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Abstract A (proper) total-k-coloring of a graph G is amapping ¢ : V(G)U E(G) +—
{1,2, ..., k} such that any two adjacent elements in V(G) U E(G) receive different
colors. Let C(v) denote the set of the color of a vertex v and the colors of all incident
edges of v. A total-k-adjacent vertex distinguishing-coloring of G is a total-k-coloring
of G such that for each edge uv € E(G), C(u) # C(v). We denote the smallest value
k in such a coloring of G by x,(G). It is known that x/(G) < A(G) + 3 for any
planar graph with A(G) > 11. In this paper, we show that if G is a planar graph
with A(G) > 10, then x/(G) < A(G) + 3. Our approach is based on Combinatorial
Nullstellensatz and the discharging method.

Keywords Adjacent vertex distinguishing total coloring - Planar graph -
Maximum degree

1 Introduction

Let G be a simple, undirected graph. Denote the vertex set, edge set, maximum degree
and minimum degree of G by V(G), E(G), A(G) and §(G) (or simply V, E, A and
8), respectively. The terminology and notation used but undefined in this paper can be
found in Bondy and Murty (1976).
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A (proper) total-k-coloring of a graph G 1is a coloring of V U E using k colors
such that no two adjacent or incident elements receive the same color. A graph G is
total-k-colorable if it admits a total-k-coloring. The total chromatic number x" (G)
of G is the smallest integer k such that G is total-k-colorable.

Given a total-k-coloring ¢ of G, let Cy(v) denote the set of the color of v and the
colors of the edges incident with v. If Cy(u) is different from Cy(v) for each edge
uv, then this total-k-coloring is called adjacent vertex distinguishing, or total-k-avd-
coloring for short. The smallest k is called the adjacent vertex distinguishing total
chromatic number, denoted by x./(G).

Let x (G) and x’(G) denote the vertex chromatic number and the edge chromatic
number of G respectively. Then we have the following relation:

Proposition 1 For any graph G, x/(G) < x(G) + x'(G).

Suppose that G is a planar graph. Then x (G) < 4 by the Four-Color Theorem (Appel
and Haken 1977; Appel et al. 1977) and A(G) < x'(G) < A(G) + 1 by Vizing
(1964). So x)/(G) < A(G) + 5. Particularly, since x'(G) = A(G) when A(G) > 7
by Sanders and Zhao (2001), x//(G) < A(G)+4. Zhang et al. proposed the following
conjecture in Zhang et al. (2005):

Conjecture 1 (Zhang etal. 2005) For any graph G with at least two vertices, x)/(G) <
A(G) +3.

Coker and Johannson (2012) used a probabilistic method to establish an upper
bound A(G) + ¢ for x,(G), where ¢ > 0 is a constant. Later, Huang et al. (2012)
proved that x/(G) < 2A(G) for any graph G with maximum degree A(G) > 3.
Conjecture 1 was confirmed for graphs with maximum degree at most three by Chen
(2008) and independently by Wang (2007). Wang and Wang proved that this conjecture
holds for outerplanar graphs (Wang and Wang 2010) and K4-minor free graphs (Wang
and Wang 2009). Huang and Wang proved that x/ (G) < A(G) + 2 for planar graphs
with maximum degree at least 14 in Wang and Huang (2014), and they also proved
the following result:

Theorem 1 (Huang and Wang 2012) Let G be a planar graph with maximum degree
A(G) > 11. Then x)(G) < A(G) + 3.

In this paper, we prove the following result, which improves the bound in Huang
and Wang (2012).

Theorem 2 Let G be a planar graph with maximum degree A(G) > 10. Then
X4 (G) < A(G) +3.

Recently the adjacent vertex distinguishing total coloring by sums has been con-
sidered. For a total-k-coloring ¢ of G, let my(v) denote the total sum of colors of the
edges incident with v and the color of v. If mg (u) # mg(v) for each edge uv, then this
total-k-coloring is called a total-k-neighbor sum distinguishing-coloring. The smallest
number k is called the neighbor sum distinguishing total chromatic number. For this
coloring, see Cheng et al. (2015), Ding et al. (2014), Dong and Wang (2014), Li et al.
(2015), Li et al. (2013), Pil$niak and WozZniak (2015).

@ Springer



J Comb Optim (2017) 34:383-397 385

2 Notations and preliminaries

For a given planar graph G, a vertex of degree k (at least k, at most k) is called a
k-vertex (k™ -vertex, k™ -vertex). A face of degree k (at least k, at most k) is called a k-
face (kT -face, k™ -face). Denote the set of faces of G by F(G).Forx € V(G)UF(G),
let dg (x) denote the degree of x in G. For a vertex v € V(G), we use N, ,? (v) to denote
the set of k-vertices adjacent to v in G, and let n,? (v) = |N,§ (v)]. Similarly, we define
n,g,(v) and n,?_ (v). If there is no confusion in the context, we usually write nkG (x),
nkG+ (x) and nkG, (x) as ng(x), ng+(x) and ng- (x) respectively.

Suppose that ¢ is a total-k-avd-coloring of a planar graph G and v € V. Recall
Cy(v) is the set of the color of v and the colors of the edges incident with v and
mg(v) is the total sum of colors in Cy (v). Obviously, for two adjacent vertices u# and
v, if my(u) # my(v), then Cy(u) # Cy(v). We call two adjacent vertices u and v
conflict on ¢ if Cy(u) = Cy(v). Let Dy (v) denote the union of Cy(v) and the colors
of vertices adjacent to v. Now we state the Combinatorial Nullstellensatz.

Lemma 1 (Alon (1999), Combinatorial Nullstellensatz) Let F be an arbitrary field,
and let P = P(x1,...,Xx,) be a polynomial in F[xy, ..., x,]. Suppose the degree
deg(P) of P equals >}, ki, where each k; is a non-negative integer, and suppose
the coefficient Of)c{(l .. -x,,i” in P is non-zero. Then if Sy, ..., S, are subsets of F with
|Si| > ki, i =1,...,n, there exist sy € S1, ..., s, € Sy so that P(sy,...,s,) # 0.

3 Proof of the main theorem

From Theorem 1 we know that if G is a planar graph with A(G) > 11, then X”(G) <
A+3,s0we only need to consider A(G) = 10. Let G be a counterexample of Theorem
2 such that |V (G)| + | E(G)] is as small as possible. Obviously, G is connected.

Let e be any edge of Gand H = G —e. If A(H) = A(G) = 10, then by the
minimality of G, x/(H) < 13.If A(H) = A(G) — 1 = 9, then by Proposition 1,

XJ(H) < A(H) + 4 = 13. Therefore, x, (H) < 13 for both cases.

Note that if P(xy, x2, .. xm) is a polynomial with deg(P) =n,ki,ky, ..., kp

are non-negative integers with Z ki = n and cP(x1 x2 . ) is the coefficient

i=1

: ky ko P 1 k2 k m
of monomial x x2 . xm in P, then g = =cp (x1 cexm) T kil

In the following, we always use MATLAB to calculate the coefficients of specific
monomials. The codes are listed in Appendix.

3.1 Unavoidable configurations

Claim 1 There is no edge uv € E(G) such that d(v) < 6 and d(u) < 5.

Proof Assume to the contrary that G contains an edge uv such that d(v) =t < 6
and d(u) = s < 5,ands < t. Let H = G — uv. Then there exists a total-13-avd-
coloring ¥ of H by the above analysis. Without loss of generality, we assume that
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Fig. 1 Configurations in the proof of Claim 1
C = {1,2,...,13} is the set of all colors used in . Let uy, us, ..., us—1 be the
neighbors of u# other than v, and vy, v2, ..., v;,—1 be the neighbors of v other than u.

Case 1t < 5. Without loss of generality, we may assume that s = t = 5 (We can
get an easier proof for other cases). Erase the colors of u, v and denote this partial
total-13-avd-coloring by ¢’. Let S| = C \ Dy (u), S = C\ (Cyr(u) U Cy(v)) and
83 = C\ Dy (v). Then |S;| > 5fori =1, 2, 3. Now we extend ¢’ to G. We will color
u, uv, v with the colors s; € S;,i = 1,2, 3 respectively (see Fig. 1(1)). Let ¢ denote
the coloring after u, uv, v are colored. If s; —s; # O for 1 <i < j < 3, then ¢ is
a proper total coloring. If mg () # mgy(u;), mgy(v) # mg(v;) fori = 1,2, 3,4, and
mg(u) # mg(v), then ¢ is an adjacent vertex distinguishing coloring. Hence ¢ would
be a total-13-avd-coloring if there exists; € S;,i = 1, 2, 3 such that P(sy, 52, s3) # 0,
where

P(x1,x2,x3) = (x1 — x2)(x1 — x3)(x2 — x3) (x1 +mg (u) — (x3 +my (v)))
4 4
[T + 22+ mgr(u) = mg i) [ [ + x2 + mgr (v) — mgr (v).
i=1 i=1

By MATLAB, we obtain that cp(x{x3x3) = co(x{x3x3) = 20 # 0, where
Q(x1, x2,x3) = (x1 — x2)(x1 — x3)%(x2 — x3)(x1 + x2)*(x2 + x3)*. According to
Lemma 1, since deg(P) = 12and |S;| > 5,i =1, 2, 3, there exists; € S;,i =1,2,3
such that P(s1, 52, s3) # 0. Coloring u, uv, v with s1, s, 53 respectively and then we
obtain a total-13-avd-coloring of G, which is a contradiction.

Case 2t = 6. Without loss of generality, we may assume thats = 5 and r = 6 (We can
get an easier proof for other cases). Erase the color of u. We conclude thatd (u;) # d(u)
for any i € {1, 2, 3,4} by Case 1. Suppose that ¥ (v) = 1, ¥ (vv;) =i+ 1 fori €
{1,2,...,5}, and ¥ (uu;) = aj for j € {1, 2, 3, 4}. Without loss of generality, assume
{ar,az,a3,a4} € {1,2,...,10} (see Fig. 1(2)). If there exists acolorx € {11, 12, 13}
such that coloring uv with x cannot result in conflicting vertices, then we color uv
with the color x. Otherwise, without loss of generality, we can assume the conflicting
vertices are vy, vz, v3 respectively, which means that Cy (v;) = {1,2,...,6,i + 10}
fori = 1, 2, 3. Recolor v withacolora € {7, 8,9, 10}\{¢ (v4), ¥ (vs5)}. Since now the
possible conflicting vertices of v are v4 and vs5, we can choose a color in {11, 12, 13}
to color uv such that v does not conflict with v4 and vs. Finally, we color u. Since
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d(u;) #dw),i = 1,2,3,4, u have at most 10 forbidden colors. Thus we can color
u safely and then we obtain a total-13-avd-coloring of G, which is a contradiction. O

Suppose ¢ is a partial total-13-avd-coloring of G. We call ¢ to be a nice total-13-
avd-coloring of G if only some 5~ -vertices are not colored. Observe that every nice
total-13-avd-coloring can be greedily extended to a total-13-avd-coloring of G since
each 57 -vertex v has at most 10 forbidden colors by Claim 1.

Claim 2 If v is a 7-vertex of G, then ns-(v) < 2. Moreover, if n3-(v) > 1, then
ns-(v) = 1.

Proof Let vy, va, ..., v7 be the neighbors of v with d(vy) < d(v2) < --- < d(v7).

(1) Suppose to the contrary that ns—(v) > 3. Then d(v;) < d(v2) < d(v3) < 5.
Let H = G — vv; — vvy — vu3. Thus there exists a total-13-avd-coloring of H by the
minimality of G. Erase the colors of v, v1, v2, v3 and denote this partial total-13-avd-
coloring by ¢’. Let C denote the set of all colors used in ¢'. Let S; = C \ (Cg(v) U
Cy(vi)) fori = 1,2,3, and let S4 = C \ Dy (v). Then |§;| > Sfori =1,2,3,4.
We will color vv; with the color s; € S; fori = 1, 2,3 and color v with the color
s4 € S4. Let ¢ denote the partial coloring after vvy, vv, vv3 and v are colored. If
si—sj#0forl <i < j <4,then ¢ is a proper total coloring. If my(v) # mgy(v;),
ie., Z?:l st +mgy (v) —my(v;) #0fori =4,5,6,7, then ¢ is an adjacent vertex
distinguishing coloring. Hence ¢ would be a nice total-13-avd-coloring, if there exist
si € S;,i =1,2,3, 4 such that P(sy, 52, 53, 54) # 0, where

4
P(x1, x2, X3, X4) = H (x; —xj)H(sz + mgy (v) _m¢’(vi))-
=1

7
I<i<j<4 i=4

By MATLAB, cP(xf'xngm) = cQ(xfx§x§x4) =1 # 0, where Q(x1, x2, X3, X4)
= H15i<j54(x,- — xj)(Z?zlx,)“. According to Lemma 1, since deg(P) = 10
and |S;| = S5 fori = 1,2,3,4, there exist s; € S;,i = 1,2,3,4 such that
P(s1, 52, 53,54) # 0. Coloring vvy, vva, vvs, v with s1, 52, 53, 54 respectively and
then we obtain a nice total-13-avd-coloring, which is a contradiction.

(2) Suppose ns-(v) > 2 when n3-(v) > 1. Then d(v;) < 3 and d(v2) < 5. Let
H = G —vv; —vvy. Then there exists a total-13-avd-coloring of H by the minimality
of G. Erase the colors of vy, vy and denote this partial total-13-avd-coloring by ¢'.
Let C denote the set of all colors used in ¢" and let S; = C \ (Cy(v) U Cy(v;))
fori = 1,2. Obviously, |S1| > 5 and |S2| > 3. Now we extend ¢’ to G and let ¢
denote the coloring after vv; and vv; are colored. Let 51, s2 correspond to the colors
of vvuy, vv, respectively. Similar to (1), ¢ is a nice total-13-avd-coloring, if there exist
si € S;,i = 1,2 such that P(sq, sp) # 0, where

P(x1,x2) = (1 —x2) [] 1 +x2+my (v) — my ().

3<i<?

By MATLAB, cp (xx3) = co(x}x3) = 5, where Q(x1, x2) = (x1 —x2) (x1 +x2)°.
According to Lemma 1, since deg(P) = 6, |S1| > 5 and |S2| > 3, there exist
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si € Si,i = 1,2 such that P(s1, s2) # 0. Coloring vvy, vvy with s1, 52 respectively
and then we obtain a nice total-13-avd-coloring, which is a contradiction. O

Claim 3 Suppose v is an 8-vertex of G. If n4-(v) > 1, then ns5-(v) < 3. Moreover, if
n3-(v) > 2, then ns-(v) = 2.

Proof Let vy, va, ..., vg be the neighbors of v with d(v) < d(v2) < --- < d(vg).

(1) Suppose to the contrary that ns- (v) > 4 when ng-(v) > 1. Thend(v) < 4 and
d(vp) <d(v3) <d(vg) <5.Let H= G — vv; — vvy — vv3 — vug. Then there exists
a total-13-avd-coloring of H by the minimality of G. Erase the colors of vy, va, v3
and v4 and denote this partial total-13-avd-coloring by ¢’. Let C denote the set of all
colors used in ¢’ and let S; = C \ (Cyr(v) U Cy(vy)) fori = 1,2,3,4. Obviously,
|Si| > 5 and |S;| > 4 fori = 2,3,4. Now we extend ¢’ to G and let ¢ denote
the coloring after vvy, vvs, vv3 and vvy are colored. Let s1, 52, 53, 54 correspond to
the colors of vvy, Vv, Vv3, VU4 respectively. Similar to Claim 2(1), ¢ is a nice total-
13-avd-coloring, if there exist s; € S;,i = 1,2, 3,4 such that P(sy, 52, 53, 54) # O,
where

P(xi,xp,x3,x) =[] wi—xp [] (Zx,+m¢f(v> m¢/(v,))

I<i<j<4 5<i<8

By MATLAB, cp (xfx%x%m) = CQ(xfxgxgm) = 1, where Q(x1, x2, X3, x4) =
H1§i<‘/54(x,- —)cj)(Zf:1 x7)*. According to Lemma 1, since deg(P) = 10, |S;| > 5
and |S;| > 4 fori = 2,3,4, there exist s5; € S;,i = 1,2,3,4 such that
P(s1, 52, 53, 54) # 0. Coloring vvy, vva, vv3, vvg With s1, 52, 53, 54 respectively and
then we obtain a nice total-13-avd-coloring, which is a contradiction.

(2) Suppose to the contrary that ns-(v) > 3 when n3-(v) > 2. Then d(v;) <
d(vy) < 3 and d(v3) < 5. Let H = G — vv; — vvy — vv3. Then there exists a
total-13-avd-coloring of H by the minimality of G. Erase the colors of vy, v and
v3 and denote this partial total-13-avd-coloring by ¢’. Let C denote the set of all
colors used in ¢’ and let §; = C \ (Cy (v) U Cy (v;)) fori = 1,2, 3. Then |S] > 5,
|S2] = 5 and |S3] > 3. Now we extend ¢’ to G and let ¢ denote the coloring after
vv1, vv2 and vz are colored. Let s1, 52, 53 correspond to the colors of vvy, vva, VU3
respectively. Similar to Claim 2(1), ¢ is a nice total-13-avd-coloring, if there exist
s;i € Sij,i =1,2,3 such that P(sy, 52, s3) # 0, where

3
P, xx) = [ wi-xp [] (th+m¢/<v>—m¢/<vi>).
t=1

1<i<j<3 4<i<8

By MATLAB, cP(xfxgxg) = CQ(xfo)q) = 5, where Q(x1, x2, x3) = H15i<j53
(x; — )c]-)(Z?:1 x)°. According to Lemma 1, since deg(P) = 8, |S1| > 5, 52| = 5
and |S3| > 3, there exist s; € S;,i = 1,2, 3 such that P(sq, 52, s3) 7 0. Coloring
Vv, VU2, VU3 With s1, 57, 53 respectively and then we obtain a nice total-13-avd-
coloring, a contradiction. O
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Claim 4 Suppose v is a 9-vertex of G. If ng4— (v) > 1 then ns-(v) < 6. Moreover, if
n3-(v) > 1 and ny- (v) > 2, then ns- (v) < 3.

Proof Let vy, vy, ..., vg be the neighbors of v with d(v)) < d(v2) < --- < d(vg).
(1) Suppose to the contrary that ns- (v) > 7 when ng-(v) > 1. Then d(vy) < 4
and d(vp) < d(w3) < --- <d(wy) <5 Let H =G —vvy —vvy —--- — vv7.
Thus there is a total-13-avd-coloring of H by the minimality of G. Erase the colors
of v, v, v, ..., v7 and denote this partial total-13-avd-coloring by ¢’. Let C denote
the set of all colors used in ¢'. Let §; = C \ (Cyr() U Cyr(vy)) fori =1,2,...,7
and let Sg = C \ Dy (v). Then [S1] > 8, |S;| > 7fori =2,3,...,7 and |Sg| > 9.
Now we extend ¢’ to G and let ¢ denote the coloring after vvy, vvy, ..., vvy and v are
colored. Let s1, 52, ..., 57 and sg correspond to the colors of vvy, vv, ..., vvy and
v respectively. Similar to Claim 2(1), ¢ is a nice total-13-avd-coloring, if there exist
si€S;,i=1,2,...,8such that P(sy, 52, ..., s3) # 0, where

8
P(x1,x2,...,x8) = H (xi —xj) H (th+m¢/(v)—m¢/(vi)).

1<i<j<8 8<i<9 \r=1
By MATLAB, cﬂx?xix?xix%xgxé) = cQ(x1x2x§x4x5x6x8) = —1, where
O(x1,x2,...,x8) = H1§i<j§8(x,- — xj)(Zt:I x;)?. According to Lemma 1, since
deg(P) = 30, |Si| > 8, |S;| > 7fori = 2,3,...,7 and |Sg| > 9, there exist
si € S;,i =1,2,...,8such that P(sq, s2,...,s3) # 0. Coloring vvy, vvy ..., vvy
and v with s1, 52, ..., s7 and sg respectively and then we obtain a nice total-13-avd-

coloring, a contradiction.

(2) Suppose to the contrary thatns- (v) > 4 whennz-(v) > 1 andny- (v) > 2. Then
d(vy) <3,d(v) <4andd(v3) <d(vg) <5.Let H = G — vv; — vvy — VV3 — V4.
Thus there is a total-13-avd-coloring of H by the minimality of G. Erase the colors
of v, vy, v2, v3, v4 and denote this partial total-13-avd-coloring by ¢’. Let C denote
the set of all colors used in ¢". Let S; = C \ (Cy(v) U Cy(vy)) fori =1,2,3,4
and let S5 = C \ Dy (v). Then [S1]| > 6, |S2| > 5, |83 > 4, [S4] > 4 and |S5| > 3.
Now we extend ¢’ to G and let ¢ denote the coloring after vvy, vvo, vv3, vvg and v
are colored. Let 51, 52, 53, 54 and s5 correspond to the colors of vvy, vv, vv3, Vv4 and
v respectively. Similar to Claim 2(1), ¢ is a nice total-13-avd-coloring, if there exist
si€S;,i =1,2,...,5such that P(sy, 52, ...,5) # 0, where

PG, xa,...,x)= [ i—xp [] (th+m¢/(v) m¢/(vl)

]<1<]<5 5<i<9

By MATLAB, cp (x7x5x3x3x5) = co(x]x3x3x2xs) = 1, where Q(x1, x2, ..., x5) =
Hl§i<j§5 (x; —)c]-)(Z:f:1 x;)°. According to Lemma 1, since deg(P) = 15, S| > 6,
[S2] > 5,183 = 4,|S4] > 4and |Ss5| > 3, thereexists; € S;,i = 1,2, ..., 5suchthat
P(s1, 52, ...,55) # 0. Thus we obtain a nice total-13-avd-coloring, a contradiction.
O
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Claim § Suppose v is a 10-vertex of G and ny- (v) > 1. Then ns-(v) < 7. Moreover,
if n3-(v) > 2 and ny- (v) > 3, then ns- (v) < 4.

Proof Let vy, va, ..., vig be the neighbors of v with d(vy) < d(v2) < --- < d(vi0)-
(1) Suppose to the contrary that ns-(v) > 8 when n,-(v) > 1. Then d(vy) < 2
and d(vp) < d(w3) < --- <d(vg) <5 Let H= G —vv; —vvy —--- — vUg.
Thus there is a total-13-avd-coloring of H by the minimality of G. Erase the colors
of v, vy, va, ..., vg and denote this partial total-13-avd-coloring by ¢’. Let C denote
the set of all colors used in ¢'. Let S; = C \ (Cpr(v)UCy(v;)) fori =1,2,...,8
and let Sg = C \ Dy (v). Then |S1| > 10, [S;| > 7fori =2,3,...,8 and [S9| > 9.
Now we extend ¢’ to G and let ¢ denote the coloring after vvy, vvy, ..., vvg and v are
colored. Let s1, 52, ..., sg and s9 correspond to the colors of vvy, vva, ..., vvg and
v respectively. Similar to Claim 2(1), ¢ is a nice total-13-avd-coloring, if there exist
si€S;,i=1,2,...,9such that P(sy, 52, ..., 59) # 0, where

9
P(x1,x2,...,x9) = H (x; —x;j) H (Zx,+m¢/(v)—m¢/(vi)).

1<i<j<9 9<i<10 \r=1
Since CP(xlgxgxgxfxgxgxmg) = CQ(x?xgxgxixgxgxmg) = —1, where Q(x1, x2,

e, X9) = H1§i<j§9(x,~ — xj)(Z?:l x:)2. According to Lemma 1, since deg(P) =
38, |S1] = 10, |S;] = 7Tfori = 2,3,...,8 and |So| > 9, there exist s; € S;,i =
1,2,...,9 such that P(s1,s2,...,59) 7# 0. Thus we obtain a nice total-13-avd-
coloring, a contradiction.

(2) Suppose to the contrary thatns- (v) > 5. Thend(vy) < 2,d(v2) <3,d(v3) <4
and d(v4) <d(vs) <5.Let H=G — vv; — vvy — - - - — vvs. Thus there is a total-
13-avd-coloring of H by the minimality of G. Erase the colors of vy, va, ..., v5 and
denote this partial total-13-avd-coloring by ¢’. Let C denote the set of all colors used
in¢ andlet S; = C \ (Cpr(v) UCy(vy)) fori =1,2,...,5. Obviously, |Si| > 6,
[S2] > 5, |S3] = 4, |S4] > 3 and |S5| > 3. Now we extend ¢’ to G and let ¢ denote
the coloring after vvy, vvy, ..., vvs are colored. Let s1, 52, . .., 5 correspond to the
colors of vvy, vvy, ..., vus respectively. Similar to Claim 2(1), ¢ is anice total-13-avd-
coloring, if there exists; € S;,i = 1,2, ..., 5such that P(sy, 52, ..., s5) # 0, where

5
P(x1,x2,...,x5) = H (x; —x;j) H (Zx,+m¢/(v)—m¢/(v,-)).

1<i<j<5 6<i<10 \r=1

By MATLAB, cp (x7x3x3x3x5) = co(x]x3x3x2xs) = 1, where Q(x1, x2, ..., x5) =
Hl§i<j§5 (x; —)c]-)(Z:f:1 x;)°. According to Lemma 1, since deg(P) = 15, S| > 6,
[S2] > 5,183 = 4,|S4] > 3and |S5| > 3, thereexists; € S;,i = 1,2, ..., 5suchthat
P(sy,52,...,85) # 0. Thus we obtain a nice total-13-avd-coloring, a contradiction.
O

Suppose uv is an edge of G. We call u is strong neighbor of v, if d(v) = 10,
d(u) = 3 and uv is incident with at least two 3-cycles. We use ngr(v) to denote the
number of strong neighbors of v in G.
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Fig. 2 Configurations in the
proof of Claim 6

Claim 6 Suppose v isa 10-vertex of G. Ifn3- (v) > 4 and ngr (v) # 0, thenns-(v) =
4,

Proof Let vy, vy, ..., vig be the neighbors of v with d(vy) < d(v2) < --- < d(vi0).

Since n3-(v) > 4, if ny-(v) # 0, then ns-(v) = 4 by Claim 5. So we assume
nr-(v) = 0. Suppose to the contrary that ns-(v) > 5. Then d(vy) = d(v2) =
d(v3) = d(vs) = 3 and d(vs) < 5. Assume v; is a strong neighbor of v and vy, v,
are common neighbors of v and vy. Let uy, uy be the neighbors of v, other than v
and wy, wy be the neighbors of v3 other than v (see Fig. 2). Let H = G — vvy.
Thus there is a total-13-avd-coloring of H by the minimality of G. Erase the colors of
Vv, VU3, VU4, VY5, V], U2, U3, V4, Us and denote this partial total-13-avd-coloring by ¢.
Let C denote the set of all colors used in ¢. Since ¢ (vou1) # ¢ (vous), without loss of
generality, we assume ¢ (vivy) 7# @ (vau1). Since C\ (Cy (v) U{¢ (vau2)}) has at least
six colors and then has at least six 5-element subsets, there exists at least one 5-element
subset C’, such that Cy(v) U C’ is different from any Cy(v;), j = 6,7, 8,9, 10. Now
we will color vvy, ..., vvs with C’ properly to obtain a nice total-13-avd-coloring of
G, which is a contradiction.

Case 1 ¢ (vivy) ¢ C’. Since d(vs) < 5, |Cy(vs)| < 4, we can color vvs with a color
as € C/\C¢(v5). Since d(v;) < 3for3 <i <4,|Cy(v;)| = 2, we can color vvy with
acoloray € (C'\{as})\Cy(vs) and color vvz withacoloraz € (C'\{as, as})\ Cy(v3).
Notice that ¢ (vivy) ¢ C"\ {a3, a4, as}, ¢ (vauz) ¢ C'\ {a3, as, as} and ¢ (vivy) #
¢ (vauy), therefore we can color vv; and vv, with a; and a; respectively such that
{a1, a2} = C'\ {a3, a4, as} and a1 # ¢(vivy), ax # ¢ (vouy).

Case 2 ¢ (vivy) € C'. Notice that ¢ (viv,) ¢ Cg(v).

Case 2.1 ¢ (vivy) # ¢ (vour). We color vvs, vvg, vz with as, as, az successively
such that a; € (C'\ {as,...,ai11}) \ Cy(v;) for 3 < i < 5, and if there exists
ani € {3,4,5} such that ¢ (vivy) € (C"\ {as,....ait1}) \ Cy(v;), then set a; =
¢ (vivy); If there exists an i € {3, 4, 5} such that ¢ (vivy) ¢ (C'\ {as,...,ai+1}) \
Cy(vi) and ¢ (vivy) € (C'\ {as,...,ai41}) \ Cp(vi), then set a; = ¢(vivy). If
{p(vivy), p(v1vn)} # C'\ {as, a4, a3}, say ¢ (vivy) ¢ C"\ {as, as, as}, then similar
to Case 1, we can color vvp and vv; with the colors in C" \ {as, a4, a3} safely. So
we only consider the case that {¢(vivy), ¢ (vivy)} = C’\ {as, a4, a3}. In this case,
we have {¢(v1vy), ¢ (vivy)} € Cy(v;) forevery i € {3,4,5}. Particularly, Cy (v3) =
{p(vivy), @ (vivy)}. Assume @ (v3wi) = ¢ (vivy) and ¢ (V3w2) = P (vivy). Now we
erase the colors of vvs, vy, vVs.
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Case 2.1.1 ¢ (viv,) # ¢(vvy). Firstly, we exchange the colors of viv, and vv,.
Since ¢ (vivy) ¢ Cy(v), we obtain a partial total-13-avd-coloring, denoted by ¢'.
We can find at least one set C”" € C\(Cg (v) U {¢'(vau2)}) such that [C”| = 5 and
coloring vvy, ..., vvs with the colors in C” (based on ¢”) will not lead to the conflicts
of v with its neighbors. Observe ¢'(v3w2) = ¢'(vv,) ¢ C”. We color vv; with a
color b; € (C" \ {bs,...,bi11}) \ Cg (v;) for4 < i < 5, and then color vv; with
a color by € (C”\ {bs, bs}) \ Cy (v1). Since ¢'(v3w2) ¢ C”, ¢'(v2uz) ¢ C” and
¢ (v3wy) = @' (vivy) # ¢’ (vouy), therefore we can color vv, and vvs with by and b3
respectively such that {by, b3} = C”\{b1, by, bs}and by # ¢'(vouy), by # ¢’ (vawy).

Case 2.1.2 ¢ (vivy) = ¢ (vvy). We exchange the colors of vivy and vvy, and the
colors of vjvy and vy at the same time. Since ¢ (vivy) ¢ Cy(v) and ¢ (vivy) ¢
Cy() \ {¢p(vvy)}, we obtain a partial total-13-avd-coloring ¢”. We can find at least

one set C C C\(Cy(v) U {¢" (v2u2)}) such that |IC| = 5 and coloring vvy, ..., vvs
with the colors in € (based on ¢") will not lead to the conflicts of v with its neighbors.
Now we color vv; with a color ¢; € (C \ {cs,...,cit1}) \ Cyr(v;) for4 < i <5,
and then color vv; with a color ¢; € (C \ {cs, ca}) \ Cyr(v1). Since ¢” (vous) ¢ C,
we can color vvy with a color ¢; € (é \{cs, c4, c1}) \ Cyr (v2). Finally, we color vvs.
Since ¢ (v3w2) = ¢" (vvy) ¢ C and ¢" (v3w;) = ¢"(vvy) ¢ C, we can find a color
c3 € (é‘ \ {cs, ¢4, 1, c2}) \ Cyr(v3) to color vvs.

Case 2.2 ¢ (vivy) = ¢(vouy). Since ¢(viuy) ¢ Cy(v), we have ¢ (vou;) #
¢ (vuy). If ¢(vivy) # ¢ (vvy), we only exchange the colors of viv, and vvy, and

if ¢(vivy) = @(vvy), we exchange the colors of vivy, and vvy, and the colors of
viv, and vv, at the same time. Denote the new partial total-13-avd-coloring by .

Then ¥ (vivy) # ¥ (vauy), since ¢ (vivy) # @(vaur) and ¢(vvy) # ¢ (vauy), we
claim that in both cases we have ¥ (vivy) # ¥ (vou1). We can find at least one set
C C C\(Cy (v) U {y(v2u2)}) such that |C'| = 5 and coloring vvy, ..., vvs with the
colors in C (based on ) will not lead to the conflicts of v with its neighbors. If
Y(vivy) ¢ C‘, it becomes Case 1. Otherwise it becomes Case 2.1. O

3.2 Discharging process

We put all the 1-vertices and 2-vertices of G in V. Let Vo = V \ Vi and H = G[V;].
For H, we have the following result:

Claim 7 Let v be a vertex of H. Then the following properties hold:

(1) §(H) = 3;

(2) For any k € {3,4,5}, nf! (v) = n{ (v);

(3) There is no edge uv € E(H) such that dg(v) < 6 and dg (u) < 5.
Proof Letvbeavertex of H.Ifdg (v) < 6,then ng, (v) =0byClaim 1. Ifdg(v) =7,
then n26_ (v) < 1byClaim2.1Ifdg(v) = 8, then ng_ (v) <2byClaim3.Ifdg(v) =9,
then n$ (v) < 3 by Claim 4. If dg(v) = 10, then n§ (v) < 4 by Claim 5. So we

conclude that if dg(v) < 5, then dy(v) = dg(v); If dg(v) > 6, then dy(v) =
dG(v) = ng (v) = 6.
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(1) Suppose to the contrary that there is a vertex v € V(H) such that dy (v) < 2.
Obviously, dg(v) > 3. If dg(v) < 5, then dy (v) = dg(v) > 3, if dg(v) > 6, then
dy(v) =dg(v) — ng;, (v) > 6, which is a contradiction.

(2) Suppose u is a neighbor of v in H and dgy(u) = k, where k € {3,4,5}. If
dg(u) # k, then we have dg(v) > 6 by the above analysis, and then dy (v) > 6,
which is a contradiction. So dg (1) = k and n,fl (v) < nf(v). On the other hand, if u
is a neighbor of v in G and dg (1) = k, where k € {3, 4, 5}, then dy (u) = k by the
above analysis, so nkG (v) < nf(v). Thus we conclude n,fl (v) = n,? (v).

(3) Suppose to the contrary that there is an edge uv € E(H) such that dg(v) < 6
anddg (1) < 5. Consider the degree of vin G. If dg (v) < 6,thendg (1) > 6 by Claim
1, so dg(u) > 6, a contradiction. If dg(v) = 7, then ng_ (v) =dg(v) —dg(v) > 1.
So ng_ ) = ng_ (v) = 1 by Claim 2, that means v has no other neighbors with degree
less than 6 in G. Thus dg(u) > 6, so dy(u) > 6, a contradiction. Similarly, we can
also can obtain a contradiction when dg (v) = 8,9, 10 by Claims 3, 4 and 5. O

Due to Claim 7, we obtain the following observation:

Observation 1 For any f € F(H), f is incident with at most L#J vertices of
degree at most 5.

Observation 1 can be easily deduced from Claim 7,

Let uv be an edge of H and d(u) = k, we call u a bad k-neighbor of v if the
edge uv belongs to two 3-faces, and call u a special k-neighbor of v if the edge uv
belongs to exactly one 3-face. We use Nkhb'(v) and ng (v) to denote the number of
bad k-neighbors and number of special k-neighbors of v in H respectively, and let
nfh () = INf ()| and nfl (v) = [N )],

Observation 2 Let v be a 10-vertex of H. Then
(Hnil ) <6;
(2) n§j,(v) + njj, () + nk, (V) < 510 = nfl ).

Proof (1) Suppose that ng (v) > 7. Then the number of 3-faces incident with v and
its special 3-neighbors is at least 7. So v must incident with three consecutive such
3-faces. According to the definition of special 3-neighbors, the second 3-face can not
incident with special 3-neighbors of v, a contradiction.

(2) Since H is planar graph, we use vy, v1, . .., vg to denote the neighbors of v in H
in clockwise order. For 0 <i <9, we call v; and v; consecutive if j =i + 1 modulo
10. Notice that the number of neighbors of v which are not special 3-neighbors is at
most 10— ng (v). Suppose that ngj(v) +nZy(v) +n5)(v) > %(10 — ng (v)), then there
exist two consecutive vertices # and w such that {u, w} C N3Hb(v) U Ng(v) U NSIZ(U).
According to the definition of bad k-neighbors, # must be incident with w, which is
contradict with Claim 7(3).

Using Euler’s formula |V(H)| — |E(H)| + |F(H)| = 2 and the relation
ZveV(H) dy(v) = ZfeF(H) dy(f) =2|E(H)|, we have

S W@ -6+ > Qdu(f)—6) =—12.

veV(H) feF(H)

@ Springer



394 J Comb Optim (2017) 34:383-397

That is

> ) —nS ) —6)+ D Qdu(f)—6)=—12.

veV(H) feF(H)

We use the discharging method. First, we give an initial charge function w(v) =
dg(v) — dzq(v) — 6 foreveryv € V(H), and w(f) = 2dy(f) — 6 for every f €
F(H). Next, we design a discharging rule and redistribute weights accordingly. Let
w’ be the new charge after the discharging. We will show that w’(x) > 0 for all
x € V(H) U F(H). This leads to the following obvious contradiction:

0 > wm= D wx=-12<0,

xeV (H)UF(H) xeV(H)UF(H)

hence demonstrates that no such a counterexample can exist.
The discharging rules are defined as follows:
R1 If v is a bad 3-neighbor of « in H, then u gives 1 to v.
R2 If v is a special 3-neighbor of u in H, then u gives % to v.
R3 If v is a bad 4-neighbor of u in H, then u gives % to v.
R4 If v is a bad 5-neighbor of u in H, then u gives % to v.
RSIf f € F(H) is a 4-face, then f gives | to each incident 5™ -vertex.
R6 If the degree of f € F(H) is at least 5, then f gives 2 to each incident 5™ -vertex.

Now let us begin our analysis.

Let f be a face of H. Note that only vertices of degree at most 5 might receive
weights from f. Suppose dy(f) = 3. Then no rule applies to f, so w'(f) = 0.
Suppose dy (f) = 4. Then there are at most two vertices of degree at most 5 on its
boundary by Observation 1,so w’(f) > 2x4—6—2 = 0by R5. Suppose dy (f) > 5.
Then w'(f) > 2dp (f) — 6 — 2| 22 | > 0 by Observation 1 and R6.

Let v be a vertex of H. Obviously, dg(v) > dy(v) > 3.

Suppose dg(v) = 3. By Claim 1, n?, (v) = 0 and w(v) = —3. Then we have
n?, (v) = 0 by Observation 1. So v gives no charge to its neighbors. We consider the
faces incident with v in H.If v is incident with three 3-faces, then w’(v) = —3+3 =0
by R1.1If v is incident with exactly two 3-faces, then w’(v) > —3+1+2 x % +1=0
by R1, R2, R5 and R6. If v is incident with exactly one 3-face, then w’(v) > —3 +
2 x % +2 x 1 =0by R2, R5 and R6. Otherwise, v is incident with three 4*-faces.
Sow'(v) > =3+ 3 x 1 =0by R5 and R6.

Suppose dg(v) = 4. By Claim 1, nsq (v) = 0 and w(v) = —2. Then we have
ng_ (v) = 0 by Observation 1. So v gives no charge to its neighbors. If all the faces
incident with v are 3-faces, then w'(v) > —2 + 4 x % = 0 by R3. If v is incident
with exactly one 4% _face, then w'(v) > —2 + 2 X % 4+ 1 = 0 by R3, R5 and R6.
Otherwise, v receives at least 2 x 1 = 2 from the incident 41 -faces by R5 and R6, so
w'(v) > -2+2=0.

Suppose dg(v) = 5. By Claim 1, ng_ (v) = 0 and w(v) = —1. Then we have
ngl, (v) = 0 by Observation 1. So v gives no charge to its neighbors. If all the faces
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incident with v are 3-faces, then w'(v) > —1 4+ 5 x % = 0 by R4. Otherwise, v
receives at least 1 from the incident 4*-faces by RS and R6,so w’(v) > —1+1=0.

Suppose dg(v) = 6. By Claim 1, "5Gf (v) = 0 and w(v) = 0. Then we have
n?_(v) = 0 by Observation 1. So v gives no charge to its neighbors. Thus w'(v) =
w(v) = 0.

Suppose dg(v) = 7. Then by Claim 2, if n " (v) > 1, then n (v) 1, so
w'(v) > dg(v) — 6 — ng,(v) —ny (v) —ny (v) — n5 Hoyy =1-— n " (v) = 0 by
Claim 7(2) and R1 — R4. Otherwise, n " (v) = 0 and n (v) < 2,and then nG (v) +

(v) = nG (v) = O and ny A (v) ~|—n§{(v) = n (V) —n " (v) <2 by Claim 7(2) So
w (v) >7—6— 3 X (n4 (v) +n§1(v)) > Oby Claim 7(2) and R1-R4.

Suppose dg (v) = 8. According to Claim 3, Claim 7(2) and discharging rules, if
n3c_ (v) > 2, then nsc_ ) =2, w'{) >8—6— ng_ (v) — n? (v) — nf (v) — ngl(v) =
2 n ” (v) = 0; Ifn ~ (v) =1, thenn (v) <3,sow'(v) > 8—6— (n (v)—i—ng’(v))—

(n4 v) + ngl(v)) =2 - n " (v) — (n (v) — nG (v)) = 0; Ifn " (v) = 0 and

(v)>1thenn (v) <3, sow(v)>8 6—n " (v) — (n (v)—n (v)) > 0;
Otherw1se n “(v) = 0 and ns Sww) <8, sow (v) > 8 — 6 - (n " (v) + nf(v) +

(v)) — —n Hoyy=2—-n ,(v) — —n oy > 0.

Suppose dG (v) =09. According to Claim 4, Claim 7(2) and discharging rules, if
n36_ (v) # 0and n§ (v) > 2, then ngl () <3,50w' (V) 29—-6—1xnd (v) >0 If

¢ (v) =1landn§(v) =0, thenn " (v) < 6,50 w'(v) = 9—6—(nd (u)+n§’(v))—
1nf(v)——n5 (v) =3— n (v)——n4 (v)— (n (v)—nG w)) > 0; Ifn " (v) =0
andn (v) # 0, thenn§ (v) < 6,50w'(v) = 9—6-n (v)— (ng, (v)—n§ (v)) > 0;
Otherwise, n$ (v) = 0 and n¢ (v) <9, s0 w'(v) > 9 6—n% (v) - tnf @) > 0.

Suppose dG (v) = 10. We consider two cases.

Case 1 ng_(v) # 0. According to Claim 5, Claim 7(2) and discharging rules, if
n{ (v) = 2and n. (v) > 3, then n{ (v) <4, 50w (v) = 10 —6 — 1 x n¢ (v) > 0;
If ng_ (v) = 2 and ny (v) = 0, then n56_(v) <7,s0w () >10—-6— ng_ (v) —
n§ @) — t@$ () —nf ) > 0; If n§ (v) = 1, then n (v) < 7, s0 w'(v) >
10-6—n ,(v) §(n5, () —n§ (v)) = 0.

Case 2 n§ (v) = 0. If n§ (v) < 3, then n¥ (v) < 3 by Claim 7(2). According
to Observation 2(2), nfl (v) + nki (v) + nf (v) < $(10 - ngs(v)) <5.Sow'(v) >
10 — 6 — (nfl (v) + Sl () + nﬁ,(v) +nf ) = 4 - (ngb(v) + nfl(v)) —
s @) + nfl )y + nll ) = 4 - Infl(v) — 3 x5 =33 -nl () = 0by
R1 — R4; If n3G(v) > 4 and nm(v) # 0, then n (v) =1 by Claim 6. So w'(v) >
10 — 6 — (nfh (v) + nfl () + nf (v) + nf (v)) z 4—nfl@w) =4-nf () =0
by Claim 7(2) and R1 — R4; Otherwise, n3G(v) > 4 and nm(v) = 0. ObV1ously,
n3h(v) = 0. Since n3 (v) < 6 and n4h(v) —i—nSb(v) 2(10 — n3s(v)) by Observation
2,w'(v) > 10-6—1nk () =Ll (V) +nk (v)) = 4—Ink (V) - 1 x1(10-nk (v) >
Z(6 — n3s(v)) > 0 by R2 — R4.

This completes the whole proof of our theorem.
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Appendix

Jinput

syms x1 x2 x3 x4 x5 x6 x7 x8 x9

9Claim1

Ql=(x1—x2) *(x1—=x3) "2 (x2—=x3) * (x 14x2) M« (x24x3) "4,

Cl=diff (diff(diff(Ql,x1,4),x2,4),x3,4)/factorial (4)/factorial(4)/

factorial(4)

9LClaim2(1)

Q21=(x1=x2) #(x1—=x%3) % (x2—%3) (X I=x4) % (x2—=x4 ) #(x3—x4) * (x 14+x2+x3+x4) "4,

C21=diff (diff(diff(diff(Q21,x1,4),x2,3),x3,2),x4,1)/factorial (4)/
factorial(3)/2/1

9Claim2(2)

Q02=(x1—x2) *(x14+x2)"5;

C22=diff (diff(Q22,x1,4),x2,2)/factorial (4)/2

9Claim3(1)

Q31=(x1—=x2) #(x1=x%3) % (x2=%3) * (X I=x4) x (x2—=x4 ) *(x3—x4 ) * (x 14+x2+x3+x4) "4,

C31=diff (diff(diff(diff(Q31,x1,4),x2,3),x3,2),x4,1)/factorial (4)/
factorial(3)/2/1

9Claim3(2)

Q32=(x1—x2) *(x2—=x3) *(x1—x3) * (x 14+x2+x3) "5;

C32=diff(diff(diff(Q32,x1,4),x2,3),x3,1)/factorial(4)/factorial(3)/1

9Claim4 (1)

QA =(x1—x2) % (x 1=x3) s (x1—x4 ) * (x1—%5) * (X [-x6) (X 1—X7 ) * (x 1—%8 ) * (x2—=x3 ) ¢ (X2—
xX4) %(X2—X5) % (x2—X6) % (Xx2—=X7 ) % (x2—x8 ) # (x3—x4) *(x3—x5) *(x3—x6) *(x3—x7 ) *
(x3—=x8) % (x4—=x5) #(x4—x%6) * (x4—XT) *(x4—=x8) #(X5X6) *(x5XT7) *(Xx5=x8) *
(x6XT) #(x6%8) * (XT—x8) (X 1+X 24X 3+xXxHxX5+x6+xT+x8) " 2;CA4l=di ff (diff
(diff(diff(diff (diff(diff(Q41,x1,7),x2,5),x3,4),x4,3),x5,2),x6,1),
x8,8)/factorial(8)/factorial(7)/factorial(5)/factorial(4)/factorial
(3)/2/1

9LClaim4(2)

Q2=(x1—=x2) *(x1=x%3) *(x2—x3) k(X x4 ) % (x2=x4) *(x3—x4) % (X I=x5) %(X2—=x5) *(x3—
X5) #(x4—=x5) % (X 1+X24x3+x4+4x5) A5 ;CA2=di ff (diff (diff (diff (diff (Q42,x1,
5),x2,4),x3,3) ,x4,2) ,x5,1)/factorial (5)/factorial(4)/factorial (3)/
2/1

9LClaim5(1)

Q51=(x1—=x2) (X 1—=x3) #(x1—x4 ) % (x1—%5) * (X I=x6) * (X 1—X7 ) *(x1—x8 ) (X I X9 * (x2—
X3) % (x2—=x4) %(X2—X5) % (x2—X6) % (X2—=xT ) % (X2—x8) *(x2—xX9) * (x3—x4 ) *(x3—x5)
*(X3%6) *(x3—=x7) % (X3—x8) #(X3—xX9) *(x4—=%5) *(x4—x6) * (x4—xXT) *(x4—x8 ) *
(x4—x%9) % (x5=x6) *(x5X7) *(x5%8) *(x5=%9) x(X6xX7 ) *(x6-x%8) *(x6=%9) x(x7
—Xx8) % (X7—=x9) *(X8x%9) ¢ (X 14X 24X 3+XHX SHXO+X T+x8+x9) "2
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C51=diff (diff(diff(diff(diff(diff(diff(diff(Q51,x1,9),x2,6),x3,5),x4,4),
x5,3),x6,2) ,x7,1) ,x9,8)/factorial (9)/factorial (8)/factorial (6)/
factorial(5)/factorial(4)/factorial(3)/2/1

9 Claim5(2)

Q52=(x1—=x2) #(x1—=x3) *(x2—x3) *(x x4 ) % (x2—=x4 ) % (x3—x4) % (X I=x5) *(X2—x5) *(x3—
X5) % (x4—x%5) % (X 14+x24+x3+x4+x5) 7 5;C52=diff (diff (diff (diff (diff (Q52,x1,
5),x2,4),x3,3) ,x4,2) ,x5,1)/factorial (5)/factorial(4)/factorial (3)/
2/1

Jooutput

Cl=20 C21=1 (C22=5 (C31=1 C32=5 C41=-1 C42=1 C51=—1 C52=1
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