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Abstract Letk > 2, p > 1, g > 0be integers. We prove that every (4kp —2p +2¢q)-
connected graph contains p spanning subgraphs G; for 1 < i < p and g spanning
trees such that all p 4- g subgraphs are pairwise edge-disjoint and such that each G; is
k-edge-connected, essentially (2k — 1)-edge-connected, and G; — v is (k — 1)-edge-
connected for all v € V(G). This extends the well-known result of Nash-Williams and
Tutte on packing spanning trees, a theorem that every 6 p-connected graph contains
p pairwise edge-disjoint spanning 2-connected subgraphs, and a theorem that every
(6p+2q)-connected graph contains p spanning 2-connected subgraphs and ¢ spanning
trees, which are all pairwise edge-disjoint. As an application, we improve a result on
k-arc-connected orientations.

Keywords Spanning tree - Essentially connected - Orientation - k-Rigid

1 Introduction

We consider undirected graphs without loops. Definitions and notations will be intro-
duced in Sect. 2. In this paper, k, p, ¢ denote nonnegative integers. A packing in a
graph G means a set of pairwise edge-disjoint subgraphs of G.

The well-known theorem of Nash-Williams (1961) and Tutte (1961) on packing
spanning trees implies Theorem 1.1.
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Theorem 1.1 Every?2q-edge-connected graph contains a packing of g spanning trees.

Jordan (2005) extended Theorem 1.1 to edge-disjoint spanning 2-connected sub-
graphs, and Cheriyan et al. (2014) further generalized the result to a packing of
spanning 2-connected subgraphs and spanning trees. For the definition of (k,/)-
connectedness, please see Sect. 2.

Theorem 1.2 (Jordan 2005). Every 6 p-connected graph contains a packing of p span-
ning 2-connected subgraphs.

Theorem 1.3 (Cheriyan et al. 2014). Let p > 1 and ¢ > 0. Every (6p + 2q,2p)-
connected simple graph contains a packing of p spanning 2-connected subgraphs and
q spanning trees.

Actually Theorems 1.2 and 1.3 are corollaries of stronger results in Jordan (2005)
and Cheriyan et al. (2014), see Corollaries 4.3 and 4.4.
In this paper, we prove the following result.

Theorem 1.4 Letk > 2, p > 1, g > 0. For every (4kp — 2p + 2q, kp)-connected
simple graph G andY C E(G) with |Y| < 2k — 1)p +q, G — Y contains a packing
of p spanning subgraphs G; for 1 <i < p and q spanning trees such that

(1) Each G; is 2-connected, k-edge-connected and essentially (2k — 1)-edge-
connected.
(i) For each G; and each vertexv € V(G), G; — v is (k — 1)-edge-connected.

As an application, we investigate k-arc-connected orientations of graphs. Kiraly and
Szigeti proved the following characterization for Eulerian graphs (Theorem 1.5). By
using Theorems 1.3 and 1.5, Cheriyan et al. (2014) provided a sufficient connectivity
condition for the existence of k-arc-connected orientations, see Theorem 1.6.

Theorem 1.5 (Kiraly and Szigeti 2006). An Eulerian graph G has an orientation
D such that D — v is k-arc-connected for all v € V(G) if and only if G — v is
2k-edge-connected for all v € V(G).

Theorem 1.6 (Cheriyan et al. 2014). Every (12k + 2, 4k)-connected simple graph G
has an orientation D such that D — v is k-arc-connected for all v € V (G).

By similar argument to that of Cheriyan et al. (2014), we improve Theorem 1.6 as
below.

Theorem 1.7 Every (8k + 4, 2k + 1)-connected simple graph G has an orientation
D such that D — v is k-arc-connected for all v € V (G).

Proof By Theorem 1.5, it suffices to show that G contains an Eulerian spanning
subgraph H such that H — v is 2k-edge-connected for all v € V(G). Since G is
(8k + 4, 2k + 1)-connected, by Theorem 1.4, G contains a spanning subgraph R and
a spanning tree S such that R — v is 2k-edge-connected for all v € V(G) and R, S
are edge-disjoint. Let T be the set of all vertices of odd degree in R and so |T| is
even. Since S is spanning, it contains a 7-join, denoted by F'. Let H be the graph with
vertex set V(G) and edge set E(R) U F. Then H is an Eulerian spanning subgraph of
G such that H — v is 2k-edge-connected for all v € V(G), completing the proof. O
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Theorem 1.7 is also related to a conjecture of Thomassen (1989). Thomassen (1989)
conjectures that, for every positive integer k, there exists a (smallest) g(k) such that
every g(k)-connected graph has a k-connected orientation. Jorddan (2005) shows that
g(2) < 18, while Theorem 1.6 implies that g(2) < 14. It is not hard to see g(2) < 12
from Theorem 1.7. Recently, Thomassen (2015) shows that g(2) = 4.

In Sect. 4, we will prove a stronger theorem, Theorem 4.1, which is the main result.
Theorem 1.4 is a corollary of Theorem 4.1. The proof of Theorem 4.1 uses a matroidal
method. We must point out that the proof technique is similar to that in Cheriyan et
al. (2014). In Sect. 3, we will introduce k-rigid graphs and k-rigidity matroids.

2 Definitions

Let G = (V, E) be a graph. For any edge subset ' C E(G), G[F] is the subgraph
of G induced by F, while G (F) denotes the spanning subgraph of G with vertex set
V(G) and edge set F'. For any vertex subset X € V(G), G[X] denotes the subgraph
of G induced by X.

Forany X € V(G) and F C E(G), Er(X) and ir(X) denote the set and the
number of edges of F in G[X], respectively. If F = E(G), then usually we use
Eg(X) and ig(X) for EF(X) and i p(X), respectively.

For any nonempty proper subset X C V(G), let dg (X) denote the number of edges
between X and V(G) — X. A graph G is k-edge-connected if dg(X) > k for every
nonempty proper subset X C V(G). A graph G is essentially k-edge-connected if
dg(X) > k forevery X C V(G) with2 < |X| < |V(G)| — 2.

For positive integers k and /, G is (k, [)-connected if |V (G)| > k/l and G — X is
(k — 1| X])-edge-connected for every X C V(G). For instance, a graph G is (3k, k)-
connected if G is 3k-edge-connected, G — v is 2k-edge-connected for any vertex
v € V(G) and G — {u, v} is k-edge-connected for any two vertices u, v € V(G). By
definition, k-edge-connectedness is equivalent to (k, k)-connectedness.

Remark 1 (See also Cheriyan et al. 2014). Every k-connected graph contains a
(k, 1)-connected simple spanning subgraph, and (k, 1)-connectedness implies (k, [)-
connectedness for /[ > 1.

Let T C V(G). A subset F C E(G) is a T-join if the set of all odd vertices of
G[F]isequal to T. A connected graph has a T'-join if and only if |T'| is even.

A digraph D = (V, A) is strongly connected if for any two vertices u, v € V (D),
there is a directed path from u to v in D. A digraph D is k-arc-connected if D — F is
strongly connected for all F C A(D) with |F| < k — 1. A digraph D is k-connected
if |V| > k and D — X is strongly connected for all X C V(D) with |X| <k — 1.

3 k-rigid graphs and k-rigidity matroids
Letk > 1 and G = (V, E) be a graph. A subset S C FE is k-sparse if ig(X) <

k|X|—2k-+1forall X C V with | X| > 2. This was originally defined in Jackson and
Jordan (2005). By definition, the empty set and any set that consists of a single edge
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are k-sparse. A graph G is k-sparse if E(G) is a k-sparse set. If in addition |E(G)| =
k|V(G)| — 2k + 1, then G is minimally k-rigid. A graph G is k-rigid if G contains
a spanning minimally k-rigid subgraph. By definition, 1-sparse graphs, minimally 1-
rigid graphs and 1-rigid graphs are equivalent to forests, trees and connected graphs,
respectively. A 2-rigid graph is usually called a rigid graph.

Proposition 3.1 Each of the following statements holds.

(i) Any k-sparse graph is simple.
(i1) For any nontrivial k-rigid graph G, |V (G)| > 2k — 1 or |V(G)| = 2.
(i) Any k-rigid graph G with |V(G)| > 2k — 1 is k-edge-connected and essentially
(2k — 1)-edge-connected.
(iv) Let k > 2 and G be a k-rigid graph with |V(G)| > 2k — 1. For any vertex
v e V(G), G —vis (k— 1)-edge-connected, and thus G is 2-connected.

Proof (1) By definition, for every subset X € V(G) with | X| = 2 of a k-sparse graph
G, lic(X)| <2k —2k +1 = 1. Thus G is simple.

(i) Let |V(G)| = n. Since G is k-rigid, G contains a minimally k-rigid spanning
subgraph G'. By (i), G’ is simple, and thus @ > |E(G")| = kn — 2k + 1.
Then n?2 — (2k + Dn + 4k — 2 > 0, which implies thatn > 2k — 1l orn < 2.

(iii) Without loss of generality, we may assume that G is minimally k-rigid. We
show that G is essentially (2k — 1)-edge-connected by way of contradiction.
Assume that there exists an edge subset Y C E(G) with Y| < 2k — 2 such
that G — Y has 2 components G| and G, with |V(G;)| = 2 fori = 1,2.
As G is minimally k-rigid, |E(G;)| < k|V(G;)| — 2k + 1. Thus |E(G)| =
[E(GDIHIEG)+IY] = kIV(GD|=2k+1D)+(k|V(G2)|—2k+1)+(2k—2) =
k|V(G)| — 2k, contradicting that G is minimally k-rigid. This proves that G is
essentially (2k — 1)-edge-connected. If G is not k-edge-connected, then there
exists an edge subset Y C E(G) with |Y| < k — 1 such that G — Y has 2
components G| and G, one of which, say G, consists of a single vertex. Thus
[E(G)| = |[E(GDI+ Y] = kIV(GD| =2k + 1)+ (k= 1) = k[V(G)| — 2k,
contradicting that G is minimally k-rigid. Thus G is k-edge-connected.

(iv) Without loss of generality, we may assume that G is minimally k-rigid. Towards a
proof by contradiction, we assume that for a vertex v € V (G), there exists an edge
subset Y C E(G —v) with |Y| < k — 2 such that (G — v) — Y has 2 components
H) and H;. Let G; = G[V(H;) U {v}] fori = 1, 2. Then |V (G;)| > 2, and so
|[E(G)| = kIV(Gi)| — 2k + 1. Thus |[E(G)| = [E(GD| + [E(G2)| + Y] =<
kIV(GD|=2k+ 1)+ k|V(G2)| =2k + 1)+ (k=2) = k([V(GD|+|V(G2)) —
3k = k|V(G)| — 2k, contradicting that G is minimally k-rigid. Thus G — v is
(k — 1)-edge-connected. In particular, since k > 2, G — v is connected for every
v € V(G), and thus G is 2-connected.

O

Let .7 be the collections of all k-sparse sets. One can verify that the collection
7% forms the set of independent sets of a matroid. Actually, this matroid (E, %)
is a special case of the count matroid (See page 453 of Frank 2011). In this paper,
the matroid (E, .%%) is called the k-rigidity matroid of G, denoted by R (G). By
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definition, R (G) is the circuit matroid C(G) of G and R»(G) is the rigid matroid
R(G) of G (see Lovasz and Yemini 1982 for more about R(G)).

The rank function of R (G) is given by Lovéasz and Yemini (1982). While the rank of
R« (G) can be seen in Jackson and Jordan (2005), the complete rank function of Ry (G)
is not given. We present the rank function of R (G) in the following proposition.

Proposition 3.2 Let k > 2. Given F C E, the rank function of Ry (G) is

rk(F)zmin[Z(k|X|—2k+l)], (1)

XeX

where the minimum is taken over all collections X of subsets V (G) such that | X| > 2
forall X € X and such that {Er(X)|X € X} partitions F.

Proof Let F' C F be a maximal k-sparse set. It suffices to show |F'| =
min{} y_y (k| X| — 2k + 1)}. As F' is k-sparse, |[F' N Ep/(X)| < k|X| — 2k + 1
forevery X € X. Thus |F'| < > .y (k|X| — 2k + 1) for any collection X'. Now we
show that there exists a collection Xy such that |F'| ="y x, kIX| =2k +1).
Since each single edge of F’ is induced by a vertex subset X with ip/(X) =
k|X| — 2k + 1 (actually |X| = 2), there are some maximal vertex subsets X with
ir(X)=k|X|—2k+1.Let Xy, X, ---, X, € V(G[F']) be maximal vertex subsets
such thatip/(X;) = k|X;| —2k+ 1forl1 <i <t. Let Xy = {X1, X0, -+, X;}.

Claim1 [X;NX;|<1forl <i#j<t.

If not, then |X; N X;| > 2 for some i # j. We will show it then follows that
ir(XiUX;) =klX;UX;| —2k+ 1. Actually ip/(X; UX;) +ip(X; N Xj) >
ir(X;) +ip(X;), which implies that

ip(XiUX) >ip(X) +ip(X) —ip(XiNX;)
> (k|Xi| — 2k + 1)+ (k| Xj]| — 2k + 1) — (K| X; N X| — 2k + 1)
=k(IX;|+|X;| = 1XiNX;) =2k + 1
= k|X; UX,| — 2k + 1.

As F'is k-sparse, ip/(X; U X ;) < k|X; UX;| —2k+ 1, and thus ip/(X; U X;) =
k|X;UX j|—2k+1, whichis contrary to the maximality of X; and X ;. This completes
the proof of the claim.

Notice that each single edge of F’ is induced by a vertex subset X with i g/ (X) =
k|X|—2k+1 (actually | X| = 2), then each edge of F’ is covered by a maximal vertex
subset X j forsome j = 1,2, -+ ,t. By Claim 1, {Ep/(X1), Ep/(X2), -+, Ep/ (X))}
is a partition of F'. Thus [F'| = >, ir(X;) = 2012 ; <, (kI1Xj| — 2k + 1).

It remains to prove {E g (X)|X € Xp} partitions F.Lete € F.Ife € F’/, then we are
done. Thus we may assume thate € F — F’. As F’ is a maximal k-sparse set, F' U {e}
is not k-sparse. Then there exists X C V(G) such that i pryge (X) > k| X| — 2k + 2.
Furthermore, e € E 1y (X), which implies that i (X) = k| X| — 2k + 1. Then X is
included in some maximal set X ; for 1 < j <t. Hence e € Er(X), completing the
proof. O
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Remark 2 By the definition of k-rigid graphs, the proof of Proposition 3.2 shows that,
there is a collection X to realize the minimum of the right side of (1) such that each
X € X induces a k-rigid subgraph of G[F].

Remark 3 The rank of Ry (G), rix(E) < k|V(G)| — 2k + 1. A graph G is k-rigid if
and only if the rank of Ry (G) is k|V(G)| — 2k + 1.

Proof of Remark 3 By definition, a spanning k-sparse subgraph of G has at most
k|V(G)| — 2k 4 1 edges. This is the maximum cardinality of an independent set of
Ri(G),and thus ¢ (E) < k|V(G)| —2k + 1. If G is k-rigid, then G has a spanning k-
sparse subgraph with exact k|V (G)|—2k+1 edges. This is the maximum cardinality of
an independent set of R (G). Thus the cardinality of any base of Ry (G) is k|V (G)| —
2k + 1, which implies the rank of Ry (G) is k|V (G)| — 2k + 1. Inversely, if the rank of
Ri(G)is k|V(G)| — 2k 4 1, then G has a spanning k-sparse subgraph H with exact
k|V(G)| — 2k + 1 edges. By definition, H is a spanning minimally k-rigid subgraph
of G, and thus G is k-rigid. O

Corollary 3.3 Let X be a collection that realizes the minimum of the right side of (1)
defined in Proposition 3.2, and Y C X. Then ry (UXEyEp(X)) = ZXey(k|X| —
2k +1).

Proof Since X is a collection that realizes the minimum of the right side of (1),
re(F) = X yexklX| — 2k +1). Also F = UxexEr(X) = (UXEyEF(X)) u
(Uxex—yEr(X)). By (1), ne(UxeyEr(X)) < X ycy®*IX] — 2k + 1) and
riUxex—yEr(X)) < ZXGX_y(k|X|—2k+1).By submodularity of rank function,

D KIX| =2k + 1) = ri(F)
XeX
< ri(UxeyEr(X)) + re(Uxex -y Er (X))
< D KIX[=2k+ D+ > (kIX|=2k+1)
Xey XeX-Y

> kIX| =2k +1).

XeX

Thus every equality holds above. In particular, ry (Uxey EF(X)) = > yey (k| X| —
2%k + 1). 0

Suppose that G = (V, E) is a graph with |V (G)| = n. Let F be the collection of
all edge subsets each of which induces a forest. Then F forms all independent sets of a
matroid (E, F) on ground set E, which is the circuit matroid M (G) of G. The rank
function of M(G) is given by r\((F) = n — ¢(F), where c(F) denotes the number
of components of G(F).

Let Vg, p.q (G) be the matroid on ground set E obtained by taking matroid union of
p copies of the k-rigidity matroid R (G) and g copies of the circuit matroid M (G).
By a theorem of Edmonds on the rank of matroid union Edmonds (1968), the rank of
Ni.p.q(G) is

@ Springer



930 J Comb Optim (2017) 33:924-933

rk,p,q(E)=Ifglgi%{prk(F)+qrM(F)+|E—F|}. )
Thus 1y, p.¢(E) < pri(E) +qrpm(E) = plkn — 2k +1) +q(n — 1).

4 Packing k-rigid spanning subgraphs

In this section, we prove Theorem 1.4 by providing a stronger result (Theorem 4.1).
In Theorem 4.1, we present a connectivity condition for packing spanning k-rigid
subgraphs and spanning trees. Theorem 1.4 then follows from Proposition 3.1 and
Theorem 4.1.

Theorem 4.1 Letk >2,p > 1,9 > 0. Fora (4kp —2p + 2q, kp)-connected simple
graph G andY C E(G) with |Y| < 2k — 1)p + q, G — Y contains a packing of p
spanning k-rigid subgraphs and q spanning trees.

The theorem also implies the following known results.
Corollary 4.2 (Lovasz and Yemini 1982). Every 6-connected graph is 2-rigid.

Corollary 4.3 (Jordan 2005). Every 6p-connected graph contains a packing of p
spanning 2-rigid subgraphs.

Corollary 4.4 (Cheriyan et al. 2014). Every (6p + 2q, 2 p)-connected simple graph
contains a packing of p spanning 2-rigid subgraphs and q spanning trees.

In the rest of this section, we prove Theorem 4.1.

Proof of Theorem 4.1 Let G’ = G — Y and E = E(G’) = E(G) — Y. It suffices to
show that the rank of N , 4(G’) is

Tipg(E) = ptkn — 2k +1) +q(n —1).
Choose F C E to be a set with smallest size that minimizes the right side of (2), then
Ti,p.q(E) = pr(F) + grpm(F) + |E — F|. (3)

By (1) and Remark 2, there exists a collection X of subsets V such that {Er(X)|X €
X'} partitions F' and

n(F) = D (kIX| =2k + 1), “)
XeX

and such that each X € X induces a k-rigid subgraph.
Claim 2 Foreach X € X, |X| > 2k — 1.

Proof of Claim 2 Since each X € X induces a k-rigid subgraph, by Proposition 3.1,
|X| > 2k — 1 or |X| = 2. Thus it suffices to show that |X| # 2 for any X € X.
If not, then let X’ denote the collection of X € X with |X| = 2. Then ry(F) =
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Doxex—a KIX|=2k+1D)+D>" y o (kI X[=2k+1) = Dy vy (k| X|-2k+1)+] X
Let H C F be the set of edges obtained by deleting all edges induced by each X with
|X| = 2. Then X — X’ is a collection of subsets of V that partition H. By (1),
rk(H) <> yex_x(kIX|—2k+1). As G"is simple, |[F — H| < |X|. Since H C F,
we have rp((H) < rpq(F). Thus

pri(H) +qrp(H) + |E — H|

<p > (kIX|—2k+1)+qgrm(F)+|E—F|+|F - H]|
XeX-X"'

<p D, KIX|=2k+1)+qrm(F)+|E—F|+|X/|
XeX-X'
< pre(F) + qr(F) + |E — F|,

contrary to the minimality of F. This completes the proof of the claim. O
Claim 3 Forevery ) C X, there is a vertex that is contained in a single element of ).

Proof of Claim 3 If not, then every vertex is contained in at least two elements of ).
Let ny be the number of vertices in all elements of . Then > xey |X| = 2ny. By
Remark 3, Corollary 3.3 and Claim 2, we have

kny — 2k + 1 > ri (Uxey EF(X)) = Z k|X| =2k +1)

Xey
= D ((k=DIXD+ D (X|—2k+1)
Xey Xey
> 2(k—1)ny +0
> kny,
a contradiction. This proves the claim. O

Let |[V(G'[F])| = ny and no = n — ny. Then there are n, isolated vertices in
G'(F). For each X € X, define Xp = X N (UxxyexY) and X; = X — Xp. Let
Iy ={X € X : X; # ?}. We will show that

c(F) =|Zx|+na. &)

Proof of (5). Let H' be any connected component of G’(F) that is not an isolated
vertex. This H' is called a nontrivial component. By Remark 2, each X € X" induces
a connected subgraph of G'(F) and thus H' actually is a sugraph of G’(F) induced
by some elements X’s of X'. Let ) be the collection of these X’s, and thus ) € X.
By Claim 3, there is a vertex v in V(H’) that is contained in a single element of ).
By definition, v € X; and thus X; # (. This shows that every nontrivial component
of G'(F) contains an X such that X; # . Hence G’(F) contains at most |Zy|
components that are not isolated vertices, which implies that c(F) < |Zx| + na.
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Since X covers F and thus contains all vertices of G’[F], each vertex of X g lies
in at least two different X € X and each X; is contained in a single X, we have
> xex |1 X8l +22 xcr, |X1] = 2ny, which implies

SUIXI+ D 1Xil = 2n. (6)

XeX Xely

Now we will use the connectivity condition of G to show a lower bound on |E — F|.
Let vy, vp, - -+ , vy, be isolated vertices of G(F). Since G is (4kp — 2p + 2q, kp)-
connected, dg—x,(Xy) > 4kp — 2p + 2 — kp|Xp| for each X € X and dg (v;) >
4kp — 2p 4+ 2q for 1 < i < ny. For every X € &, no edge of F contributes to
dc—xz(Xy).For 1 <i < ny,noedge of F contributes to dg(v;). Thus

|E — F| = |[E(G) =Y — F| =|E(G) — F| - |Y]

1 =
> 5| 20 do-xy(XD) +Zda<v,~> —(2k—=Dp+9g)
XEIX i=1
1
> 5| 20 @kp—2p+2g — kplXp]) + n2(4kp — 2p +29)
XEIX
—(2k—1)p—gq
k
=p D, Qk—1-2IXg]) +p2k =D = 1)
Xely
+q(|Zx| +n2 — 1) (7

By Claim 2, £|X| — 2k + 1 > 0. As Ty C X, we have

k k
> (§|X|—2k+1) > > (§|X|—2k+1). ®)

XeX Xely
By (3), (4), (5), (6), (7) and (8),

Fkpg(E) =p D (kIX| =2k + 1) + grap(F) + |E — F|

XeX
k k
=p| 225X+ 2 GIXI= 2%+ 1) |+ = c(F) +|E = F|
XeX XeX
k k
>p| 20 51X+ 2 GIXI=2k+1) | +q0 = c(F)
XeX Xely
k
+p D Qk—1=21Xg]) + pQk = D = 1) +¢( Ty +m = 1)
Xely
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k k
=p(> S X1+ > 7 |X1l+ @k = Dna
XeX Xely

—pQk — 1)+ q(n — c(F) + Tyl + 12— 1)
k
”7(2n1 +212) — p2k — 1) + q(n — 1) + q(I T | + na — c(F))
> ptkn —2k+ 1)+ g(n —1).

v

Asri pg(E) < ptkn — 2k +1) +g(n — 1), it turns out that r¢_p 4 (E) = p(kn —
2k+1)4+qm —1). O
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