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Abstract We consider a single batch machine on-line scheduling problem with de-
livery times. In this paper on-line means that jobs arrive over time and the character-
istics of jobs are unknown until their arrival times. Once the processing of a job is
completed it is delivered to the destination. The objective is to minimize the time by
which all jobs have been delivered. For each job Jj , its processing time and deliv-
ery time are denoted by pj and qj , respectively. We consider two restricted models:
(1) the jobs have small delivery times, i.e., for each job Jj , qj ≤ pj ; (2) the jobs have
agreeable processing and delivery times, i.e., for any two jobs Ji and Jj , pi > pj

implies qi ≥ qj . We provide an on-line algorithm with competitive ratio (
√

5 + 1)/2
for both problems, and the results are the best possible.

Keywords Scheduling · On-line algorithm · Parallel-batching · Delivery time

1 Introduction

In the last decade, on-line scheduling and parallel-batch scheduling have been exten-
sively studied. Here, on-line means that jobs arrive over time, and all characteristics
of a job is unknown until its arrival time.

The quality of an on-line algorithm is measured by the competitive ratio, which is
defined by

R = sup
∀L

{Con(L)/Copt(L)}.
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Here, Con(L) denotes the objective value of the schedule given by the on-line al-
gorithm for job list L, whereas Copt(L) denotes the objective value in an optimal
off-line schedule for L. A new measure called the relative ratio for the quality of
on-line algorithms has been introduced by Epstein et al. (2006).

Parallel batch scheduling means that a machine can process several jobs simulta-
neously as a batch. All jobs in a common batch have the same starting time and com-
pletion time. The processing time of a batch is equal to the longest processing time of
the jobs in the batch. This framework was first introduced by Lee et al. (1992), which
was motivated by burn-in operations in semiconductor manufacturing. There are two
categories about parallel batch scheduling. One is the bounded model in which the
batch size b is finite, i.e., b < n. The other is the unbounded model in which the batch
size b is sufficiently large, i.e., b = ∞.

For the scheduling problem 1|p-batch, b < n|Cmax, an optimal schedule can be
found by the FBLPT rule of Bartholdi (1988) (Brucker et al. 1998; Lee and Uz-
soy 1999). For the scheduling problem 1|p-batch, rj , b|Cmax, when b = ∞, Lee
and Uzsoy (1999) presented a dynamic programming algorithm with running time
O(n2); when b < n, Brucker et al. (1998) and Liu and Yu (2000) showed that
the problem is NP-hard. Under on-line setting, the parallel batch scheduling prob-
lem was first studied by Deng et al. (2003) and Zhang et al. (2001). They in-
dependently provided on-line algorithms with competitive ratio (

√
5 + 1)/2 for

1|p-batch,on-line, b = ∞|Cmax, and proved that it is the best possible. For problem
1|p-batch,on-line, b < n|Cmax, Poon and Yu (2005) presented a class of algorithms
called FBLPT − based algorithms. They showed that any FBLPT − based algorithm
has competitive ratio at most 2. Especially, for the case b = 2, they gave an on-line
algorithm with competitive ratio 7/4. However, the best on-line algorithm for this
problem is still open.

The problem studied in this paper can be described as follows. We have a batch
machine and sufficiently many vehicles. There are n jobs J1, J2, . . . , Jn. Each job has
a release time, a processing time, and a delivery time. All characteristics of a job are
unknown until it arrives. Each job needs to be processed on the machine, and once
the job is completed we deliver it to the destination by some vehicle. The objective is
to minimize the time by which all jobs have been delivered. Let rj ,pj , qj denote the
release time, the processing time, and the delivery time of job Jj , respectively. For a
job set B ⊆ {J1, J2, . . . , Jn}, we define r(B) = max{rj : Jj ∈ B}, p(B) = max{pj :
Jj ∈ B}, and q(B) = max{qj : Jj ∈ B}. For a given schedule σ of the jobs, we denote
by Cj (σ ) and Lj(σ ) = Cj(σ ) + qj , respectively, the completion time of Jj and the
time by which Jj is delivered in schedule σ .

There have been some results about on-line scheduling problem in which the
objective is to minimize the time by which all jobs have been delivered. For non-
batch machine model 1|on-line, qj |Lmax, Hoogeveen and Vestjens (2000) provided
an on-line algorithm with competitive ratio (

√
5 + 1)/2, and it is the best possible.

For parallel batch machine model 1|p-batch,on-line, qj , b|Lmax, Tian et al. (2007)
provided an on-line algorithm with competitive ratio 2 for b = ∞ and one with
competitive ratio 3 for b < n. In the same paper, they also studied a special model
1|p-batch,on-line,pj = p,qj , b|Lmax. For b = ∞ and b < n, respectively, they pro-
vided the best on-line algorithms with competitive ratio (

√
5 + 1)/2. Till now, the
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best possible on-line algorithm for the general problem 1|p-batch,on-line, qj , b|Lmax

is still open.
In this paper, we assume b = ∞ and consider two restricted models: (1) the jobs

have small delivery times, i.e., for each job Jj , qj ≤ pj ; (2) the jobs have agree-
able processing and delivery times, i.e., for any two jobs Ji and Jj , pi > pj im-
plies qi ≥ qj . Using the 3-field notation of Graham et al. (1979), the former is
denoted by 1|p-batch,on-line,pj ≥ qj , b = ∞|Lmax, and the latter is denoted by
1|p-batch,on-line,agreeable(pj , qj ), b = ∞|Lmax, where Lmax = max{Lj : Lj =
Cj + qj ,1 ≤ j ≤ n}. We will provide an on-line algorithm with a competitive ra-
tio (

√
5 + 1)/2 for both problems. The algorithm is the best possible.

2 A lower bound

Consider first the scheduling model 1|on-line, rj , b = ∞|Cmax, which is a special
case of the scheduling problems studied in this paper. Hence, a lower bound of
it is also a lower bound of the problems we study. For the former, Zhang et al.
(2001) presented the following lower bound of competitive ratio for all on-line al-
gorithms.

Lemma 1 (Zhang et al. 2001) There is no on-line algorithm with competitive ratio
less than 1 + α for the scheduling problem 1|on-line, rj , b = ∞|Cmax, where α =
(
√

5 − 1)/2.

Corollary 2 There is no on-line algorithm with competitive ratio less than 1 + α for
the following two problems:

(1) 1|p-batch,on-line,pj ≥ qj , b = ∞|Lmax;
(2) 1|p-batch,on-line,agreeable(pj , qj ), b = ∞|Lmax.

3 An on-line algorithm

For a time instant t , let U(t) be the set of all unscheduled jobs available at time t . Let
α = (

√
5 − 1)/2. The on-line algorithm runs as follows:

Algorithm H

Step 0: Let t be the minimum time instant such that U(t) 	= ∅.
Step 1: Find a job Jk ∈ U(t) such that pk = max{pj : Jj ∈ U(t)}. Let αk = αpk

and set s = max{t, αk}.
Step 2: In the time interval (t, s], whenever a set of new job U ′ comes in, say, at

time t ′, do the following: If there is some job Jh ∈ U ′ such that ph ≥ pk , then reset
k = h and reset αk and s accordingly. Set t = t ′ and repeat Step 2.

Step 3: At time s, start to process the jobs in U(s) as a single batch. Reset t to be
the minimum time in [s + pk,∞) such that U(t) 	= ∅ and go to Step 1.
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For a given instance I of the scheduling problem, we still use H to designate the
schedule formed by Algorithm H . For each batch B in H , s(B) and p(B) represent
the starting time and processing time of B , respectively. Let J ∗ be the first longest
job in H that assumes the value Lmax(H); and let p∗ and q∗ denote its processing
time and delivery time, respectively. The completion time of job J ∗ in schedule H

is denoted by C∗. Moreover, Lopt(I) stands for the objective value of an optimal
off-line schedule for I .

Let B0 be the first batch in H such that the machine has no idle time in
[s(B0),C

∗). Let the batches processed in [s(B0),C
∗) be B0,B1, . . . ,Bm with

s(B0) < s(B1) < · · · < s(Bm). Then J ∗ ∈ Bm and q∗ is the maximum delivery time
of jobs in Bm.

Theorem 3 If either p∗ ≥ q∗ or qj ≥ q∗ for every job Jj with pj > p∗, then
Lmax(H) ≤ (1 + α)Lopt(I).

Proof For each j with 0 ≤ j ≤ m, let Jj ∈ Bj be the job with pj = p(Bj ) and rj
being as large as possible. By the implementation of Algorithm H , we have

s(B0) = max{r0, αp0},
s(Bj ) ≥ αpj , 0 ≤ j ≤ m,

s(Bj−1) + pj−1 = s(Bj ), 1 ≤ j ≤ m,

rj > s(Bj−1), 1 ≤ j ≤ m,

r0 < r1 < · · · < rm.

We further have

Lmax(H) = s(Bj ) + pj + pj+1 + · · · + pm + q∗ for each j with 0 ≤ j ≤ m.

Without loss of generality, we assume in the sequel that the instance I just consists
of the jobs in B0 ∪ B1 ∪ · · · ∪ Bm. We construct a new instance I ∗ of the scheduling
problem by the following way.

The jobs appeared in I ∗ are those in J ∗ = {J0, J1, . . . , Jm−1}∪Bm. Their process-
ing times are defined by

p∗
j = pj for each job Jj ∈ J ∗.

Their release times are defined by

r∗
0 = r0 if r0 ≥ αp0, and r∗

0 = 0 if r0 < αp0;
r∗
j = s(Bj−1) for 1 ≤ j ≤ m − 1;

and

r∗
x = s(Bm−1) for Jx ∈ Bm.
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The delivery times of jobs are defined by

q∗
x = qx for Jx ∈ Bm

and, for 0 ≤ j ≤ m − 1,

q∗
j =

{
0, if p∗ ≥ q∗ or pj ≤ p∗,
q∗, otherwise.

Claim 1 Lopt(I ∗) ≤ Lopt(I).

Proof of Claim 1 Note that, for each job Jj ∈ I ∗, we have r∗
j ≤ rj and p∗

j = pj .
Furthermore, the delivery times of jobs in Bm are unchanged.

If p∗ ≥ q∗, then q∗
j = 0 ≤ qj for 0 ≤ j ≤ m − 1. Hence, in this case, we have

(r∗
j ,p∗

j , q
∗
j ) ≤ (rj ,pj , qj ) for each job Jj ∈ I ∗.

If p∗ < q∗, then, by the assumption of the theorem, we have qj ≥ q∗ for every job
Jj with pj > p∗. For each j with 0 ≤ j ≤ m − 1, by the definition of q∗

j , we have

q∗
j =

{
0 ≤ qj , if pj ≤ p∗,
q∗ ≤ qj , if pj > p∗,

i.e., q∗
j ≤ qj . Hence, in this case, we still have (r∗

j ,p∗
j , q

∗
j ) ≤ (rj ,pj , qj ) for each job

Jj ∈ I ∗.
The above argument asserts that the jobs in I ∗ are dominated by the corresponding

jobs appeared in I . Hence, Claim 1 follows. �

Claim 2 There is an optimal schedule for instance I ∗ such that all jobs in Bm are
contained in the last batch of the schedule.

Proof of Claim 2 Let π be an optimal schedule for instance I ∗ such that the number
of batches in π is as small as possible. Suppose that t is the earliest starting time of the
jobs in Bm in π . Since t is at least r∗(Bm) which is the maximum release time of jobs
in I ∗, there are no idle-times in the time interval [t,Cmax(π)) in π . Suppose that the
batches processed in the time interval [t,Cmax(π)) are in the order B∗

1 ,B∗
2 , . . . ,B∗

k

in π . Then, by the choice of π , we have

p(B∗
1 ) < p(B∗

2 ) < · · · < p(B∗
k ).

(In fact, if p(B∗
i ) ≥ p(B∗

i+1) for a certain i with 1 ≤ i ≤ k − 1, then, by combining
B∗

i and B∗
i+1 as a single batch B∗

i ∪ B∗
i+1 starting at time s(B∗

i ), we obtain another
optimal schedule with smaller number of batches, which contradicts the choice of π .)

We further suppose that job J ∗ belongs to B∗
x for some x with 1 ≤ x ≤ k. Let σ be

a schedule obtained from π by setting B = B∗
1 ∪B∗

2 ∪ · · · ∪B∗
k as a single batch with

starting time t . It can be observed that Lmax(σ ) = t + p(B) + q∗ = t + p(B∗
k ) + q∗.

Recall that either p∗ ≥ q∗ or qj ≥ q∗ for every job Jj with pj > p∗. If p∗ < q∗, then
qj ≥ q∗ for every job Jj with pj > p∗. By the definition of q∗

j , batch B has delivery
time q∗ in I ∗. Hence, we have Lmax(π) ≥ t + p(B) + q∗ = Lmax(σ ). This means
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that σ is also an optimal schedule for the instance I ∗. By the choice of π the only
possibility is k = 1, and so Claim 2 holds under the condition p∗ < q∗. �

Now suppose that p∗ ≥ q∗. If x ≤ k − 1, then p(B∗
x ) ≥ p∗ ≥ q∗, and so

Lmax(π) ≥ t + p(B∗
x ) + p(B∗

k ) ≥ t + q∗ + p(B∗
k ) = Lmax(σ ).

It follows that σ is also an optimal schedule for the instance I ∗. This contradicts the
choice of π .

Hence, we have x = k. If k ≥ 2, then

Lmax(π) > t + p(B∗
k ) + q∗ = Lmax(σ ).

This contradicts the assumption that π is an optimal schedule. Hence, the only pos-
sibility is k = 1. This completes the proof of Claim 2.

Based on Claim 2, we assume in the sequel that Bm contains exactly one job Jm

with q∗
m = q∗ in I ∗. Then we have J ∗ = {J0, J1, . . . , Jm}.

If there is an optimal schedule for I ∗ such that no two jobs in {J0, J1, . . . , Jm}
belong to a common batch, then

Lopt(I ∗) ≥ r∗
0 + p0 + p1 + · · · + pm + q∗.

By Claim 1 and the expression of Lmax(H), we have

Lmax(H) − Lopt(I) ≤ s(B0) − r∗
0 ≤ αp0 ≤ αLopt(I).

Consequently, Lmax(H)/Lopt(I) ≤ 1 + α.
Otherwise, in any optimal schedule for I ∗, there must be two jobs in

{J0, J1, . . . , Jm} belonging to a common batch. Let Π be the set of optimal sched-
ules for I ∗ with Jm lying in the last batch. By Claim 2, Π is not empty. Let
x ∈ {1,2, . . . ,m} be the minimum index such that there is an optimal schedule π ∈ Π

for I ∗ each of whose jobs in {Jx+1, . . . , Jm} establishes a single batch and the batch
containing Jx has at least two jobs. Note that x ≥ 1 and such an x must exist, since in
any optimal schedule, there must be two jobs in {J0, J1, . . . , Jm} belonging to a com-
mon batch under the assumption of this case. From the optimal schedules in Π as-
suming x, we choose the one, denoted by π , such that the batch B containing Jx is as
large as possible. We claim that Jx−1 ∈ B . Otherwise, let K = {J0, J1, . . . , Jx−2}∩B

and p = p(B). By the definition of x and the assumption that Jx−1 /∈ B , K is not
empty. If px−1 ≤ p, we shift job Jx−1 to batch B . The resulted schedule σ is also op-
timal for I ∗ since r∗

x−1 < r∗
x . But this contradicts the maximality of B . If px−1 > p,

we shift the jobs in K to the batch containing Jx−1. The resulted schedule σ ′ is
still optimal for I ∗ since r∗(K) < r∗

x−1 and p(K) < px−1. But this contradicts the
minimality of x. Hence, Jx−1 and Jx must belong to a common batch in π . Now

Lopt(I ∗) ≥ r∗
x + max{px,px−1} + px+1 + · · · + pm + q∗

= s(Bx−1) + max{px,px−1} + px+1 + · · · + pm + q∗

≥ αpx−1 + px−1.
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By Claim 1 and the fact Lmax(H) = s(Bx) + px + px+1 + · · · + pm + q∗, we
have Lmax(H) − Lopt(I) ≤ Lmax(H) − Lopt(I ∗) ≤ s(Bx) − s(Bx−1) = px−1. Con-
sequently, we have

Lmax(H)

Lopt(I)
≤ 1 + px−1

αpx−1 + px−1
= 1 + 1

1 + α
= 1 + α.

The result follows. �

If pj ≥ qj for every job Jj , we have p∗ ≥ q∗. By Theorem 3, it follows that
Lmax(H) ≤ (1 + α)Lopt(I). Thus we conclude

Theorem 4 For the problem 1|p-batch,on-line,pj ≥ qj , b = ∞|Lmax, the competi-
tive ratio of Algorithm H is at most 1 + α.

Corollary 2 and Theorem 4 imply that H is the best possible on-line algorithm for
problem 1|p-batch,on-line,pj ≥ qj , b = ∞|Lmax.

If jobs have agreeable processing and delivery times, i.e., for every two jobs Ji

and Jj , pi > pj implies qi ≥ qj , we obtain qj ≥ q∗ for every job Jj with pj > p∗.
By Theorem 3, we have Lmax(H) ≤ (1 + α)Lopt(I). Then we obtain

Theorem 5 For the problem 1|p-batch,on-line,agreeable(pj , qj ), b = ∞|Lmax, the
competitive ratio of Algorithm H is at most 1 + α.

Corollary 2 and Theorem 5 imply that H is the best possible on-line algorithm for
problem 1|p-batch,on-line,agreeable(pj , qj ), b = ∞|Lmax.
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