl6_k) (v) = 2. Suppose that dg(v1) = dg(v2) = 16 — k (the proof can be given
similarly and simply for other cases). Let H = G — vvj, by Remark 1, H has a
tg-avd-coloring ¢ with the color set C. W.Lo.g., ¢p(vv;) =i —1for2 <i < k.
Clearly, |Cy(v;)) N {k,k+1,...,18}] < 15—k for1 <i < 2. By Claim 2, every
6~ -vertex has at most one conflict vertex. If v; has a conflict vertex w;, and |Cy (v;) N
{k,k+1,...,18}] = 15 —kfor 1 < i < 2, then we recolor v;w; with a color in
{2,3,...,9}\ Cy(w;). Without considering the conflict of v, we have the following
two types of proper colorings. (a): We color vv; with acolorin {k, k+1, ..., 18} such
that v; does not conflict with its neighbors. There are at least four available colors.
(b): We select {by, b} from {k, k + 1, ..., 18} to recolor vv; and color vv; such that
vy and v do not conflict with their neighbors. {b, by} has at least 4—§3 = 6 selected
ways. Hence we have at least 4 + 6 = 10 ways, while v has at most k —2 < 9 conflict
vertices. So we can obtain a tg-avd-coloring of G, a contradiction. O

Claim 5 Let v be a 12-vertex of G, then dé_ v) <L
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Proof Assume, to the contrary, that G contains a 12-vertex v satisfying dg (v) > 2.
Suppose that dg (v1) = dg(v2) = 3 (the proof can be given similarly and simply for
other cases). Let H = G —vwvy, by Remark 1, H has a tg-avd-coloring ¢ with the color
setC.W.lo.g.,o(wv;) =i—1for2 <i < 12.Clearly, |Cy(v;)N{12,13,...,18}| <2
for 1 < i < 2. By Claim 2, each 3-vertex has at most one conflict vertex. If v; has
a conflict vertex w; for 1 < i < 2, we assume that ¢(v;w;) ¢ {12, 13, ..., 18} (if
p(jw;) € {12,13,..., 18}, then we recolor v;w; with a color in {2,3,..., 11} \
(Cy(vi) U Cy(w;)) to satisfy this condition). Without considering the conflict of v,
we have the following two types of proper colorings. (a): We color vv; with a color
in {12, 13, ..., 18} such that v; does not conflict with its neighbors. There are at least
five available colors. (b): We select {1, by} from {12, 13, ..., 18} to recolor vv, and
color vv; such that v> and v do not conflict with their neighbors. {b1, b>} has at least
% = 10 selected ways. Hence we have at least 5 4+ 10 = 15 ways, while v has at
most ten conflict vertices. So we can obtain a zg-avd-coloring of G, a contradiction.
O

Claim 6 Let v be a k-vertex of G with 11 < k < 12, then dg (v) <3k —31.

Proof Assume, to the contrary, that G contains a k-vertex v (11 < k < 12) satisfying
dg (v) = 3k — 30. Suppose that dg(v;) = 6 for 1 < i < 3k — 30 (the proof can be
given similarly and simply for other cases). Let H = G — vvy, by Remark 1, H has
a tg-avd-coloring ¢ with the color set C. W.lo.g., ¢(vv;) =i — 1 for2 <i < k.
Clearly, |Cy(v;) N {k,k +1,...,18}] < 5for1 < i < 3k — 30. By Claim 2,
each 6-vertex has at most one conflict vertex. If v; has a conflict vertex w;, and
[Cy(ui) N {k,k+1,...,18}| = 5for1 <i < 3k — 30, then we recolor v;w; with
acolorin {3k — 30,3k — 29, ...,k — 1} \ Cy(w;). Without considering the conflict
of v, we have the following two types of proper colorings. (a): We color vv; with a
colorin {k, k+ 1, ..., 18} such that v; does not conflict with its neighbors. There are
at least 14 — k available colors. (b): For any given integer i (2 < i < 3k — 30), we
select {b;, d;} from {k, k+ 1, ..., 18} to recolor vv; and color vv; such that v; and v;
do not conflict with their neighbors. {b;, d;} has at least A= (13-0) gelected ways.
Since i has 3k — 31 possibilities, we have at least w x B3k—31)=17—k
different coloring ways. Hence we have at least 14 — k + 17 — k = 31 — 2k ways,
while v has at most k — (3k — 30) = 30 — 2k conflict vertices. So we can obtain a
tg-avd-coloring of G, a contradiction. O

Claim 7 Let v be a k-vertex of G with 13 < k < 14, then the following statements
hold.
(D) dE (v) <k—12;

Q) Ifd2 (v) = 1 form < 18 — k, then d(v) > (19 — k —m)dS" ™ (v) + 1.

Proof (1) Assume, to the contrary, that G contains a k-vertex v (13 < k < 14)
satisfying dé_ (v) = k — 11. Suppose that dg(v;) = 2 for 1 <i <k — 11 (the proof
can be given similarly and simply for other cases). Let H = G — vvy, by Remark 1, H
has a tg-avd-coloring ¢ with the color set C. W.l.o.g., p(vv;) =i — 1for2 <i <k.
Clearly, |Cy(v;) N {k,k+1,...,18}] < 1forl <i < k — 11. By Claim 2, each 2-
vertex has at most one conflict vertex. If v; has a conflict vertex w; for1 <i < k—11,
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we assume that p(v;w;) ¢ {k,k+1,...,18} (if p(vjw;) € {k,k+1,..., 18}, then
we recolor v;w; with a color in {3,4,...,12} \ (Cy(v;) U Cy(w;)) to satisfy this
condition). Without considering the conflict of v, we have the following two types of
proper colorings. (a): We color vv; with acolorin {k, k+1, ..., 18} such that v| does
not conflict with its neighbors. There are at least 18 — k > 4 available colors. (b):
For any given integer i (2 <i < k — 11), we select {b;, d;} from {k,k + 1, ..., 18}
to recolor vv; and color vv; such that v; and v; do not conflict with their neighbors.
{b;, d;} has at least W selected ways. Since i has k — 12 possibilities, we
have at least w x (k —12) > 10 different coloring ways. Hence we have at
least 4 + 10 = 14 ways, while v has at most eleven conflict vertices. So we can obtain
a tg-avd-coloring of G, a contradiction.

(2) Assume, to the contrary, that there is a k-vertex v € V(G) (13 < k < 14)
and an integer m (m < 18 — k) satisfying d’GW (v) > 1, where dé(v) <9 —-k-—

m)d3* ™" ). Set dJ°7P (v) = 1. Wlo.g, dg(v1) = m and dg(v;) < 19 — k
for 1 < i < [ (the proof can be given similarly and simply for other cases). Let
H = G —vvy, by Remark 1, H has a tg-avd-coloring ¢ with the color set C. Suppose
that p(vv;) =i — 1 for2 < i < k. Clearly, |Cy(vi) N {k,k+1,...,18}| < 18 —k
for 1 <i <|[.By Claim 2, each 6™ -vertex has at most one conflict vertex. If v; has
a conflict vertex w;, and [Cy(v;) N{k, k+1,...,18} =dg(v;) —1forl <i </,
then we recolor v;w; with a colorin {7,8, ..., 12} \ Cy(w;). Without considering the
conflict of v, we have the following two types of proper colorings. (a): We color vv;
withacolorin {k, k41, ..., 18} such that v| does not conflict with its neighbors. There
are at least 20 — k — m available colors. (b): For any given integer i (2 <i <), we
select {b;, d;} from {k, k+ 1, ..., 18} to recolor vv; and color vv; such that v; and v;
do not conflict with their neighbors. {b;, d;} has at least 19—k —m selected ways. Since
i has ] — 1 possibilities, we have at least (19 — k — m)(/ — 1) different coloring ways.
Hence we have atleast 20—k —m)+ (19—k—m)(( —1) = (19 —k —m)l + 1 ways,
while v has at most (19 — k —m)/ conflict vertices. So we can obtain a g -avd-coloring
of G, a contradiction. O

Claim 8 Let v be a 15-vertex of G, then the following statements hold.
(hdE () <3;

() Ifd: (v) > 1, then d}, (v) < 4;

B) Ifd2 (v) = 1form <3, thend? (v) = (4 —m)d}, (v) + 1;

(4) If v is incident with a bad 3-cycle, then dés (v) > 0.

Proof (1) Assume, to the contrary, that G contains a 15-vertex v satisfying dg (v) = 4.
Suppose that dg(v;) = 2 for 1 < i < 4 (the proof can be given similarly and
simply for other cases). Let H = G — vvy, by Remark 1, H has a ¢g-avd-coloring
¢ with the color set C. Suppose that ¢(vv;) = i — 1 for 2 < i < 15. Clearly,
|Cy(vi) N {15,16,17,18}] < 1 for 1 < i < 4. By Claim 2, each 2-vertex has at
most one conflict vertex. If v; has a conflict vertex w; for 1 < i < 4, we assume
that p(v;w;) ¢ {15, 16, 17, 18} (if p(v;w;) € {15, 16, 17, 18}, then we recolor v; w;
with a colorin {4, 5, ..., 14} \ (Cy(v;) U Cy(w;)) to satisfy this condition). Without
considering the conflict of v, we have the following two types of proper colorings.
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(a): We color vv; with a color in {15, 16, 17, 18} such that v; does not conflict with
its neighbors. There are at least three available colors. (b): For any given integer i
(2 <i <4),weselect {b;, d;} from {15, 16, 17, 18} to recolor vv; and color vv; such
that v; and v; do not conflict with their neighbors. {b;, d;} has at least three selected
ways. Since i has three possibilities, we have at least 3 x 3 = 9 different coloring
ways. Hence we have at least 3 + 9 = 12 ways, while v has at most eleven conflict
vertices. So we can obtain a 7g-avd-coloring of G, a contradiction.

(2) Assume, to the contrary, that G contains a 15-vertex v satisfying dé_ (v) > 1,
where dg (v) > 5. Suppose that dg (v1) = 2 and dg (v;) = 3for2 <i < 5 (the proof
can be given similarly and simply for other cases). Let H = G —vv;, by Remark 1, H
has a tg-avd-coloring ¢ with the color set C. W.l.o.g., ¢(vv;) =i —1for2 <i < 15.
Clearly, |Cy(v;) N {15,16,17,18}] < 2for 1 <i < 5. By Claim 2, each 3™ -vertex
has at most one conflict vertex. If v; has a conflict vertex w; for 1 < i < 5, we assume
that p(v;w;) ¢ {15, 16, 17, 18} (if p(v;w;) € {15, 16, 17, 18}, then we recolor v; w;
with a colorin {8, 9, ..., 14} \ (Cy(v;) U Cy(w;)) to satisfy this condition). Without
considering the conflict of v, we have the following two types of proper colorings.
(a): We color vv; with a color in {15, 16, 17, 18} such that v; does not conflict with
its neighbors. There are at least three available colors. (b): For any given integer i
(2 <i <5),weselect {b;, d;} from {15, 16, 17, 18} to recolor vv; and color vv; such
that v; and v; do not conflict with their neighbors. {b;, d;} has at least two selected
ways. Since i has four possibilities, we have at least 2 x 4 = 8 different coloring ways.
Hence we have at least 3 + 8 = 11 ways, while v has at most ten conflict vertices. So
we can obtain a tg-avd-coloring of G, a contradiction.

(3) Assume, to the contrary, that there is a 15-vertex v € V(G) and an integer m
(m < 3) satisfying d (v) > 1, where d?(v) < (4 —m)d{, (v). Setdg, (v) = L.
Suppose that dg(v1) = m and dg(v;) < 4 for 1 < i < [ (the proof can be given
similarly and simply for other cases). Let H = G — vvj, by Remark 1, H has a
tg-avd-coloring ¢ with the color set C. Suppose that ¢ (vv;) =i — 1 for2 <i < 15.
Clearly, |Cy(v;) N {15,16,17,18}] < 3 for 1 < i < [. By Claim 2, each 4™ -vertex
has at most one conflict vertex. If v; has a conflict vertex w; for 1 <i <[, we assume
that p(v;w;) ¢ {15, 16, 17, 18} (if p(v;w;) € {15, 16, 17, 18}, then we recolor v; w;
with a colorin {8,9, ..., 14} \ (Cy(v;) U Cy(w;)) to satisfy this condition). Without
considering the conflict of v, we have the following two types of proper colorings.
(a): We color vv; with a color in {15, 16, 17, 18} such that v; does not conflict with
its neighbors. There are at least 5 — m available colors. (b): For any given integer i
2 <i <), weselect {b;, d;} from {15, 16, 17, 18} to recolor vv; and color vv| such
that v; and v; do not conflict with their neighbors. {b;, d;} has at least 4 — m selected
ways. Since i has [ — 1 possibilities, we have at least (4 —m)(/ — 1) different coloring
ways. Hence we have at least (5 —m) + (4 —m)( — 1) = (4 — m)l + 1 ways, while
v has at most (4 — m)l conflict vertices. So we can obtain a tg-avd-coloring of G, a
contradiction.

(4) Assume, to the contrary, that there exists a 15-vertex v € V(G) incident with a
bad 3-cycle vvjvs (dg (v1) = dg (v2) = 3), where d? (v) < 8. Letw; (1 <i <2)be
the neighbor of v; other than v, v3_;.Let H = G —vvy, by Remark 1, H has atg-avd-
coloring ¢ with the color set C. By Claim 2, v; (1 < i < 2) has exactly one conflict
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vertex. If Cy(v1) # Cy(v2), then we color vy vy with a colorin C \ (Cy(v1) U Cy(v2))
to get a tg-avd-coloring of G, a contradiction. If Cy (v1) = Cy(v2), w.lo.g., p(vv) =
p(vw) = 1,9(wvr) = p(viw;) = 2 and ¢(vy;) =i for 3 < i < 15. Without
considering the conflict of v, we have the following two types of proper colorings.
(a): For any given integer i (1 < i < 2), we recolor vv; with an arbitrary color in
{16, 17, 18} and color vjv; with 3. Since i has two possibilities, we have 3 x 2 = 6
different coloring ways. (b): We select {b1, b} from {16, 17, 18} to recolor vv; and
vvy, and color vy vy with 3. {b1, by} has three selected ways. Hence we have 6+3 = 9
ways, while v has at most eight conflict vertices. So we can obtain a 7g-avd-coloring
of G, a contradiction. O

Claim 9 Let v be a k-vertex of G with k > 14, then v is incident with at most one bad
3-cycle.

Proof Assume, to the contrary, that there exists a k-vertex v € V(G) (k > 14)
incident with two bad 3-cycles vvjva, vv3va, where dg(v;) = 3 for 1 < i < 4.
Let w; be the neighbor of v; for 1 < i < 4. Let H = G — vjvs, by Remark 1,
H has a tg-avd-coloring ¢ with the color set C. By Claim 2, each 3-vertex has at
most one conflict vertex. If Cy,(v1) # Cy(v2), then we color viv, with an arbitrary
color in C \ (Cy(v1) U Cy(v2)) to yield a tg-avd-coloring of G, a contradiction.
If Cy(v1) = Cy(v2), wlo.g., (vv)) = @(vrwz) = 1,¢(vy) = piw)) = 2
and ¢(vv;) =i for 3 <i < k. Note that [{p(v3w3), p(v4wse)} N {3,4}] < 1, wl.o.g,
@(v4wy) # 3. Clearly, [{p(vawq)}N{1, 2}] < 1, wl.o.g., p(vaws) # 1. We first delete
the color of v3vy4, switch the colors of vv; and vvy, then color vjvy, v3v4 properly to
yield a fg-avd-coloring of G, a contradiction. O

Claim 10 Let v be a k-vertex of G with k > 16. If v is incident with a bad 3-cycle,
then df.(v) > 2d¢. (v) + 1.

Proof Assume, to the contrary, that there exists a k-vertex v € V(G) (k > 16)
incident with a bad 3-cycle vvjvs (dg(v1) = dg(v2) = 3), where dé (v) < ng (v).
Let w; (1 < i < 2) be the neighbor of v; other than v, v3_;. Set dé_ v) = m.
Suppose that dg(v;) < 4for1 < i < m.Let H = G — vjvp, by Remark 1, H
has a fg-avd-coloring ¢ with the color set C. By Claim 2, each 4~ -vertex has at
most one conflict vertex. If Cy(v1) # Cy(v2), then we color vyjvy with an arbitrary
color in C \ (Cy(v1) U Cy(v2)) to yield a tg-avd-coloring of G, a contradiction.
If Cyp(v1) = Cy(v2), wlo.g., p(vv)) = @(v2wz) = 1,0(vv2) = p(Viw;) = 2
and ¢(vv;) =i for 3 < i < k. Clearly, |Cy(v;) N {1,2,k + 1,k + 2}| < 3 for
1 <i < m.If v; has a conflict vertex w; for 3 < i < m, we assume that p(v;w;) ¢
{1,2,k+ 1,k + 2} (if e(vjw;) € {1,2,k + 1, k + 2}, then we recolor v;w; with a
colorin {k — 6,k —35,...,k} \ (Cy(v;) U Cy(w;)) to satisfy this condition). Without
considering the conflict of v, we have the following three types of proper colorings.
(a): For any given integer i (1 < i < 2), we recolor vv; with an arbitrary color in
{k + 1, k + 2} and color vy vy with 3. Since i has two possibilities, we have 2 x 2 = 4
different coloring ways. (b): We recolor vv; with k 4+ i for 1 < i < 2 and color
vivy with 3. (c): For any given integer i (3 < i < m), we recolor vv; with b; in
{1,2,k + 1, k + 2} such that v; does not conflict with its neighbors. If b; € {1, 2},
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Table 1 The relation between dg (v) and dg (v)

dg(v) 3<dg(v) <9 10 11 12 13 14 15 16 17 > 18
dy (v) =dg(v) >9 > 10 > 11 > 12 > 12 > 12 >9 >9 > 10

then we recolor vvy, with k 4+ 1 or k + 2 and color vjvp with 3, so there are two
coloring ways. If b; € {k + 1, k + 2}, then we recolor vv; or vvy with a color in
{k + 1,k + 2} \ {b;} and color viv, with 3, so there are two ways. Since i has m — 2
possibilities, we have 2(m — 2) ways. Hence we have 4 + 1 4+ 2(m — 2) = 2m + 1
ways, while v has at most 2m conflict vertices. So we can obtain a #g-avd-coloring of
G, a contradiction. O

Claim 11 Yan et al. (2012) Let v be a k-vertex of G with k > 16. Ifdé_ (v) > 1, then
d3 () < [5] = land di.(v) = d (v) + L.

Let H be one of the connected component of the graph which is obtained from G
by deleting all 2™ -vertices. By Claims 1, 3-5, 7-8, 11, the relation between dg (v) and
dy (v) is as in Table 1.

By Table 1, we deduce that §(H) > 3, and for any v € V(H), we have dllfl(v) =
dé‘; (v), where 3 < k < 6. Let H* be the associated plane graph of H. By Claims 24,
11 and Table 1, every 3-face of H* is one of the following types:

Type I: (3, 3, 4)-faces, (4, 4, 4)-faces;

Type II: (3, 3, 10")-faces, (3, 4, 10™)-faces, (4, 4, 97)-faces, (4, 5, 97)-faces;

Type III: (3, 10", 10%)-faces, (4,5, 5)-faces, (4,6, 6)-faces, (4,6, 9")-faces,
(4,7T,7T)-faces, (5,5,97)-faces, (5,91, 91)-faces, (6, 6,91)-faces, (6,97,97)-
faces;

Type IV: (71, 7+, 7T)-faces.

Let ¢ be the false vertex incident with a false 3-face f, and N(cy) be the set
of neighbors of ¢y which are not incident with f. f is the corresponding face of the
vertices in N f-(c 7). By Claims 2-3, v has at most one corresponding 3-face of Type
I. A vertex v is of Type I if it has a corresponding 3-face of Type I. Let n;(v) be
the number of 3-faces of Type i incident with v, i € {II, III, IV}. Let ny4+ (v) be the
number of 4T -faces incident with v in H*.

By Euler’s formula |V (H )| — |[E(H™)| 4+ | F(H*)| = 2, we have:

D ) =H+ Y dp(f) -4 =-8

veV(HX) feF(H)

Next, we will apply the discharging method to derive a contradiction. We define
the initial charge function w(x) = dgyx (x) —4 forx € V(H*)U F(H™), and design
discharging rules to redistribute charges. Let w’ be the new charge after the discharging
process, then we will show that w’(x) > 0 for x € V(H*) U F(H*), which leads to
a contradiction.

The discharging rules are defined as follows. In the following rules, the degree of
a vertex refers to its degree in H.
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R1: Each 3-face f of TypelI gets % from every 9 -vertex in Ny(cy) (by Claims 2-3,
f is false and N Jz(c ) consists of two 9T -vertices);

R2: Each 3-face of Type II gets 1 from its incident 9" -vertex;

R3: Each of (5,97, 97)-faces and (6,97, 9™)-faces gets % from every incident
9T -vertex, and each other 3-face of Type III gets % from every incident 5t-vertex;

R4: Each 3-face of Type IV gets % from every incident 77 -vertex;

RS: Each good 3-vertex gets % from every adjacent 10T -vertex in H, and each bad
3-vertex gets % from every adjacent 107 -vertex in H.

We first verify the new charge of f € F(H™).

edyx(f)=3.ByR1-R4, w'(f) > 0.

o dy= (f) > 4. The charge remains unchanged, w'(f) = dyx(f) —4 > 0.

Next, we verify the new charge of v € V(H*). For each real vertex v € V(H™),
we have dx (v) = dg(v) — dZ (v).

e dyx (v) = 3. By Claims 2-4 and Table 1, d}, (v) = dj,(v) < 1.If v is good, then
" (v) = 3, otherwise d}0" (v) = 2. By RS, w'(v) > 3—4+min{l x3, 1 x2} = 0.

e dyx(v) = 4. No rule applies to v, then w'(v) =4 —4 = 0.

e dy=(v) = 5. By Claims 2-3 and Table 1, d¥ (v) = d3,(v) < 1. By R3, only
(4, 5, 5)-faces and (5, 5, 91)-faces incident with v get charges from v. There are at
most two such faces incident with v. By R3, w'(v) > 5 — 4 — % x 2 =0.

e dyx(v) = 6. By Claims 2-3 and Table 1, dﬁ; (v) = d?{(v) < 1. By R3, only
(4, 6, 6)-faces, (4, 6, 97)-faces and (6, 6, 97)-faces incident with v get charges from
v. There are at most four such faces incident with v. By R3, w'(v) > 6 —4— % x4 = 0.

o7 <dyx(v) < 8. ByClaim 3 and Table 1, déH_ (v) = 0 and v is not of Type I. Thus
we have ny(v) < 2. By R3-R4, w/'(v) > dy=(v) —4— 3 x2— 1 x (dpyx(v) —2) =

2d —13
A gv) > 0.

e dyx(v) =9. We first give the following fact.
Fact1 If dyx (v) = 9, then d3;(v) = 0 and d (v) < .

Proof By Table 1, we have dg(v) € {9, 10,16, 17}. If dg(v) = 9, by Claim 3,
d% (v) = 0.1If dg(v) = 10, thendZ (v) = 1. By Claim 4, d% (v) = 0.If dg(v) = k
(16 < k < 17), then d% (v) = k — 9. By Claim 11, d3 (v) < [§1-1=%k-9
and d%(v) > d (v) + 1. Thus d3,;(v) = 0 and d% (v) < k —d% (v) —dk(v) <
k—(k—9) —(k—8) <1. O

By Fact 1, if v is of Type I, then ny(v) = 0, otherwise nj(v) < 1. By R1-R4,
w'(v) >9—4—max{5+ 45 x9,1+1x8 =0.

o dyx(v) = 10. We first give the following fact.
Fact2 If dyx(v) = 10, then d3,(v) < 1 and d% (v) < 3.

Proof By Table 1, we have dg(v) € {10, 11} or dg(v) > 16. If dg(v) = 10, by
Claim4,d$, (v) < 1.Ifdg(v) = 11,thend? (v) = 1.By Claims4and 6,d2, (v) < 1
and d% (v) < 2. Thus d3; (v) = 0 and d% (v) < 1.If dg(v) = k (k > 16), then
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d% (v) = k —10. By Claim 11, d} (v) < [51— 1 and dX(v) > d} (v) + 1
d% (v)+1.Thusd} (v) < [51-1-(k—10) < landd$, (v) < k—dZ (v)—d%.(v)
k—(k—10) — (k —9) < 3.

m VY

ByFact2,ifvisof Typel, thennyj(v) < 1and nyr(v) < 5;otherwise we have either
ni(v) < 1,ornp(v) = 2and nyp(v) < 4. Noting that d13_1(v) < 1, by R1-RS, we have
w'(v) = 10—4—max{J+14+1 x5+ x4, 1+ x9, Ix2+3 x4+5x4}—3 =0.

o dyx(v) = 11. We first give the following fact.

Fact3 If dyx(v) = 11, then d3,(v) <2 and d¥ (v) <5 —dj;(v).

Proof By Table 1, we have dg(v) € {11, 12} or dg(v) > 16. If dg(v) = 11, by
Claims 4 and 6, d3, (v) < 1 and d$ (v) < 2.If dg(v) = 12, then d% (v) = L.
By Claims 5-6, d. (v) < 1 and d% (v) < 5. Thus d3;(v) = 0 and d% (v) < 4.
If dg(v) = k (k > 16), then d% (v) = k — 11. By Claim 11, d2. (v) < [57 -1
and df.(v) > d} (v) + 1. Thus dj;(v) = d(v) < [51—1—(k—11) <2 and
dS (v) <k —d: (v) —di@) <k —(k—11) — (k=10 +d3(v) <5 —d3(v).O

- d;’{(v) # 0. By Fact 3, if v is of Type I, then ny;(v) < 1 and nyj(v) < 7; otherwise
we have either ny1(v) < 1 or ni1(v) = 2 and nyp(v) < 6. Noting that d;{(v) <2,by
R1-RS5, we have w'(v) > 11 —4—max{%+1+% x7+% x 3,1 —1—% x 10,1 x 2+
Ix64+3x3—1x2=0.

- d%{ (v) = 0. By Fact 3, if v is of Type [, then njj(v) < 2, otherwise ny(v) < 3.
By RI-R4, w'(v) > 11 =4 —max{} + 1 x 2+ 1 x9, 1 x3+ 1 x 8 =0.

o dyx(v) = 12. We first give the following fact.

Fact4 If dyx (v) = 12, then either d3;(v) < 1 and d3; (v) < 7 — d3(v), or 2 <
d3(v) <3and d$ (v) <7 —d3 ).

Proof By Table 1, we have dg(v) > 12. (a): dg(v) = 12. By Claims 5-6, dz w) <1
and dls_;(v) < 5. So, in this case, Fact 4 holds. (b): dg(v) = k (13 < k < 14).
Then dg(v) =k — 12 > 0, by Claim 7(2), let m = 2, we have dé(v) > (17 —
1)d ™" (v) + 1. Noting that d5° ™" (v) + d% (v) < k, we get that d';° ™ (v) =
a0 ) —d% (v) < &=L ] — (k — 12) = 1. So, in this case, Fact 4 holds.
(0): dg(v) = 15, then dZ (v) = 3. By Claim 8(2), d;(v) = di. (v) —dZ (v) <
1. By Claim 8(3), let m = 2, we have d’(v) > 2d¢ (v) + 1. Thus d3; (v) <
dg(v) —d% (v) —dF(v) < 14 —3d% (v) = 5. So, in this case, Fact 4 holds. (d):
dg(v) = k (k > 16), then d% (v) = k — 12. By Claim 11, d} (v) < [5§1 -1
and df.(v) > d3 (v) + 1. Thus dj;(v) = d3(v) < [51—1— (k—12) < 3 and
dS (v) <k —d% (V) —dh) <k —(k—12) — (k—11+d}(v)) <7—d3 (). So,
in this case, Fact 4 holds. O

- d?{ (v) = 3and d?{ (v) <4.Ifvisof Type I, by Lemma 1, we have nyj(v) < 1and
ng+(v) > 1; otherwise we have either njj(v) < 1, or nyy(v) = 2 and ny(v) < 6. By
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RI-R5, w'(v) > 12—4—max{§+143 x 10, 43 x 11, Ix2+3 x6+3 x4} -1 x3 =
0.

-d3,(v) =2and d (v) < 5.1fvis of Type I, then either nyy (v) < 1, or nyy(v) = 2
and np(v) < 6; otherwise we have either np(v) < 2, or nip(v) = 3 and nyp(v) < 6.
By RI-R5, w'(v) > 12— 4 —max{§ + 1+ x 11, 3+ 1 x24+ 5 x 641 x4, 1 x
2+1x10,1x3+ix6+1x3)-Lx2=0.

- d;{(v) < 1. By Fact 4, if v is of Type I, then ny(v) < 3 — d;’{(v), otherwise
ni(v) <4—d3(v). By RI-R5, w'(v) > 12 —4 —max{} + 1 x 3 —d3;(v)) + 1 x
(12— @ =d};(V), 1 x (4 —d3 () + 3 x (12— (@4 —dj, ()} — 1d3 () = 0.

o dyx(v) = 13. We first give the following fact.

Fact5 If dy« (v) = 13, then d3,(v) < 4 and d3; (v) < 9 — d},(v). Furthermore, if
2 < di] (v) <4 and dil_ ) >7-— di] (v), then v is not incident with any bad 3-cycle.

Proof By Table 1, we have dg (v) > 13.(a): dg(v) = 13.1fd}.(v) > 1, by Claim 7(2),
dP () = 3dS (v) + 1. Noting that d& (v) + d?(v) < 13, we have d3; (v) <
dS (v) < 3.1fd}(v) = 0and d2. (v) > 1, by Claim 7(2), d}(v) > d3 (v) + L.
Noting that @3, (v) + d?(v) < 13, we have d3; (v) < d2 (v) < 6. So, in this
case, Fact 5 holds. (b): dg(v) = 14, then dg (v) = 1. By Claim 7(2), let m = 2,
we have di'(v) > 3d2. (v) + 1. Noting that > (v) + di*(v) < 14, we get that
d3 (v) =dZ (v)—d% (v) <3—1=2.So,inthis case, Fact 5 holds. (c): dg (v) = 15,
then d% (v) = 2. By Claim 8(2), we have dj(v) = d3. (v) — dZ (v) < 2. By
Claim 8(3), let m = 2, we have d’(v) > 2df. (v) + 1. Thus d3, (v) < dg(v) —
d% (v) —df(v) < 14 = 3d} (v) — 2d.(v) = 8 — 2d3;(v). So, in this case, Fact 5
holds. (d): dg (v) = k (k > 16), thendg (v) = k—13.ByClaim 11, dg v) < f%] —1
and df(v) > d (v) + 1. Thus d3;(v) = d3(v) < [51—1— (k—13) < 4 and
dy (v) <k —d% (v) —dh) <k —(k—13) — (k— 124+ d}(v)) <9 —d} ).
Furthermore, suppose that 2 < d;’{(v) < 4 and df; w) > 17— d13_1(v). Assume that
v is incident with a bad 3-cycle, by Claim 10, dé(v) > ng(v) + 1. Noting that
d% (V) +d3; (v) +d5 () —k <0, while d2 (V) +d3 (V) +d5@) —k>k—13+
7 —d3 () +2(k —13) +2d3(v) + 1 —k > 2k — 31 > 0, a contradiction. So, in this
case, Fact 5 holds. O

IA

- d131 (v) =4 and d?_l_ (v) < 5. By Fact 5, v is not incident with any bad 3-cycle. If
v is of Type I, by Lemma 1, nj;(v) = 0, otherwise nj1(v) < 1. By R1-RS5, w’'(v) >
13—4—max{s + 5 x13,1+1x12} -1 x4=0.

-d3(v) = 3. By Fact 5, d3, (v) = 3,0r4 <d3, (v) < 6and v is not incident with
any bad 3-cycle. If v is of Type I, then nyy(v) < 1, otherwise njj(v) < 2. By R1-RS,
W) > 13-4 —max{§ + 143 x12,1x2+ 1 x 11} - x3=0.

- d;{(v) = 2. By Fact 5, df;(v) <4,0r5< d?{ (v) < 7 and v is not incident with
any bad 3-cycle. If v is of Type I, then nyj(v) < 2, otherwise nyj(v) < 3. By R1-RS5,
w@) > 13—4—max{J+1x2+ 1 x 11,1 x3+4x10} -3 x2=0.
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- dl3_1(v) < 1. By Fact 5, if v is of Type I, then ny(v) < 4 — di,(v), otherwise
nu(v) < 5—d3(v). By RI-RS, w'(v) = 13 —4 — max{§ + 1 x (4 —d3;(v)) + 5 x
(13— (4 —d3; (1)), 1 x (5 —d3; () + 5 x (13 = (5 —d3; (1))} — + x d3;(v) = 0.

o dyx(v) = 14. We first give the following fact.

Fact6 If dyx (v) = 14, then either d;(v) = 0,0r 1 < d3,(v) < 5and d3; (v) <
11 — d3,(v). Furthermore, if d;(v) > 4 and d3; (v) > 5, 0r 2 < d3(v) < 3 and
df; (v) = 6, then v is not incident with any bad 3-cycle.

Proof By Table 1, we have dg (v) > 14.(a): dg(v) = 14. Ifdé(v) > 1, by Claim 7(2),
di*(v) > 2d3 (v) + 1. Noting that d2 (v) + d}'(v) < 14, we have d3, (v) <
d?. (v) < 4. So, in this case, Fact 6 holds. (b): dg(v) = 15, then d% (v) = 1. By
Claim 8(2), we have d3; (v) = d3. (v)—dZ (v) < 3.ByClaim8(3),letm = 2, wehave
df(v) = 2d¢ (v) + 1. Thus d3; (v) < dg(v) —d% (v) —dS (v) < 14 =3d% (v) —
2d2.(v) — 2d}(v) < 11 — 2d3,(v), which implies that d3;(v) < 3. Furthermore, if
d3y (v) > 6, by dZ (v) +d3; (v) +d(v) < 15 and Claim 8(4), v is not incident
with any bad 3-cycle. So, in this case, Fact 6 holds. (c): dg(v) = k (k > 16), then
d% (v) = k — 14. By Claim 11, d3 (v) < [51 — 1 and d5(v) = d} (v) + 1. Thus
dy(v) =d3(v) < [51—1—(k—14) <5Sandd} (v) <k —d% (v) —dk®) <
k—(k—14)—(k—13+d.(v)) < 11—d3, (v). Furthermore, suppose that d3, (v) > 4 and
d3; (v) > 5,0r2 < d3,(v) < 3andd3, (v) > 6. Assume that v is incident with a bad 3-
cycle, by Claim 10,d% (v) > 2d¢. (v)+1.NotingthatdZ (v)+d3; (v)+dk(v)—k <0,
whiled? (v)+d3, (V)+ds@)—k = d% (v)+d3 (v)+2d (V) +1—k > 3d%: (v)+
2d3 (V) +d3; (V)+1—k > 3(k—14)+min{2 x4+5,2x2+6}+1—k = 2k—31 > 0,
a contradiction. So, in this case, Fact 6 holds. O

By Fact 6, we consider the following cases.

-d3,(v) = 5and d3, (v) < 6, ord3;(v) = 4and 5 < d3; (v) < 7. By Fact 6,
v is not incident with any bad 3-cycle. If v is of Type I, by Lemma 1, we have
ni(v) < 5 — d3;(v), otherwise nyi(v) < 6 — d3;(v). By RI-RS5, w'(v) > 14 — 4 —
max{} + 1 x (5 —d3 () + 5 x (14— (5 —d3;(v))), 1 x (6 —d3;(v) + 5 x (14 —
(6 —d}, ()} — 3d3; (v) =0.

- d;{(v) = d?{_ (v) = 4. If v is of Type I, by Lemma 1, we have nyj(v) < 1,
otherwise, by Claim 9, we have np(v) < 2. By R1-R5, w'(v) > 14 — 4 — max{% +
143 x13,1x243 x12} -5 x4=0.

-2 <d}(v) <3anddy, (v) <5, 0rdy(v) =3and 6 < d3; (v) < 8and v is not
incident with any bad 3-cycle. If v is of Type I, then nyr(v) < 2, otherwise nyr(v) < 3.
Noting that d% (v) < 3, by R1-R5, we have w'(v) > 14 —4 — max{% +1x2+ % X
12,1 x34+ 1 x11} - x3=0.

-d3(v) =2,6 < d3 (v) <9 and v is not incident with any bad 3-cycle. If v is of
Type L, then nyi(v) < 3, otherwise ny(v) < 4. By R1-R5, w’(v) > 14 —4 —max{5 +
Ix34+ 1 %111 x4+ % x10}—4x2=0.
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- d}i(v) = 1 and d;;(v) < 10. If v is of Type I, then nyy(v) < 4, otherwise
ni(v) < 5.ByRI-R5,w'(v) > 14—4—max{§+1x4+3x10, Ix5+4x9}—1 =0.

- di,(v) = 0. Then ny(v) < 5, or nir(v) = 6 and ng+(v) > 1, or nr(v) = 7 and
ng+(v) > 5 by Claims 2-3. By RI-R4, w'(v) > 14 —4 — J —max{l x 5 + 1 x
9, 1x6+1x71x7+1x21=0.

Remark 3 For any 15" -vertex v € V(H™), if v is not incident with any bad 3-cycle
and d;? (v) > 2, then ny+ (v) > 1.

o dyx(v) = 15. We first give the following fact.

Fact7 If dyx (v) = 15, then either d;(v) = 0, or 1 < d3,;(v) < 7 and d% (v) <
14—d3, (v). Furthermore, if 43, (v) > 3andd$, (v) > 7,0rd3, (v) = 2andd$; (v) > 9,
then v is not incident with any bad 3-cycle.

Proof By Table 1, we have dg (v) > 15.(a): dg(v) = 15.Ifdé(v) > 1,by Claim 8(3),
let m = 3, we have d5’(v) > d& (v) + 1. Noting that d3,(v) < df; (v) < dS (v) <
dg(v) — d (v), we have d3(v) < 7 and d% (v) < 14 — d3;(v). Furthermore, if
d6H_ (v) =7, by dg_ (v) + d(1;5 (v) < 15 and Claim 8(4), v is not incident with any bad
3-cycle. So, in this case, Fact 7 holds. (b): dg (v) = k (k > 16), then dg (v) =k—15.
By Claim 11,d} (v) < [57 — L and d%.(v) > d} (v) + 1. Thus d},(v) = d3.(v) <
M1—1-(k-15 <6anddf (v) <k —d% (v) —d& ) <k —(k—15) — (k -
14 + dé(v)) < 14 — di,(v). Furthermore, suppose that df{ (v) > 3 and d161_ (v) > 17,
or d;’{(v) = 2 and d;’; (v) > 9. Assume that v is incident with a bad 3-cycle, by
Claim 10, d% (v) > 2d/; (v)+ 1. Noting that d2 (v) +dS; (v)+d%(v) —k < 0, while
d% () +d% (v) +dE) —k = d% (v) +db (v) +2d% (V) + 11—k = 3d% (v) +
2d3, (V) +d% (V) +1—k > 3(k—15)+min{2x3+7,2x24+9}+1—k = 2k—31 > 0,
a contradiction. So, in this case, Fact 7 holds. O

By Fact 7, we consider the following cases.

- d?{ v) = d?,_ (v) =7, and v is not incident with any bad 3-cycle. If v is of Type
I, by Lemma 1, we have nyy(v) = 0 and n4+(v) > 1; otherwise we have nyj(v) < 1
and either d;f(v) < 1 or ng+(v) > 1 by Remark 3. By R1-R5, w'(v) > 15 — 4 —
max{%+%x14+%x7,1+%x14+%+%x6,1+%x13+%x7}=0.

- di, (v) = d?,_ (v) = 6. By Claim 9, v is incident with at most one bad 3-cycle. If v
is of Type I, by Lemma 1, then nyy(v) < 1 and n4+(v) > 1; otherwise we have either
ni(v) < 1, or ny(v) = 2 and n(v) < 10. By R1-R5, w'(v) > 15 — 4 — max{} +
T4+ 5 x 13,145 x 14, 1x24+ 5 x 10+ x3} =3 x6=0.

-d3(v) = 6,7 < d% (v) <8, and v is not incident with any bad 3-cycle. If v is
of Type I, we have n(v) < 1 and either d131b(v) < 1 or ng+(v) > 1 by Remark 3;
otherwise we have nyj(v) < 2 and either d?}’(v) < 1 or ng+(v) > 1 by Remark 3. By
RI-R5, w'(v) > 15— 4 —max{J + 1+ I x 4+ 1+ 1 x5 1+ 1+ x13+1 %
6,1x2+ L x1B3+14bxsix24lx1241x6)=0.
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- dz (v) = 5 and dg (v) < 6. By Claim 9, v is incident with at most one bad
3-cycle. If v is of Type I, then ny(v) < 1, otherwise ny(v) < 2. By R1-R5, w/(v) >
15—4-—max{}+1+4x14,1x24+3x13} -1 x5=0.

-dj;(v) = 5,7 <d% (v) <9, and v is not incident with any bad 3-cycle. If v
is of Type I, then either nyj(v) < 1, or ny(v) = 2 and ng+(v) > 1 by Claims 2-3;
otherwise we have ny(v) < 3 and either di,b(v) < 1 or ng+(v) > 1 by Remark 3. By
RI-R5, w'(v) > 15— 4 —max{} + 1+ 3 x 14+ 3 x5 1 +1x2+ 3 x124+1x
S Ix3+5x12+ 3+ x4 1x3+5x11+45x5=0.

-3 <d3(v) <4andd$ (v) < 6.ByClaim9, v is incident with at most one bad 3-
cycle. If v is of Type I, then nyr(v) < 2, otherwise nyr(v) < 3. Noting that d131 (v) <4,
by R1-R5, we have w’(v) > 15—4—max{5+1x2+3x13, Ix3+1x12}—1x4 = 0.

-3 <d3}(v) <4,7 <d% (v) < 14 —d;(v), and v is not incident with any bad
3-cycle. If v is of Type I, then either ny(v) < 6 — d3;(v), or n(v) = 7 — diy(v)
and n4+(v) > 1 by Claims 2-3; otherwise we have either nyj(v) < 7 — dz(v), or
np(v) =8 — d;,(v) and n4+ (v) > 1 by Claims 2-3. By R1-R5, w/(v) > 15 — 4 —
max{} + 1 x (6 — d3,(v)) + 5 x (15— (6 — dj;, (1)), § + 1 x (7 —d},(v)) + } x
(14— (7 —d3;(v)), 1 x (T—d3;(v) + 5 x (15— (T —d3 (), | x (8 —d3 (V) +
3 x (14— (8 —dj,(v))} — 3d3 () = 0.

—dz(v) = 2and d?{_ (v) < 8. Ifvisof Typel, thenny(v) < 4,otherwiseny(v) < 5.
ByRI-RS, w'(v) > 15—4—max{} + 1 x4+ 1 x 11,1 x5+1 x10}—§ x2=0.

-d3,(v) = 2,9 < d% (v) < 12, and v is not incident with any bad 3-cycle. If v
is of Type I, then either nyj(v) < 4, or ny(v) = 5 and ng+(v) > 1 by Claims 2-3;
otherwise we have either nyj(v) < 5, or nyj(v) = 6 and ny+(v) > 1 by Claims 2-3.
ByRI-RS, w/'(v) > 15—4—max{3+1 x4+ 5 x 11, 3+ 1 x5+ 3 x9, 1 x5+
Ix10,1x6+ 3 x8 -1 x2=0.

-d3,(v) < 1and d% (v) < 15 — 2d3,(v). If v is of Type I, then either ny(v) <
6 —dy (v),orny(v) =7 — di, (v) and ng+(v) > 1 by Claims 2-3; otherwise we have
either ny(v) < 7 —d3; (v), or np(v) = 8 —d3; (v) and ny+ (v) > 1 by Claims 2-3. By
RI-R5, w'(v) > 15— 4 —max{} + 1 x (6 —d}; () + 1 x 15— (6—d};(v))), I +
1 x (7T—dy) + 35 x 14— (T —dy)),1x (7 —dy)+1x15—(7-
d3; (), 1 x (8 —d3;(v) + 5 x (14 — (8 —d3 ()} — 3d3,(v) = 0.

e dyx(v) =k (k > 16). By Claim 2 and Table 1, every 5~ -vertex has at most one
conflict vertex.

-d3(v) =0.(a): 3n(v) <k +5.ByRI-R4, w'(v) =k —4— 1 — 1 x ny(v) —
% x (k — nip(v)) > % > 0. (b): 3ny1(v) > k+ 5. Note that a 3-face of Type
II is incident with two 5™ -vertices. If v is not adjacent to any false vertex, then
d?; (v) < k —2np(v) and ng+ (v) > np(v) — d?; (v); otherwise we have dz,+ v) <
k — 2n1(v) + 2 and ng+(v) > np(v) — d?; (v) — 1. Thus ng+(v) > min{ng(v) —
(k — 2np(v)), nn(v) — (k — 2np(v) + 2) — 1} = 3np(v) — k — 3. By R1-R4,
w' (V) = k—4—5—1xnn(v)—3 x (k=n () —ng+ (v)) = 3 (k—ng@)+nge (V)=9) >

%(k —n() + Bup(w) —k—-3)—9) =np(v) — 6 > ]%5 —6>0.
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- di,(v) > 1 and v is incident with a bad 3-cycle. (a): If v is of Type I, then v is
not incident with any (4, 5, 16™)-face. By Lemma 1 and Claim 9, we have njj(v) <

H(U)—f—l (b): If v is not of Type I. Noting that v is incident with at most two (4, 5, 16™)-
faces, we have ny(v) < ﬂ+3 By Claim 10, d,3{(v)+d4 (v) < d4 v) < k 1 .By

RI-R5, w'(v) > k—4— max{2+1><(d (U)+1)+%><(k H‘”) —1), 1x (H(“)+

3 4
3)+2x(k—d (”)—3)}—1513 () = __dz(v)_d W 11 kfll dyy W+l )
k=11"_ k=1 _ k=16 -

2 2 —

2 T "6 — 3

- di,(v) > 1 and v is not incident with any bad 3-cycle.

- - ng+(v) = 0. Then 3ny(v) + 2d3,(v) — 4 < k. By Remark 3, d3°(v) < 1. By
RI-RS5, w'(v) = k =4 — 5 — I xnp(v) — 3 x (k —nn () = (3 + 3(d3 ) = D) =
3= sGm) + 250 - 5 =z 5 - - F =150 =0

~-nge (v) = 1and 3np(v)+2d5 (v )+3Ld AU
with any bad 3-cycle. If vis of Type I, ny+ (v) > [

3b
r4 _ 1, By R1-R5, w'(v) > k — 4 — max{% + 1 () + & x (k= nn(v) —

d
P2, D)+ 3 x (k= (v) = (T D11y —(ExdF )+ 1 xdP () =
3b
%—”H;”’ 0 G0 ) ) 9 Gy 4243 )+ 3L 2
Ry = N T N
2 6

--ngr(v) > 1and3n11(v)+2d g(v)+3L
with any bad 3-cycle. If v is of Type I, ny+ (v) > 3ny(v) + 2d g( )+ 3]
k + 5) + (42 2‘ 17; otherwise we have ng+ (v) > 3np(v) + 258 (v) + 3| L2
k +5) + (22

(k — nn(v) — Bnu(v) + 2d g( ) + 35—

J 5 k+4. Note that v is not incident
H (U)
2

1; otherwise we have ny+ (v) >

d (v)

dif (U)J > k+5. Note that v is not incident

a’ (v)J

J_
1 — 1). By R1-R5, w(v) >k — 4 —max{} +1 xnn(v)+% X
W) (k+5>+r" <”>1)> 1 x (o) +

d (v)

Lo (k= nn(v) — Grn(v) + 242 (0) + 31 2| ~ <k+5>+fd (”H—l))} (4 x
dE W)+ 1 x dP ) = np) + 2d3E (v >+ NG YUY SO
L Gnn() + 24,8 (v) + 310 ) 7 > M5 _ 750

In conclusion, the new charge of x € V(H*) U F(H>) is nonnegative, a contra-
diction. The proof of Theorem 1 is done.

Acknowledgements This work was supported by the National Natural Science Foundation of China

(12071260, 12001154), and the Natural Science Foundation of Hebei Province(A2021202025).

References

Albertson MO (2008) Chromatic number, independence ratio, and crossing number. ARS Math Contemp
1:1-6

Bonamy M, Bousquet N, Hocquard H (2013) Adjacent vertex-distinguishing edge colorings of graphs.
EuroComb 16:313-318

@ Springer



726 Journal of Combinatorial Optimization (2022) 43:710-726

Balister PN, Gydori E, Lehel J, Schelp RH (2007) Adjacent vertex distinguishing edge-colorings. SIAM J
Discrete Math 21(1):237-250

Bondy JA, Murty USR (1976) Graph theory with applications. North-Holland, New York

Hornak M, Huang DJ, Wang WF (2014) On neighbor-distinguishing index of planar graphs. J Graph Theory
76(4):262-278

Wang WF, Huang DJ (2015) A characterization on the adjacent vertex distinguishing index of planar graphs
with large maximum degree. STAM J Discrete Math 29(4):2412-2431

Yan CC, Huang DJ, Wang WF (2012) Adjacent vertex distinguishing edge-colorings of planar graphs with
girth at least four. ] Math Study 45(4):331-341

Zhang ZF, Liu LZ, Wang JF (2002) Adjacent strong edge coloring of graphs. Appl Math Lett 15:623-626

Zhang X, Wu JL (2011) On edge colorings of 1-planar graphs. Inf Process Lett 111:124-128

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Adjacent vertex distinguishing edge coloring of IC-planar graphs
	Abstract
	1 Introduction
	2 The proof of Theorem 1
	Acknowledgements
	References




