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Abstract Topology control is an important technology of wireless ad hoc networks
to achieve energy efficiency and fault tolerance. In this paper, we study the dual power
assignment problem for 2-edge connectivity and 2-vertex connectivity in the symmet-
ric graphical model which is a combinatorial optimization problem from topology
control technology.

The problem is arisen from the following origin. In a wireless ad hoc network
where each node can switch its transmission power between high-level and low-
level, how can we establish a fault-tolerantly connected network topology in the most
energy-efficient way? Specifically, the objective is to minimize the number of nodes
assigned with high power and yet achieve 2-edge connectivity or 2-vertex connectiv-
ity.

We addressed these optimization problems (2-edge connectivity and 2-vertex con-
nectivity version) under the general graph model in (Wang et al. in Theor. Com-
put. Sci., 2008). In this paper, we propose a novel approximation algorithm, called
Candidate Set Filtering algorithm, to compute nearly-optimal solutions. Specifically,
our algorithm can achieve 3.67-approximation ratio for both 2-edge connectivity and
2-vertex connectivity, which improves the existing 4-approximation algorithms for
these two cases.

Keywords Dual power assignment · Biconnectivity · Approximation algorithm

1 Introduction

Mobile Ad hoc Network (MANET) has attracted significant attention due to a broad
range of applications in environmental monitoring, military operation and health ap-
plications, and also its challenging research problems. Since a mobile device usually
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is battery-powered and vulnerable, energy efficiency and fault tolerance are two main
issues in a wireless ad hoc network.

Topology control is to achieve the conflicting goals of saving energy while main-
taining fault tolerance. The basic framework of topology control is to adjust trans-
mission power at each node in a network according to desired features of the network
such as connectivity, 2-connectivity and low interference among neighbors. A trans-
mission power from a node u to another node v is proportionate to d(u, v)c in most
used radio propagation models, where d(u, v) is the Euclidean distance between u

and v and c is the power attenuation exponent, typically between 2 and 4. So, we
assume that for a given transmission power p, there exists a unique corresponding
transmission range r . In other words, we regard a power assignment as a transmis-
sion range assignment.

A topology or communication graph induced by power adjustment is usually a di-
rected graph due to the asymmetricity of transmission powers among neighbor nodes.
However, it has been shown in the literature that a unidirectional link is detrimental
to the performance of a network. So, it is necessary to symmetritize edges among
neighbor nodes. Here, we assume that there exists a (symmetric) link between nodes
u and v if d(u, v) ≤ ru and d(u, v) ≤ rv where ru and rv are the transmission ranges
of u and v, respectively. In other words, we prune all unidirectional links induced by
a power assignment to obtain a symmetric topology.

Extensive studies has been done on topology control in the literature. Most works
assume a continuous power assignment: a node can set its transmission range to r

where r can be any value in [rmin, rmax]. A topology control algorithm based on con-
tinuous power assignment uses the triangle inequality to derive the concept of energy
efficiency. In reality, however, each sensor is given k different transmission powers
where k is a small constant. In this paper, we consider the simplest case that there are
only two universal transmission power levels. With dual power assignment, minimum
number of maximum-power nodes and the minimum total power, which is defined as
the sum of the power of each node, are achieved at the same time. However, these
two optimization goals are different with respect to approximation ratio. It is easy to
see that an α-approximation for the minimum number of high-power nodes is always
an α-approximation for the minimum total power, but the inverse is not true. It is also
shown in Poojary et al. (2001) and Shah et al. (2004) that it is important to minimize
the number of maximum-power nodes, when a discrete power assignment is consid-
ered. If the objective of a discrete power assignment is to minimize the number of
maximum-power nodes, we can assume without loss of generality that there are two
transmission power levels available.

For a given set of nodes V in a Euclidean plane, a dual power assignment is de-
fined as a range assignment A where A(v) = rh or A(v) = rl where rh and rl are
the high and the low transmission ranges, respectively. The low-power graph Gl is
the graph induced by the low-power assignment, i.e., A(v) = rl for all v ∈ V , and
the high-power graph Gh is the graph induced by the high-power assignment, i.e.,
A(v) = rh for all v ∈ V . The goal is to find an assignment which minimize the num-
ber of high power nodes and meanwhile induce an 2-edge (2-vertex) connected graph.
The definition above can also be generalized in a general undirected graph model as
follows.
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Definition 1 (Dual power assignment for 2-edge (vertex) connectivity problem)
Given a set of nodes V , the 2-edge(vertex) connected graph Gh = (V ,Eh) and its
subgraph Gl = (V ,El) where El ⊆ Eh, find an edge set E ⊆ Eh \ El , such that
G = (V ,El ∪ E) is 2-edge(vertex) connected, while the size of V (E) is minimized,
where V (E) denotes the set of vertices, each of which has at least one attached edge
in the set E.

Note that in our definition, graph nodes are no longer limited in a plane. Any
network topology which can be modeled as a graph is allowed. We will use DPA-
2EC and DPA-2VC to abbreviate the two problems, respectively. In addition, one
can prove that the DPA-2EC and DPA-2VC problem are NP-hard by using reduction
from the minimum set cover problem.

The rest of the paper is organized as follows. We firstly introduce some related
works in Sect. 2. Then, in Sect. 3, some preliminaries and basic intuitions of our al-
gorithm are given. Our approximation algorithms are formally described in Sects. 4
and 5. Specifically, in Sect. 4, we proposed the Candidate Set Filtering Algorithm
for the DPA-2EC problem followed by a proof of the approximation results, and in
Sect. 5, we achieve the 3.67-approximation for DPA-2VC by using a similar algo-
rithm with a transformation technique. As the last part, we conclude the paper and
give some future works in Sect. 6.

2 Related works

The power-optimal continuous range assignment problem has been studied exten-
sively. As this problem is NP-hard even in the Euclidean plane (Clementi et al.
1999), some approximation algorithms are developed. Kirousis et al. (2000) give a
2-approximation algorithm by constructing the minimum spanning tree of the net-
work graph. Calinescu and Wan (2006) improve the approximation factor to 1.69
with a steiner tree based algorithm. As a natural generalization of connectivity, k-
connectivity or k-edge connectivity power range assignment problem is also studied
in previous works. For the special case of biconnectivity, Lloyd et al. (2002) present a
8-approximation algorithm. For general k-connectivity and k-edge connectivity prob-
lem, an O(k)-approximation centralized algorithm is designed by Hajiaghayi et al.
(2003). Calinescu and Wan (2006) improve the approximation result for k-edge con-
nectivity to 2k, and for biconnectivity to 4.

As our best known, the dual power assignment problem is first studied by Rong
et al. (2004). The authors define the asymmetric version of the problem, prove the
NP-hardness of strongly connected dual power assignment problem, and design a 2-
approximation algorithm based on graph theoretic facts. Chen et al. (2005) improved
the approximation factor of asymmetric version to 1.75. Lloyd and Liu (2006) study
the minimum number of maximum power users problem, which is actually the sym-
metric version DPA problem, prove the NP-hardness of the symmetric version and
present a 1.67-approximation algorithm. But none of these works consider fault tol-
erance.

The first work with fault tolerance taken in account is Park et al. (2006). The
authors proposed the minimum spanning tree augmentation algorithms for 2-edge
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connectivity and 2-vertex connectivity with dual power assignment. The algorithms
are quite simple and achieve approximation ratio of 6 for 2-edge connectivity and 5
for 2-vertex connectivity respectively. In Wang et al. (2008), another approximation
algorithm is designed to achieve an improved approximation of 4 for both 2-edge
connectivity and 2-vertex connectivity.

3 Preliminaries

In this section, we give the definition of 2-edge(vertex) connectivity and list some
lemmas which describe some basic properties of 2-edge(vertex) connectivity and will
be used for our algorithms. Some of them can be found in textbook of graph theory,
e.g., (Diestel 2000) and others can be proved without difficulties. We just list them
here without proof due to the page limit.

Definition 2 An undirected graph G is called 2-edge (2-vertex, resp.) connected if,
G remains connected after removing any one edge (vertex, resp.).

The following lemmas give some characteristics of 2-edge(vertex) connectivity.1

We will use them to prove the correctness as well as an approximation ratio of our
algorithms in Sects. 4 and 5.

Lemma 1 Given a 2-edge connected graph G = (V ,E) and a non-trivial subset of
nodes, U , there are at least two edges between U and V \U .

Lemma 2 Given a 2-vertex connected graph G = (V ,E) and a non-trivial subset of
nodes, U , where |U | > 1, there are at least two nodes in U connecting to V \U .

Lemma 3 Given a connected graph G = (V ,E) and a spanning tree T = (V ,ET )

of G, G is 2-edge connected iff for each edge e ∈ ET of T , there is an edge e′ ∈ E,
such that the new graph (V ,ET − {e} + {e′}) is still connected.

Lemma 4 Given a connected graph G = (V ,E) and a spanning tree T = (V ,ET )

of G, G is 2-vertex connected iff for each vertex v ∈ V of T , there are an edge set
E′ ∈ E−ET , such that the new graph (V ,ET −ET (v)+E′) is still connected, where
ET (v) is the set of all edges in ET attached to v.

Our algorithm is motivated by Lemmas 3 and 4. The basic idea is to construct
a spanning tree of Gh and then add more high power nodes to make it 2-edge or
2-vertex connected.

In the first step, a straightforward method is to compute a minimum weighted
spanning tree T based on the following weight assignments: for edge e ∈ Eh, w(e) =

1Lemmas 2 and 4 are analog for 2-vertex connectivity of Lemmas 1 and 3, respectively.
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1 if e is a high power edge, and otherwise set w(e) = 0. If we denote U1 as the
number of high power nodes used to construct T , we can see

w(T ) �
∑

e∈T

w(e) ≥ |U1|
2

.

Moreover, if we assume that Gl has c different connected components, we know

w(T ) = c − 1.

Let us use opte and optv to denote the optimal solutions of DPA-2EC and DPA-
2VC, respectively. According to Lemma 1, it can be shown that c ≤ opte, and c ≤
optv . Consequently we know U1 ≤ 2 · opte and U1 ≤ 2 · optv . In fact, this 2-ratio can
be improved to 1.67 by using the greedy algorithm in Lloyd and Liu (2006).

4 Approximation algorithm for DPA-2EC

In this section, we propose an algorithm called Candidate Sets Filtering Algorithm
(CSFA) to solve the DPA-2EC problem.

The algorithm includes two steps. In the first step, we construct a rooted spanning
tree T of the network by using the previous algorithm in Lloyd and Liu (2006). In the
second step, for each edge in the tree, we will check if there is another low power edge
connecting the two separated parts formed by removing the edge from T , otherwise
we use a high power edge to connect them. It is sufficient to guarantee the 2-edge
connectivity of the resultant graph according to Lemma 3.

Before we give more details, we need introduce some basic terminologies and
notations.

• The rooted spanning tree constructed in step 1 is denoted by T . The root is denoted
by r .

• The parent of a node v is denoted by p(v).
• A tree edge is an edge in the rooted tree T .
• A GREEN edge is an edge which is in El but not in T , i.e., a low-power non-tree

edge.
• A RED edge is an edge which is in Eh \El but not in T , i.e., a high-power non-tree

edge.
• The rooted subtree of a node v, denoted by Tv , is the subtree of T rooted at v.
• For a node v other than the root, the inside part of v is defined as Tv and the outside

part of v is defined as T − Tv .
• A node v other than r is covered by a GREEN or RED edge e if e connects the

insider part and outside part of v.
• The candidate set of a node v, denoted by CS(v) is a set of RED edges which

is created during the algorithm runs. More details can be found in the algorithm
description.

Given a rooted tree, the second step computes an 2-edge connected graph. As
initialization, for each node other than r , we mark it WHITE and create an empty
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candidate set. Then the algorithm explores nodes bottom-up along T . For each leaf
v, if it has another low-power edge other than (v,p(v)), i.e., a GREEN edge, we
mark v BLACK to indicates this node is already explored. Otherwise, we will fulfill
its candidate set with all of its RED edges and then mark it BLACK.

For each non-leaf WHITE node v, it is explored after all of its children are already
BLACK. In this iteration, our purpose is to check if there is either a GREEN edge
covering v. If such a GREEN edge exists, we do nothing but color v BLACK. Other-
wise, we check whether there is some edge in any inside candidate set covering v for
the candidate set of each node in Tv , if it has at least one edge covering v, we “filter”
this candidate set by removing any other edges which is an edge inside Tv . If neither
such a GREEN edge nor a candidate set exists, we will fulfill CS(v) with all of RED
edges covering v. Eventually, we mark v BLACK to indicate it has been processed.

The algorithm runs iteratively on WHITE nodes and the number of WHITE nodes
decreases by one in a single iteration. So our algorithm always terminates with an
output.

The correctness of the algorithm is implied by the following lemma.

Lemma 5 CSFA outputs a power assignment which results in a 2-edge connected
graph.

Proof It is easy to see that the resulting graph of output high power nodes has all
edges in T and exact one edge in each non-empty candidate set.

Since T is connected, according to Lemma 3, we only need to prove that for each
tree edge (v,p(v)), there is at least another edge in the resulting graph covering v. As
we known, if CS(v) is non-empty, all the edges in CS(v) can cover v. Note that CS(v)

keeps non-empty even though some of its edges may be removed. On the other hand,
if CS(v) is eventually empty, it means that there is either a GREEN edge or an edge
in some existing candidate set CS(v′) covering (v,p(v)). Moreover, if the latter case
happens, we will filter CS(v′) and remove all edges in it which does not cover v. So
this guarantees that there is eventually either a GREEN edge covering v or a candidate
set CS(v′) where all edges in it covering v. So the lemma holds. �

In addition, we can show that the CSFA has a 3.67-approximation ratio. This result
is proved in the following theorem.

Theorem 1 CSFA computes a 3.67-approximation of DPA-2EC problem.

Proof The output set of high power nodes consists of two parts, U1 and U2. The
approximation result from (Lloyd and Liu 2006) directly implies that |U1| ≤ 1.67 ·
opte . It is sufficient to prove |U2| ≤ 2 · opte . This is done based on Lemma 1.

First of all, as we arbitrarily choose an edge from non-empty candidate set and
add the two endpoints into U2,

|U2| ≤ 2 · |{non-empty candidate sets}|.
So it is sufficient to prove that the number of non-empty candidate sets is at most
opte . This follows two observations: 1. a non-empty candidate set CS(v) is created
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Algorithm 1 Candidate Sets Filtering Algorithm for DPA-2EC
1: INPUT: (V ,Gh,Gl)

2: OUTPUT: Power assignment such that the resulting symmetric graph is 2-edge
connected.

Step 1.
3: Construct a spanning tree T of Gh rooted at r by the algorithm in (Lloyd and Liu

2006), and assume the set of used high power nodes is U1;

Step 2.
4: for each node v except r do
5: Mark v WHITE;
6: CS(v) ← ∅; /* Initialize all candidate sets */
7: end for
8: while there exists at least a WHITE node do
9: Find a WHITE node, say v, which has no WHITE children;

10: c ← 0;
11: for each node v′ ∈ Tv with CS(v′) 
= ∅ do
12: if there is at least one edge in CS(v′) which covers v then
13: c ← 1;
14: for each edge e′ in CS(v′) whose two endpoints are both in Tv′ do
15: CS(v′) ← CS(v′)\{e′};
16: end for
17: end if
18: if c = 0 and there is not a GREEN edge covering v then
19: CS(v) ← CS(v) ∪ {e|e is red, and e covers v};
20: end if
21: Mark v BLACK;
22: end for
23: end while
24: U2 = ∅; /* Initialize the output set of Step 2 */
25: for each v in the graph do
26: if |CS(v)| > 0 then
27: choose an arbitrary edge, say (u1, u2), from CS(v) and let U2 ← U2 ∪

{u1, u2};
28: end if
29: end for
30: Output U1 ∪ U2.

only if there is no GREEN edge or other edges in some existing candidate set to
cover the underlying edge (between v and its parent); 2. assume that v′ in Tv has an
attached edge added into CS(v) when v is processed, it will not has attached edges
added when any ancestors of v is processed.

The first observation ensures that when a non-empty candidate set CS(v) is cre-
ated, there is at least one high power node inside Tv which is also in OPTe according
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to Lemma 1. In addition, such a high power node in OPTe has at least an attached
edge added into CS(v) when v is processed.

The second observation can be shown by contradiction. That is, if v′ has at least an
edge in CS(v) and also an edge in CS(u′) which u′ is some ancestor of v, then let us
consider the iteration of processing u′. As CS(u′) is non-empty, it means CS(v) has
no edge to cover u′. However, if v′ has an attached edge in CS(u′), this edge should
also be added into CS(v) and has not been removed when CS(u′) is fulfilled. This
contradicts that CS(v) has no edge to cover u′.

At last, we define the candidate node set of v is the set of all nodes in Tv which
has at least one attached edge added into CS(v) in the iteration when v is processed.
From two observations, we actually prove the optimal solution OPTe has at least one
high power node for each non-empty candidate node set and two candidate node sets
are disjoint. So we see

|U2| ≤ 2 · |{non-empty candidate sets}| (1)

= 2 · |{non-empty candidate node set}| (2)

≤ 2 · opte. (3)

From all above, we can conclude our algorithm computes a 3.67-approximation. �

5 Approximation algorithm for DPA-2VC

In this section, we modify the Candidate Set Filtering Algorithm to solve the DPA-
2VC problem. To avoid confusion, we will use CSFA-2VC to denote the modified
algorithm. All terminologies of CSFA except the following one can be applied im-
mediately:

• A node v other than r is covered by a GREEN or RED edge e if e connects T \ Tv

and Tv , and p(v) is not attached by e.

CSFA-2VC also starts with a rooted spanning tree by the algorithm in Lloyd and
Liu (2006). However, the second step need to be modified. Roughly speaking, ac-
cording to Lemma 4, we need to consider each node of the tree in a bottom-up order.
After check if the removal of current node disconnects the graph by looking up exist-
ing non-empty candidate sets, we update candidate sets accordingly.

An observation is, for a node v with at most 2 children, if there is at least one edges
covering v and at least one covering each of its children respectively, the removal of
v cannot disconnected the graph. This will be proved in Lemma 6. Based on the
observation, we locally transform a node with more than 2 children to a binary tree,
and use the similar process on this subtree as that of CSFA.

In concrete, when we process a node v with k children w1,w2, . . . ,wk , the subrou-
tine splits v into k − 1 nodes v1, v2, . . . , vk−1, and construct a binary tree consisting
of v1, v2, . . . , vk−1, Tw1 , Tw2, . . . , Twk−1 , and T \Tv . This operation is illustrated in
Fig. 1. Note that we require that each vi has at most two children regardless of other
parts of the tree in this iteration. We call the graph obtained from T by splitting v the
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Fig. 1 The local transformation
operation for each iteration of
CSFA-2VC

local binary tree of v, denoted by BTv . A subtree of BTv rooted at node u is denoted
by BTv(u).

After we got BTv , we consider each vi as a real WHITE node and check if there is
either a GREEN edge or a candidate set which has a edge covering vi . If so, we filter
all the candidate sets of his children in the same way as CSFA. Otherwise, we fulfill
CS(vi) with all edges from BTv(vi) \ {vi} to any of vi ’s ancestors. At the end of the
iteration when v is processed, we mark v BLACK in T .

Note that in CSFA, if node v is splitted into k nodes in its iteration, all CS(vk)

are regarded as independent candidate sets in following iterations where v’s ancestor
is processed. Eventually, after all WHITE nodes are done, we choose an edge from
each candidate set and output the set of high power nodes accordingly.

The correctness of CSFA-2VC is proved in the following lemma.

Lemma 6 The CSFA-2VC outputs a power assignment which results in a 2-vertex
connected graph.

Proof According to Lemma 4, we need only check that, for each node v in T , all
subtrees rooted at v’s children and T \Tv are connected. We prove this by induction.

As induction basis, a single leaf apparently satisfies this property. Then, we assume
that all children of a node v have satisfied this property. Here we need consider two
cases. In the first case that v has at most 2 children, say u1 and u2. It implies the
removal of v divides T into 3 parts: Tu1 , Tu2 and T \ Tv . According to induction
hypothesis, Tu1 is connected to either Tu2 or T \ Tv , and Tu2 is connected to either
Tu1 or T \ Tv by some candidate sets. Moreover, we guarantee that Tu1 ∪ Tu2 are
connected to T \Tv if v is covered by some GREEN edge or candidate set. Therefore,
all of Tu1 , Tu2 and T \ Tv are interconnected after the iteration on v.

If the second case happens, i.e., v has more than 2 children. Since we omit all
edges attached to v in this iteration, it is easy to see that BTv is connected even
though all of vi ’s are removed. So we can conclude the correctness of CSFA-2VC. �

We have mentioned that CSFA-2VC can achieve 3.67-approximation for DPA-
2VC. The approximation ratio is concluded as follows.

Theorem 2 The CSFA-2VC computes a 3.67-ratio approximation of DPA-2VC prob-
lem.
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Proof (sketch) The idea is almost the same as the proof of Theorem 1. The key is
to prove |U2| ≤ 2optv . It follows: 1. each candidate node set has at least one node
appeared in an optimal solution; 2. two candidate node sets are disjoint. One can
check all arguments for CSFA still hold for CSFA-2VC. We omit details here due to
page limit. �

6 Conclusion

In this paper, we consider the dual power model and address the dual power as-
signment problem for 2-edge connectivity and 2-vertex connectivity. Due to the NP-
hardness for both problems, we propose the Candidate Sets Filtering Algorithms
(CSFA). We also prove that our algorithms can achieve 3.67-approximation for both
problems, which improve 4-approximation algorithms in previous works.

For future research, we want to consider the geometry nature of the problem, for
example Dual Power Assignment problems in Euclidean disk graphs. Up to our best
known, there is no better result achieved for the 2-dimensional Euclidean version.

In addition, an algorithm for node-weighted version of DPA problem is also valu-
able. The weight of a node may be regarded as some priority according to the dif-
ferent functions, positions and remaining energy. It can also very useful to develop
some scheduling mechanism in the dual power model.
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