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Abstract We study the problem of orienting the edges of a graph such that the min-
imum over all the vertices of the absolute difference between the outdegree and the
indegree of a vertex is maximized. We call this minimum the imbalance of the orienta-
tion, i.e. the higher it gets, the more imbalanced the orientation is. The studied problem
is denoted by MAXIM. We first characterize graphs for which the optimal objective
value of MAXIM is zero. Next we show that MAXIM is generally NP-hard and cannot
be approximated within a ratio of % + ¢ for any constant ¢ > 0 in polynomial time
unless P = NP even if the minimum degree of the graph § equals 2. Then we describe a
polynomial-time approximation algorithm whose ratio is almost equal to % An exact
polynomial-time algorithm is also derived for cacti. Finally, two mixed integer linear
programming formulations are presented. Several valid inequalities are exhibited with
the related separation algorithms. The performance of the strengthened formulations
is assessed through several numerical experiments.
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1 Introduction and notation

Let G = (V, E) be an undirected simple graph (with node set V and edge set E),
we denote by dg the minimum degree of the vertices of G. An orientation A of G
is an assignment of a direction to each undirected edge uv in E, i.e. any function on
E of the form A(uv) € {ﬁ, ﬁi}, Y{uv} € E where uv and du denote the edge uv
oriented from u to v. For each vertex v of G we denote by dg (v) or d(v) the unoriented
degree of v in G and by dX(v) or d*(v) (resp. d 4 (v) or d~ (v)) the outdegree (resp.
indegree) of v in G w.r.t. A. Graph orientation is a well studied area in graph theory
and combinatorial optimization, a large variety of constrained orientations as well as
objective functions have been considered so far.

Among those arise the popular degree-constrained orientation problems: in Frank
and Gyarfas (1976) gave a simple characterization of the existence of an orientation
such that the outdgree of every vertex is between a lower and an upper bound given
for each vertex. Asahiro et al. (2007, 2008, 2014) proved the NP-hardness of the
weighted version of the problem where the maximum outdegree is minimized, gave
some inapproximability results, and studied similar problems for different classes of
graphs. Chrobak and Eppstein (1991) proved that for every planar graph a 3-bounded
outdegree orientation and a 5-bounded outdegree acyclic orientation can be constructed
in linear time.

Other problems involving other criteria on the orientation have been studied such
as acyclicity, diameter or connectivity. Robbins’ theorem (1939) for example states
that the graphs that have strong orientations are exactly the 2-edge-connected graphs
(Robbins 1939 and later 1985), Chung et al. (1985) provided a linear time algorithm
for checking whether a graph has such an orientation and finding one if it does. Then in
1960, Nash-Williams generalized Robbin’s theorem showing that an undirected graph
has a k-arc-connected orientation if and only if it is 2k-edge-connected (Nash-Williams
1960). The problem called oriented diameter that consists in finding a strongly con-
nected orientation with minimum diameter was introduced in 1978 by Chvatal and
Thomassen: they proved that the problem is NP-hard for general graphs (Chvatal and
Thomassen 1978). It was then proven to be NP-hard even if the graph is restricted to
a subset of chordal graphs by Fomin et al. 2004 who gave also approximability and
inapproximability results.

For an orientation A of G = (V, E) and a vertex v we call |dj{(v) —d, (v)| the
imbalance of v in G w.r.t A and we call min,cy |dj1'(v) —d, (v)| the imbalance of A.
Biedl et al. studied the problem of finding an acyclic orientation of unweighted graphs
minimizing the imbalance of each vertex: they proved that it is solvable in polynomial
time for graphs with maximum degree at most three but NP-complete generally and
for bipartite graphs with maximum degree six and gave a %-approximation algorithm
(Biedl et al. 2005). Then Kara et al. closed the gap proving the NP-completeness for
graphs with maximum degree four. Furthermore, they proved that the problem remains
NP-complete for planar graphs with maximum degree four and for 5-regular graphs
(Kara et al. 2005).

Landau’s (1953) famous theorem gives a condition for a sequence of non-negative
integers to be the score sequence or outdegree sequence of some tournament (i.e. ori-
ented complete graph) and later, Harary and Moser characterized score sequences of
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strongly connected tournaments (Harary et al. 1971). Analogous results for the “imbal-
ance sequences” of directed graphs are given by Mubayi et al. (2001). In 1962, Ford
and Fulkerson characterized the mixed graphs (i.e. partially oriented graphs) whose
orientation can be completed in an eulerian orientation, that is to say, an orientation
for which the imbalance of each vertex equals zero (Ford and Fulkerson 1962). Many
other results related to orientation have been proposed. Some of them are reviewed in
Bang-Jensen and Gutin (2009).

Let us denote by _O) (G) the set of all the orientations of G, we consider the problem
of finding an orientation with maximized imbalance:

(MaxIMm) MAXIM(G) = max min|dj{(v) —d, ()|
A€0 (G) VeV

and we call MAXIM(G) the value of MAXIM for G. The minimum degree 5 of a
graph G is a trivial upper bound for MAXIM(G).

The rest of this paper is organized as follows. In the Sect. 2, we give several char-
acterizations of the the graphs verifying MAXIM(G) = 0. In Sect. 3, we show that
MAXIM is generally NP-complete even for graphs with minimum degree 2 and inap-
proximable within a ratio % + ¢ for any constant ¢ > 0 and then give an approximation
algorithm whose ratio is almost equal to % In Sect. 4, we present a polynomial-time
exact algorithm for cactus. Section 5 is devoted to mixed integer linear programming
formulations of MAXIM where families of valid inequalities are presented for the most
promising formulation. These formulation have been implemented and the computa-
tional results are reported in Sect. 6.

Since the value of MAXIM for a graph is the minimum of the values of MAXIM on
its connected components, from here on out, all the graphs we consider are assumed to
be connected. For a graph G and H a subgraph of G, we will use the notations V (H)
and E (H) to refer to the set of vertices of G and the set of edges of H, respectively.

2 Characterizing the graphs for which MAXIM(G) = 0

Now we characterize the graphs verifying MAXIM(G) = 0. We start by unveiling
several necessary conditions and properties of such graphs. First we can show that
concerning such a graph, we can find an orientation satisfying several additional prop-
erties.

Proposition 1 Let G be a graph such that MAXIM(G) = 0 and u € V. Then there

—_
exists an orientation A € O (G) such that u is the only vertex of G with imbalance
equal to zero w.r.t. A.

Proof Let A € 3(G) be an orientation minimizing |{v € V/|dj{(v) —d, (v)| = 0}].
We suppose that |[{v € V/|dj§(v) —d 4 (v)| = 0}| > 2. We choose two distinct vertices
vand win {v € V/|dX(v) —d, ()| =0}andapath p = (v = ug,...,u, = w)
between v and w. If we switch the orientation of the edge uou 1, then the imbalance of
1o becomes positive and necessarily the imbalance of 11 becomes zero otherwise the
resulting orientation would contradict the minimality of A. Using the same reasoning,
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if we switch the orientation of all the edges uoui, ..., u,—2u,—1, we obtain an orien-
tation where both u,,_1 and u, have an imbalance equal to zero while the imbalance is
positive on all the vertices ug, . . ., #,—> and unchanged on all other vertices. So now
if we switch the orientation of the edge u,,_u, as well, then the resulting orientation
contradicts the minimality of A. Hence, |{v € V/|dj{(v) —d,(v)| =0} =1

Now let v be this unique vertex of G such that IdX(v) —d,(v)| =0.Letu #v

be an arbitrary vertex and let p = (v = ug, ..., u, = u) be a path between v and
u. By switching the orientation of all the edges uouy, ..., u,—2u,—1, we obtain an
orientation A’ where u has an imbalance equal to zero while the imbalance is positive
for up and unchanged on all other vertices. O

This yields the following necessary condition: if G is a graph such that

MAXIM(G) = 0, then G is eulerian. For let u € V, we know there exists A € _0)(G)
such that {v € V/|d}(v) — d/;(un = 0} = {u}. Then d{(u) = d; (u), hence

du) = dj{(u) +d, (u) = 2d, (u) is even. The following lemma about eulerian
graphs will be useful for the proof of our characterization.

Lemma 2 If G is an eulerian graph, then there exists an elementary cycle (hereafter
just called cycle) C of G such that G — E(C) has at most one connected component
that is not an isolated vertex.

Proof Since G is eulerian and connected, it can be decomposed into edge-disjoint
cycles that we can order Cy, ..., C, according to the following condition: u;zlci is
connected, Vi € [1, n]. Then C, is the cycle we are looking for. O

Now let us define a certain family of graphs which will prove to be exactly the
graphs for which the optimal objective value of MAXIM is zero. Intuitively they are
the graphs for which every block is an odd cycle.

Definition 3 We define the class of graphs €% as follows: a simple graph G is in

%244 if there exists n odd cycles Cq, ..., C, (n > 1) such that:
° U:-'zl Ci =G,
o [VUZ\CNV(CHI =1, Viel[2n]. (1)

Theorem 4 For any simple graph G, MAXIM(G) = 0 if and only if G € €°%.

Proof e < We work by induction on the number n of cycles contained in the graph.
Nothing is required for these cycles except that they must be elementary. If n = 1,
then our graph is an odd cycle which implies MAXIM(G) = 0. Let n > 2, we
assume that all graphs of ¢4 with k < n — 1 cycles verify MAXIM(G) = 0. Let
G € ¢°% with n cycles Cy, ..., Cy, as in (1). Suppose there exists A € 3(G)
with strictly positive imbalance. Let us call G’ = U?;ll C; the graph obtained
from G after removing C, and let us take a look at A|g: : the orientation of the
edges of G’ obtained from A restricted to E(G’). As G’ is a graph of n — 1
cycles in €4, our inductive hypothesis implies that we have a vertex u € V(G’)
such that |dX|G, (u) — dZ‘G, ()] = 0. Necessarily, u = V(G") N V(C,). Thus
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|y ) —dy )] = |d} . () —dy ()| > 0implying that MAXIM(C,) > 0, a
contradiction because Cj, is an odd cycle.

e = Since MAXIM(G) = 0, we know that G is eulerian. We work again by induction
on the number of elementary cycles n. If n = 1, then our graph is eulerian with
a unique cycle, hence it is a cycle. Now as MAXIM(G) = 0, necessarily it is an
odd cycle and is therefore in ©°dd et n > 2, we assume that all graphs with
k < n — 1 cycles verifying MAXIM(G) = 0 are in €°%. Let G be a graph with
n cycles such that MAXIM(G) = 0. Thanks to Lemma 2, there exists a cycle C
of G such that G — E(C) has at most one connected component G’ that is not an
isolated vertex. N
Suppose that MAXIM(G’) > 0, let A € O (G’) with strictly positive imbalance.
Letug € V(G') N V(C), we name the vertices of C as follows: ug, uq, ..., uy =
ug. Without loss of generality, we can assume that dj{ (uo) —d , (uo) > 0;if it was
not the case, replace A by its reverse. We complete A in an orientation of G by
orienting the edges of C: we orient ugu from ug to u; and go on as follows:

Viellk—1] ifu; € V(G’), we orient u;u;41 as u;_ju;,
1 € —
’ ’ otherwise, we orient u;u; 1 as u;u;_1.

Where orienting an edge ab as another edge cd means orienting it from a to b
if cd was oriented from ¢ to d and from b to a otherwise. Let us have a look at
the resulting orientation A’ (cf Fig. 1): when completing A in A’, the imbalance
of the vertices in V(G’)\{uo} was left unchanged, the imbalance of the vertices
in V(C)\V(G’) equals 2 and the imbalance of uy was either left unchanged or
augmented by two. Hence A’ has strictly positive imbalance which contradicts
MAXIM(G) = 0, therefore, MAXIM(G’) = 0.

Suppose |V (G)NV (C)| > 2 and letu and v be 2 distinct vertices in V(G )NV (C)
such that # # v. Thanks to Proposition 1, we know that there exists an orientation
A € 5)(G/) such that {w € V/|d;:(w) —d,(w)] = 0} = {v} and without
loss of generality, dj{(u) —d, () > 0. We name the vertices of C as follows:
u = uopuy---ur = ug, v = u; and we complete A in an orientation of G by

" /.14—\ /o<—o—> - —>o\ /—» - —>o\ ‘>
N 4 Y N

ug

Fig. 1 The vertices of C in G’ are left unchanged imbalance-wise, the other vertices of C are set to 2 and
in the end |d}, (ug) — d , (uo)| = |d} (o) — d g (up)| > 0
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" /L:I‘_'\ AN TN \/"
N N

Fig. 2 The vertices of C in G’ are left unchanged imbalance-wise except for v which is set to 2, like the
other vertices of C and in the end |dF, (uo) — d y, ()| = |d{ (uo) — dy (ug)| > 0

orienting the edges of C: we orient ugu from up and u; and go on as follows:

viellk—1]\ {1}, ifu; € V(G'), weorient u;ju;1 asu;_ju;,

otherwise, we orient u;u; 41 as u;ju;_1.

And we orient uju;4 as uju;—1. In the resulting orientation A’, the imbalance of
the vertices in V(G’)\{u, v} was left unchanged, the imbalance of the vertices in
V(C)\V(G’) equals 2, the imbalance of v was augmented by two and the imbal-
ance of u was either left unchanged or augmented by two. Hence A’ contradicts
MAXIM(G) = 0, therefore, |V(G) NV (C)| = 1.
Suppose C is even. We call u € V(G’) such that V(G') N V(C) = {u}, and
A € O(G) such that {v € V/|d[(v) — d;(v)| = 0} = {u}. We name the
vertices of C as follows: u = uguj - - - ux = ug and we complete A in an orienta-
tion of G by orienting the edges of C: we orient ugu from ug to u1 and u;u; 1
as uju;—1, Vi € [1,k — 1]. In the resulting orientation A’, the imbalance of
the vertices in V(G’)\{u} was left unchanged, the imbalance of the vertices in
V(C)\V(G’) equals 2 and, C being even, the imbalance of u was augmented by
two. Hence A’ contradicts MAXIM(G) = 0, therefore, C is odd.
As G’ is a graph with at most n — 1 cycles verifying MAXIM(G) = 0, by the
induction hypothesis, there exist Cy, ..., C,—1 odd cycles such that:

e UG =G,

o [V(UZICONV(CHI =1, Yie[2,n—1].
Adding the odd cycle C,, = C, we obtain that G € €%,

O

Now in order to widen our perception of those graphs, let us show another charac-
terization (Fig. 2).

Theorem 5 For every simple graph G,
G € ¢€° & G is eulerian with no even cycle

Proof e = By construction, every graph in %°? is eulerian with no even cycle.
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(a) C intersects at least (b) C intersects two cycles
twice another cycle

Fig. 3 In both cases, concatenating p with peyen O pogq yields an even cycle in G

e < We will once again work by induction on the number of cycles n. If n = 1,
then our graph is eulerian with a unique odd cycle, hence it is an odd cycle and is
therefore in €94,

Let n > 2, we assume that all eulerian graphs with no even cycle and k < n — 1
odd cycles are in €°??. Let G be a graph with no even cycle and n odd cycles.
Thanks to Lemma 2, there exists an odd cycle C of G such that G — E(C) has
only one connected component G’ that is not an isolated vertex. As G’ is eulerian
and even-cycle-free with n — 1 odd cycles, by induction hypothesis, G’ € €°%,
hence there exist Cq, ..., C,—1 odd cycles such that:

e UG =G,

o [V(UZICONV(CHI =1, Yie[2,n—1].
Suppose there exist # and v (u # v) belonging to V(UZ;%Ck) N V(C). Since G’
is connected, let p be an elementary path in G’ between u and v. We can assume
that u and v are the only vertices of C contained in p, otherwise we could replace
v by the first vertex of C encountered when traveling on p from u. C defines two
other vertex-disjoint paths between u and v: one even that we will call peye, and
one odd that we will call p,q4. p being vertex disjoint with either peyen O poda,
by concatenating it with the one corresponding to its parity, we obtain an even
cycle of G, contradicting our hypothesis on G (cf. Fig. 3a, b). This yields that
|V (C) N V(G| = 1. From that we can conclude

° U;’=1Ci =G,

o [V(UZlCONV(CHI =1, Viel2n].
Hence G € €%,

3 Complexity and (in)approximability
In this section we prove the NP-completeness and inapproximability of our prob-

lem and give an approximation algorithm based on the special case of bipartite
graphs.
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Concerning the complexity of MAXIM, we show that the problem is NP-complete.
More precisely, that answering if MAXIM(G) equals 2 for a graph G such that g = 2
is NP-complete. For that purpose, we introduce a variant of the satisfiability problem
that we reduce to a MAXIM instance: the not-all-equal at most 3-SAT(3V).

Not-all-equal at most 3-SAT(3V) is a restriction of not-all-equal at most 3-SAT
which is itself a restriction of 3-SAT known to be NP-complete (Schaefer 1978),
where each clause contains at most three literals and in each clause, not all the literals
can be true. Since 2-SAT can be solved in polynomial time, we hereafter deal only
with formulas having at least one three-literals clause. The added restriction of not-
all-equal at most 3-SAT(3V) is that each variable (not literal) appears at most three
times in a formula. The resulting problem is still NP-complete.

Lemma 6 The not-all-equal at most 3-SAT(3V) problem is NP-complete.
Proof See ‘Appendix’. O

Now we associate to a not-all-equal at most 3-SAT(3V) instance ¢ with n variables
{x1,...,x,} and m clauses {cy, ..., ¢y} a graph G, for which the value w.r.t. MAXIM
will give the answer to whether ¢ is satisfiable or not. If a variable x; occurs only in
positive literals (resp. only in negative literals), it follows that a satisfying assignment of
the variables of ¢ must necssarily give the value TRUE (resp. FALSE) to x;, therefore
x; can be removed from ¢ with conservation of the satisfiability. Thus, without loss of
generality, we can assume that in any not-all-equal at most 3-SAT(3V) formula, every
variable occurs at least once as a positive literal and at least once as a negative literal.
G, consists of gadgets that mimic the variables and the clauses of ¢ and additional
edges that connect them together:

e the gadget corresponding to a variable x; consists of two vertices labeled x; and
—x; and one edge connecting them;
o the gadget corresponding to a two-literals clause ¢; = (1'v1%), where /! and [? are

its literals, consists in two vertices labeled aljl and blj2 corresponding to /! and /2

respectively (the index /%" of the vertices labels stands for the literal it represents,
i.e. x; if I* is the variable x; and —x; if [¥ is the negation of the variable x;) and
one edge connecting them;

e the gadget corresponding to a three-literals clause gadget consists in six vertices
and six edges. For a clause ¢; = (l1 viIZv 13), where I1, 12 and I3 are its literals

J
n 3 VY :
and I3 respectively. Three additional vertices are labeled u/, v/ and w/ and the

(the order is arbitrary), three vertices labeled a blj2 and b;{ correspond to [!, [?

gadgets’ edges are aljluj, al]l Vi, Ujwj, vjw;, wjblj2 and wjbl/é;
e Vi € [1, n], the vertex labeled x; (resp. —x;) is connected to all the vertices labeled
al., b, or by (resp. a’ bixl, or b/_{xl,), Vj e [1,m].

—x;?

As an example, for a formula
@ =(x1V-x2Vx3)A(mx Va3 Vag) Axp Voo Vag) AV oxg),  (2)

the corresponding graph G, is represented in Fig. 4.
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variable
gadgets

Fig.4 Gy forp = (x1 V =x2 Vx3) A (mx] V =x3 Vxg) A (x] V =xp V xg) A (X2 V —xg)

Theorem 7 A not-all-equal at most 3-SAT(3V) formula ¢ is satisfiable if and only if
MAXIM(Gy) = 2.

Proof e = Suppose ¢ is satisfiable and let v : {x1,...,x,} — {TRUE, FALSE}
be a satisfying assignment of xi, ..., x,. We know that §g, = 2 which yields

MAXIM(Gy) < 2. So let us build an orientation A € 8(G¢) for which the
imbalance is greater than or equal to 2. First, we assign an orientation to the edges
of the variable gadget:

___9 .

x;—x; if v(x;) = TRUE;
A(xi=x;) = | —— i

—x;x; otherwise.

For example, for the formula ¢ = (x1 V—x2 VX3) A(—x1 VX3 VX)) A (X1 VX VvV
x4) A (x2 V —xyg) satisfied by the assignment v(x1, x2, x3, x4) = (FALSE, TRUE,
TRUE, TRUE), the edges of the variable gadgets of graph G, are oriented as
in Fig. 5a. Since each variable x; occurs at least once as a positive literal and
at least once as a negative literal, 2 < de (xj) < 3and 2 < de (—x;) <
3, Vi € [1,n]. Then to ensure our objective on the imbalance of A, the orienta-
tion of the edges connecting vertex gadgets and clause gadgets must be such that
Vi € [1,n], ld} (xi)—d; (x| = dg, (x;) and |d{ (—~xi) —d 5 (=x))| = dg, (—x7).
In other words, for i € [1, n], if v(x;) = TRUE (resp. v(x;) = FALSE), then the
edges adjacent to the vertex x; are oriented from x; (resp. to x;) and the edges
adjacent to the vertex —x; are oriented to —x; (resp. from —x;), e.g. Fig. 5b.

So far, all the edges in the variables gadgets and the edges connecting the vertex
gadgets and the clause gadgets have been oriented and the vertices in the variables
gadgets have imbalance greater than or equal to 2. In order to complete our orien-
tation A we have to orient the edges in the clause gadgets.

Let ¢; = (I' v 1) be a two-literals clause. Since v satisfies ¢, we know that
exactly one of the two literals is true w.r.t. v. Which, according to the way we
oriented edges so far, means that exactly one of al]l and bl]2 has one incoming
arc from a variable gadget and the other has one outgoing arc to a variable gad-
get. If al]l is the one with the incoming arc from a variable gadget (meaning that
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—
v(I") = TRUE), then we assign A(a bljz) = bﬂall’

obtain |d+(all) d; (all)| = |d+(b ) —dy (b)) =2.
Letc; = (I Tvizy 13) (the order is 1dentlcal to the one chosen to build the
clause gadget, i.e. dg, (all) =3 and dg, (b ) =dg, (b ) = 2) be at three literals

otherwise the opposite. We

clause. If the edge connecting all to a variable gadget is oriented to a (mean-
—> —>

ing that v(!') = TRUE), then we assign A(a u]) =u azl’ A(al]v]) = vja 11’
A(ujw;) = u;w; and A(vjw;) = v;w;. Since v(I') = TRUE, either both
v(1%) and v(3) are FALSE or exactly one of v(/*) and v(/*) is TRUE and
one is FALSE. If both are FALSE then blj2 and bl/{ have an outgoing arc to a
variable gadget. In that case, we orient w jbljz and w jbl/{ to w; and we obtain
d(ah) = dy@)l = 3, |diGp) — di o] = 1B — dy ()] =
A (uj) = dy )| = |dy(v;) —dy(v)| = 2 and |d+(wj> dy(wj| = 4.
If exactly one of v(/%) and v (/%) is TRUE and one is FALSE, then exactly one
of b1]2 and bg has an incoming arc from a variable gadget and the other an out-
going arc to a variable gadget. If blj2 is the one with the incoming arc from a
variable gadget (mea_rErl%s that v(I?) = TRUE and v(I®) = FALSE), then we

assign A(w); ljz) = wjblj2 and A(w/ ) = b w/, otherwise the opposite. We
obtain |d+(all) d; (all)|_3and|d+(b )—d; (b )|_|d+(b )—dA(bl3)|=
\dy (uj) —dy (uj)| = |df (v) —dy (v))] —Id_+(w]) dy(wj)|=2.

If, on the other hand, the edge connecting al]1 to a variable gadget is oriented

H

from a (meamngs that v(/') = FALSE), then we assign A(a uj) = aljluj,
—)

A(a vj) = a Wi, Alujw;) = wjuj and A(vjwj) = w;v;. By symmetry, we
conclude in the same way that |d+(all) d; (all)| = 3and |d+(b ) —d, (bh)| =
df (b)) — dy (b)) = |} (u)) — dy ()| = |df(v)) — dy(v))] = |dx<w,) -
dy(wj)| =2

Consequently, the imbalance of the resulting orientation A is greater than or equal
to 2, e.g. Fig. 5c.

e < Now we assume that MAXIM(Gy) = 2, let A € 3(G¢) with optimal imbal-
ance. Since all the vertices in the variable gadgets have degree at most 3, each vertex
x; (or —x;) is necessarily adjacent to only incoming arcs or only outgoing arcs
w.r.t. A. We will show that the assignment v : {xq, ..., x,} — {TRUE, FALSE}
of x1, ..., x, defined by

TRUE  ifd}(xi) > d (x;);

v(x;) = .
FALSE otherwise;

satisfies . Suppose ¢ does not satisfy a clause ¢;, j € [l,m]. If ¢; is a
two-literals clause (/' v [2) then either v(/!) = v(?) = TRUE or v(l') =
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(rVorpVy)  (xp Vg V) (v Vo Vag) (xVoxpVay)  (wpVoag V) o (v Vo Vag)

(g V—xg) (g V—xg)

X] —X] Xp X X3 X3 X4 X4 X] X[ Xp X X3 X3 X4 X4

(a) orientation of the edges in the variable (b) orientation of the edges between the

gadgets variable gadgets and the clause gadgets
(Vo Va)  (hap Vg Vag) (g Vo Vag)

(¥ Vxg)

X| —X] X3 X X3 X3 X4 X4
(c) orientation of the edges in the clause
gadgets

Fig. 5 Gy corresponding to ¢ = (x| V =x2 V x3) A (mx] V =x3 V x4) A (X1 V =xp V xg) A (xp V —xg)
satisfied by v(xy, x2, x3, x4) = (FALSE, TRUE, TRUE, TRUE)

v(I*) = FALSE, i.e. either both alj1 and blj2 have an incoming arc from a
variable gadget or both have an outgoing arc to a variable gadget and in both
cases, whichever is the orientation assigned to a[j] b'[/2 by A, either a[l or blj2
has a zero imbalance which contradicts our assumption. So c; is a three-literals
clause (' v 12 v I3) (the order is identica} to the one'chosen to build the
clause gadget, i.e. dg, (aljl) = 3 and dg, (bljz) = dg, (b% ) = 2). Then either
v(Ih) = v(?) = v(®) = TRUE or v(!') = v(1*) = v(I*) = FALSE, i.e. either

all al]l , blj2 and bg have an incoming arc from a variable gadget or they all have an

. —

outgoing arc to a variable gadget. In the first case, it implies A(al’] uj) = ujaljl,
— e

j j — — ] i
A(allvj) = vjal/l, Awjwj) =ujwi, A(vjw;) =vjwj, A(wjbljz) = w.,'bl/2 and
—_—

A(w;bl) = w;b, and we obtain |d (w;) — d (w;)| = 0 which contradicts
the optimality of A. Similarly, in the second case it implies that the orientations
assigned to the edges of the clause gadgets are the opposite from the previous
ones and we obtain the same contradiction. So we can conclude that v does
satisfy ¢. O

Corollary 8 MAXIM is NP-complete and inapproximable within % +& wheree € RY,
unless P = NP.

Proof Let ¢ € R, suppose that there exists a polynomial approximation algorithm
giving val > (% + &) MAXIM(G) for an input graph G. Let ¢ be a not-all-equal at
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most 3-SAT(3V) formula and G, its associated graph. Since G, contains at least one
three-literals clause gadget, we know that G, contains an even cycle and 6, = 2. This
leads to MAXIM(G,) € {1, 2} and since (% + &) MAXIM(Gy) < val < MAXIM(Gy),
if the polynomial approximation algorithm returns a value less than or equal to 1 then

1
(5 + e) MAXIM(Gy) < 1 = MAXIM(Gy) < 2 = MAXIM(G,) = 1;

and if it returns a value greater than 1, then MAXIM(G,) is greater than 1 hence equal
to 2. In other words the polynomial approximation algorithm output answers whether
¢ is satisfiable or not which implies P = NP. O

Let us use cut(A) to denote the set of edges having only one endpoint in A. Now
we consider the case of bipartite graphs: if G = (V1 U V,, E) is a bipartite graph,
the orientation that consists in assigning to each edge in E the orientation from its
endpoint in V| to its endpoint in V; has an imbalance equal to §5, i.e. optimal. This
simple case permits us to obtain the following lower bound:

Theorem 9 For every graph G,
e
MAXIM(G) > [71 — 1.

Proof Let (V1, V2) be a partition of V corresponding to a cut C = cut(Vy) C E
such that we have |cut({v}) N C| > [@1, Yv € V. Such a cut exists: for example
a maximum cardinality cut verifies this property, otherwise we could find a higher
cardinality cut by switching a vertex v € V s.t. |cut({v}) N C| < (@] from V| to
V5 (or the contrary). Moreover, if we iterated this process starting from a random k,
we would converge in polynomial time to such a cut. Now we define A € 8 (G) as
follows. We begin by orienting all edges in C from V; to V5. Then for any i € {1, 2},
we orient the edges of the induced subgraph G[V;]. We add a new vertex vg and an
edge between vg and each vertex with an odd degree in G[V;] if it is not eulerian
and we consider a decomposition of its edges into edge-disjoint cycles. We orient
each of these cycles as a directed cycle. Removing vg if necessary, the imbalance
of each vertex in G[V;] is now in {—1, 0, 1} which implies that Yv € V we have
|} (v) — dy ()] = [%427 — 1, hence, MAXIM(G) > [%] — L. O

From the proof proposed above, it is easy to see that when §g = O0[4] then
MAXIM(G) > % while MAXIM(G) > %61 when 66 is odd and MAXIM(G) > % —1
when §g = 2[4]. This leads to an approximation algorithm whose ratio is % (resp.
3 — 2% — 3 ) when 8g = O[4], (resp. 8 is odd, 8¢ = 2[4]).

4 Exact algorithm for cacti

The class of graphs defined in the previous section is a special case of cacti. A cactus
is a connected simple graph for which every edge belongs to at most one simple
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(b) 1ts blocks: , odd cycles («Z->) and bridges (*.. ).

1
ha

(¢) And the block tree T cut vertices (@), , odd cycles

(A) and bridges (H)

Fig. 6 Building the block tree

cycle. Equivalently, a cactus is a connected graph for which every block, or maximal
subgraph with no cut-vertex, is a single edge or a cycle. We will start by recalling the
structure induced by the blocks of a graph.

Definition 10 Let G = (V, E) be a graph, Vg the set of its blocks and V¢ the set
of its cutvertices. The block tree of G is the graph T = (Vg U V¢, E') where E' =
{Zu|Z € Vg, u € Vcandu € V(Z)}.

Observe that the block tree of a connected graph is a tree (Diestel 2010).

In Fig. 6 we have an example of a cactus graph G (a), the isolation of its blocks (b)
and finally its block tree T (c).

The next lemma is related to the minimum degree of a cactus.

Lemma 11 Let G be a cactus graph,

5g < 2.
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Proof Let G be a cactus graph and T its block tree. Letu € V(T) be aleaf of T. By the
definition of a cut vertex, u corresponds necessarily to a block of G. If u corresponds
to a bridge of G, then one of its endpoint (the one that is not a cutvertex) is a leaf of
G which implies g=1. If u corresponds to a cycle of G, being a leaf of T, it contains
only one cutvertex of G and therefore the degree of its other vertices equals 2. O

The previous lemma automatically provides an upper bound for MAXIM(G).

Proposition 12 Let G be a cactus,
MAXIM(G) < 2.

Note that an edge of a cactus is a single edge block if and only if it is a bridge. We
have already characterized which of the cacti verify MAXIM(G) = 0, and the previous
result states that the only two other possibilities are 1 or 2. The following will permit
us to determine which. Let G = (V, E) be acactus and T = (Vg U V¢, E’) its block
tree, a subset A € Vp will hereafter refer to a subset of vertices of T as well as the
subgraph consisting in the union of the blocks of G corresponding to these vertices.
We define for a cactus G the smallest subset S € Vp containing all even cycles of G
in addition to all vertices of T satisfying one the following conditions:

e If Y € Vp corresponds to an odd cycle of G that shares a cut-vertex with a cycle
or with two bridges contained in S, then ¥ € §,
e if Y € Vp corresponds to a bridge of G that shares a cut-vertex with a block

contained in S, then Y € S.

In Figs. 6a and 7 are examples of two cacti along with their subsets S.
Theorem 13 Let G be a cactus,
MAXIM(G) =2 <= S = Vp and §g = 2.
The idea of this result and its proof is that if we have a cactus G, we consider

the subgraph Sy of G consisting in the union of all the even cycles of G and that
can be oriented with imbalance at least 2. Then we can extend the orientation of

Fig.7 A graph G suchthat§g =2and S = Vp
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Fig. 8 A graph G and a bridge
/
cc

So into an orientation of S, keeping an imbalance of at least two for each vertex
with at least two oriented edges. Now if §g = 2 and S = Vp, we obtain an orien-
tation of G with imbalance at least 2. Moreover, for a cactus G, the subset S can
be computed in polynomial time by a basic search on the block tree of G which
means that we can derive a polynomial time algorithm solving MAXIM for any input
cactus.

In order to prove Theorem 13, we first show two lemmas that will be useful in the
proof of our theorem.

Lemma 14 Let G = (V, E) be a graph, cc’ € E a bridge of G. Let us call G the
connected component of G\cc' containing ¢ and G the graph obtained by adding
¢ and cc’ to the connected component of G\cc' containing ¢’ (see Fig. 8). Then

MAXIM(G) < max min(  min  |d} () —d; )|, |d}(c) —d; ()] +1).
Aea)(Gc) veV(Ge)\{c}

Proof Let A € _0)(G) be an optimal orientation of G w.r.t. MAXIM. If dle (c) —

XmG / (¢) and dj\rwc (c) — dj\\c( (c) do not have the same sign, then we switch the

assignment of A of the edges of G, .. Doing so, the imbalance of all the vertices of
G is unchanged except for that of ¢ which got risen by 2 hence A is still optimal and
ldj () —dy ()| < ldj () —dy, ()] + 1. Moreover,

MAXIM(G) = min|df(v) —d, ()| < min |d} () —d, ()
veV |Ge |Ge

veV(Ge)\{c}
which yields
. . Jr - + —_
MAXIM(G) < min(_min |4}, () —djy, 015, © = dg, @1+
< max min( min |df () —d; @), |d}()—d )]+ 1).
AEB(GC) veV(Go)\{c}

O

Lemma 15 Let G be a cactus such that §gG = 2. Then there exists a cycle of G with
at most one gate (vertex adjacent to any vertex not belonging to the cycle).

Proof Let T be the block tree of G. If T has no leaf, then it is a vertex graph, hence G
is a cycle which necessarily has no gate. If T has a leaf /, it necessarily corresponds to
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ablock of G. If [ was a bridge, the degree of its endpoint in G which is not a cutvertex
would be 1, hence [ is a cycle of G. And being a leaf in 7, it has at most one gate in
G. O

Proof of Theorem 13 e <= We assume that S = Vp and §g > 2. From Proposition

12, we know that MAXIM(G) < 2. We will build an orientation A € 8(G) such
that min,cy |dj"(v) —d, (v)| = 2. We start by orienting the edges of the subgraph
So consisting in the union of all the even cycles of G. Sy having no odd cycles, it
is bipartite and we can therefore choose an orientation of the edges of Sy such that
|d;"’|sO ) — d/_hs0 ()| =ds,(v) > 2, Vv e V(Sp). We now recursively extend A
to the rest of the blocks in S ensuring an imbalance of at least 2 for each vertex
adjacent to at least two oriented edges. Let Z € Vp be an unoriented block of G
that is either:

e an odd cycle of G sharing a cut-vertex with an oriented cycle or two oriented

bridges,

e a bridge sharing a cut vertex with an oriented block.
If there was no such block and the graph G was not totally oriented, the set of
oriented blocks of G denoted by S would contradict the minimality of S.
If Z is an odd cycle, we choose a cut vertex ¢ of Z adjacent to oriented edges and
name the vertices of B ¢ = vjvy - - - vp = ¢. We assign:
Vi if i is odd;
Viziv; otherwise
Let us now consider the imbalance of the vertices of Z. Since c is adjacent ic))

e A(vjviy1) = , Vie [[l,k — 1ﬂ.

either a cycle or two bridges in §, it is adjacent to at least two edges in S
and therefore Idj‘ﬁ (¢) —d, _ (c)] = 2 according to our inductive hypothesis.
| S | S

Since |djlz(c) —dy (0] =0, ld}(c) —dy ()] = |d+|_§ (c) — d;‘? (0)] > 2.

If there is another cut-vertex ¢’ of Z that is adjacent to a block in TS’) such that
dj{l_s) (c) — d‘_‘rf (c’) and dj‘z(c’ ) — d/_“z(c’ ) do not have the same sign, then we
switch the assignment of A of the edges of the whole connected component of
_S> containing ¢’ for its opposite. Necessarily, ¢’ is the only vertex this connected
component shares with Z otherwise Z would be contained in a bigger block of
G. Then doing so, the imbalance of all vertices is left unchanged except for that
of ¢/ which is now equal to |d} () —d, _ ()| + |dj‘z(c/) —dy ()] =
IS IS

ldh () —dy (] +2.
'S I'S
This process is repeated for all the cut-vertices ¢’ of Z different from ¢ adjacent

to a block in _S> to be such that |dX(c’) —d () =2.1fu € V(Z) is not a
cut-vertex, then |d;‘|r (w) —dyw)| = |dj{‘z] (u) — leZ] (u)] = 2 and A becomes

an orientation of TS’) U {Z} with imbalance at least two for all the vertices of G
adjacent to at least two oriented edges.

If Z is a bridge, we take ¢ one of its endpoints adjacent to an oriented edge, we
call u the other one and assign
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— ..ot _
cu ifdy_(c)>d,_(c);

Alcu) = A3 A3

uc otherwise.

Concerning the imbalance of ¢, by inductive hypothesis, |dj"_) (c)—d,_(]>1,
S S
then |d+(c) —dy (o) = |d+ ,(0) — d/_‘_)(c)l + IdA‘Z(c) - d/_‘ (o) =2.Ifuis

adjacent to a block in S as well and d+ (u) d/_x—> (u) and d (u) Xl (u)

do not have the same sign then we sw1tch the ass1gnment of A of the edges of the
whole connected component of S containing u for its opposite. This connected
component necessarily doesn’t contain ¢ otherwise z would be contained in a bigger
block of G. Then doing so, the imbalance of all vertices is left unchanged except
for that of # which is now equal to |d+|? (u) — d; 2 ()| + |dA|z (u) — d/_\\z )| =
|d+|? (u) —d, _ ()| +1=> 2. A thus becomes an orientation of TY) U {Z} with

IS
imbalance at least two for all the vertices of G adjacent to at least two oriented

edges.

We now add Z to _S) and proceed like this for all blocks Z in S\_S> until _S) =S.
Now since Vg = § and §g = 2, we conclude that A is an orientation of all the
edges of G with an imbalance equal to 2.

In Fig. 9 can be found the orienting process of the cactus presented in Fig. 7. First,
the even cycles are oriented (Fig. 9a), then the blocks adjacent to the even cycles
(Fig. 9b) and then iteratively the unoriented blocks adjacent to oriented blocks

L R

(b)

Fig. 9 Orienting the edges of G verifying g = 2 and § = Vp in such a way that MAXIM(G) = 2
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(Fig. 9c—f). In Fig. 9c, e, the vertices with imbalance zero are circled in red, and
in the next step, the orientation is reversed on one of the subtree where the circled
vertex is the root in order to ensure an orientation imbalance of at least 2.

e = If §g < 2 then MAXIM(G) < 2. So we assume that §¢ = 2 and S & V3. Let
c e V(S)NV(O). Belonging to both V(S) and V(S), ¢ must belong to at least
two different blocks of G and is therefore a cutvertex of G. Let Z be a block in §
adjacent to ¢, Z is necessarily a bridge of G otherwise all the blocks adjacent to
Z would be in § thus contradicting ¢ € V(S), and for the same reason, Z is the
only bridge in S adjacent to c. Calling ¢’ the endpoint of Z that is not ¢ and G, the
subgraph of G obtained by taking the connected component of G\cc’ containing
¢, we are in the conditions of Lemma 14 and thus we obtain

MaxIM(G) < max min( min |dj{(v) —d, ()], |dj{(c) — d/_‘(c)l—l—l).
Ae_O)(GE) veV(Ge)\{c}

Proceeding like this for all ¢ € V(S) N V(S) yields that MAXIM(G) is smaller
than

max min min  |df()—d,;(v)], min |df@w) —d;@)]|+1].
460 (5) (vewS)\WS) 4 A vevnves) 4

Now if we choose a connected component Sy of S we get that MAXIM(G ) is smaller
than

max min min  |[df(v) —d; ()], min |df()—d;@)|+1].
468 Gy (vev<So)\V(S> 4 A evonves 4

Now we show that the right-hand part of the previous inequality is lower than or
—
equal to 1. Suppose it equals 2 and let A € O (Sp) satisfying

min( min  |di(v) —d,(v), min |df@w) —d )]+ 1) > 2.
veV (S)\V(S) veV(Sp)NV(S)

_ (3)
Thus we have dgo(v) > 2, Yv € V(Sp)\V(S) and we know that for any v €
V (Sp)NV (S), all the blocks in Sy adjacentto v are odd cycles, hence dgo (v) > 2.50
85, = 2andaccording to Lemma 15, thereis acycle C of So with at most one gate. If

C has no gate then it means that So consists only of C and since we know that all the

cycles of Sy are odd, it directly contradicts the existence of A. Hence C has exactly

one gate g. So forall v € V(C)\{g}, |dX(v) —d,(v)| = |d;;c (v) — d/_l‘c(v)| and
if we name the vertices of C ¢ = vjvy - - - vp = g the assignment of A must be

viv;y if i is odd;

- A(viviy1) = { T

, Viell,k—1].
vi+1iji otherwise [ ]
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or its reverse so that A satisfies our assumption. Thus we have

max min( min  |d}(v) —d,(v)], min |dj(v)—d;(v)|+1>
)

A€ 0 (50) veV S\ V(S) VeV (Sov (s
= max min min |dX(v) —d, ()],
A€0 ($o\C) veV(SH\ONV(S)

“min ld} () —dy(v)] + 1).
VeV (So\O)NV(S)

If there exists a vertex of degree one in Sp\ C then it is adjacent to a bridge in Sy and

is thereofre in V (S’\C)\V (S), thus contradicting (3). So we assume that 550\(3 =2

and we can reiterate the same process with another odd cycle with exactly one gate

until we are left with an odd cycle C,,4 with no gates and conclude that

max min min ldT(v) —d; ()],
A€ O (Cond) <veV(Cend>\V(3) A A
min ldt () —dy(v)] + 1) >2;
VeV (Cena)NV(S)

Since this is impossible for an odd cycle, we deduce that (3) is wrong. Hence,
MaxXIM(G) < 1. O

As already mentioned, Theorem 13 leads to a simple polynomial-time algorithm to
compute MAXIM(G) for cacti. Starting from the set Sy of even cycles, we add blocks
to S using the two operations defined above: bridges sharing a cut-vertex with a block
in S, and odd cycles sharing a cut-vertex with either a cycle or two bridges that are
already in S, are added to S.

5 Mixed integer linear programming formulations

In this section, we gradually introduce two formulations for the MAXIM problem. For
our purposes, we shall consider the original graph G = (V, E) is directed (consider
any arbitrary orientation) and let B € {—1, 0, 1}|V‘ x|El gtand for its incidence matrix,
i.e., the column corresponding to the arc uv (or, equivalently, to the edge uv directed
from node u to node v), has only nonzero entries in the rows corresponding to the
nodes u and v: B, ,, = | and B, ,, = —1, respectively.

In order to describe an orientation of the graph G, we take orientation variables x €
{—1, 1}/l interpreted as follows. For each edge uv € E which is originally directed
from node u to node v: if x,,, = 1 then uv is directed from u to v (i.e., the orientation
is the same as the original one) and is directed from v to u otherwise (i.e., the edge is
“reversed” with respect to the original orientation). Then if we look at the product of B
with an orientation vector x € {—1, 1}/£] we obtain B,x = d;‘(v) —d (v), YveV,
where df (v) (resp. d; (v)) is the outdegree (resp. indegree) of v € V in G w.r.t. the
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orientation described by x and B, denotes the row of the matrix B which corresponds
to node v. Hence the MAXIM problem can be expressed as the following non-linear
formulation.

max h

S.t.

h <|Byx|, YveV
x e {—1, 1}/E

Let us derive from the preceding non-linear formulation an equivalent linear formu-
lation. To that purpose, we remove the absolute value of the constraint by squaring
it:h? < (Bvx)z, Vv € V. Since it still is not linear, we have to consider variables
representing the product of two variables and for that we substitute the x variables by
their 0-1 version. So developing, we obtain

2
(By(2x — 1))2 = (Z Bv,uv(zxuv - 1))

uvekE

= Z Bg,uy(zxuv_l)2+2 Z By uv By wo (2xp — 1) 2y — 1)

uveE uv,wvek
UVFWY

= Y (x7, —4x, + 1)

uvekE
+2 Z Bv,uvBu,wv(4xuvxwv — 2Xyp — 2Xypp + 1)
uv,wvek
UVFEWY
=d)+2 Z Bv,uva,wv(4xuvxwv — 2xyp — 2xyp + 1).
uv,wvekE
uvFEWv

Furthermore, since maximizing % is equivalent to maximizing its square root, sub-
stituting 42 by h, we obtain the following formulation.

max h
S.t.
h <d()+ 2Zuv,vaE Bv,uva,wv(4xuvxwv — 2xyp — 2Xyp + 1), YveV

uvFEWY
x € {0, 1}1El

In order to linearize it, we introduce product variables z, wp € {0, 1}, uv, wp €
E, uv # wp representing the variables product x,,,x,, . For a pair of edges (uv, wp) €
EZ, uv # wp, we add the constraints z,y wp < Xuyv, Zuv,wp < Xwp and Zyy wp >
Xyy + Xwp — 1 50 as to force zyp,wp = XyvXwp. We can relax the integer constraint
on the z variables and we obtain the following mixed integer linear programming
formulation.
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max h
s.t.
h<d(v)+2 Zuv,wveE Bv,uva,wv(4Zuv,wv_zxuv —2xyy+ 1), YveV

UVFWY
(MIP) Zuv,wp = Xuv

Zuv,wp = Xuwp , Yuv,wp € E, uv # wp
Zuv,wp = Xuv T Xwp — 1

x € {0, 1}|E‘, Zuv,wp =0, uv,wp € E, uv #wp, h e R.

Theorem 16 For any graph G,
MIP1(G) = MaXIM(G),

Where MIP1(G) is the square root optimal of the objective value of MIP1 for G.

Proof x € {0, 1}/E] covers all the possible orientations of G and for every vertex
v € V, the first constraint is equivalent to & < (d;f (v) — d;(v))z. O

Thus we have a first mixed integer linear programming formulation for our problems
with O (m?) variables, O (m) of which are integer variables and O (m?) constraints.

Let us take a look at the linear program obtained by relaxing the integer constraint
of MIP1 on an input graph G = (V, E), and let us consider the triplet (x'7, 77, h'P)

where x'7 = %, Yuv € E; ziﬁ,,w,, = 0 for all pairs of edges uv, wp € E that share

no endpoint; zfﬁ,,wv = M for all pairs of edges uv, wv € E (i.e. all pairs of
edges in E that share an endpoint), and P = Sé.

Lemma 17 (x'7, 7!P, h'P) is a feasible solution of the linear relaxation of MIP1 whith
objective value Sé.

Proof Observe that Yuv, wp € E,

lp lp lp Ilp l
0= x,p +pr -1=< Zuv,wp = Xyy = qu)’v =

Moreover, Vv € V,

l l
dw)+2 Z Bv,uva,wv(4Zu€),wv - 2xu117) - leu?v +1D

uv,wvek
UvFEWY

=dW)+2 Y BuuwBow(l+ ByuwBoww — 1= 1+1)

uv,wvekE
UvFWU

=d(v) +2 Z (Bv,uva,wv)2

uv,wvek
UVFEWY

=dv) +2 Z 1

uv,wvek
uvFAEWY
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=d) + (d() — Dd(v)
=d(v)* > 8.

m}

The previous lemma proves that the optimal value of the linear relaxation of MIP1
is at least the minimum degree of the input graph squared, which corresponds to the
trivial upper bound of MAXIM(G).

We present a second formulation with reduced number of variables and constraints.
This second formulation involves the same orientation variables x € {—1, 1}/El we
described earlier and a second type of variables that are binary: indicator variables
y; with v € V a vertex of G and k € [—d(v),d(v)]. They have the following
interpretation: y{ = 1 if and only if B,x = d;F(v) —d; (v) = k, so that the following
equation trivially holds

v —
Zke[{—d(m,d(v)ﬂkyk =Byx,VveV.

Given the interpretation for the variables y, among those of the form y;, for some
fixed node v € V, exactly one of them has value 1. Thus, the following constraints
are satisfied

v
=1, Vv .
Zke[[—d(v>,d(v>]]y p=1 Vvev

Notice that for a vertex v € V, the difference between its oudegree and indegree
w.r.t. any orientation and its degree have the same parity. Thus instead of running k
through [—d(v), d(v)], we can limit to k € [—d(v), d(v)], s.t. k = d(v)[2], i.e. the
only possible values of d (v) — d (v) when x runs through {—1, 1}'El. Then we can
show the MAXIM problem may be formulated as the mixed integer program

max h
S.t.

h < Zke[[—d(v),d(v)]] min(|k|, 8G)yy, YveV

k=d(v)[2]
(MIF2) Zke[[fd(v),d(v)]] w=1L YveV
k=d(v)[2]
Y ke[-dw).dw] ky§ = Bvx, YveV
k=d(v)[2]

x e[ 1EL Yy e 0,1} Y(v. k) € V x [-d(v),dW)], st.k=d@)[2].h € R.
Theorem 18 For any graph G,
MIP2(G) = MAXIM(G),

Where MIP2(G) is the optimal objective value of MIP2 for G.
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Proof First, if the orientation variables x were constrained to be integers, since y;) = 1
if and only if Byx = df (v) —d; (v) = k and x € {0, 1}/El covers all the possible
orientations of G and for every vertex v € V, the first and third constraints lead to
h < |dj (v) — d; (v)| and the optimal objective value of the resulting formulation
would equal MAXIM(G).

Now we know that the incidence matrix B is totally unimodular. Hence, there exists
an integer optimal solution (x*, y*, h*) of MIP2. If x* € {—1, 1}/El then (x*, y*, h*) is
solution of the all-integer version of MIP2 mentioned above and therefore optimal, i.e.
its objective value is MAXIM(G). Otherwise x* describes a partial orientation of G, i.e.
for an edge uv € E, if x;, = 1 then the original orientation of the edge is preserved,
if x};, = —1 then it is reversed and if x};, = O then the edge is left unoriented. We
know that for each vertex v € V, Byx* = d(v)[2]. So the number of edges adjacent
to v on which x* is non-zero must have the same parity as the degree of v. In other
words, the number of edges adjacent to v on which x* is zero must be even. That is
to say, let E' = {uv € E|x};, = 0} and G’ = (V, E’), dg/(v) = 0[2] for each vertex
v € V. Since G’ is eulerian, we can take a cycle of G’, orient it in a way that does
not change the imbalance of any vertex, remove it and proceed like this until there
are no more edges in G’. The resulting (complete) orientation can be described by
an orientation vector x’ € {—1, 1}/! and the triplet (x, y*, h*) is a solution of the
all-integer version of MIP2 having the same objective value as (x*, y*, h*), hence it
is optimal and therefore equal to MAXIM(G). O

We now have a second mixed integer linear programming formulation of MAXIM with
O (m + n) variables, O (m) of which are integer variable and O (n) constraints.

Let us consider the triplet (x'7, y'?, h'P) where xP =0, Vuv € E; y,f’[p =

0. Y. k) eV x[-d@) +1.dw) — 1], st.k = d@)[2): and y"7 = yyh =
%, Vv € V. Observe that (x’p , ylp, h'r ) is a feasible solution of the linear relaxation
of MIP2 whith objective value . In other words, the linear relaxation MIP2 is
generally weak. Let us then try to strengthen it using some valid inequalities.

Remember from Sect. 2 that it is easy to check whether MAXIM(G) = 0. One can
then set variables yj to 0 when MAXIM(G) > 0. We also know from the discussion
at the end of Sect. 3 that MAXIM(G) can almost not be less than BTG More precisely,
if G = 0[4] then MAXIM(G) > ¢ while MAXIM(G) > ! when § is odd and
MAXIM(G) > % — 1 when 8 = 2[4].

More generally, if / is a known lower bound for MAXIM(G), then all variables y;
for |k| < [ can be fixed to 0. To find such a lower bound, we use a standard greedy
algorithm to find a locally maximum cut and orient edges as described in the proof of
Theorem 9.

Let u be an upper bound for MAXIM(G). We already know that MAXIM(G) < 4,
so we can assume that u < §. Consider the following inequality

n
hf“_z Z )‘Z(yllg"i'yzk), Vi e Ay, 4)

v=1ke0,u—1]
k=d(v)[2]
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where the vertices of G are numbered from 1 to |V | = n, and

Ay
Ay <AL, Y(u, k) e[l,n] x[0,u—2]
= {k = (Dwnettapxiou1n € N | 508 o 0, u - 1] '

Observe that coefficients A} are non-negative integer numbers and are non increasing
in k. For each k, there exists only one v such that A}, = A} — 1 while A} | = A}
for any w # v. Let us prove that inequalities (4) are valid inequalities for the convex
hull of feasible solutions of MIP2 denoted by #.

Proposition 19 Inequalities (4) are valid for ;.

Proof Consider a feasible solution (x, y,h) of &,. If y{ = 0 and y”, = O for

any v € [I,n] and any k € [0, u — 1], then 377 > refo.u—1] M VF +¥%) =0
k=d(v)[2]
and inequality (4) becomes & < u. The last is valid since u is an upper bound for

MAXIM(G).

Let us now assume that & < u — 1, then there exist v € [1,n] and k < u — 1 such
that either y; or y”, is equal to 1 while y;”! = 0 for any w € [1, n] and k" such that
|K'| < k.

Using the fact that y;” is non increasing, we deduce that } pcfo—1] A0 () +

K'=d(w)[2]
Y2 = A D kelku—1] g + %) < A Summing up these inequalities for all w
K'=dw)[2]
and using the fact that ) )| A} = u —k leads to & < k which is valid by k definition.

O

Observe that the first family of inequalities included in MIP2 can be seen as a
special case of inequalities (4).
Let us now study the separation problem of inequalities (4).

Proposition 20 Inequalities (4) can be separated in polynomial time.

Proof Given a fractional solution (x,y, ), one can check whether an inequal-

ity of type (4) is violated by looking for coefficients A € A, maximizing

p— > kefo.u—1] M (% + ¥?;). Remember that for each k, there exists only one
k=d(v)[2]

v such that A} | = A} — 1 while A, | = A} for any w 7 v. Let vg be such v. Then

Dot Lkefo.u—1] M OF +yYy) canbe writtenas 3y 1o 1] Lefos] Orr I
k=d(v)[2]

This immediately leads to the following algorithm. First, all A} are initially set to 0.
Then, we select v, maximizing Zke[[o, u—1] (¢ + y¥) and we increment by 1 all
k=d()[2]

AZ“‘I: Az“‘l = kz“" + 1 for any k < u — 1. More generally, for each w € [0, u — 1],
we select vy, maximizing ) ke[o,w] (yf + y?,) and we increment by 1 all )sz for

k=d(v)[2]
k < w. The algorithm has clearly a polynomial-time complexity. O
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A second family of valid inequalities is defined for each vertex v, each integer
number p € [1, d(v)] and each subset of p edges incident to v.

> BowinXwin + Y. 200 =K _qwy <P )
{0t} (Vi) l0ip N Ceut (o)) ke[0.p—1]

Proposition 21 Inequalities (5) are valid for £,.

Proof 1f all variables yé’k_ d(v) Are equal to O for k € [0, p — 1], then inequality (5) is
implied by the fact that x € [—1; 1]/E.

Assume that yy ., = 1 for some ko € [0, p — 1]. This requires that among all
edges of cut ({v}) there are exactly ko (resp. d (v) —ko) edges {vj} such that By (v} X{vj}
= 1 (resp. By pjiXpj; = —1). Consequently Z{{Ujl} ’’’’’ (Wi oo (07} et ((0))
By (vj;}X{vj;} 1s upper bounded by ko — (p — ko) = 2ko — p. Moreover, we have
Zke[[O,p—l]] 2(p — k)ygkid(v) = 2(p — ko). Inequality (5) immediately follows. O

The separation problem of inequalities (5) is also easy to solve.
Proposition 22 Inequalities (5) can be separated in polynomial time.

Proof Given a fractional solution (x, y, ), for each vertex v and any p € [1, d(v)],
we order the edges of cut({v}) in descending order according to By (v} X{vj} and we
select the first p edges. Then a violated inequality can be detected by comparison of

Z{{vjl} ,,,,, (i i Ceut (o)) Bu.wjtXtuiy + > ke 0,p—1] 2(P — k)y;kfd(v) with p. 0
14

Let us now consider any cycle 4 and the two following inequalities.

> @y F Viw-2) < 11, ©)
ve?
D @Y gy + Y awy12) < 161 @
ve?

Proposition 23 Inequalities (6) and (7) are valid for &7;.

Proof Let us focus on the validity of inequalities (6) [inequalities (7) being provable
in the same way]. After orientation of the edges of the cycle &, let €+ be the set
of vertices of ¢ for which their two incident edges are oriented outward from these
vertices to their neighbours. We also define 4"~ in the same way be considering vertices
having two edges of the cycle oriented from their neighbours to them. The remaining
set of vertices of the cycle is denoted by €™ (they have an incoming incident edge and
an outgoing incident edge). These definitions are illustrated on Fig. 10. It is now easy
to see that we always have |€ 7| = |4 |.

Suppose that y['j(v) = 1,thenv € €. Observe also that yg(v)_2 = l requires v tobe

in@ T UE*. Consequently, 3_, cor (Vi) + Vi) < |CTIHIC and 30 e vi() <
| *|. Summing up both inequalities leads to Zve%(Zyg(v) + ys(v)_z) < 2|€F| +
|G| = |€H+1C7 |+ €% = 9. u
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Fig. 10 A vertex of a cycle € is
respectively in €, €~ or €* if
it has two, zero or one outgoing —|— —|—
incident edge(s) in €

* +

Proposition 24 Inequalities (6) and (7) can be separated in polynomial time.

Proof Letus again focus on inequalities (6) since (7) can be separated in a similar way.
Given a fractional solution (x, y, h), we need an algorithm to either compute a cycle
¢ such that |€| — ) . (Zyg(v) + yg(v)_z) < 0 or to certify that such a cycle does

not exist. For each edge uv, let us consider a weight ¢, = 1 — (yg(v) + %y}i’(v)_z) —
Oy + %yg(u)_z). Then we clearly have

€1 - Z(Zyg(v) + Yaw—2) = Z Cuv-
ve? {uv}e®

We are then looking for an undirected cycle having a negative total weight. This can
be done, for example, by computing a minimum weight #J-join, where the last is a set
of edge disjoint cycles. This can be done using the algorithm of Edmonds and Johnson
(1973). Notice that this algorithm can provide many negative weight cycles with some
0 weight cycles. If the total weight of the J-join is strictly negative, a negative weight
cycle can be easily extracted. A different algorithm can also be found in Ben-Ameur
and Hadji (2010) (see Sect. 6 of the reference). O

Given any clique ¢ and any number p € [1, |.#'|], we consider the two following
inequalities.

min(p—1,d(v))

p(p+1)
XX iy — YrelLXIlL  ®
vert k=0
min(p—1,d(v))
p(p+1)
Z Z (P =) Y3h—aqy = — Vp e [1, |A]]. ©)
vext k=0

Inequalities (8) can be seen as a generalization of the obvious inequalities
Y v Vi < 1 obtained when p = 1.

Proposition 25 Inequalities (8) and (9) are valid for &7;.

Proof We can focus on inequalities (8). To maximize the left hand side of (8), we
can assume that all edges in cut (£") are oriented from # to outside (this is due to
the fact that the coefficient p — k increases when k decreases). Then, y;(v)—Zk =1is
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equivalent to say that exactly k edges, inside .#" and incident to v, are oriented from
v to outside.
Observe that inequality (8) is equivalent to

min(p—1.d(v)) min(p—1,d(v)) p(p+ 1)
P Z Z y;l)(v)—Zk = Z Z kyg(v)_gk + s (10)
ved k=0 vet k=0

Let g be the number of vertices of J#” whose outdegree (in the graph induced by %) is

atmost p—1 after orientation. The lefthand side of (10) is given by pg. The sumof the ¢
lowest outdegrees is exactly givenby > _ - ka;%(p_l’d(v)) kY3 o Using landau’s
theorem for tournaments (Landau 1953), we can write that Y, , Y mi(=hd@)

0
—1 . +1 . in(p—1,d(v)
K4k = %. Adding % to both sides, we get >, > 007 2

2 2
kyg(v)_Zk + p(p2+1) = Ptq 2+p7q. MOI'COVCI‘, from (q — p)2 >q — p, we get that

2 2
%ﬂ > pq proving (10). ]

To separate inequalities (8), the following heuristic is used. Given a fractional
solution (x, y, h), for each vertex v and any p € [1,d(v) + 1], we use a greedy
approach to find a locally maximum-weight clique where the weight of any vertex
ueVis ka;r})(p_l’d("))(p—k)yt’j(u)fzk.We start with %~ := {v} and then recursively

find u = arg max{ZEi%(p_l’d(w))(p — k)Y —2klW € Nyer NG (v')}, where N (v)

denotes the set of the neighbours of v in G, and add it to ¢ until Ny ¢ » Ng (V") = @.
Then if |.#"| > p we can derive the inequality (8) corresponding to % .

6 Computational results

In order to assess the performance of formulations MIP1 and MIP2, we present some
computational results related to a wide variety of graphs. All algorithms were written
in C++ calling IBM’s ILOG CPLEX optimizer©and experiments have been performed
using a processor 1.9GHzx4, 15.6GB RAM with four cores.

While the implementation of MIP1 is pretty straightforward: the model is
created with all inequalities described in Sect. 5 and then the mixed-integer-linear-
programming solver of CPLEX is run with default parameters, the implementation of
MIP2 needs to be detailed.

First of all, an initial solution is determined by computing a locally maximum cut
using the standard greedy algorithm described in the proof of Theorem 9. A starting
integer solution is then known for both formulations MIP1 and MIP2.

For both formulations and each instance, we set a limited total processing time of
15 min (900s). If this limit is reached, then the process is interrupted and returns both
the objective value of the current best integer solution Lygp; or Lypz and the current
best upper bound Upmip; or Umips.

For formulation MIP2, a cutting-plane algorithm is implemented based on the
inequalities of Sect. 5. Inequalities are generated in the following order:
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e We look for a violated inequality of the type (4) according to the proof of Propo-
sition 20.

e We generate cliques using the heuristic described in the end of Sect. 5 and check
for a violated inequalities of the types (8) and (9).

e We search for a cycle with minimum weight with a simple flow formula-
tion solved as mixed integer program where each edge vw € E has weight
%(Zy(’;(v) + yg(v)_z + y};’(w) + y(’i”(w)_z). If we find a negative weighted cycle,
then corresponding inequality of the type (6) is violated. We do the same with
the weight %(Zyzd(v) + yz”_d(v) + yfd(w) + yé”_d(w)) for an edge vw to find a
violated inequality of the type (7). For the sake of simplicity, inequalities (6) and
(7) are not separated using the algorithms of Edmonds and Johnson (1973) and
Ben-Ameur and Hadji (2010) but using a simple integer linear program computing
a minimum-weight cycle.

After various experimentations, we chose not to put the inequalities of type (5)
in the cutting-plane phase because when included, while the number of generated
inequalities increases excessively with the size of the graph, the optimal objective
value of the linear program is left unimproved.

After the addition of violated inequalities, the linear relaxation is solved to get a
fractional (x, y, &) solution and the process is repeated until no more violated inequal-
ities can be found. The optimal objective value of the last LP is denoted by vy p,. Notice
that the cutting-plane phase is intentionally limited to less than 10 min (6005s). Thus,
if either no more valid inequalities can be generated or the time spent in the cutting-
plane phase reaches 10min, we switch to branch and bound. The time spent in the
cutting-plane phase us denoted by 7 py.

CPLEX’s mixed integer programming solver is used with default parameters to
solve MAXIM. Notice that some automatic internal cuts are generated by the solver
to accelerate the branch and bound. As already mentioned, the total running time is
limited to 15 min. The time spent in the branch and bound phase is denoted by f\p2
while the best lower and upper bounds are respectively denoted by Lypz and Upnpips.

For each of the instances we report Lap1, Umip1, IMIP1> VLP2, tLP2, LMip2, UMIpP2,
and fvrp2, where 11 pa, tvmip1 and fyip2 are expressed in seconds. We also report nb(4),
nb(&g) and nb(6’7), respectively the number of inequalities of the type (4), (8) and (9)
and (6) and (7) generated for each instance G = (V, E) along with |V |,| E| and 6.

The graph instances used for the computations are denoted as follows:

e K, : the complete graph with n vertices,

e G} :the n-dimensional grid of length k, i.e. the cartesian product of n paths graphs
of length k: e!_, Ly, where Ly is a path graph of length k,

° Gﬁ \.np+ the 2-dimensional grid, i.e. the cartesian product of two path graphs of
length ny and ny: L,, @ L,,,

e tG}: the n-dimensional toroidal grid of length k, i.e. the cartesian product of n
cycless of length k: e_, C, where Cy is a cycle of length &,

° tG% \.n, the 2-dimensional toroidal grid, i.e. the cartesian product of cycles of

length ny and ny: Cy,, @ Cy,,
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e P, ,,: arandomly generated planar graph with n vertices and m edges,
e R, n:arandomly generated graph with n vertices and m edges.

More about the toroidal grids can be found in Degraaf and Schrijver (1994).

Table 1 shows that formulation MIP2 has a significantly better performance than
MIPI1. On many instances we can observe that the cutting plane algorithm of MIP2
drastically improved the upper bound §¢, sometimes so far as to the optimal objective
value as can be seen for example on the complete graphs, the planar graphs or most
of the n-dimensional toroidal grids. while the number and nature of the generated
inequalities varies a lot, it seems to never grow excessively. We can see that as soon as
the size of the instance becomes substantial, formulation MIP1 seems to degenerate,
needing too much time and/or memory to be processed, while MIP2 shows its ability
to handle large size graphs.

7 Further research

While computing the most imbalanced orientation of a graph is generally difficult,
the problem turns out to be easy for cacti. It may be the same for other graph classes.
Characterizing such graph classes would be interesting.

Two mixed integer linear programming formulations of MAXIM have been pre-
sented. Several families of valid inequalities have been presented to strengthen one
of the two formulations. Exhibition of other families of valid inequalities might be
helpful to solve larger size problems.

Finally, one can also the study the weighted version of the most imbalanced orien-
tation problem.

Acknowledgements The authors wish to thank the associate editor and the anonymous referees for many
valuable comments and suggestions that have led to a substantially improved paper.

Appendix 1: Proof of Lemma 6

Let ¢ be a not-all-equal at most 3-SAT formula with n variables {x1, ..., x,} and m
clauses {c1, ..., cn} and forall i € [1, n], let k; € N be the number of occurences of
x; in . We assume that there is at least one variable x; that has at least 4 occurences in
@ (otherwise ¢ is already a not-all-equal at most 3-SAT(3V) formula) and we will build
from ¢ a not-all-equal at most 3-SAT(3V) ¢’ such that ¢ and ¢’ are equisatisfiable as
follows.

e Foralli € [1,n], if k; > 4 then we introduce k; new variables {xil, e xf"} and
for € [1, k;] we replace the /-th occurence of x; in ¢ with xf.
e Foralli € [[1,n], if k; > 4 then we add k; new clauses {c}ci, e c];é} where for
le[l,k—1], cil_ = (xf Vv —-xf"H) and cii = (xf Vv —-xl.l).
Suppose there exists an assignment v : {x1,...,x,} — {TRUE, FALSE} of
X1, ..., X, satisfying ¢. Then
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o i v(x;) Vie[l,n]stk <3;
“xl v Vie[l,n]stk >4and Vi e [1, k];

i

is an assignment of the variables x; and xf satisfying ¢’ for

e Vj € [1, m], the values of the literals of ¢; w.r.t. v and v’ are piecewise equal so
v'(c;) = v(cj) = TRUE and v’ is not-all-equal for c; as well as v is;

o Vie[l,n]sthk=4Vie[lk—1],0 0D =vE*) = o) and v'(xF) =
v’(xil) = v(x;) so we directly have VI € [,k — 1], v’(cii) = TRUE and
v’(c];j) = TRUE and v’ is not-all-equal for each of these clauses since they all
consist of two literals having opposite values w.r.t. v’.

As an example, for a formula

@ = (x1 V=x2VX3)A(mx] VX3 V) A Vaxg) A(mxgp Voxs Vooxg)
A(X1V X3),

where x; occurs five times and x3 four so we add nine new variables xll, x%, xf, xf,

x15, x31, x32, x33 and xé‘ and nine new clauses:

¢ =(x] vV mxo V) A (mxf vV —xd Vg A (6 V) A (—x} v —x3 V —xg)
A (xf \Y x?) A ()cl1 \Y —-x%) A (x% \Y —-xf) A (xf’ \Y —'x‘f) A (xi1 \Y, —-xf)

A (xf \% —-xf) A ()c31 \Y —-x32) A (x% \% —-xg) A (x33 \% —-xg‘) A (x§ \% —-x3]).

Now suppose there exists an assignment v" of the x; and xf satisfying ¢’ and let
i € [1,n] suchthatk; > 4.If we take a look at the clauses c}ci, e, c,’ijﬁ,we notice that if
v'(x}) = FALSE then for ¢} to be satisfied, v'(—x?) = TRUE, i.e. v'(x}) = FALSE,
then for c)zci to be satisfied, v’ (—-xi3) = TRUE ...etc. Repeating this argument, we
obtain that if v'(x!) = FALSE then v/(x}) = v/(x}) = -+ = u’(xff ) = FALSE.
Similarly, if v'(x{') = TRUE then for ¢ii to be satisfied, v'(—x} ') = FALSE, i.e.
V' (x¥ ™) = TRUE, then for ¢k ™" to be satisfied, v'(—x\' %) = FALSE ...etc. Hence
if v/(x}) = TRUE then v'(x¥') = v/(x} ") = ... = v/(x}) = TRUE. This yields
that

Viell,n]sth >4 v'x)=v@hH ==

1

Hence for all i € [1,n] such that k; > 4, we can replace x;, ..., xf" by a unique

. . k: ..
variable x; and doing so the clauses c,lr, ..., Cy; become trivial and can be removed

and only ¢ remains. So the following assignment of xp, ..., x,:

x> V() Vie[l,n]stk <3;
Txi V() Vie[ln] stk >4

satisfies . We have just shown that ¢ and ¢’ are equisatisfiable.

@ Springer



J Comb Optim (2018) 36:637-669 669

References

Asahiro Y, Miyano E, Ono H, Zenmyo K (2007) Approximation algorithms for the graph orientation
minimizing the maximum weighted outdegree. In: Proceedings of the 3rd international conference on
algorithmic aspects in information and management (AAIM2007). LNCS 4508, pp 167-177

Asahiro Y, Miyano E, Ono H (2008) Graph classes and the complexity of the graph orientation minimizing
the maximum weighted outdegree. In: Proceedings of the fourteenth computing: the Australasian
theory symposium (CATS2008), Wollongong, NSW, Australia

Asahiro Y, Jansson J, Miyano E, Ono H (2014) Degree constrained graph orientation: maximum satisfaction
and minimum violation. WAOA 2013, LNCS 8447, pp 24-36

Bang-Jensen J, Gutin G (2009) Orientations of graphs and digraphs in digraphs: theory, algorithms and
applications, 2nd edn. Springer, Berlin

Ben-Ameur W, Hadji M (2010) Designing Steiner networks with unicyclic connected components: an easy
problem. SIAM J Discrete Math 24(4):1541-1557

Biedl T, Chan T, Ganjali Y, Hajiaghayi M, Wood DR (2005) Balanced vertex-orderings of graphs. Discrete
Appl Math 48(1):27-48

Chrobak M, Eppstein D (1991) Planar orientations with low out-degree and compaction of adjacency
matrices. Theor Comput Sci 86:243-266

Chung F, Garey M, Tarjan R (1985) Strongly connected orientations of mixed multigraphs. Networks
15:477-484

Chvatal V, Thomassen C (1978) Distances in orientation of graphs. J Comb Theory Ser B 24:61-75

Degraaf M, Schrijver A (1994) Grid minors of graphs on the torus. J Comb Theory Ser B 61:57-62

Diestel R (2010) Graph theory, 4th edn. Springer, Berlin

Fomin F, Matamala M, Rapaport I (2004) Complexity of approximating the oriented diameter of chordal
graphs. J Graph Theory 45(4):255-269

Ford LR, Fulkerson DR (1962) Flows in networks. Princeton University Press, Princeton

Frank A, Gyarfas A (1976) How to orient the edges of a graph? Colloq Math Soc Janos Bolyai 18:353-364

Harary F, Krarup J, Schwenk A (1971) Graphs suppressible to an edge. Can Math Bull 15:201-204

Edmonds J, Johnson EL (1973) Matching, Euler tours and the Chinese postman problem. Math Program
5:88-124

Kara J, Kratochvil J, Wood DR (2005) On the complexity of the balanced vertex ordering problem. In:
Proceedings of COCOON2005. LNCS 3595, pp 849-858

Landau HG (1953) On dominance relations and the structure of animal societies III. The condition for a
score structure. Bull Math Biophys 15:143-148

Mubayi D, Will TG, West DB (2001) Realizing degree imbalances in directed graphs. Discrete Math
239(173):147-153

Nash-Williams C (1960) On orientations, connectivity and odd vertex pairings in finite graphs. Can J Math
12:555-567

Robbins H (1939) A theorem on graphs with an application to a problem of traffic control. Am Math Mon
46:281-283

Schaefer TJ (1978) The complexity of satisfiability problems. In: Proceedings of the 10th annual ACM
symposium on theory of computing, pp 216-226

@ Springer



	On the most imbalanced orientation of a graph
	Abstract
	1 Introduction and notation
	2 Characterizing the graphs for which `3́9`42`"̇613A``45`47`"603AMaxIm(G)=0
	3 Complexity and (in)approximability
	4 Exact algorithm for cacti
	5 Mixed integer linear programming formulations
	6 Computational results
	7 Further research
	Acknowledgements
	Appendix 1: Proof of Lemma 6
	References




