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Abstract The relative worst order ratio is a measure for the quality of online algorithms.
Unlike the competitive ratio, it compares algorithms directly without involving an optimal
offline algorithm. The measure has been successfully applied to problems like paging and
bin packing. In this paper, we apply it to machine scheduling. We show that for preemptive
scheduling, the measure separates multiple pairs of algorithms which have the same compet-
itive ratios; with the relative worst order ratio, the algorithm which is “intuitively better” is
also provably better. Moreover, we show one such example for non-preemptive scheduling.
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1 Introduction

The relative worst order ratio is a relatively new quality measure for online algorithms,
inspired by the Max/Max ratio (Ben-David and Borodin, 1994) and the random order ratio
(Kenyon, 1996) and defined in Boyar and Favrholdt (2003). Since it compares two algorithms
directly, it sometimes gives more detailed information than the competitive ratio. So far, the
results on the relative worst order ratio have been either consistent with competitive analysis
or closer to empirical results and/or intuition than results on the competitive ratio.
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In this paper we analyze several scheduling problems where the competitive ratio does not
give the right separation of algorithms, in the hope that the relative worst order ratio would
do better. In most of the cases considered, the relative worst order ratio prefers the intuitively
best algorithm whereas the competitive ratio does not distinguish the algorithms. Analyzing
the relative worst order ratio is often more straightforward than competitive analysis. Unlike
the optimal offline algorithm, which is generally not known, we know exactly what the two
compared algorithms do on a given input. In many cases, this can simplify the analysis.

We first define the two quality measures.

The quality measures. For any algorithm A and any sequence o of jobs, let A(c) be the
makespan obtained by A when scheduling o . Similarly, let OPT(o ) be the makespan obtained
by an optimal offline algorithm.

The general definition of the competitive ratio of an algorithm A is

CR4 = inf{c | 3b: Vo : A(o) < ¢ - OPT(0) + b}.

However, scheduling problems are typically scalable. This means that all job lengths of an
adversarial instance can be scaled by any factor, and thus the additive constant b has no effect.
Hence, for the problems considered in this paper, the definition reduces to

Ao)
CRa = sup OPT(0)"

For the problems considered in this paper, the relative worst order ratio is defined in the
following way (a general, and thus slightly more involved, definition can be found in Boyar
et al. (2005)). For any algorithm A and any input sequence o, let Aw(o') be the makespan of
A on its worst permutation of o, i.e., Aw(c) = max, A(p(0)), where p is a permutation on
|o| elements. If Aw (o) > Bw(o) for every sequence o, we say that the two algorithms are
comparable, and the relative worst order ratio of A to B is

WRA‘B = sup AW(G) .
o BW(O)
For some pairs of algorithms, there are sequences o such that Aw(o) > Bw(o) and
other sequences ¢’ such that Aw(c’) < Bw(o’). In this case we say that the two algo-
rithms are incomparable. For comparable algorithms, the measure is transitive. Specifi-
cally, it is shown in Boyar and Favrholdt (2003) that given three algorithms A, B, C such
that WR¢ g > 1 and WRp 4 > 1, then WR(¢ 4 > 1 and moreover min{WR¢ g, WRp 4} <
WRc 4 < WRc 3 - WRp 4.

The relative worst order ratio has previously been applied to bin packing (Boyar and
Favrholdt, 2003), paging (Boyar et al., 2005), seat reservation (Boyar and Medvedeyv, 2004),
and bin coloring (Kohrt, 2004). In this paper, the measure is applied to scheduling.

The scheduling problems. In the basic scheduling problem, we are given m machines and a
sequence of jobs, each characterized by the time it takes to execute it on a unit speed machine.
For problems where the machines have different speeds, a job of size p requires time f when
run on a machine of speed s. The load of a machine is the total size of jobs or parts of jobs
scheduled on this machine. The goal is to minimize the makespan, i.e., the time when all
jobs are completed. The jobs arrive one by one. Each job must be scheduled at arrival, and
this schedule cannot be changed afterwards. In the non-preemptive case, a job has to run
without interruption on a single machine. In the preemptive case, the algorithms are allowed

@ Springer



J Comb Optim (2006) 12:363-386 365

to preempt the job and run parts of it on different machines, as long as two parts of a job are
never run at the same time. For preemptive algorithms it may make sense to use idle time.
However, the algorithms stated and defined in this paper do not use idle time.

We study four scheduling problems, preemptive and non-preemptive scheduling on iden-
tical machines and on two uniformly related machines.

Results. We first consider the preemptive problems. For identical machines, we define a class
of algorithms. This class generalizes two previously known algorithms, those of Seiden (2001)
and of Chen et al. (1995). For any pair of algorithms in this class, one algorithm A is better
than the other algorithm B in the sense that A is never worse than B and on some sequences
it is better. In contrast to the competitive ratio which is the same for all these algorithms,
the relative worst order ratio shows this separation. The previously known algorithms are
the two extremes of this class, being the best and the worst algorithms in the class. For two
uniformly related machines we again consider two previously known algorithms, of Wen and
Du (1998) and Epstein et al. (2001). We generalize the first of them into a class of algorithms,
all having the optimal competitive ratio. All the new algorithms in the class turn out to be
better than the original one. We compare all these algorithms to the second one, and find that
this algorithm is strictly better than all the algorithms in the class. Again, we show a clear
separation between any two algorithms in the presented class.

For non-preemptive scheduling on two related machines, we again show a clear separation
between two algorithms having the same competitive ratio. For non-preemptive scheduling
on identical machines, the three algorithms considered are shown to be incomparable.

2 Preemptive scheduling to minimize makespan

We use the following notation. For any sequence o of n jobs with sizes py, pa, ..., pu, We
let P and pmax denote the total and maximum size of the jobs in o, respectively. Similarly,
P and pl . denote the total and maximum size of the first ¢ jobs Ji, J», ..., J; in o. For
any machine m; and any job J;, L! denotes the load of machine m; just after scheduling
Ji, Jo, ..., J;. For any algorithm A, A(o) denotes the makespan of A’s schedule for o. In
particular, OPT (o) denotes the makespan of an optimal offline algorithm OPT.

2.1 Identical machines

For the scheduling problem studied in this section, we have m > 2 identical machines avail-
able, and preemption is allowed. We study two known algorithms and a generalization of the
two.

Two algorithms with optimal competitive ratio. Two online algorithms with optimal com-
petitive ratio have been suggested for this problem, PREEMPTIVE (PRE) by Chen (1995) and
MOoDIfiED PREEMPTIVE (MPRE) by Seiden (2001). In short, they both keep track of a max-
imal allowable makespan M’, where M’ is defined differently for the two algorithms. The
algorithm MPRE is defined so that it uses at most one preemption per job. The other algorithm
PRE is defined to use up to m — 1 preemptions for each job. It is explained in Chen et al.
(1995), however, that it is not difficult to adapt it so that it also uses at most one preemption
per job. Moreover, with the same definition of M’, the two algorithms would maintain the
same set of loads.

MPRE schedules each job J; in the following way. Let m be the currently most loaded
machine just before J; is scheduled. The job is scheduled completely on m, if this gives a
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makespan of at most M’. Otherwise, as much as possible of the job is scheduled on the least
loaded machine m’ among those on which the job cannot finish earlier than M’, and the rest
of it is scheduled on the most loaded machine among those that have load less than m’, giving
a makespan of exactly M".

Letm,, ..., m, be the sequence of machines sorted by non-decreasing load. PRE assigns
the (¢ 4+ 1)* job J, | as follows. First, a new maximal allowable makespan M'*! is computed.
Then, on each machine m ;, the time interval I; is reserved for job J, |, where

Ly=[L,, M*"] and I;=[L) L

Lol forl<j<m—1.

Those intervals are disjoint. The total processing time that can be assigned on all intervals is
1

(L1 =
1

m

L)+ M — Ly, =M™ — L.

J

To assign J;41, go from I,, to I;, putting a part of the job, as large as possible in each interval,

until all the job is assigned. After the assignment there will be some fully occupied intervals

I+, ..., I,,some empty intervals I, ..., I,_; and a partially or fully occupied interval I,.
Chen et al. (1995) prove that using this strategy always results in a feasible schedule, if

t

. P
Mpy; = max ,3; R

m

6
ﬁp,’mx}, where = ——

is used as M'. Since the optimal offline makespan is max{%, Pmax} (McNaughton, 1959),
the competitive ratio obtained is 8. Even if randomization is allowed, this is the optimal
competitive ratio. As m approaches infinity, 8 approaches % =~ 1.58 from below. Note that
B/m < 1,form > 2.
Seiden (2001) proves that using
P m-—8 B—1
MMPRE = max {ﬂ; mpinax + mpt

also gives a feasible schedule for any job sequence. For any input sequence, the makespan
of MPRE is never more, and sometimes less, than the makespan of PRE, since

P m-p B—1
for pmax > —, Pmax + P < B pmax-
m m—1 m—1

In contrast to the competitive ratio, the relative worst order ratio reflects the fact that MPRE
is never worse than PRE and sometimes better (Corollary 1).

Ag neralized algorithm. We define a generalized algorithm with a parameter b, 0 < b <
‘3 , ADAPTED PREEMPTIVE;, (APRE,;), and use

t

t P t t
M, =max{B8—, (B —mb) p, . +bP
m

as M'. In the analysis of the algorithm, we assume that the algorithm, like PRE, may use
several preemptions per job (but, of course, the results are also valid for the algorithm using
at most one preemption per job, like MPRE). Note that, for b = 0, M} = M}, whereas using
b=1"= L Jeads to M, = M} ppe- Also note that 8 — mb is always positive.
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We prove that APRE, is well-defined and has competitive ratio § (Theorem 1). The relative
worst order ratio shows that a larger value of b implies a better algorithm (Theorem 2) even
though all these algorithms have the same competitive ratio.

The algorithms maintain the following three invariants. These invariants are the same as
the invariants defined in Seiden (2001), except the change of M into M;,.

1. Atany time s, L} <L) <-.- < L!.
2. Atany time r, L, < M;.
. k_
3. Atany time ¢, forevery 1 <k < m, Zf:1L§ < % . P!

The first two invariants follow from the definition of the algorithms. The third is proved
in Lemma 3. First, we use the invariants to show that it is always possible to partition a job
among its designated intervals (Lemma 2). Lemma 2 uses the following lemma, showing that
which term is maximum in the definition of M, ,ﬂ depends only on P, p! .., and m; not on b.

Lemma 1. Aftert jobs, APRE, has M, = ,3% if and only if%’ > Pl

Proof: This follows from

PI t t ﬁ t t P t
B— = (B—mb)p,+bP" & | —=—=Db|P" = (B—mb)ppyx © — = DPuax-
m m m

Lemma 2. If the invariants are fulfilled at step t, then the reserved intervals are sufficient
to assign Ji4,.

Proof: We consider two cases and show that the assignment is successful in both cases.

— Case I: pi11 > %ﬂ. The total size of the reserved intervals is

0—1
Mt =Ly = (B —mb) piix +bP™! = P,
by Lemma 1 M}, and the third invariant
0—1 ;
= (B—mb+Db)pi1+ (b P,

S ogm— 1

: t+1 t+1 t
since p't! > p,yyand P’ = p, + P

-1 61
m—1  6m—1
AR b S
om — 1 _gm_lm
S 0@ —1) = (@ —Dim—1)
m
& 1=<——1)(m—1)=m—(m—1)
m—1
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Using P! < (
get

-1
Méﬂ —L, > (B—mb+b)py + (b - %)(m = Dpry1 = pry1 -

Therefore p,,; can be assigned into the intervals.
— Case 2: piy) < %ﬂ. The total size of the reserved intervals is
B B-1_,_B ( B — B m=—F
m

_Pt+1_—P — Pt+ __P ~ I -
m m—1 Pt+1) m—1 Pt+1 m(m — 1)

+1
MT' L) >
Using P' > (m — 1)p,;4+1 we get, Mé“ — L| > p;41. Therefore p,, can be assigned into

the intervals in this case as well. 0

To complete the proof that the algorithm is well-defined, we need to show that all invariants
are kept after an assignment of a new job. For the first two invariants, this is clear from the
definition of the algorithm. Since all loads are initially zero, it suffices to prove the following
lemma for the last invariant.

Lemma 3. [fthe third invariant is fulfilled after step t, then it is also satisfied after step t + 1

Proof: According to the definition of the algorithm, there exists a machine m, such that for
i<z, L'"'=1L!, for z <i <m, L§+1 =Ll ,and L. < L™ < L' (for convenience

: i+1°
let L | = Mj).

— Fork < z,

ok —1 ok —1

Lt+1 Lt < P! < PHI.

— For k > z, it is sufficient to show the inequality

k
pi+l _ ZLt+l Z L > 9’:1—91 pitl — pitl _ i
i=k+1 - N

Sincek +1 > z, L?“ = L', and the left hand side is equal to

i+1°

m m k+1
3Lt = ( )3 L;> Iy (pf - ZL;) By
i i=1

i=k+1 i=k+2
gm — 0k+1 om — 0k+1
> o P M = — (P p) + My
0 1 0 1
Hence, it suffices to show
gm — 9k+1 9k+1 _ ek
t+1 t+1 t+1
Mo™ = “gu g Poat P
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This is proved using that by definition,

Pt+l
M£+1 > ﬂ
m

and M} > (B —mb)ptl +bPT.

max

Leta = % and note that 0 < o < 1. Multiplying the second inequality is by «

and the first by 1 — « and adding the two resulting inequalities, we arrive at

om — 9k+1 om — 9k+1 om — 9k+1 PZ—H
e R e R (e )
om — 0k+1 gm — 9k+1 ﬁ 'BPH—I
:7]7;;)1(-}—— - — Pt+1+—
om — 1 6™ — 1)(B — mb) m
_ om — 9k+l 4 om — 9k+l pitl ﬂPt+1
g —1 Pmax T Tgm 1y T m
_ om — 9k+1 o om — 9k+1 +ﬂ(€m _ 1) Pt+1
gn —1 Pma ©" —1) m
om — 9k+l - 9k+l Pt+1
T R T

Thus, we just need to prove that

9k+l Pt+l 9k+l _ gk
>
@ -1 m — 6m—1

1+1
P

which is equivalent to

k+1
i 20k+1 —Ok.

Now,

gk+1 ek l m k+1 m k+1_ m k
— >0 0" & — > — — ) & 1>1
m m\m—1 m—1 m—1

This completes the proof of the inequality

om — 9k+1 0k+1 _ Qk
plt];l;)l( + PH—I,

Mf+| >
b om — 1

= o1

concluding the case k > z.

We are now ready to prove Theorem 1.

Theorem 1. Forevery 0 < b < % APRE,, is well-defined and has competitive ratio B.

Proof: ByLemmas?2 and 3 and the discussion before Lemma 3, the algorithm is well-defined.
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The competitive ratio is not better than S, since this is the optimal competitive ratio. For
the upper bound on the competitive ratio, consider any input sequence o. If M,(o) = g,
then clearly the competitive ratio is at most 8, since OPT = max{%, Pmax}- Otherwise, by

Lemma 1, P < m pmax and thus, Mp(0) < BPmax- O

We can now find the relative worst order ratios of pairs of algorithms with optimal com-
petitive ratio. For this purpose, we prove the following lemma.
g1

Lemma 4. Let o be an input sequence with n jobs and let 0 < b < ~—. A permutation, o,

of o where the jobs appear in order of non-increasing sizes is a worst order for APREy, and

APRE,(0,,) = min {P, My(c)}.

Proof: Note that L'+! = min{L! + p'*', M/™'}. Since L! + p'*' as well as M} are
maximized when P'*! is maximized, we can prove by induction that the largest makespan
after i jobs is achieved if the first i jobs are the largest ones. Therefore, no order can be worse
than a non-increasing order. Thus, it is enough to show that a non-increasing order gives
APRE,(0) = L? = min{P, M;(0)}. Let P = py, ..., p, be the sorted list of job sizes.

We prove that if L!, = M} then L'+' = M} "', Assume that L, = M}. Then, the interval
reserved for job J;;; on the most loaded machine is M, ,ﬁ“ - M.

— I M = B2 then

pitl pitl P! ) ﬂ
-M;, < B —B— = =pi+1 < P41, since — < 1.
m  m m

Mr+l —M! =
b b B m

pi+l
m "

Thus, the interval is filled completely, giving a makespan of M, [J“ =

— Otherwise, M, = (8 — mb) pitl + bP'™!, and since p!,, = pit! = py,

max

M — M < bP™ —bP' =bp,y1 < piy1, since b < 1.

Thus again, the interval is filled completely, giving a makespan of M,’fl =B —
mb) pry +bP.

max

We are now ready to prove the lemma. As long as jobs are assigned so that the designated
interval on the most loaded machine is not filled, there are no jobs assigned to other machines,
and the makespan is P’ at time 7. Once this interval is filled completely, we showed that it
will be filled in the next steps as well. This proves the claim. d

Lemma S. For every pair of values 0 < by < by < %, APRE,,, and APRE,, are compara-
ble, and APRE,, is never worse than APRE,,.

Proof: Consider any input sequence 0. By Lemma 4, it is sufficient to prove that M, (c) <
M, (0),and by Lemma 1, itis sufficient to consider the case when P < mppax. The claim then
immediately follows by the definition of M}, since My, () — Mp,(0) = (P — mpmax)(b2 —

b)) <O0. O
Lemma 6. For any pair of values 0<b; <by < %, WRApREhI JAPRE,, =
B — mb;

B+ by, — b)) —mb,’
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Proof: By Lemma 5, it is sufficient to find an input sequence giving the stated ratio. Let
M=1—=b, A =8—1—>b;(m—1).Notethat ,; > A,,since2 — b2 —m) > Basf <
2. Moreover, since b; < % we have A, > 0.

Consider the input sequence o = (A1, A2). By Lemma 4, it is sufficient to consider this
ordering of the two jobs. We have P = 8 — mb;, and pm.,x = A} = 1 — b;. Note that, for
any b, we get the same result with APRE,, if the last job of size A, is split into smaller jobs
of total size Az

We have — = ﬁl ”;f" < m (since B < m), and thus £ < pmax. Hence, by Lemma 1, we
must have Mb (o) = (B — mb;) pmax + b; P. Now, by Lemma4 APREy, (o) = M), (o) if any
only if (8 — mb;) pmax + b; P < P. This is equivalent to — > %, which holds for b,
with equality by the definitions of | and A,. Moreover, b= = bb is a monotonically decreasing
function of ;, and hence £=1122 < £=mbi

b = 1-b -
Thus,
APRE, (0) (B —mb)(A1) +b1(A1 +22) (B —mby)(1 —by) + bi(B—mb))
APREy, (0) (B —mby)(h1) +ba(hi +42) (B —mba)(1 — by) + ba(B — mby)
B — mb,
B(1 — by + by) —mby O

The following lemma gives a matching upper bound on the relative worst order ratio.

Lemma 7. For any pair of values 0 < by < b, <

m— l’

B—mb;
WRAPRg,, , APRE,, < BUTbr—br)—mbs

Proof: Consider any input sequence o. By Lemma 4, there are three possible cases:

~ I APRE,,(9) = P, then APRE;, () < APRE;, (0,
— If APRE),(0) = £ P, then by Lemma 1, puax < 2, and APRE), (0) = APRE,, (0).
— Finally, if APRE,, (0) (B — mby) pmax + b2 P, then by Lemma 1, pax > 5

By the same lemma we get Mgl = (B —mb1) pmax + b1 P, and thus APRE, (o) =

min{P, (B — mby) pmax + b1 P}.1f APRE,, () = < 581 Consequently,
APRE,, (o) B P P
APRE;,(0) (B —mb2) pax + b2 P
B — mb;

Bl — by + by) —mby”

Otherwise, -2 > £ and APRE), (0) = (8 — mb) pmax + b1 P. We have,

APRE;, (0) (B —mby) prmax + b1 P (B—mb) + blL
APRE;,,(0) (B — mb2) pmax + 2P (B — mby) + by -

Pmax

This is a function which is monotonically decreasing in —pP . Thus, we can substitute
P __ p—mb

— B—mb,
Prmax 1-b,

to find its maximum, which is again BT by) b3 0

As the ratios proved in the two lemmas match, we arrive at the following theorem.
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Theorem 2. For any pair of values 0 < by < by < 1

m—1’

WR - p = mbi 1
APRE;, ,APREy,, — /3(1 T b2 — bl) — me > )

where f = si— and 0 = 5.

Proof: The ratio follows directly from Lemmas 6 and 7. It is easily checked that the ratio is
greater than 1:

B —mb;
>
B+ by — by) —mby
& B —mb; > B(1 + by — b)) — mby, since B(1 4+ by — b)) —mby >0
& m(by — by) > B(by — by)

B—mb,

Substituting b; = 0 and b, = ,’z 11 0 B0 b 4y)—mby*

we get the following corollary.

m—1

m, and@-

Corollary 1. WRpgg Mmpre = B where =

9’” 1

For m = 2, 3, and 4, the ratio WRpgg,mpre is 2 = 1.2, 15 ~ 1.365, and L2 ~ 1.466,
respectively. As m approaches infinity, the ratio approaches B, the competitive ratio of the
two algorithms. Note that for any other pair of algorithms considered in this section, the

relative worst order ratio is smaller.
2.2 Two related machines

We now turn to the case of two uniformly related machines, m of speed 1 and m; of speed
s > 1. As in the previous section, the goal is to minimize the makespan, and preemption is
allowed.

For any input sequence o, a straightforward optimal offline algorithm was found by
Gonzalez and Sahni (1978). The makespan found by this algorithm is

P ,
OPT(a):max{—, pm“"}.
s+1 s

Two algorithms with optimal competitive ratio. Two slightly different deterministic online
algorithms found independently by Wen and Du (1998), and by Epstein et al. (2001) both
have an optimal competitive ratio of

(s + 1)? B s

CR=aa=——"—= _
s24+s5+1 s24s54+1

This is ‘31 for s = 1, and decreases for increasing s. The ratio is optimal even if randomization
is allowed.
The algorithm of Wen and Du (1998) works similarly to the algorithm PRE (Chen et al.,

1995). For job J; 4, it reserves the time interval [%, o OPT’“] on the fast machine, and the
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interval [L!, 2] on the slow machine. Each job is assigned first to the reserved interval on
the fast machme and the remainder if any, to the other reserved interval.

The algorithm of Epstein et al. (2001) is different in the sense that on assignment of a job,
it always assigns to the slow machine as much as possible, but not more than 2’1’11 , and not

more than 22 =2 (to avoid overlap). The remainder of the job is assigned to the fast machine.

A class of algorithms with optimal competitive ratio. We define a class of algorithms called
TWO-PREEMPTIVE, (TPRE,.) which use a parameter ¢, such that 0 < ¢ < ¢imax> Cmax = J:v -
Whenever a new job J'*+! arrlves schedule as large a fraction as possible on the fast machlne
within the time interval [S LS, . im L’.+1], where

S C
M£+l = max {O{ m PHA, p;ti(l + E) + (Pt+l ptmt,l()(cmax - C)}

Schedule the remaining part of J;,; on the slow machine, within the time interval [L?, 2]

In some cases, TPRE, achieves a makespan which is better than that of the algorlthm of
Wen and Du, (1998). Later, we also compare it to the algorithm of Epstein et al. (2001).
First, we prove that the algorithm is well-defined and has an optimal competitive ratio of «
(Theorem 3). For that we need the following lemma.

Lemma 8. Aftert jobs, TPRE. has M; = a ;75 P' if and only if P' > ”1 Dhaxe

Proof: This follows from

s(s+1) 52
— P > 1 P! — p! _——
52+S+1 = max< + >+( pmax)(s2+s+1 C>

S+C(SZ+S+I)P[ S+1 +CS+1 4
245+ 1 T \s2+s+1 s "
s+ 1
& G+ +s+ )P > (s +0(5” 45 + 1) Phnex
s+1
<~ P' > p:nax

s

Theorem 3. For any ¢, 0 < ¢ < Cpax, TPRE,. is well-defined and has competitive ratio .

Proof: First, we prove that the algorithm is well-defined, i.e., the reserved time intervals are
always sufficiently long. To this end we show that the algorithm maintains the following two
invariants.

1. L) < M
P[
s24+s+1
We consider the jobs to be scheduled one at a time, and show that each job can be scheduled
observing the two invariants. For J;, the invariants clearly hold, since the job is completely
scheduled on the fast machine, and M cl =p(1+ f) > p1.

Now consider J;;, t > 1, and assume that the invariants hold just before J;, is as-
signed. By the definition of the algorithm, the first invariant still holds after assigning

2. L) <
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Ji+1. As for the second invariant, if L'+l L’ then it is clearly maintained. Otherwise

141 1+1
LIt < prtl - gt < prl ‘PH = YS—H—] This is exactly the second invariant.

The amount of time avallable for the new job is

L! L!
(M — 1Y) + (—2 — L’1> =Mt 422 pr

s s
To complete the proof that the algorithm is well-defined, we just need to prove that this
amount is at least p,;, or equivalently, that

L! L) — P! L P!
M*' > 24P 4py="—+P +p=—L+P"_—

s s s s
We consider two cases depending on which of the two terms in the definition of M’*! is
maximum.

— If M'+' = o*2°" then By Lemma 8, P'*! > stl prt! Thus,

1 1
t__ 1+1 +1 t+1 t+1
P =P —p1 2 P77 —prix = — Pmax = 3 P

Further, by using the invariant L/ it suffices to prove

l—s++l
SPI+1 S2+S Pt Pt

= P! > - 4 pl_
s+1 s2+s+1( tps) 2 s(s2+s+l)+ S

By rearranging the terms and using P'*! = P’ + p,,;, we get

Mt =«

s . 1

[ > - 00
s24s5s4+1 T o245 +1

which follows directly from P’ > % Pril-
— In the second case, by the definition of M é“ we need to show

2 t t
1 1 ¢ 1 1 s L} P
M;* —pfnix(1+§>+(f”+ P%&)(iszﬂﬂ —C> z P -

Pi+1 5

Rearranging we get

s+1 s+1 o L s+1 P
> ()P -
(s2+s+l+ s C)pmax— s + s2+s+l+c s

By Lemma 8, pi*! > S pi+! SQubstituting

max = s+
Pl
ge ts(s2+s+1) =
Next, we show that TPRE.(0) < o OPT(0). This is clear in the first case. In the second
case, P < Y+1pmax, ie., P — pmax < 22 Thus,

2
TPRE,(0) < p‘;"“" <1+ >+p"“"‘<—s —c>

< P! for pifl on the left hand side, we

‘ , which is implied immediately by the second invariant.

A

52 \s2+s+1
_oPmefp L S S g P, 0PT(0),
s s 24541 s s

O

We first establish the relative worst order ratio between pairs of algorithms in the class
TPRE,. Similarly to Lemma 4, we can show the following lemma in which we identify the
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properties of the outputs of the algorithms defined above and find an order which is always
a worst ordering.

Lemma 9. For TPRE, and for every c, and any input sequence o, a non-increasing order is
always a worst order. The makespan for a worst permutation, o,,, of o is

P 1
TPRE.(0,,) = min { —, —MC(U)}.
s s

Proof: Note that no order can give a larger makespan, so it is enough to show that a non-
increasing order actually gives this makespan. Let o be any input sequence, where the job
sizes are given in non-increasing order, i.e., p; = pmax and p;_; > p; for i > 2. Note that
Dhiax = Pumax = D1 forall 7.

First, we prove the following claim. If the makespan of TPRE, after job J; is assigned is
%Mﬁ, then the makespan after J; is assigned must be %Mﬁ“. We have two cases:

- IfM é“ = +1 S ‘fl , we get that the total load that can be scheduled

within the de51gnated interval on the fast machine for J;; is at most

> a

Pl+l Pl 2
M M o< ot g S =
s+1 s+1 s+1 s24+s+1

Pt+1 < Pit+1,

i.e., the interval is filled completely.
—If M = pitl(1 + S+ (P! 1 — pi)(emax — €), then the total load that can be sched-
uled within the des1gnated interval on the fast machine for J;; is

t+1 t
Mc - Mc < DPr+1 (Cmax —€) < Di+1

i.e., the interval is again filled completely. The claim is thereby proved.

We are now ready to prove the lemma. As long as jobs are assigned so that the designated
interval on the fast machine is not filled, there are no jobs assigned to the slow machine, and
the makespan is ’% after job J;. Once this interval is filled completely, we showed that it will
be filled in the next steps as well. This proves the lemma. O

Lemma 10. For every pair of values 0 < ¢ < ¢3 < Ciax, TPRE,, and TPRE,, are compara-
ble, and TPRE,, is never worse than TPRE,,.

Proof: Consider any input sequence o. By Lemma 9, we only need to check the relation
between the makespans of the two algorithms for a non-increasing sorted order of jobs with
makespan as shown in the Lemma.

We claim that TPRE,, is never better than TPRE,, according to the relative worst order
ratio. By Lemma 9, there are three cases:

— If TPRE.,(0) = 5 , then clearly TPRE,, (o) < TPRE,, (o).

- If TPREC, (0)= ozHl, then by Lemma 8, p,., < % and thus, TPRE,, (o) < M‘:S(a) =
am = TPRE,, (o).

— If the makespan of TPRE,, is given by the second term in the maximum, then by Lemma 8,

Pmax > s%. Therefore the makespan of TPRE,, can either be given by the second term in
the maximum, or it can be less (i.e., equal to g). The second term in the maximum is a
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function which is monotonically non-decreasing as a function of ¢ for the case pya.x > 2~

P
s+1°
therefore the makespan of TPRE,, is not larger than the one of TPRE,,. 0

Lemma 11. For any pair of values 0 < ¢y < ¢3 < Ciax

o2 +s+ D)+
(2 +8)+c+5

VVRTPR]-:C2 ,TPRE, 1 >

Proof: Consider the input sequence o = <s2 45456245+ Dey, (s24+5+ l)cz>. By
Lemma 9, it is enough to consider this permutation of the sequence.

We have P =52+ 5+ co(s + D% + 5 + 1), Dimax =s+s+c-s(s>+s+1), and
% Pmax = (8 + D+ 14+ c3(s2 4+ s+ 1)) > P. Thus, by Lemma 8,

2
(6] S
M., = Pmax<1 + ;) + (P = pmax)<m - CZ)
=s24+s5+c-5(s+s+DFcas+1+c(?+5+ 1)+ cas? — c%(s2 +s5s4+1)
=s>4+s+es+DE*+s+1)=P.

This function is monotonically increasing as a function of ¢;, hence M., < M., = P. Thus,
M

a lower bound on WRTPRE,Z,TPRE(.I is given by M"Z . We have
B
2
C1 N
e = o (1) 2 = (5 )

=s24s5+c-s6>+s+D+els+ 1+ +s+ D)) +eas?—ciea(s>+s+1)
:sz+s+czs(sz+2s+1)+cl(s+1)
=G+ DG +cs@s+1)+cy).

This gives the stated lower bound. O
Lemma 12. For any pair of values 0 < ¢y < ¢3 < Ciax

st +s+ 1) +s
(2 +8)+c+5

WRTPRECZ JTPRE;, =

Proof: Consider any input sequence o. By Lemma 9, we only need to consider the sequence
in non-increasing size order. By Lemma 9, there are three possible cases:

— If TPRE,, (o) = ?, then TPRE,, (o) < TPRE, (0) (and thus, by Lemma 10, TPRE,,(0) =
TPRE,, (0)).

- If TPRE,, (o) = a £, then by Lemma 8, p, .. < & and TPRE,(c) = TPRE, (0).

— Finally, if the makespan of TPRE,, is given by the second term in the maximum (with the
parameter c;), by Lemma 8, P < Sjil Pimax> and thus by the same lemma, the makespan
of TPRE,, is either given by the second term in the maximum (with the parameter c,) or

equal to £.
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— If TPRE,(0) = £, we get

P
WR =
TPRE,, , TPRE, pmax(l 4 L;_I) 4 (P _ pmax)(cmax _ Cl)
P
— Prax .
(1 + L;_l) + (le)ax - 1)(Cmax - Cl)

This function is monotonically non-decreasing in the ratio —P_ and thus we calculate the

. . . P max K 2
ma?um.um ra.tlo. Since TPRE,(0) = =, P < pp.,(1 + %2) + (P — [)I][I‘hi,()(szi—s+1 — ),
which is equivalent to

plers LY L RRAVERES
o+ —-— c - — ).
T s+ 1 = Pmax| ©2 s s24s54+1

Thus,
P 62(1+%)+s25+t1+1 ol +s+D+s x4+
Pmax G+ 2 al?+s+ D5 +s  ggx+s’

where x = c,(s?> + s + 1). Substituting this in the upper bound on WRTPRE‘TTPRE[1 we
get

L
WRrpk,, TPrRe,, < ,mwl xts
(1 + i—l) + (%4;*—3 - %X_H)(Cmax - Cl)
3 x+s _Xts
- (1+ Cy—‘)(ﬁx—l—s) + (x = si_l-x)(cmax —c) N’

where

K 1 s s
N(x) S+1x+s+<s+1x+1—x+s+1x)c1+(x—s+1x>cmax

S s
:S+1X+S+C]+xcmax_mxcmax
s
= n lx(l - Cmax) + 8 4+ ¢1 + XCmax
2 2
= o5+ D(1- ) +sta+oE? s+
s+1°7 s24s+1 ! s24+s+1

:czs—i—s—i—cl—i—czsz

This gives the stated upper bound.
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- If TPRE,(0) < £, we get

pmax(l + %) +(P - pmax)(cmax —2)

pmax(1 + CT]) +(P — pmax)(cmax —cp)

WRrpke,, TPrE,,

(l + %2) + (p:ax - 1)(Cmax - C2)
(1+CTI)+( _1)(Cmax_cl).

Prax

P

This function is monotonically non-increasing as a function of the ratio o and thus we

‘max

calculate the maximum ratio. Since TPRE,, (0) < ?, weget P> p.. (1+ i—?) + (P —
pmax)(ﬁ — ¢3). Thus, similarly to the previous case we get

P ca(s*+s+1)+s _1+1 (s +s+1)

Prmax cz(s2+s+1)$+s_ so+s+)+s+ 1

Substituting this in the upper bound on WRTPRECZ’TPRECl we get (using the definition of
Cmax and simple algebra),

_Gto)a?+s+ D s+ 1) +es? +5+ Dicma =)
T (ste(eas?+ s+ D4 s+ 1) 4+ ca(s? + 5+ Dlemax — 1)

WRTPREQ .TPREC]

s(c’g(s2 +s+1D)+s+ 1) +co(s + 1) + cas?
s(c’g(s2 +s+1D)+s+ 1) +ci(s + 1) + 52

s+ D2 +s+ D)+ 52+
S+ s2+)+als+D)+s2+s

(s +s+1D+s
c(s2+s)+c+s

co(s? s+ +s

Theorem 4. For any pair of values 0 < ¢1 < ¢2 < Cinax, WRTPRE,, TPRE,, = PR Ew——

By substituting ¢; = 0 and ¢; = cmax We get the following corollary.

Corollary 2. WRtpgs, Tprs, = 1 +

Cmax

s
$342s24s5+1"

Next, we would like to compare the above class of algorithms to the algorithm of Epstein
et al. (2001) called BEST PREEMPTIVE (BPRE). We first show that the best algorithm in the
class, TPREy, is worse than BPRE. Due to the transitivity of the relative worst order ratio, this
implies that BPRE is better than all algorithms TPRE, for any c.

The algorithm BPRE is different from the above algorithms in the sense that it, except for
the first job which is scheduled completely on the fast machine, BPRE always schedules as
large a part on the slow machine as possible while maintaining the following two invariants:
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t L)
L. Ll - §2+s

2.If L < then also L) < « p! ..

2+9

Note that the first invariant implies that L} <

1< 3 i.e., the makespan of BPRE is always =2

Also note that by the same invariant, P’ = L’1 + L5 < (SZH + DL, = ‘S‘Li‘:l L,
s+ 1 1
— P < —-L!. 2.1
s24s+1 — 52 @D

We prove that TPRE( can never have a smaller makespan than BPRE, on any sequence.
Note that BPRE does not necessarily have the worst makespan in the case that the sequence is
sorted by non-increasing job size. As an example, consider the case s = 2 and the jobs 2, 12.
In the order 12, 2, the job 12 is scheduled on the fast machine. The job 2 fits perfectly on
the slow machine, and the makespan is % = 6. However, if the job 2 is assigned first, then
the slow machine can receive at most size 1 in the next step, since otherwise the two parts
of the second job scheduled on the slow and the fast machine, respectively, will overlap in
time. Therefore, the makespan is ”2” = 6l

Lemma 13. For any input sequence o, BPRE(0) < TPRE((0).
Note that the claim of the lemma is stated for any sequence without any reordering.

Proof: Given a sequence of jobs, o, we show that the lemma holds at every step using
induction. Clearly, the lemma holds before any job is assigned.

Next, assume that the lemma holds for the previous part of the input sequence, and consider
the next job, J;;. We now have several cases:

— If the job is assigned such that L’;1 of BPRE does not change, then the lemma holds by
induction.

— If TPRE, assigns the job completely to the fast machine, then since BPRE may assign at
most that much to the fast machine, and has a makespan which is not larger than the one
of TPRE, before the assignment, this situation remains after the assignment.

— Invariant 2 for TPRE,, Li! < 92+ — P'*!, can be rewritten to Lt < ' _L5*". Hence,
if BPRE assigns the job such that L/t = S H L5, TPRE, must have at least the same
value of L’;rl as BPRE, i.e., the makespan of TPRE, is at least the same as the makespan
of BPRE.

— Finally, the last case is when for BPRE L' < # L5 and it was impossible for BPRE to
i+l

put everything on the slow machine, i.e., = % L. Putting this together we obtain L} <

=7 L5, and subsequently P! = LY + L' > (s + DLy + 1L) = 52++“L’2 Using

this we get that p,,; = P'*! — P* > :JZ—YHL; — P'>(s+ 1)P"' — P' = sP', wherethe
second inequality holds by (2.1). We conclude that p,,; = p'Fl By Lemmas 8 and 9 and
since we know that TPRE did not schedule job P:+1 on the fast machine only, the makespan
of TPRE must be Mg*'(0) = {pi1 + 7 P

For BPRE by the Invariant 1, the makespan is at most

1 s+ 1
Lot P pi— =Ly Pt pa— P!
2 — S <

s2+s+1 _ P SPT
s s - s s s24+s+1°
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Therefore, the claim is proved. O

By Lemma 9 and since M, (o) is non-decreasing as a function of ¢, we immediately obtain
the following corollary.

Corollary 3. For every ¢ and any input sequence o, BPRE(c') < TPRE.(0).

Next, we establish the relative worst order ratio between BPRE and each algorithm TPRE,.
We prove the following theorem.

Theorem 5. The relative worst order ratio between BPRE and TPRE,. is

c(s* +253 +252+ )+ +52 (P4+s+ D +s+0)+s*
WRrtpgg, BPre = max 2 3 2 3 2 LY .
c(s*+2s3+s2—1)+s°+s s2(s2+s+1D)(s+1)

2 . . . .
Fors =1 and ¢ = cjpgy = Szjis“ = %, this value is @ = %. For s > 1, this value is smaller

than a. For all values of s the relative worst order ratio is a strictly monotonically increasing
function of s.

Proof: To prove the lower bound, consider two input sequences.

— The first sequence consists of two jobs of sizes s and s> + 1. Here P = s2 4+ s + 1 and

DPinax = s>+ 1. Since M.(o) < P, and since P < %pmax, and using Lemma 8, the
makespan of TPRE, is % (") = (s> + 1)(% + 5+ ﬁ —c.
Next, we claim that the makespan of BPRE is s + 1 for both possible permutations of the
jobs in the sequence. Both cases result in the same makespan since in both cases we have
a similar situation as follows. The first job is assigned to the fast machine, and out of the
second job, a part of size 1 is assigned to the slow machine, to get a balance between the
loads of the two machines as the the definition of the algorithm states. In total, we get the
ratio

$2+s+ D +5s+0)+s*
s2(s2 4+ s+ D+ 1)

— The second sequence is defined for ¢ > 0. It consists of the two jobs ¢(s> 4 s + 1) and
sc(s?+s+1)+s>+s. Here P =c(s + 1)(s®2+s+ 1)+ s>+ s and DPinax = sc(s? +
s+ 1)+ 52+ 5. Since M.(0) < P, using Lemma 8 we need to consider the second term
in the maximum to find M.(c). We have M, (a) = c(s + 252+ 25 + D+s2+1=P.
Therefore, the makespan of TPRE, is M, (U) P (s 4+2s+2+ ) +s5 4+ 1.

For BPRE, if the smaller job is a551gned ﬁrst then the part of the second job that
can be assigned on the slow machine is at most c(s + 1 + s) which is consistent
with Invariant 1. If the larger job is assigned first, the part assigned to the slow
machine can only be larger Thus we get that the makespan of BPRE is at most
Ls’ = T1<3 - w =c(s?+25+1— si_) + s + 1. By dividing the two, we get the ratio
c(s* +253 +25% +5)+ 53+ 52
s+ 253 52— 1)+ 534527
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To prove the upper bound, we start with giving lower bounds on the makespan of BPRE.
Given an input sequence o let R = P — p,_ .. i.e., the sum of all jobs except the largest. By
Invariant 1, we have BPREw(0) = (R + pp,)-

Now consider an ordering of the jobs, such that p .. is last. Let u be the makespan
before p, .. is assigned. After p . is assigned the makespan is at least p plus the time to

run p,.. minus the amount that can be scheduled on the slow machine, which is at most
max —HHR—sp
§

i — (R — su), i.e., the makespan is at least j + 2 = 1’"‘“‘:“+R. Since . < £, we

get at least BPREw(c) > M.
The makespan of TPRE, (for any possible order) never exceeds

P 1+c R s c
max § o ——, -+ = BEE———
s+1 Pmax s 52 s24+s+1 s

If the first option is the maximum then BPRE has at least the same makespan by (2.1). For
the second option, we consider several cases.

- Ifp < RGs + %), we use the first lower bound, and get aratio between the two algorithms
of at most

pmax(% + %) + R(x +s+l - Ag‘) .

r;-l—th—l (R + pmax)

Let p = Pms If R =0, we have P = p_, and thus there is only one job. In this case

all algorlthms act in the same way, therefore we do not consider this option. Dividing the

P+t ——¢
numerator and the denominator by R and substituting we get the function fH (‘ “;)1 .
This function i 1s monotonically non-decreasing as a function of p. Hence, We'ubstitute

DPimax = R(s + ) since this corresponds to the maximum value of p. Thus, we find the
(2 s+ D(s3+s+0)+s*

maximal value tO be TG s )e+D)

—If ppax = R(s + 1), we use the second lower bound and get a ratio between the two

algorithms of at most

pmaX(% + ) + R(s s+l %) pmax(s + o)+ R(s s+l CS)

wm?# SPmax TSR —R

pls+O)+ 52—

P 2™ We now have two cases depending on

Let p = %= We get the function .

the value of c:

— For ¢ < m, the function above is monotonically non-increasing (and oth-

erwise monotonically non-decreasing). Therefore in this case we can substitute p,_ . =
(s +s+D(s3+s+c)+s*
s2(s2+s+1)(s+1)

— For larger values of ¢, we consider first the case when p > % Note that this

value is strictly larger than 1 + ¢ L for any value of ¢ > 0. The makespan of TPRE,. is also
Pmax+R
, and the ratio can be bounded by - —7—x =

2

R(s + %) orp=s+ % to find the maximum, which turns out to be

SPmax+SR

t PontR
s SPmax TSR—R "

at mos
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525 which is monotonically non-increasing as a
sp+s—1

sc(s?+s+1)+s%+s
c(s2+s+1)

Using p = % we get the function

function of p. We substitute using p =
c(s* 42534252 +5) 53 +52

to find the maximum which gives

the value (s 4253452 —1)+s3+52 *
. : 1 sc(s>s+1)+s24s : _ sc(s> s+ 1D)+s24s -
Otherwise, if s + s <p = Than o we substitute o = e into
3
P(S+C)+m*05 . . . .
s p— which is monotonically non-decreasing for the current values of ¢, to
. . s . c(s* 42534252 +5)+s3 +52
get the maximum. This again gives TS T ol O

To find the relative worst order ratio between BPRE and TPRE,, , , which are the algorithms
of Epstein et al. (2001) and Wen and Du (1998), we substitute the value of ¢ and get the
following corollary.

Corollary 4. WRrpxs,,, Bpre = 1 + ﬁ This value is smaller than o for every s > 1.

3 Non-preemptive scheduling to minimize makespan
For completeness, we consider non-preemptive algorithms as well.
3.1 Identical machines

First, we consider the scheduling problem for m identical machines where preemption is
not allowed, i.e., a job cannot be interrupted and run on more than one machine. For this
problem, a classical result was presented by Graham (1966). Graham considers the natural
greedy algorithm LIST, which always schedules a job on the least loaded machine. By Graham
(1966), LisTis (2 — %)—competitive. This is optimal when m < 3 (Faigle et al., 1989).

For m > 4, this result was later improved. First by Galambos and Woeginger (1993) with
an (2 — % — €,,)-competitive algorithm RLS. Unfortunately for m approaching infinity, €,
tends to O, i.e., for general m, this result is not better. Later Bartal et al. (1995) gave an
algorithm which is 1.986-competitive, but only for at least 70 machines. Karger et al. (1996)
generalized this and gave a 1.945-competitive algorithm CHASM,,. Albers (1999) improved
this even further, and gave a 1.923-competitive algorithm M2. The current best result is
by Fleischer and Wahl (2000). They present an algorithm MR with a competitive ratio of
1+ /(1 +1n2)/2 < 1.92009, but only for m > 64.

The currently best lower bound for the problem was established by Gormley et al. (2000)
at 1.85358. This is a slight improvement of the previous lower bound by Albers (1999).

Whereas the first algorithm LIST keeps the load of all machines as close as possible to
the average load, essentially all the later algorithms always keep a certain fraction of the
machines sufficiently below the average load, such that they can accept a large job without
violating the competitive ratio.

In this section, we show that Graham’s algorithm, LIST, and the two most recent algorithms,
M2 and MR, are pairwise incomparable using the relative worst order ratio. This is done using
the following two input sequences: o; consists of m(m — 1) unit sized jobs, and o, consists
of the same jobs as o with an additional large job of size m. Note that all the jobs of o} are
the same size, hence all permutations are equal. For o,, we only need to consider the location
of the large job in the sequence.
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The optimal algorithm distributes the jobs in o evenly among the m processors and gets a
makespan of m — 1. For o, the large job is put on a machine by itself, and all the unit-sized
jobs are put on the remaining m — 1 machines, yielding a makespan of m.

LIST distributes the jobs in o} similar to OPT with a makespan of m — 1. For o7, the large
job of size m is placed on one of the machines with a load of m — 1, i.e., a total makespan of
2m — 1. This is the worst possible permutation for LIST.

For the last two algorithms, we only give a sketch of the proof and we only consider
the case for m approaching infinity, since this simplifies the calculations. If necessary, the
calculations can be done for any specific m with the same conclusion as a result, namely that
the three algorithms are pairwise incomparable.

M2 and MR both divide the machines into two groups: the s least loaded (small) machines
(my, my, ..., my)and the remaining m — s (large) machines (m;., ms42, ..., m,). We have:

m m S5¢—2c¢—1 2¢ —4c+ 1
stzL—J%—andsMRzm— —m|t+ 1l — m+1
2 2 c c
where c =1+ "Lzﬂ, the competitive ratio of MR.

Depending on different conditions the algorithms choose between putting a new job on
the least loaded small machine, m, or the least loaded large machine, m,,;. When only
considering unit-sized jobs, it can be shown that at any time the difference in load for the
least and most loaded small machine is at most one. The same results hold for the large
machines. It can also be shown that for both algorithms a worst ordering of o, is when the
large job appears as the last job, and in this case this job is placed on the least loaded machine,
mi.

For M2 and o, the ratio between L; and L,, approaches « for m approaching infinity,
where

0.923(m —sy2)  0.923m —m/2) 923

09235\ —0.145m_ 0.923m/2 —0.145m 633

Next, for oy, we getm(m — 1) ~ s\p L] + (m — smp) LS = F(a + 1)Ly}, and hence Lj)! ~

m
=5(m — 1) ~ 32 OPT(0) ~ 1.18638 OPT(0/).

For o>, the load of L,, can be found as

o o o 20 1411 633
Ly=L"+m~aoL) +m~ oz——i— 1(m —D+m~= 78 m— 778
1411 633
= ——O0PT(0) — —.
778 778

For MR and o7, the ratio between L, and L,, approaches f for m approaching infinity,
where

2c -3 1
=7 ,
2c—1) 2%—2

withec =1+ 1+Tln2, the competitive ratio of MR.
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Now, for o1, we have,

m(m — 1) ~ sy L" + (m — spmr)LY)!
~ (smrpB + (m — smr))L;,

= (m + swr(B — 1) L

N 2¢2 —4c+ 1 41 1 Lo
A\ c 2%—2))m

2¢2 —4c+ 1 ! L
" 2 —2

= <(2c —2)m —
c

— 2 1 Lﬂ’l
= ((2c — )m—C)m

o1 ~r mm=1cQc=2) ~, 2c2—2¢ c2— -
Hence, Lg) ~ ME—eBcD) ~ 202 (m — 1) = 2=3¢ OPT(0)) ~ 1.24405 OPT(0)).

For o5, the load of L,, can be found as

L2 =L]" +m
=BL) +m
2¢c—3 2c2—2c( b
N ——(m— m
20c—1) 2c—1
(2¢ — 3)c
= — -1
2e—1 M DAm

2c2 —c—1 2c —3)c
m—

2c—1 2c—1

2c2 —c—1 2¢c—3

2 YO )

2c—1 2c—1

1.56801 OPT(0,) — 0.56801

%

The results for m approaching infinity are summarized in the following table. Recall that
ALGw(o) denotes the makespan of ALG on the worst permutation of o. Note that for any
pair of the three algorithms, the order of the two is different for o when compared to o,.

ALGW (0'1 ) ALGw (02)

ALG

OPT(o}) OPT(0,)
LisT 1 2
M2 1.18638 1.81362
MR 1.24405 1.56801

Theorem 6. LIST, M2, and MR are pairwise incomparable.

It is not surprising that LIST is incomparable to M2 and MR. The two latter algorithms
are designed to do slightly bad on some input sequences, like the sequence with unit sized
jobs, in order to avoid even worse performance on other input sequences.
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3.2 Two related machines

Assume now that we have two machines available, and one machine is a factor of s times
faster than the other, s > 1. Preemption is still not allowed.

Let POST-GREEDY be the algorithm that schedules each job on the machine where it will
finish first. By Cho and Sahni (1980), Epstein and Sgall (2000) and Epstein et al. (2001),
POST-GREEDY has an optimal competitive raito of 2;3 ,if s < ¢, and Ssil if s > ¢, where
¢ ~ 1.618 is the golden ratio. It is easy to see that the algorithm FAST that simply schedules
all jobs on the fastest machine is %—competitive (Epstein et al., 2001). Hence, for s > ¢,
both algorithms have the optimal competitive ratio. However, POST-GREEDY seems to be the
more reasonable algorithm: it never gives a larger makespan than FAST, and in many cases it
even has a much smaller makespan. This is reflected by the relative worst order ratio:

For any n > 1, consider the input sequence consisting of |n(s + 1)] jobs of unit size. On
this input sequence, FAST has a makespan of LMJ and POST-GREEDY has a makespan of
at most n. Since ["(%H)J approaches % as n approaches infinity, WREsr post-Grespy = S?—l,

and since this ratio cannot be larger than the competitive ratio of FAST, the result is tight.

s+l
s

Theorem 7. WREst,PosT-GREEDY =

4 Conclusion

In this work we have applied the relative worst order ratio to a few online problems.

For most of the considered scheduling problems, competitive analysis does not distinguish
between different optimal algorithms, whereas using the relative worst order ratio we are able
to distinguish the algorithms, and in all cases the ratio prefers the intuitively better algorithm.

For non-preemptive scheduling on identical machines, the considered algorithms are in-
comparable using the relative worst order ratio, even when the algorithms have different
competitive ratios. The reason for this is that, except for the first algorithm LIST, the al-
gorithms have been specially tailored to get good competitive ratios, i.e., to work well on
worst-case sequences. This is done at the expense of getting a bad makespan for many nor-
mal input sequences, where the algorithms with a worse competitive ratio are better. The
competitive ratio measure in this case prefers certain non-preemptive algorithms whereas the
relative worst order ratio allows us to see that the algorithms are incomparable. The order of
their relative performance depends on the type of input sequence given, and it is impossible
to say that one algorithm is generally better than the other for all input sequences.

In general, our results show that, in many cases, the relative worst order ratio can motivate
searching for better algorithms, even when an algorithm with optimal competitive ratio has
been found. We saw that in many cases, a very small change in the algorithm, without
changing the competitive ratio, can be immediately seen in the resulting relative worst order
ratio.
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