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Abstract A total coloring of a graph G is a coloring such that no two adjacent or
incident elements receive the same color. In this field there is a famous conjecture,
named Total Coloring Conjecture, saying that the the total chromatic number of each
graph G is at most A + 2. Let G be a planar graph with maximum degree A > 7 and
without adjacent chordal 6-cycles, that is, two cycles of length 6 with chord do not
share common edges. In this paper, it is proved that the total chromatic number of G
is A + 1, which partly confirmed Total Coloring Conjecture.
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1 Introduction

All graphs considered in this paper are simple, finite and undirected, and we follow
Bondy and Murty (1976) for the terminologies and notations not defined here. A k-
total-coloring of a graph G is a coloring of V U E using k colors such that no two
adjacent or incident elements receive the same color. A graph G is k-total-colorable
if it admits a k-total-coloring. The total chromatic number x"(G) of G is the smallest
integer k such that G is k-total-colorable. Clearly, x”(G) > A1, where A denotes the
maximum degree of G. The Total Coloring Conjecture (TCC) is a well-studied problem
in graph theory, which is posed by Behzad (1965) and Vizing (1968) independently.
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Conjecture 1 (TCC) For every graph G, we have A +1 < x"(G) < A + 2.

TCC is confirmed for graphs with A < 5 (Kostochka 1996). For planar graphs, the
remaining open case is just that A = 6 (Sanders and Zhao 1999). Interestingly, the
total chromatic number x"(G) of planar graphs with large maximum degree can be
determined. Until now, the best known result for planar graphs is that x”(G) = A +1
for A > 9. Some other related results can be found in Cai et al. (2016), Chang et al.
(2011), Hou et al. (2011), Li et al. (2015), Liu et al. (2009), Qu et al. (2016), Qu et al.
(2015), Wang and Wu (2011), Wang et al. (2014), and Wang et al. (2015).

In the following, we just consider planar graphs G with A > 7. Wang et al. (2014)
proved that if G has no 6-cycles with chords, then x”(G) = A + 1. In this paper, we
obtain the following result.

Theorem 2 Suppose G is a planar graph without adjacent chordal 6-cycles. If A > 7,
then x"(G) = A + 1.

Now we introduce some more notations and definitions here for convenience. Let G
be a planar graph which is embedded on the plane. For a vertex v of G, the degree d (v)
is the number of edges incident with v; and for a face f of G, the degree d(f) is the
length of the boundary walk of f, where each cut-edge is counted twice. A k-vertex,
k™ -vertex or k™ -vertex is a vertex of degree k, at most k or at leat k, respectively.
Similarly, we can define a k-face, k™ -face and k™ -face. We say that two cycles are
intersecting if they share at least one common vertex, and adjacent if they share at
least one common edge. Denote by n,4(v) the number of d-vertices adjacent to the
vertex v, by ng(f) the number of d-vertices incident with the face f, and by f;(v)
the number of d-faces incident with the vertex v.

2 Proof of Theorem 2

In Wang et al. (2016), Theorem 2 was proved for A > 8. So we assume A = 7 in
the following. Let G = (V, E, F) be a minimal counterexample to Theorem 2 in
terms of the number of vertices and edges. That is, every proper subgraph of G is
8-total-colorable, but not G. So G is 2-connected, and the boundary of each face in G
is exactly a cycle, i.e., the boundary walk of each face cannot pass though a vertex v
more than once. We first show some known properties of G.

(1) If uv € E(G) withd(u) < 4, then d(v) > 9 — d(u) (see Borodin 1989; Wang
and Wu 2004).

(i1) The subgraph G,7 of G induced by all edges joining 2-vertices to 7-vertices is
a forest (see Borodin 1989).

(iii) If v is a 7-vertex of G with ny(v) > 1, then ny+(v) > 1 (see Changetal. 2011).

(iv) G has no configurations depicted in Fig. 1 where the vertices marked by e have
no other neighbors in G (see Borodin et al. 1997; Liu et al. 2009; Shen and Wang
2009; Wang 2007).

Lemma 1 (Kostochka 1996) Suppose that v is a 7-vertex and that vy, v, - - - , Vi are
consecutive neighbors of v with d(vy) = d(vy) = 2andd(v;) > 3for2 <i <k—1,
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(1) (2) (3) (4) (5) (6) (7) (®)

Fig. 1 Reducible configurations

where k € {3, 4,5, 6}. If the face incident with v, v;, viy+1 is a 4-face for all 1 <i <
k — 1, then at least one vertex in {vy, v3, - - - , Vgp—1 } is a 41 -vertex.

Lemma 2 (Wang and Wu 2011) Let u, vy, va, - - - , vk be neighbors of v with d(u) =
d(vy) =2,d(vk) =5, vy, v2, - - -, Uk are consecutive neighbors of v, and d(v;) > 3
for2 <i <k, where k € {3,4,5, 6}. If the face incident with v, v;, vi41 is a 4-face
VUi X V41 for any 1 <i < k — 2, and the face incident with v, vi_1, vi is a 3-face,
then at least one vertex in {vy, va, - - - , Vp—1} is a 4T -vertex.

By the Euler’s formula |V | — |E| + | F| = 2, we have

> Qdw)—6)+ D (d(f) —6) =—12 <0.

veV feF

We define the initial charge c(x) of x € VU Ftobe c(v) = 2d(v) —6ifv e V
and c(f) =d(v) — 61if f € F. It follows that erVUF c(x) = —12 < 0. Now we
design appropriate rules and redistribute weights accordingly. Note that any discharg-
ing procedure preserves the total charge of G. If we can define suitable discharging
rules to charge the initial charge function c to the final function ¢’ on x € V U F, such
that ¢’(x) > O for all x € V U F, then we get an obvious contradiction.

In the following we use c(x — y) to denote the total charge from an element x to
another element y. Our discharging rules are defined as follows.

R1 . Let v be a 2-vertex, then v receives charge 1 from each of its adjacent vertices.
R2 . Let v be a 4-vertex and f be a k-face incident with v. Then

(1) cv— f) =L, ifk =5

Q) cv— f)=1ifk =4

B) cv— f)=5,ifk =3 and f3(v) =4,

@) c(v— f)=%,ifk=3and f3(v) = 3;

S cv— f)= %, ifk =3, f3(v) =2and fg+(v) < 1;

©) c(v— f)=1,ifk =3, f3(v) =2 and fe+(v) = 2;

@) cv— f)= %, ifk =3, f3(v) =1, fau(v) =2and f5(v) =1;

®) ctv— f)=1ifk =3, f3(v) =1, f4(v) =2 and fs5(v) = 0;

O cv— f=1Lifk=3, v) =1, fa(v) < 1.
R3 . Let v be a 5-vertex and f be a k-face incident with v. If f is incident with a

4-vertex, then let this 4-vertex be u. Then

(D) cv— f)=1Lifk=5;

Q) cv— f) =1 ifk =4

B) cv— f)=1,ifk=3and f3(v) =4

SSITSTSIE )
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Fig. 2 Some discharging rules

@ cv— fy=1,ifk=3and ns(f) =0;
() c(v— f)=3,ifk =3, na(f) = 1 and f3(u) > 3;
©) cv—> )=z, ifk=3,m(f) =1, f3(u) =2and fer(u) < 1
7 cv— f=1,ifk=3,n4(f) =1, f3(w) =2 and fg+(u) = 2;
®) c(v— f)=3.ifk =3,n4(f) = Land f3u) = 1, fa(u) =2, fsu) = 1;
9 cv—> f)=Lifk=3,n4(f) =1land f3(u) =1, fa(u) =2, fs(u) =0;
10) c(v— f)=1,ifk =3, n4(f) =1 and f3u) =1, fa(u) < 1.
R4 . Let v be a 6-vertex or 7-vertex and f be a k-face incident with v. If f is incident
with a 4-vertex, then let this 4-vertex be u. Then
(1) c(v— f) = §,ifd(v) = 7, k = 6 and it appears in Fig. 2(1);
2) cv— f)= L ifk=>5andit appears in Fig. 2(2);
3) c(v— f) = 5,if k =5 and it appears in Fig. 2(2);
(4) c(v— f) = 3,if k = 5 and it not appears in Fig. 2(2);
) cv— f)=1,ifk=4and n3-(f) = 2;
6) cv— f) =13, ifk=4,n3-(f) = land ns-(f) =2;
@) clv— f)= %,ifk =4,n3-(f) = land ns5-(f) < 1;
(8) c(v— f) =1, ifk =4andns3-(f) =0;
9) c(v— f)=3,ifk =3andny-(f) = I;
(10) c(v — f) = 3,ifk =3, n4(f) = Land f3(u) > 3;
an cv— f) = %, ifk=3,n4(f) =1, f3(u) =2 and fg+ ) < 1;
(12) c(v — f)=1,ifk =3,n4(f) =1, f3(u) =2 and fg+(u) =2;
(13) c(v — f) = 3.ifk =3, n4(f) = Land f3u) = 1, fa(u) =2, fsu) = 1;
(14) c(v— f)=Lifk =3, n4(f) =1and f3(u) =1, fa(u) =2, fs(u) =0;
(15) c(v > f) =L ifk =3,n4(f) = land f3(u) =1, fa(u) < 1;
(16) c(v— f)=1,ifk =3 and ny-(f) = 0.
RS .Let f be a 6-face and v be a 7-vertex incident with f. If it appears in Fig. 2(1),
then c(f — v) = }1.
R6 . Let f be a7 -face and v be a 7-vertex incident with f. If it appears in Fig. 2(3),
then c(f — v) = %

[V ¥N]

— 00| — |

In the following, we will check that ¢’(x) > 0 holds for all x € V U F which will
be the desired contradiction.
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Let v; be the neighbor of v and f; be the face incident with v fori = 1,2, --- ,d(v)
in anticlockwise order, where v; is incident with f;_j and f; (i = 1,2,---,d(v)).
Note that eventually fj and fy(y) denote the same face.

First, we consider the final charge of faces. Let f be aface of G. Suppose d(f) > 7.
Then na(f) < [L5=1]. So ¢/(f) = e(f) = § x (1%5=1] — 1) = 0 by R6.
Suppose d(f) = 6. Then ¢(f) = 0 and ¢'(f) > 0 — 4—11 + % x 2 = 0 by R4-1
and RS. Suppose d(f) = 5. Then c¢(f) = —1 and n3-(f) < 2. If n3-(f) = 2,
then ¢/(f) > —1 + % + 17—6 x 2 = 0 by R4-23. If n3-(f) = 1, then ¢'(f) >
-1+ % X 2+ % X2 = % > 0 by R2-1, R3-1 and R4-4. If n3-(f) = 0, then
d(f) = -1 +% x5 = 0byR2-1 and R3-1. Suppose d(f) = 4. Thenc(f) = —2 and
n3-(f) <2.Ifnz-(f) = 2,thenc’(f) > —2+1x2 = 0byR4-5.If n3- (f) = 1 and
ns-(f) = 2,thenc'(f) > —2+%X2+% = 0byR2-2,R3-2andR4-6.Ifn3-(f) = 1
and ns5-(f) < 1, then ¢/(f) > -2 + % x 3 = 0 by R4-7. If n3-(f) = 0, then
d(f) = —2+%><4 = 0byR2-2,R3-2 and R4-8. Suppose d( ) = 3.Thenc(f) = —3
andnz-(f) < 1.Ifn3-(f) = 1, thenc’(f) > —3+% x2=0byR4-9.Ifn3-(f) =0
andny-(f) = L, thenc/(f) = —3+min{3 x2+3, 3 x2+3, 3 x2+ 1, 1x3} =0.
If n3- (f) = 0 and ng4— (f) = 0, then ¢’(f) > =3+ 1 x 3 =0 by R3-4 and R4-16.

Second, we consider the final charge of vertices. There are two useful lemmas as
follows.

Lemma 3 (Wang and Wu 2011) Suppose that d(v1) = d(vi) = 2, and d(v;) > 3 for
j=2,3,,k—=LIffi, fr.- -, fx_1 are 4T -faces, then v sends in total at most
3+ G&=3) 10 fi, fr. -, fior.

Lemma 4 (Wang et al. 2016) Suppose that d(vy) = d(vx) = 2, and d(v;) > 3 for
j=2,3,--- k=1 Ifmin{d(f2),d(f3), - ,d(fr—2)} = 3, then v sends in total at
most 3+ 3 x (k=3)10 fi, fo.--+ , fie1.

Let v € V. Note that G has no vertex of degree one by (i). If d(v) = 2, then c(v) =
—2and ¢’(v) = =2+ 1 x 2 = 0by RI. If d(v) = 3, then clearly ¢’(v) = c(v) = 0.
In the following, it suffices to check that ¢’(v) > 0 for all 4™ -vertices of G.

Letvbe ad-vertex. Wehave c(v) = 2,n4-(v) = Oand f3(v) < 4.1f f3(v) = 4, then
/(v) = 2— 1 x4 = 0byR2-3.1f f3(v) = 3, then fs+ (v) > 1.Soc'(v) =2—3x3=0
by R2-4. If f3(v) = 2, then f4(v) < 1 and the two 4T -faces incident with v can not
be both 5-faces. If one of the 41 -faces is a 4-face, then the other 41 -face must be a
6% -face. So¢'(v) = 2—max{3 x24+1, 3 x2+1, 1x2} = 0byR2-56.1f f3(v) = 1,
then f4(v) < 2.1If f4(v) =2, then¢/(v) = 2 —max{3 +  x 2+ L, 1+ 3 x2} =0
by R2-7,8. If f4(v) < L,then’(v) = 2—1—-1 -1 x2 =4 > 0byR29. If
f3(v) =0, thenc’'(v) 22— § x4 =0.

Let v be a 5-vertex. We have c(v) = 4, n3-(v) = 0 and f3(v) < 4.1If f(v) =4,
then fg+(v) > 1. So ¢’(v) = 4 — 1 x 4 = 0 by R3-3. Suppose f3(v) = 3. If all the
3-faces incident with v are (4, 57, 5)-faces, then fg+(v) > 2 by Wang et al. (2014).
Socd(v) >4 — % X3 = % > 0. Otherwise, one of the 3-faces incident with v is a
(5T, 5%, 5)-face, then f4(v) < 1. If one of the 4T-faces is a 4-face, then the other
4% _face must be a 61-face. So ¢’(v) > 4 — % x2—1-— max{%, % x 2} = 0. If
f3() <2,thenc'(v) = 4 — 3 X f3(v) — 3 X [5 = f3(v)] = 0.
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Fig. 3 The cases of 7-vertices

Let v be a 6-vertex. We have c(v) = 6, no(v) = 0 and f3(v) < 4. If f3(v) = 4,
then fg+(v) > 2. So ¢’(v) = 6 — % x4 = 0.If f3(v) = 3, then fy(v) < 1. So
) =6-max{3 x2+2+3,3+3x2+3,3x3+1}— —><2_—>0 If
f3(v) = 2, then f4(v) < 3.If f4(v) = 3,thenc’(v) > 6— max{ + + + x2
2—}-4><3}—16 = R > 0.1If f4(v) < 2,thenc’(v) _6—§x2 1x2 16><2 = 8 > O
If f3(v) = 1,then f4(v) < 3.Soc'(v) > 6———1 x3— 16 X2 = g > 0.If f3(v) =0,
thenc’(v) > 6—1x 6 =0.

Let v be a 7-vertex. We have c(v) = 8, n2(v) < 6 and f3(v) < 4. So it suffices to
consider the following cases.

Case 1 np(v) = 6 Then n3(v) = 0, f3(v) = 0 and fg+(v) > 5 by (iv). So
) >8—1x6—3 5= 5 > 0 by R1 and Lemma 4.

Case 2 ny(v) = 5. Then n3(v) < 1 and there are three possibilities in which 2-
vertices are located. They are shown as configurations in Fig. 3, where the vertices
marked by e are 2-vertices. For Flg 3(1), we have f3(v) < 1 and fg+(v) > 4. So
d(v)>8—-1x5~— (% 4) 7 > 0 by Lemma 4. For Fig. 3(2) and 3(3), we have
f3(v) =0and fg+(v) > 3. Soc(v) >8—1x5— § X 2 = 0 by Lemma 4.

Case3n,(v) = 4. Thenns(v) < 2.ForFig.3(4),¢'(v) > 8—1x4—(3+3x2) = 0.
ForFig.3(5)and (6), we have f3(v) < 1and fg+(v) > 2.Soc’(v) > 8—1x4—%—(%+
3)+1x2=1 > 0byRS5.ForFig. 3(7), we have f3(v) = 0, f4(v) < 4and fg+ (v) >
LIf f4(v) = 4,thenc’(v) = 8—1x4—max{3 x2+ £ x2, 3+1x2+§x2} = ¢ > 0.
If f4(v) < 3,thenc’(v) > 8—1x4—max{3+1+§+%& x2, 1 x3+§x3} =1 > 0.

Case 4 ny(v) = 3. For Fig. 3(8), we have f3(v) < 3 and fe+(v) > 2. So ¢’ (v) >
8—1x3—(3+2x3)+ 1 x2= 7 > 0byRS5. For Fig. 3(9), we have f3(v) <2
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and fg+(v) > L If f3(v) = 0, thenc'(v) > 8 — 1 x3— (3 +2)—3 = 0by
Lemma 3. If f3(v) = 1, then f4(v) < 4. If the 3-face is a (3,61, 7)-face, then
c/(v)>8—1x3—max{2x2+1+2+§ 2+1+ x2+2+§}=25—4>0by
(iv). Otherwise, c(v)>8—1><3———1x2—4><2 8_—>0.Iff3(v)=2,
then f, and f5 can not be both 4-faces. So ¢/(v) > 8 — 1 x 3 — max{% x 3+ % X
2,3 x24+ 3+ 3+ 4+ 1 =15 0byRS. For Fig. 3(10), we have f3(v) < 2
and fe+(v) > LIf f3(v) = O, then ¢'(v) > 8 =1 x3 -3 +1) x2 = 0.1If
fs(v) =1 thenc(v) =28 —1x3—G+D)—max{3+3+4.3+2x2}+1=0
by Lemma 2. If f3(v) = 2, then f4(v) < 4.If f4(v) = 4, then f; is a 7" -face.
Soc(v) > 8—1x3—(G+3x2) x2+31 =0DbyR6If f4(v) < 3, then
) =8—1x3-2—3x2-max(3+3+4.3+3+%l+1=15%>0.
For Fig. 3(11), we have f3(v) < 1 and f4(v) < 4. If f3(v) = 0, then ¢’'(v) >
8—1x3-—max{l x4+ x3,3+1x24+L+5x2}=3>0.If s(v) =1,
thenc’(v)28—1x3—max{§+%x2+2xmax{1+%,%+%,%+l7—6},%x2+
I+3+534+3+1+3+4) =0

Case Sny(v) = 2.For Fig. 3(12), we have f3(v) < 4and f5+(v) > 1. If f3(v) =0,
then '(v) > 8 —1x2— (3 +4) =1 > 0.If f3(v) = 1, then f4(v) < 4. So
) >8—1x2-3-1x3—¢g-max{l+§.3+13+L =10
Suppose fz(v) = 2. If f3 and f4 or f4 and f5 are 3-faces, then fi(v) < 2. So
c(v)>8—1x2——><2—1x2 —><2——_0 Otherw1se fa(v) < 4. 1If
fa(v) <2, thenc(v)>8—lx2—— 2—1x2——x2 :0.0therw15€,
c(v)>8—1><2 max{2x2+ +max{l+3% x2+4, 4><2+ +l6} 34344+
max{l+3x2+§, 1+3+3+5%, 2 x3+1), 4x2—|—1+ x2+16+l}=£>01f
f3(v)—3,thenf4(v)<2Soc(v)>8—1x2 max{2x3+ +1 ><3,2><2—|- +
max{l+§x3, 34+3+Fx2}, 3+ 2 x2+1+34+14x2,3 ><3+1><2+ §x2} = 0.If
f3(v):4,thenf6+(v)zZ.Soc(v)28—1x2—— 2—— 2——x3——>OFor
Fig.3(13), we have f3(v) < 3.1If f3(v) = 0,thenc’(v) > 8—1x2———( +3) =0.If
f3(v) = 1,thenc’(v) > 8— 1><2——><2 l><2———§ = ﬂ > 0. Supposefg(v) =2.
Iff3andf4are3 -faces, thenc¢’(v) > 8— 1x2—§x3———max{1+ + ~|—16}—
7> 0. Otherw1se c(v) >8—1><2—max{2 x3+2 +16+ —><2—|—
2+max{1 + + ) 5 + 16 x2}} =5 >0. If f3(v) = 3, then fy(v) < 2. So
c’(v)z8—1x2—max{§x3+1+§x2,%+§x2+1+§+§x2}=0.ForFig.3(14),
we have f3(v) < 3.If f3(v) =0, then (V) > 8 — 1 x2 -3+ 1) — (3 +2) =0.
If f3(v) =1, then fa(v) < 4. If f4(v) = 4, then ¢’(v) > 8 — 1 x Z—max{% +
1><3—|— +3 x25+1x2+ x2+16x2} —>OIff4(v)<3then
c(v)>8—1x2———1x3 EX3—E>0 Supposefg(v)_ZIffgand
fa are3 faces, then f1(v) < 2. Iff4(v) =2,thenc’'(v) >8—1x2— max{2 X 2+
£+ ><2—+—max{l+8 4+3 3—1- 6},1%+§3+max{1x2+17—6+%x/2,1+
Z+16X3}’ZX2+1X2+16X2+§}=E>0'Iff4(v)5 1, then ¢'(v) >
8—1x2—max{3x2+1+§x24+ %2, 3+3+1+L x4} =1 > 0.If f3and f7 are
3-faces, thenc¢’(v) > 8—1x2—max{%x2+%x2+max{l+%x2, 1+%+17—6}, %—I—f—‘—i—
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Tt i+max{l+3x2, 1+3+3}, jx2+1+3x2+176x2} £ >0.If f3(v) =3,

thenf4(v)<2Iff4(v)_2thenc(v)>8—1x2——x2 2- gxz—lxz—o
If f4(v) <1,thenc’(v) >8—1x2— max{2><3+ +Ex33x24+34+3+
o+ §X23+3 X241+ X245 X343+ X 3}=%>0.

Case 6 n2(v) = 1. Then f3(v) < 5. Iff3(v) =0, thenc (v)=>8—1—-1x7=0.1If
f3(v) = 1,then f4(v) <4.S0c/(v) > 8—1—3—1x4— xz:g Iffg(v)—Z

thenf4(v)54.Iff4(v)=4,thenc(v)>8—1——><2—1><2 3><2 6_48 > 0.
Iff4(v)§3,thenc’(v)ZS—I—%XZ 1x3— 2_§>01ff3(v)_3then
f4(v)52.Iff4(v):2,thenc/(v)z8—1—§x2—1—1x2—§x2—7>0.
If f4(v) < 1, thenc’(v) 28 —1—-3x3—1—-F%x3=2>01f f(v) =4,
then for(v) = 20r fs+(v) = 3.S0c'(v) > 8 — 1 —max{3 x4+ § x3,3 x3+

21+ 4%x2,3x2+43x2+1+§x2}=0.1f f3(v) =5, then fg+ (v) > 2. So
c(v)>8—1————x4——><2——>Oby(iv).

Case 7 n,(v) = 0. Then f3(v) < 5.1If f3(v) < 2,thenc’(v) > 8— § X fa(v) —1x
[7 f2(v)] = 0.If f3(v) = 3,then fa(v) < 2. Soc/(v)>8—§x3 1x2—1 X2 =
2>0.If f3(v) =4, then f4(v) < 1.Soc' (V) 28—3 x4 —1— L x2=1%>0.If
f3(v)—5 then fg+(v) > 2. Soc(v)>8—— ><5—§ > 0.

Hence we complete the proof of the theorem.
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