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Abstract In this paper, we present a deterministic non-linear mathematical model for the
transmission dynamics of HIV and TB co-infection and analyze it in the presence of screen-
ing and treatment. The equilibria of the model are computed and stability of these equilibria
is discussed. The basic reproduction numbers corresponding to both HIV and TB are found
and we show that the disease-free equilibrium is stable only when the basic reproduction
numbers for both the diseases are less than one. When both the reproduction numbers are
greater than one, the co-infection equilibrium point may exist. The co-infection equilibrium
is found to be locally stable whenever it exists. The TB-only and HIV-only equilibria are
locally asymptotically stable under some restriction on parameters. We present numerical
simulation results to support the analytical findings. We observe that screening with proper
counseling of HIV infectives results in a significant reduction of the number of individu-
als progressing to HIV. Additionally, the screening of TB reduces the infection prevalence
of TB disease. The results reported in this paper clearly indicate that proper screening and
counseling can check the spread of HIV and TB diseases and effective control strategies can
be formulated around ‘screening with proper counseling’.
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1 Introduction

The main objectives of mathematical modeling of infectious diseases are to identify and
study the factors that influence the spread of the disease and to predict the future dynamics
of a particular disease or combination of diseases under consideration. Furthermore, math-
ematical modeling is significantly used in formulating and evaluating strategies to control
and prevent their spread in the susceptible population. Throughout the world, more so in the
developing world, there are a number of deadly infectious diseases that are severely affect-
ing the lifespan of the human population. Acquired Immuno Deficiency Syndrome (AIDS)
is one of such deadly diseases that is a seriously life threatening condition caused by the
Human Immuno-deficiency Virus (HIV). This infection causes a progressive decrease in
the body’s natural inbuilt immunity to fight against infections. It was first reported in June
1981 and since then AIDS has become one of the history’s worst pandemics. HIV/AIDS
epidemic continues its deadly expansion across the globe with approximately 14,000 new
infections per day. Till date, there is no vaccine to protect an individual from this dreadful
virus. The HIV is transmitted predominantly via sexual contact or needle sharing. More-
over, vertical transmission is also a mode of transmission for HIV. AIDS is the last stage of
HIV infection resulting in death.

Tuberculosis (TB) is an infectious disease and in humans it is mainly caused by
Mycobacterium tuberculosis. The most important source of infection is the patient with TB
of the lung, or pulmonary TB (PTB). The two diseases (HIV and TB) differ in their modes
of transmission. TB is an airborne disease and is described as a slow disease because of its
long and variable latency period distribution and its short infectious period [1, 2]. Tubercu-
losis (TB) and Human immuno deficiency syndrome (HIV) are well-known mortality and
morbidity resulting diseases worldwide. As HIV infection causes a decrease in the immu-
nity level of individuals, so people infected with HIV are more likely to get opportunistic
infections. Amongst the HIV cases, TB is the most common opportunistic infection. These
two diseases exhibit a special bond, where each accelerates the progression of the other.
In a HIV/TB co-infected person, the immune response to TB bacilli increases HIV repli-
cation. As a result of the increase in the number of viruses in the body, there is rapid
progression of HIV infection. The viral load can increase by six—seven fold. As a result,
there is a rapid decline in the count of CD4 cells, which carry the CD4 glycoprotein and
are also called T-helper cells and the patient starts developing symptoms of various oppor-
tunistic infections. Thus the health of the patient who has dual infection deteriorates much
faster than a patient with a single infection. The mortality due to TB in AIDS cases is also
high. The risk of developing TB has been estimated to be between 21-34 times greater
in people living with HIV than among those without HIV infection. TB increases the rate
of progression from HIV to AIDS and shortens the life span of patients with HIV infec-
tion. In 2010, 1.8 million HIV infectives have died due to HIV among which 350,000
were due to TB and of the 1.1 million people who died from TB. TB represents a seri-
ous health risk and is a leading cause of morbidity and mortality among people living with
HIV [2-4].

Since currently no cure exists for the HIV disease, only prevention is effective in con-
trolling its spread amongst the population. We believe that the detection of HIV infection
and subsequent counseling can be treated as a control measure. In India, HIV counseling
and testing services started in 1997. Currently, there are numbers of Integrated Counsel-
ing and Testing Centers (ICTCs)/Prevention of Parent to Child Transmission (PPTCTs) and
Surveillance Centres under NACO (National AIDS Control Organization) that are actively
working in screening and providing counseling to HIV infectives. The government of India
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has opened many Anti-retroviral Therapy (ART) centres, to provide anti-retroviral therapy
to all the AIDS patients in the country. In addition to this several NGOs such as The Naz
Foundation (India), Desire Society and SAATHII, etc. are working to bring better awareness
and knowledge regarding HIV, AIDS and TB to the Indian population.

In recent years, mathematical modeling of HIV, TB and HIV/TB co-infections have been
reported by several researchers, [for details see 4—14]. However, most of these models do
not incorporate the effects of screening of infectives in the transmission dynamics of these
diseases. In [15, 16], the authors incorporated the effect of screening of HIV infectives
but they did not incorporate the treatment. Most of the researchers, who have incorporated
the screening of infectives, have made separate classes for aware and unaware infectives.
Hence, the extension of these models to HIV-TB co-infection is very difficult as the number
of variables in the mathematical model will increase, making analysis of the model very
complicated.

In the present paper, we consider a simple mathematical model for the dynamics of
HIV/TB co-infection by incorporating both screening and treatment of infectives. As our
approach of mathematical modeling is different, so incorporation of both the treatment and
screening does not complicate the analysis of the model. It is assumed that the screening
is associated with proper counseling. And, further we assume that the screened HIV infec-
tives are not taking part in the transmission of HIV. However, some screened HIV infectives
can contribute in the transmission of the HIV virus but in this work we ignore those indi-
viduals as if they are not screened. We consider only the adult sexually active population
in the model formulation as the majority of HIV transmissions are due to hetero-sexual
transmissions.

The remaining of this paper is organized as follows: Section 2 presents the mathematical
model, Section 3 is devoted to the analysis of the sub-models, Section 4 deals with the anal-
ysis of the full model, Section 5 presents the numerical simulations to illustrate analytical
findings and to see the effect of various parameters on the transmission dynamics of HIV
and Section 6 concludes the paper with a brief discussion.

2 The model

We formulate a deterministic HIV/AIDS-TB co-infection model to investigate the effect
of screening (with proper counseling) and treatment of infectives. The total sexually active
human population N (¢) is subdivided into six sub-populations i.e., susceptible individuals
(S), active TB individuals who are capable of transmitting the disease (/1), HIV-infected
individuals (/»), individuals dully infected with HIV and TB (I3), AIDS patients (I4) and
AIDS individuals dually infected with TB (I5). Hence the total sexually active human
population N is given by:

N=S+hL+Dbh+L+14+1Is.

It is assumed that the human population is recruited into the population at a constant
rate A. Susceptible individuals acquire HIV infection due to effective contact with HIV-
infected individuals at a rate 1z and acquire TB infection following effective contact with
TB-infected individuals at a rate A7. The force of infection associated with TB infection,
denoted by A7 is given by:

_ Brh+ 13+ 1)

A
T N

M
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In (1), Br is the effective contact rate for TB infection. HIV-infected individuals and AIDS
patients may acquire TB at rate 87. The force of infection associated with HIV infection is
denoted by A g and is given by:

s, = Auld—enb+ (I —a)mls+ (1 —a3)ly + (1 — ca)mals)
H= N 2

where, B is the effective contact rate for HIV infection.

The parameters (n; > 1 and 1, > 1) are the modification parameters that correspond
to the assumption that the dually infected individuals transmit HIV infection with a higher
rate as compared to HIV-only infectives. Similarly, ¢, ¢» > 1 are modification parameters
that correspond to the fact that HIV or AIDS infected individuals are more prone to acquire
TB infection than the susceptibles. It is assumed that TB patients may recover after treat-
ment at a rate y and will enter the susceptible class. u is the natural death rate for all the
individuals in different subgroups. Further u; for i = 1,2, 3,4, 5 account for the disease
related death rate in the respective class. n is considered as the rate of screening for TB
and it is assumed that the individuals who are screened of TB are keeping themselves away
from HIV infection. Here, o; fori = 1,2, 3,4 are the rates of screening for HI'V, HIV-
TB co-infected individuals, AIDS and AIDS-TB co-infected individuals respectively. The
parameters §; and &; are the disease progression rates to AIDS by HIV treated and untreated
individuals respectively. Similarly 83 and &4 are the disease progression rates to AIDS-TB
dual infection by HIV-TB dually infected treated and untreated individuals respectively. The
rate of treatment for HIV is denoted by v, under the assumption that the disease progression
rate will be slow in the individuals who are taking treatment. Combining the different rates
mentioned above 7] is considered as the progression rate to AIDS by HIV-infected individ-
uals and 7, is the progression rate to the AIDS-TB dually infected class by HIV-TB dually
infected individuals. Here 7 and 7, are given by:

a{81v + 81 —v)} + 50 —ar)
a2{83v + 64(1 — v)} 4+ 84(1 — ap).

T

2

Combining all the above mentioned facts, the mathematical model can be formulated as
follows:

ds

dr =A—-ArS—2gS—uS+ynl

dl

g ArS —Ag(l—m)ly — ply — pily — ynly

dl,

i = AgS —d1irh +ooyls — (u+p2 +11)D2

dls

i Al =i +o1Arh —ary 3 — (u+ pu3 +12)13
dly

P Tl — godrly — (0 + pa) Iy + yauls

dls

i A7y +2ls — (U + us)ls — youls 3)
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Here S > 0,1 > 0, > 0,1z > 0,14 > 0,15 > 0. Model system (3) governs the
human population, hence all the variables and parameters used in the model formulation are
non-negative. We consider a biologically-feasible region:

A
Q= {(S, I, b, I3, s, I5) € RS : N < }
m

We adhere to the following steps to show the positive invariance of €2 i.e., all the solutions
of (3) that initiate in €2 remain in the region :
We have N(t) = S(t) + I1(t) + L(t) + I3(t) + 14(t) + Is(¢). The rate of change of the
total population by adding all the equations considered in (3) is:
dN
dt
Clearly, whenever N > A/u, dN/dt < 0. Notice that dN/dt is bounded by A — uN.
By using the standard comparison theorem [17] it can be shown that, 0 < N(t) <
2(1 — e M) + N(0)e ™. In particular, N(t) < 2 if N(0) < 1[: Hence, the region

=A—uN—puily — pualp — pu3lz — paly — psls

Q= {(S, I, b, I3, 14, I5) € Ri N < 2 } is positively invariant for system (3).

It is also necessary to prove that all the variables of model (3) are non-negative so that
the solution of the system with positive initial conditions remains positive for all # > 0. The
following lemma describes this fact.

Lemma 1 IfS(0) >0, 1;(0) > 0fori=1,2...5, the solutions S(t), 11(¢), I>(¢), I3(¢), 14(2),
I5(t) of system (3) are positive for all t > Q.

Proof We shall prove this lemma using a contradiction by assuming that the total
population N (f) # O for all > 0.
We assume that there exists a first time #; such that:

S(t1) =0,8(11) <0, 11(t) =0, Io(t) > 0, I3(1) > 0, 14(t) = 0, Is(t) > 0,0 <1 <11,
)
there exists a first time #, such that:
I1(12) =0,1{(12) <0,8() =0, (1) >0, I3(t) = 0, 14(t) = 0, I5(1) = 0,0 <t <12,
5
there exists a first time #3 such that:
I(13) =0, 15(13) < 0,8(t) > 0, 11(t) = 0, I3(1) = 0, I4(1) = 0, Is(t) > 0,0 <t <13,
(6)
there exists a first time 74 such that:
I3(14) = 0, I5(14) < 0,8(t) > 0, 11(t) = 0, (1) = 0, I4(1) = 0, Is(t) > 0,0 <t <1,
)
there exists a first time 75 such that:
I4(t5) = 0, I;(15) < 0,8(t) = 0, I1(t) > 0, I»(1) > 0, I3(t) > 0, I5(t) > 0,0 <1 <15
3)
and there exists a first time #4 such that:
Is(t6) = 0, I5(t6) <0, S(t) = 0,11(1) = 0, Ir(t) = 0, [3(t) > 0, I4(t) = 0,0 <t < 1.
©)
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From (4) §'(t;) = A + ynli(t;) > 0, which is a contradiction, meaning that S(¢) > 0,
t > 0. From (5), we get:
Brlli () + I3(12) + Is(12)]
I{(t2) = Arli—y, S(12) = S(t) = 0,
N(n)
which is again a contradiction, meaning that /;(¢) > 0,¢ > 0.
Again from (6), we get:

L,(13) = Ailims, S@13) + a2y I3(13)
(I —a)nil3(t3) + (1 — a3)l4(13) + (1 — ag)n215(t3)

= N () S(t3) + ooy I3(13) > 0,

which is a contradiction, implying I>(¢) > 0,¢ > 0.
Similarly, using the assumptions in Eqgs. (7)—(9), we get the following contradictions
respectively:

I3(t4) = Aplimyy (1 =11 (14) + 12T |1y, L2(14)
_ B {1l —ap)h(ts) + (1 —a3z)la(t) + (1 — 0t4)n215(f4)}(

N ) 1 —n)11(t4)
Bel1(ta) + Is(t4)
+ ¢ N ) I(t4) =0,
1;(ts) = 111(ts) + yasls(ts) > 0,
I I
15(t6) = dohrlyy Is(1) + 136 = dofr O T B 1) + absie) > 0.

N (t6)
Hence we conclude that I3(7) > 0, I4(t) > 0, I5(¢) > 0, for t > 0. Thus the solutions S(¢),
I;(®), i=1,2...5 of system (3) remain positive for all # > 0.
The schematic flow diagram in Fig. 1 describes the flow of individuals from one to
another compartment with the possibility of acquiring TB, HIV or HIV/TB co-infection.

3 Analysis of the sub-models

The analysis of the full model will be followed by analyzing the dynamics of the sub-models
with TB-only and HIV-only.

3.1 TB-only model

The TB-only model is obtained by setting I, = I3 = I4 = 0 = I5 and is given by:

ds = A—-ArS S+ 1

dr T M ynii,

dly

dt = ArS —puly — pily — ynly. (10)

Here iy = P f\,l !'. The basic reproduction number for the above model is calculated as:

Br

Rr =
M+ +yn
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(WHL)

(+uly
m+uply |
Youls 022+,
xH(l—n)h
ayL N
(n+p9ls
1,15

(n+ 1)1,

Fig. 1 The schematic flow diagram of HIV/TB model system (3)

The region of attraction for this sub-model is given by:
5 A
Q=1 IH)eR,:S+11=N=< .
m

3.1.1 Stability of disease-free equilibrium (DFE)

Model (10) has a DFE, obtained by setting the right-hand side of the equations in the model

to zero and is given by:
A
Ero = (SO, 1?) - < ,0)
I

Theorem 1 The disease-free equilibrium Erq of system (10) is locally asymptotically stable
when Ry < 1.

Proof To study the stability of the DEF we calculated the variational matrix at o, which
gives two eigenvalues —u, —(1 — R7)(w + 11 + yn), which are negative for R < 1 that
ensures that the DFE Erg is locally asymptotically stable.

Theorem 2 If Ry < 1, then the disease-free steady state Ero of (10) is globally
asymptotically stable in the region 2.

Proof Define the Lyapunov-LaSalle function U : {(S, I1) € 21 : § > 0} - Rby:

1 2
Us.m= I
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The time derivative of U computed along solutions of (10) is:

BriiS
S+ 1
2

_ 1 _
= (S+1]){/3TS (4 +ym(S+ 1))

(n~+p1+yn) 112 {( pr —1)5—1}
Y sy [\t + v ]

U's, ) = < —(u+ +)’77)11)11

2

11
- 1—R I
(e + 1 +M)(S+11){( 7)S+ 11}

Since all the model parameters are positive and variables are non-negative, it follows that
U'(S, ) <0 for Ry < 1 with U'(S, 1)) = 0if and only if /; = 0. Hence the largest
invariant set contained in {(S, I)eQ,U = 0} is the singleton {E7¢}. Thus the global
asymptotic stability of Er¢ for Ry < 1 follows from LaSalle’s invariance Principle [18].

3.1.2 Existence and stability of the endemic equilibrium point
The unique endemic equilibrium point of system (10) is given by:

£ = (5% I1) = ( A AR —1) ) 7

(w+u)Rr —D+p (u+p)Rr — D+

which exists whenever Ry > 1. The local stability of this equilibrium point is summarized
in the following theorem.

Theorem 3 The TB-only endemic equilibrium &, of system (10) is locally asymptotically
stable if R > 1.

Proof The Jacobian of system (10) evaluated at the equilibrium point (£1) is given by:

By’ _ (s’
JED ® (S*+17)? (S*+17)* +tn
l =
pr (1}’ pr(s*)’
(s41p). (seprry W HLEYT)

Using the steady state, we take into account the following identity:

BrS*

ot u=
PIFRE RS G

and the above Jacobian matrix can be rewritten as:

Br(iy)’  prsiy

- - 2 > — (1 +pr)
S*IF)? (S*4I*
J(E) = ( 2 17 (s*+I)
Br (If) _ Brsy
(S*+17)* (S*+17)*
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The trace of J(&)) is:

__ Brif
tr(J (&) = {u+ (S*—l—I]*)} <0.

Further,

wBrS*Iy  (u+ pn)Bri*?

det(J (&) = (S* + ]]*)2 (5* + 1]*)2

> 0.

Hence, the eigenvalues of the Jacobian matrix J (&) have negative real parts. This estab-
lishes the result that the endemic equilibrium is locally asymptotically stable whenever it
exists.

The global stability of TB-only endemic equilibrium & is proved using the method of
Lyapunov and is stated in the following theorem.

Theorem 4 If Ry > 1, then the unique TB-only endemic equilibrium & of (10) is globally
asymptotically stable.

Proof Define L : {(S,11) € Q1: 85,11 >0} — Rby:
S+ 1
L(S, L) = |:(S—S*)+(Il +17) —(S*+I]*)1n(S*+Il*)]
2 S*+ I I I
+(u+m)( + ])<ln i+ 1 _1>_
Br Il |

Here, L is C! on the interior of €1, & is the global minimum of L on ; and
L (S*, I 1*) = 0. Computing the time derivative of the above function along the solutions of
(10), we get:

[(S=s0+(n=1)]dSs+1) | Qupn) (S +17) (= 1) d,

L'(S, ) = ,
(5. 1) S+ 1 dt Br 12 dt
[(§ =8+ (I = I})]
= A—uS+5L) -l
S+ ( w(S+ 1) — pi 1)
Qu+ 1) (S*+ 1) (I = I}) <5TSII )
+ —(u+pr+ymh ),
by 2 S+l (W +p1+ymh
[(S—8%+ (L —1I})]
= —u(S— 8% — I — I
St1 {—n( ) — (w4 w) (I = I7)}
L—1If)( S §*
2 S* 1* ( 1 _ .
T () T (g, S*+ I
Using,
s s l|(S—S*)—S(l|—ll*)
S+1 S*HIF T (SHID(SF+HT)

_§*y2 n-r1)?
L'(S, I) = —M(sz,]) - [(M+m)+(2u+m)f]} ((‘5+,‘3 :

@ Springer



148 N. Kaur et al.

Clearly, L'(S, I;) < 0 always holds except at the TB-only endemic equilibrium, &;.
Also, L(S,1}) — ooas § — ooand L(S, ;) — ocoas I; — 0or Iy — oo. Therefore,
we may conclude that function L(S, I) is a Lyapunov function for system (10) and that,
by the Lyapunov asymptotic stability theorem [19], the endemic steady state is globally
asymptotically stable in the interior of €21, when it exists and this proves Theorem 4.

The dynamics of the HIV-only model is explored below.

3.2 HIV-only model
The HIV-only model is obtained by setting /1 = I3 = 0 = I5 and is given by:

ds

= A—AgS—us,
dt H M
dl,
gt = AgS—(W+pu2+1)la,
dly
P 11l — (u+ pa)ly, 11

Where )"H = Bri(l—a; )l]%["'(] —a3)ly}
3.2.1 Local stability of DFE

The HIV-only model (11) has a DFE given by:
A
Eno = (819, 19) = < .0, o) .
7

The linear stability of Ex is carried out by the basic reproduction number Ry . The stability
of the equilibrium is further investigated using the next generation matrix operator [22].
The F and V matrices corresponding to new infection terms and remaining transfer terms
are respectively given as follows:

F=</3H(1—0l1) ﬂH(l—Ol3)>.V=<(M+M2+T1) 0 )
0 0 ’ -1 (w+pq) )

From this, it follows that:

B {1l —a)(+ pug) + 11 (1 — a3)}

Ry = p(FV~H =
H=pEV) G+ 1o+ 70+ 20)

(Note that $* =N* at the DFE £gg.) The following result is established using Theorem 2
of [22].

Lemma 2 The disease-free equilibrium of model (11) given by Epy, is locally asymptoti-
cally stable if Ry < 1 and unstable if Ry > 1.

The local stability analysis can also be viewed by evaluating the Jacobian matrix J (Exo)
at the disease-free equilibrium point . One eigenvalue of the Jacobian matrix J(Exo)
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is evaluated as -u and the other two eigenvalues are the roots of the following quadratic
equation:

A+ 2+ 1)+ () — Bl — @)+ (et+po+7) (+pa)(1— Ry) = 0.

Clearly for Ry < 1, the constant term as well as the coefficient of A are positive implying
the local stability of the disease-free equilibrium point . Also it is noted that one of the
eigenvalues will be zero for Ry = 1.

The non-trivial equilibrium & = (S*, I3, ljf) of system (11), is given by:

(i + po +1)N*

S§* =
Bul(—an+(-ap,n, |
I = (tpa) | (n+ p2+11) N
wrmatn | gy la—en+d-an,n, |

I} = g and N* is given by:

Y (e’

. A {0 —a)+ 1 -w), 7, |

(o [Ba{a—an+a —a, 3, ) = b pat o]+ 1) (e + 2 +0)

It is clear that the non-trivial equilibrium point & exists only when Ry > 1 and this
corresponds to a unique positive equilibrium point associated with the HIV-only model.

3.2.2 Stability and bifurcation analysis for endemic equilibrium point

Let S = x1, I = xp and I4 = x3, so that N = x; 4+ x» + x3, and model (11) is re-written in
the form:

dx
= fi=A—A — ,

dr bil HX1 — X

dXQ

P fo=2Agx1 — (u+ pa+11)x2,

dxs

= f3=11x2 — (U + pna)xs, (12)

Bu{(l —ap)xz + (1 —a3z)x3}
where, Ay =
(x1 + x2 + x3)
The Jacobian of system (12), at DFE (Egyg) is given by:
—K —Bu(l —ay) —Bu(l —a3)
JEno)=Jg=| 0 Bu(l—a)—(u+p2+7) Bu(l—az)

0 7| — (1 + pa)

Suppose By is chosen as a bifurcation parameter. Solving the system for the reproduction
number given above for Ry = 1, we get:

By = B = (w+ p2 + 1) (1 + 114)

(I —a)(p+pa) + (1 —a3)
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150 N. Kaur et al.

Note that the above linearized system, of transformed system (12) with 8y =%, has a zero
eigenvalue that is simple. Hence, the center manifold theory [20] can be used to analyze the
dynamics of (12) near By =p*.

Eigenvectors of J(£o)lg,,—p-

It can be shown that the Jacobian of (12) at By = B* (denoted by Jg-) has a right
eigenvector (associated with the zero eigenvalue) given by w = [wy, wo, w3]T, where:

_ B =) (u+ pa) + (1 —az)riDws

wp + pa)
wy = wy > 0and w3 = urm wy. Further, Jg« has a left eigenvector v = [vy, v2, v3]
(associated with the zero eigenvalue), where:
*1—«
v]:O,v2:v2>O,v3:'B( 3)v2.
(1 + )

For convenience, the theorem in [21] is stated here:

Theorem 5 (Castillo-Chavez and Song) Consider the following general system of ordinary
differential equations with a parameter ¢:

dx

P Ffx,¢), f:R" xR — R and C*(R" x R), (13)

where 0 is an equilibrium point of the system (that is, f (0,¢) = 0 for all ¢ and assume

Al: A = D,f(0,0) = (;}{’/ (0, O)) is the linearization matrix of system (13) around
the equilibrium 0 and ¢ evaluated at 0. Zero is a simple eigenvalue of A and other
eigenvalues of A have negative real parts;

A2 : Matrix A has a right eigenvector w and a left eigenvector v (each corresponding to
the zero eigenvalue);

Let fi be the k' component of f and:

n 2 n 2

0” fi 0° fi

a= Z B 0,0, b= Z wwi g oy (00
k,ji=1 k,i=1

The local dynamics of the system around 0 is totally determined by the signs of a and b.

i: a>0b>0. Wheno < 0with |¢p| < 1, 0 is locally asymptotically stable and there
exists a positive unstable equilibrium; when 0 < ¢ < 1, 0 is unstable and there exists
a negative, locally asymptotically stable equilibrium;

ii: a<0,b<0.When ¢ < 0with |¢p| K 1, 0 is unstable; when 0 < ¢ < 1, 0 is locally
asymptotically stable and there exists a positive unstable equilibrium;

iii: a>0,b<0. When ¢ < 0 with |¢| < 1, O is unstable and there exists a locally
asymptotically stable negative equilibrium; when 0 < ¢ < 1, 0 is stable and a positive
unstable equilibrium appears;

iv: a <0,b > 0. When ¢ changes from negative to positive, O changes its stability from
stable to unstable. Correspondingly a negative unstable equilibrium becomes positive
and locally asymptotically stable.
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Computation of a and b For system (12), the associated non-zero partial derivatives of f (at
the DFE ) are given by:

?f _ Pll-—an+(-alp  *fH_ 28*0—a)p
0x20x3 - A ’ ax% - A ’
3’ f 2651 —az)e 3*p 3% f>
S = , .= —ap, .= —a).
8x3 A 3)623/3 3)633/3

It follows from above expressions that:

3 2
d
a=uwv ) wiwj8xi£‘cj(o,o),
k. j.i=1
=_m4?ﬁWWWpﬁn+ﬁa_mn+ﬁﬁ(Amm+ﬁﬁ(A“m)<o

and

3 2
0 fi
b = ; 0,0),
vzk;w‘axiw( )

v2 [(1 —apw2 + (1 —3) )wz} > 0.

(1 + 14
We get a < 0 and b > 0. From (iv) of the above theorem it implies that the unique
equilibrium point of model system (12), which exists whenever Ry > 1, will be locally
asymptotically stable when Ry > 1 and 8* < Sy with By close to 8*. This establishes the
following theorem.

Theorem 6 The unique endemic equilibrium &, is locally asymptotically stable for Ry > 1.

4 Analysis of the full model

The full HIV-TB co-infection model has four equilibria, namely, disease-free equilib-
rium &, TB-only equilibrium &, HIV-equilibrium £* and endemic equilibrium point £**
(associated with the existence of co-epidemics).

The TB-only equilibrium point & = (S, 1, 0, 0, 0, 0) is obtained by setting I, = I3 =
I4 = 0 = I5 and is given by:

A ARy — 1)
(+uD)Rr =D +u (w+p)(Rr = 1) +p
The HIV-only equilibrium point £* = (5*, 0, I3, 0, I}, 0), is obtained by setting I} = I3 =
0 = I5, where:

éz(S,il,o,o,o,m:( ,0,0,0,0)).

(n+ p2 + ) N*

§* =
Bu {(1_“1)"'(1_“3)114?#4}
PR (w+p2+1) N*
. _ ,
n+ s+ ﬂH{(l—a1)+(l—a3)Mi‘M}
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ko T * * 2 : .
Ij = b and N* is given by:

. AﬁH[(l_“l)+(1_a3)ujrlu4}

) [ {0 o) + (=), 2} = Gt 0] st )
System (3) has co-existence equilibrium E** = (S**, I 1 15, 1), 15**), where:

A —n)+upu+pu +yniA

sok
ST Gr b W — )+ ) + Oy’
11** _ AT A ’

A +Ag + W Ag(A =) +pu+ i} + Gy +wWyn
e Aoy +p+u3 + )8 +aoyig(l —n)I*
2T (a4 us + 1) + (0t po + Ty
13** _ Au(l _n)ll**'i‘d’l)\TIz**

wyt+ut+ust+n

e (14 pus +ya)t ¥ + youn IJ*
YT (w+ps + yow) (it s) + (1 ps) oy
15** _ ‘L'213** +¢2)\.TII*

p+ps+yas

From the above expressions it is clear that all the variables $**, I}*, I;*, 13**, I, I;*
can be written in terms of A7 and Ap. Now using the expressions for A7 and Ag, the
following two equations give the system of two non-linear equations in A7 and A g, which
can be solved for A7 and Ag:

A (8% I+ T LT 1) = Br (17 + 3+ 157).
AuBr (I + L7+ 157) =arBu {1 —a) "+ 1 —a)m 7+ (1 - ea) " + (1 — aa)n[57} .

Once we know A7 and Ay, our co-existence equilibrium E** = (§**, I, o, I3,
1", 15*), is completely known.

4.1 Local stability of disease-free equilibrium (DFE)

Model (3) has a DFE given by & = (5°, 0, 0,0, 0,0) = (f) 10,0,0,0,0).
Using the next generation matrix method the reproduction number Ryr has been
calculated for which associated F and V matrices are given as:

Br 0 Br 0 Br
0 Bl —ay) Ba(l —ax)m Bu(l —a3) Ba(l —ay)n
F = 0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
(m+pmr+yn) 0 0 0 0
0 (1 ~+ p2 +71) —oy 0 0
V = 0 0 ary + (4 pu3 + 1) 0 0
0 -1 0 (1 + pa) —yo4
0 0 ) 0 (u+ ps) +yoq
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Here, it is shown that the associated reproduction number Ry 7 is given by:
Ryt = max{Rr, Ry}
Again using Theorem 2 in [22] the following result is established.

Lemma 3 The DFE of the full HIV-TB model (3), given by &, is locally asymptotically
stable if Ryt < 1 and unstable if Ryt > 1.

4.2 Local stability of TB-only and HIV-only equilibrium points
The variational matrix corresponding to system (3) at the TB-only equilibrium point is given
by:

miy mi mi3 mi4 Mis mie

my| myy M3 M4 M5 Mg
0 0 m33 m3q m3s m3g

My = ,
0 0 my3 mag mys mye
0 0 7 0 ms5 msg
0 0 0 Ty NMe5 Meg
where
_ Bri BrSii _ _ ﬁTilz
min == (P +u) + I = (N2+“’
_ Br$? _ BrhS _ Bu(-ap§
le—_<N2)+V7]»ml3— N N >
52 1— S 08 1-a3)8
ml4=_<ﬂ£’2>_ﬂH( 15(2)7“ »m15=ﬂ},21 _ﬂH(NUS) ,
_ Brhs _ Br(1—ag)mS
mie = N2 N ’
_ Bri} _ Brh$
mar ="t my = =",
_ _BrSh _ a-npr-ani _ pr$?
m3 = — N2 - N , M4 = N
i 1—n)(1— i $2 1—n)(1— i
Mys = ﬂ}/zl _ (I=n }\”/a3)ﬂH U g = /3;72 _ Bu( '7)(](] ag)n L
SBr(1— i SBr(1—
m33 = ﬂH(K, a) WISQ,T P—(n+pa+11),myy = ﬂH(N”)”' + ooy,

S l—a S 1—a.
Mas = ﬂH(}(I 3)»m36: ﬂH(N 4)712,

Mmaz = (1—77)/3H151—011)1| + 45|/?§[T1|’,,n44 — (l—ﬂ)ﬂH(]\]/—DQ)mll — (4 3+ 4wy,

(1=m)pn (1-a3); — (= (-aimi

mas = o Mmae 0 ,
I
mss = —¢2’f§ b= (1t pa) ,mse = yau,
I
mes = 'PZ%T 'mee = — (1 + s + yau).
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Fig. 2 S-I; phase plane showing the stability of the disease-free equilibrium point & when Ry =
0.8888889, Ry = 0.9077159

It is easy to observe that the eigenvalues of this variational matrix are the roots of the
following polynomials:

Y2 — (m1y + mp)y + (myyma — mipmay) = 0 and
U+ a3v + aov? +a v +ap =0,

where

az = —(m33 + maq + mss + mee)

ay = m33(mag + mss + mee) + Mssmee — MesMmse + maa(mss + mee) — T2Mag — M43mM13 — TYM35
ay = —m33 {mssmec — MesMmse + Mag(Mss + mee) — Tam4ae}

—maq(mssmee — Mesmse) — T2(MagMse — Maehss)

+my3my3(mss + mee) — Tam3e — TiM34My4s + m3s(Maq + Me6) Ty — TIM36M65,
ag = m33 {mag(mssmee — mesmse) — T2(M4s5mse — Magmss)}

—my3m 3(mssmee — MseMes) — M43T2(M35Ms6 — M36M55)

+T1m34(masmee — Maeies) + Ty T2amM3sM46

—T1m3sMmaaMmes + T1m36(Magmes — Tamys)

It is easy to visualize that the co-efficient of i and the constant term in the first quadratic
equation are positive, which implies that the roots of this quadratic are either negative or
have negative real parts. Now using Routh-Hurwitz criteria, the biquadratic equation will
have roots with negative real parts provided a3 > 0 and ajazaz — a% — aoa32 > (. Hence by
the Routh-Hurwitz criteria the equilibrium point Eis locally asymptotically stable provided
a3 > 0and ajazaz — "12 — aoag > 0.

The variational matrix corresponding to system (3) at the HIV-only equilibrium point £*
is given by:
ni1 N2 R13 N4 N5 N6

0 nyp 0 ny 0 no
n3p n32 n33 N34 n3s n3e
0 nap 0 nag 0 nyge |’
0 nsy ns3 ns4 nss nsg
0 nex 0 nes 0 neg
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where
ni=—[Bu {0 —aDli + (1 —a3) I} +pu]+ ﬁH{(lial)g*er(F%)lz}
Ny = S]*ﬁr + ﬂH{(l—dl)]?*;-(l—d3)lj‘} g
ni; = *ﬂH(}lV:al)S* + ﬁH{(lfotl)I?*VJ;;lfm)lf}S*
nig = IS Buli—eoms” | ﬂn{ﬂ—m)lz;;za—as)lz}S*
nys = ﬁH(ll;gz)S* + ISH{(]—QI)I{I-:Z(I—&QII}S*
i = ﬂH(l—ﬁf)nzS* n ﬁH{(I*al)IiIJ:Z(I*QS)IZ}S*
noy =P - [ﬁH{(l_a')gJ(l_%)q} (I—m) 4 p+pm + y’l]
Ny = ﬂ,T\,f*
na6 = ’3]7\,;?*
n3| = ﬁH{(I*al)g:(I*QS)IZ} _ S*ﬂH{(I*m]:,ng(l*%)lf}
Ny = S*ﬁH{(l—Otl]z’g+(1—0t3)lf} _ (bl]lé‘*ﬂr
iy = S P ) g, e
N = S*ﬂy(]ll:otz)m _ S*ﬂH{(I*QII:,{é;Jr(l*O‘S)If}
Nas = S*ﬂH]\(Iifm) _ S*ﬂH{(l—m]\)/iz?(l—as)lI}
N3 = S*ﬁH(]l}:w,)nz _ S*ﬂH{(lf"ﬂ;’g“l*"G)If} _ lPllléiﬂT
Nay = ﬂH{ﬂ—m>1§J;\§1—a3>1:}(1—n> n ¢.Ilv;*ﬂr
nag = ¢111\,2?T —(u+p3+n+ay)
nas = ¢1]1V§*ﬁr
nsy = _¢21[§*/3T
ns3 =11
ngy = _¢2}1\§’*ﬂr

nss = —( + u4)

¢ 1} Br
nse = — N« TYo4
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Fig. 3 S-I; phase plane showing the stability of the disease-free equilibrium point & when Rr =
0.8888889, Ry = 0.9077159

_ Gl Br
ney = N
DI Br
ne4s = I\j* + 10

nee = —( + us + yoq)

The eigenvalues of this variational matrix are the roots of following two cubic equations:
Vg’ + gy e =0

v+ AYE+ ALY+ f3 =0,

where
g1 = —(n22 + naq + nep)
82 = N4angg + n22(n4s + nee) — Neanae — N24N42
83 = N2NeaNae + N24NadNee — N24NE2N46 — N22N44T166
fi = —(n11 + n33 +nss)

Sf2 = n33nss +ni1(n33 + nss) — ni3n3; — n3sns;

f3 = n3ini3nss + niin3sns3 — n1n33nss — n3n|sns3.

Using Routh-Hurwitz’s criteria, this equilibrium is locally asymptotically stable provided
g1 >0, f1 >0,g182 —g3 > 0and f; f> — f3 > 0. Hence we conclude that when both
the reproduction numbers are greater than one then the local asymptotic stability of any
boundary equilibrium i.e., TB-only or HIV-only equilibrium point is not guaranteed. They
are locally asymptotic stable only under some restriction on the parameters.
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Fig. 4 S — I, phase plane showing the stability of the TB-only equilibrium point € when Ry =
1.111111, Ry = 0.9077159

4.3 Bifurcation analysis of the full HIV-TB model

Consider S = x1, 1 =x3, b =x3, 13 = x4, 14 = x5,Is =xgand N = S+ 11 + L+ I3+
14 + Is. Model system (3) can be rewritten in the following form:

d;tl = fl = A —)\.T)Cl _)\-Hxl — KUX1 +V’Ix2

o = fy = arx) — g (1 — Dy — pxs — px2 — ynxo

déﬁ = f3=Aux1 — p1Arx3 —ooyxs — (U + p2 + 71)X3
(14)

dxy

g = Ja=2n(1 —mx2+ ¢1Arxs —a2yxs — (L + 13 + T2)X4

dff = f5 = T1x3 — P2A7xs — (U + H4)X5 — YoaXe

li¢¥6

gt = Jo = ¢2drla + Taxa — (W + us + yoa)xe

To analyze the dynamics of full model (3), we compute the Jacobian of (14) at the DFF &
denoted by J(&).

—K —Br +yn —Bu (1 —a1) K —Br (1 —a3) Kz
0 Br—(u+wm+yn 0 Br 0 T
T(E) = JF = 0 0 K3 B (1 —a)n +axy Bu(l—a3) Ki
0)=1J = 0 0 0 —ay — (U + us + 1) 0 0
0 0 71 0 — (W4 pna) you
0 0 0 %) 0 Ks
Here, K1 = —B7 — Bam (1 —a2), K2 = —Br — Bu(l —ag)m, K3 = Bu(l —ay) —

(L4 p2+71), Kg = Br(1 —ag)nz, Ks = —(u + us) — yas.

The four eigenvalues of this matrix are —[aoy + (4 + u3 + )], —u, Br — (W + p1 +
yn), —(u + us 4+ yaa) and the other eigenvalues are the roots of the following quadratic
equation:

W= (Bu(l—a) = (+ 2 +11) — (1 + pa)r+ (i + 2 + 1) (e + pa)(1 — Ry ) =0,

which has a zero eigenvalue for Ry = 1.
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Fig. 5 S — I phase plane showing the stability of the TB-only equilibrium point £ when Ry =
1.111111, Ry = 0.9077159
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Fig. 6 S—I; phase plane showing the stability of the HIV-only equilibrium point £* when Ry =
0.8888889, Ry = 1.210288
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Fig. 7 S — I, phase plane showing the stability of the HIV-only equilibrium point £* when Ry =
0.8888889, Ry = 1.210288
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Fig. 8 I} — I, phase plane showing the stability of the co-infection equilibrium point when Ry =
1.666667, Ry = 1.210288

Consider the case when Ry > Ry ie., Ryt = Ry and Ryt = 1. Choose By = B* as
the bifurcation parameter.

Eigenvectors of J; For the case when Ryr = 1, it is shown that the Jacobian of
(14) at By = PB* has a right eigenvector and a left eigenvector given by w =
[wi, wa, w3, wa, ws, we]? and v = [vy, va, v3, V4, Vs, Vsl, respectively, where,

B —apws + (1 — a3)ws}

wp = — .
n
wy = 0= w4 = we,
ws > 0,
(1 + na)ws
w3y = .
7]

J; has a left eigenvector v = [vy, v2, v3, v4, Vs, Ug], Where,

v =0=1v, vs5=v5>0,
(1 + ua)vs

V3 = s
B*(1 —a3z)

vy = (B*(1 — o) + a2y )v3 + 1206
ary +(n+p3)+1n

ve = yasvs + (1 — a4)712v3_
(1 + pus + yoa)

Computation of a and b Computing the non-zero partial derivatives associated with F at
DFE, the expressions for a and b (defined in Theorem 5) are given as:

0fs _ 2 —ap  fs _ FlA-an+(-a)ln  9fs _ 271 —apu

2
0x5 A

- )

ax3 A T 9x30xs A
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Fig. 9 Variation of I; and I3 with time, showing the effect of rate of screening of TB where all other
parameters are as stated for the co-infection equilibrium point
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Fig. 10 Variation of I, and /3 with time, showing the effect of rate of screening of HIV where all other
parameters are as stated for the co-infection equilibrium point
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Fig. 11 Variation of /1 and I with time, showing the combined effect of rate of screening of both TB and
HIV where all other parameters are as stated for the co-infection equilibrium point

Again, we get a < 0 and b > 0. From (iv) of Theorem 5, it is clear that the unique non-
trivial equilibrium point of model system (3), which exists whenever Ry > 1, will be
locally asymptotically stable when Ry>Rr> 1 and B* < Bp with Sy close to 8*. This
establishes the following theorem.

Theorem 7 The unique endemic equilibrium E** is locally asymptotically stable for
13;] > 1?7‘ > 1.

1200
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200

| | | 1
0 100 200 300 400 500
Time

Fig. 12 Variation of /; and I3 with time for different 87, showing the effect of rate of transmission of TB
where all other parameters are as stated for the co-infection equilibrium point
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Fig. 13 Variation of /5 and I3 with time for different Bz, showing the effect of rate of rate of transmission
of HIV where all other parameters are as stated for the co-infection equilibrium point

4.3.1 Global stability of disease-free equilibrium

Here, we list two conditions that need to be satisfied to guarantee the global asymptotic
stability of the disease-free state. Following Castillo-Chavez et al. [23], we rewrite model
system (3) as follows:

5s)

X'(t)=F(X.Y),
Y' () =G(X,Y), G(X,0)=0.

where X = Sand Y = (I3, b, I, 14, Is)T with X € R denoting the number of uninfected
individuals and ¥ € ]R§r denoting the number of infected and co-infected individuals. The

disease-free equilibrium is denoted here by Ep = (Xp, 0) = (2 ,0,0,0,0, 0).
The conditions (H;) and (H;) below must be met to guarantee global asymptotic
stability.

H;: ForX'(t) = F(XU,AO), Xy is globally asymptotically stable (g.a.s.),
Hy: G(X,Y)=AY -G(X,Y),G(X,Y)>0for(X,Y)eD.

Here A = Dy G(Xp, 0) is an M-matrix (the off-diagonal elements of A are non-negative)
and D is the region where the model makes biological sense. If model system (15) satisfies
the conditions H and H», then the following result stated in Theorem 8 holds.

Theorem 8 The fixed point Eq = (Xo, 0) is the globally asymptotically stable equilibrium
of system (3), provided Ryt < 1 and the conditions stated in H| and H, are satisfied.

Proof In Section 4.1 we have proved that for Ryr < 1, & is locally asymptotically stable.
Consider

F(X,0)=A—uS,G(X,Y) = AY — G(X,Y),
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where
Br — (u+p1 +yn) 0 Br 0 Br
0 Ba(l—a)—(n+pu2+7) Bu(l—a)m+ay Bu(l—a3) Bu(l—a)m
A= 0 0 —oy — (U + u3z + 1) 0 0
0 7 0 —(n+ pa) you
0 0 153 0 — (1 +ps) —you
Then
Gi(X, ¥) Bri+L+1) (1= 3)+an (1=m 1 ‘
. Ga(X. 1) Bull—a) b+ —a)mb+ (I —a3) s+ —an)mis) (1= )+ Ardi I
GX. V) =] GX, V) | = —QuA=n)I +rré1h)
G4(X,Y) PoAr Iy
Gs5(X,Y) —¢oArly

Notice that the matrix A is an M-Matrix since all its of-diagonal elements are non-
negative, where as to establish the result of global stability of &), we need to prove
G(X,Y) = Obuthere G3(X,Y) < 0and Gs(X, Y) < 0. This implies that the DFE (&) is
not globally stable.

5 Numerical simulation

Numerical simulations are carried out in XPP [24] to visualize the dynamics of the HIV/TB
full model (3) using various sets of parameters. Here Figs. 2 and 3 demonstrate the stability

of disease-free equilibrium & = (/[: ,0,0,0,0, 0) for the set of parameters described in

Table 1. Here all the parameters are in yr~'. The basic reproduction numbers R7 and Ry
for this set of parameters are 0.8888 and 0.9077 respectively and & = (12500, 0, 0, 0, 0, 0).
That means the two diseases disappear from the population. The stability of the TB-only
equilibrium point is demonstrated in Figs. 4 and 5, where the parameter Sr = 0.1 and all
other parameters are the same as listed in Table 1. Here R = 1.1111 and Ry = 0.9077
and the TB-only equilibrium point is given by £ = (9782.609, 1086.957, 0, 0, 0, 0). In this
case the disease-free equilibrium is unstable and HIV-only and co-infection equilibria do
not exist.

Now system (3) is again simulated by changing the parameter 8y as 0.12 and keeping
all the other parameters as listed in Table 1. For this set of parameters R = 0.8888889 and
Ry = 1.210288. Here TB-only and co-infection equilibria do not exist and the disease-
free equilibrium point is unstable. Figures 6 and 7 are demonstrating the stability of the
HIV-only equilibrium point £*, which is (7581.92,0,1167.57,0,426.81,0). When both the
reproduction numbers Ry and Ry are greater than one then there is a possibility of sta-
bility of co-infection equilibrium £**, which is demonstrated in Fig. 8 for the parameter
values described in Table 1, except fr = 0.15, By = 0.12. For this set of parameters
Rr = 1.666667, Ry = 1.210288. The TB-only equilibrium &, the HIV-only equilibrium
&* and the co-infection equilibrium £** are given by (4687.5, 3125.0, 0, 0, 0), (7581.92, 0,
1167.574,0,426.8125, 0) and (4067.9, 2166.5,451.85,223.72, 148.2, 113.17) respectively.
It is observed that whenever the co-infection equilibrium £* exists it is locally asymptoti-
cally stable and in this case the other equilibria become unstable. That means for Ry > 1
and Ry > 1, both the diseases will co-exist.

In Fig. 9, the effect of screening TB patients is shown, which shows a significant decrease
in the number of TB-infectives with an increase in rate of screening. Similarly the effect of
screening in HIV patients is also considerable as the number of HIV infectives is less with
the rise in rate of screening. This fact is demonstrated in Fig. 10. The combined effect of
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rates of screening of TB and HIV is demonstrated in Fig. 11, where both the TB and HIV
infectives decrease significantly with the increase in the rates of screening of TB and HIV.
The effects of rate of transmission of TB are demonstrated in Fig. 12, where it is observed
that with the increase in this parameter the equilibrium levels of the TB infectives and the
co-infected population increase. Similarly with the increase in the rate of transmission of
HIV, the equilibrium level of HIV infectives and the co-infected population increase, which
is demonstrated in Fig. 13.

6 Conclusion

In this paper we formulated and analyzed a mathematical model for HIV/AIDS-TB co-
infection with screening and treatment of both HIV and TB infectives. The reproduction
numbers corresponding to both TB and HIV were computed. The existence and stability
of various equilibria were also discussed. We found that the system always tends to the
disease-free equilibrium point if the basic reproduction numbers Rr and Ry corresponding
to TB and HIV respectively, are less than one. We have shown that the coinfection equi-
librium point is locally asymptotically stable whenever it exists. Our numerical simulation
showed that the screening of HIV infected people plays a very important role in controlling
the spread of this disease. From our presented results, it can be easily seen that the rate of
screening of TB has a positive impact on the reproduction number (R7) corresponding to
TB, i.e., with an increase in the rate of screening of TB infectives, the reproduction number
Rt decreases. Thus we concluded that with an increase in the rate of screening of TB, i.e.,
n, the number of TB-infectives decreases, which is reflected in numerical simulation too.
Also it is easy to observe that both the reproduction numbers Ry and Ry can be reduced
below one by increasing the rate of screening for TB and HIV, leading the disease-free equi-
librium to be stable. Also numerical simulation suggests that the rates of transmission of
both TB and HIV should be decreased, as an increase causes a rise in the number of infec-
tives at the equilibrium level. Hence, we can conclude that a strong coordination between
the national TB and AIDS control programs is required for the effective management of
HIV-TB patients.
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