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Abstract The purpose of this study was to replicate and extend a previous study

by Burns (Education and Treatment of Children 28: 237–249, 2005) examining the

effectiveness of incremental rehearsal on computation performance. A multiple-

probe design across multiplication problem sets was employed for one participant to

examine digits correct per minute and percentage of digits correct on problems

targeted during treatment and response maintenance sessions. Treatment occurred

twice weekly across 12 weeks. Retention of target facts was measured prior to each

treatment session. Treatment impact on generalized skills including single skill

mastery probes, multiplying fractions, and word problems was examined. Results

suggested that the participant achieved accurate and fluent performance on the

problem sets. This performance was maintained over time and generalized to SSM,

fraction, and word problem probes.
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Introduction

According to a report from the National Mathematics Advisory Panel (2008), U.S.

students cannot solve single digit addition, subtraction, multiplication, or division

problems as quickly or efficiently as students from other countries. The National

Mathematics Advisory Panel suggested that differences in computational fluency
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were related to the quantity and quality of practice within the classroom. That is,

teachers do not provide enough opportunities to practice basic facts (Daly et al.

2007) and few textbook curricula include sufficient activities to facilitate fluent

computation performance (National Mathematics Advisory Panel 2008). Insuffi-

cient practice may limit students’ ability to access and understand higher level math

concepts (Gersten and Chard 1999) and the absence of computation fluency is

common among students identified as having a specific mathematical learning

disability (Gersten et al. 2005). Given the frequent absence of practice in school, a

first-line intervention for students struggling in mathematics may be to provide

interventions that provide multiple opportunities to practice basic facts.

Binder (1996) suggested as much as 70% of instructional time be devoted to

practice activities. Practice has been described as brief opportunities consisting of

modeling, feedback, and reinforcement (Daly et al. 2007) that use appropriately

challenging materials (Burns et al. 2006). Two forms of practice have been defined

in the literature (Haring and Eaton 1978; Johnson and Layng 1996): (a) drill, which

is the practice of isolated items; and (b) composite practice, which requires the use

of learned component responses in combination with previously learned responses.

Some researchers have suggested that drill is the most critical form of practice

(Cohen et al. 1992) while others (Haring and Eaton 1978) have suggested that drill

and composite practice each serve separate roles in fluency building. Haring and

Eaton postulated that the former may facilitate proficiency and the latter may lead to

retention, maintenance, and generalization. To date, limited evidence is available to

describe the relationship between prerequisite computation skills, retention, and

generalization.

Unfortunately, a paucity of research exists on mathematics computation

interventions (Codding et al. 2009). Of the 12 interventions identified in a recent

review of computation treatment research (Codding et al. 2009), only half had been

evaluated in three or more studies. Incremental rehearsal is a drill intervention that

incorporates many of the aforementioned critical elements of practice as each item

is practiced in isolation, students have frequent opportunities to practice items, and

items are presented within an appropriate range of challenge by pairing known with

unknown items in the practice sequence (Burns 2005). Although this intervention

has produced promising findings (Codding et al. 2009), only one study to date has

examined the use of incremental rehearsal with mathematics (Burns 2005). Using a

multiple-baseline across students design, Burns administered incremental rehearsal

to three students with learning disabilities in mathematics using multiplication as

the target skill. Incremental rehearsal lead to increases in digits correct per minute

(DCPM) for all students and the percentage of non-overlapping data was 100.

Although promising, no maintenance data were collected for this study and

generalization of these skills (other than the M-CBM probes) to other related skills

was not measured.

The extent to which an intervention produces results that generalize across time,

stimuli, and responses is the ultimate test of any treatment (Daly et al. 2006) and

may only then correspond with continued use in real-world settings (Evidence-

based Intervention Work Group 2005). Despite being a critical test for treatment use

(American Psychological Association 2002), Codding et al. (2009) found that only
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38% of all computation intervention studies evaluated maintenance of performance

following treatment and 11% examined generalized treatment effects. Although

some researchers have suggested that generalization may not be spontaneous and

often requires programming (Stokes and Baer 1977), other researchers postulate that

generalization is associated with the level of skill proficiency achieved (Haring and

Eaton 1978; VanDerHeyden and Burns 2008). According to Haring and Eaton

(1978), learning progresses through a series of stages beginning with acquisition of

the skill (i.e., accurate responding), leading to skill fluency (i.e., rapid and accurate

responding), and progressing to generalization. However, research has yet to

confirm the progression of these stages (Martens and Eckert 2007) or whether

performing a skill with high rates of fluency results in retention, response, or

stimulus generalization (Binder 1996). VanDerHeyden and Burns (2008) provided

preliminary support for the link between retention of skills and generalization by

indicating that students with performance rates of 17 (grades 2 and 3) and 29 (grades

4 and 5) DCPM on retention probes also achieved proficiency on the Stanford

Achievement Test (9th edition; Harcourt Brace 1997). Mayfield and Chase (2002)

identified a link between retention of computation skills and application to novel

math tasks. Lin and Kubina (2005) also found strong correspondence (r = 0.74)

between single- and multiple-digit multiplication fluency, providing evidence that

increases with fact fluency early in the skill hierarchy can lead to improvements in

more advanced skills. Taken together, these studies suggest that skill proficiency or

mastery may evoke some forms of generalization; however, additional research is

needed linking treatment options to generalized outcomes.

Purpose of the Present Study

The purpose of this study was to replicate and extend the literature on incremental

rehearsal. In addition to examining the impact of the intervention on the accuracy

and DCPM of three sets of unknown problems, we examined retention of facts from

session to session, and stimulus generalization to subskill mastery (SSM)

multiplication probes (facts 3–9), fractions, and word problems. Additionally, we

examined pre-post performance on the grade level general outcome measure. We

expected the participant to improve on the generalized measures once she achieved

proficiency in each of the problem facts presented during incremental rehearsal.

Method

Participant and Setting

The participant, Sarah, was a 12-year old, seventh grade, Hispanic girl from a mid-

sized northeast suburban middle school (grades 6–8). Sarah was referred in January

of the academic year to the grade level student support team for difficulty in

basic multiplication facts. Sarah participated in general education classes, was not

diagnosed with a learning disability, and English was her primary language. As

part of the standard curriculum in seventh grade, Sarah participated in two
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mathematics courses (Interactive Mathematics, Number Sense & Geometry). The

ethnic composition of the middle school was as follows: (a) 51% African American,

(b) 22% Caucasian, (c) 16% Asian, (d) 9% Hispanic, and (e) 2% Multi-Race.

Approximately 45% of students enrolled in the middle school were from low

income backgrounds and 41% were English Language Learners. According to a

state assessment of seventh graders’ mathematics performance, 30% of students in

the district performed at or above proficient levels (Massachusetts Department of

Elementary and Secondary Education 2009).

The interventionist met individually with Sarah in an empty room within the

library during school hours twice weekly for 20 min at a time designated as

appropriate by Sarah’s math teacher and did not interfere with regular academic

instruction time.

Materials and Measures

Pre- and post-intervention general outcome measures (GOM)

In order to assess Sarah’s grade level computation performance, one GOM mixed

skill probe from AIMSweb (Shinn 2004) was administered before and after

treatment. Reliability for computation GOMs is adequate (r = .83–.93; Shinn

2004). Criterion validity ranges from .36 to .62 (Thurber et al. 2002). Each probe

was administered for 4 min consistent with standard administration procedures and

scores represent total digits correct.

Subskill mastery measures (SSM)

During the study, Sarah’s performance was assessed using SSM probes that were

created according to the procedures described by Shapiro (2004) and administered

using standard directions (Shinn 1989). Each probe was administered for 2 min. A

random numbers simulation program was used, thereby randomizing the selection

and order of the problems for each probe. Each SSM probe contained 56 problems

(8 rows, 7 columns) and included any basic multiplication facts ranging from 3 to 9.

Research has supported both the reliability and validity of SSM in mathematics. The

test–retest (r = .79) and parallel forms (.61 \ r \ .79) of reliability for multipli-

cation SSM are adequate (Foegen et al. 2007).

Problem sets

Thirty multiplication facts were divided into three sets (A, B, C) containing 10

problems each. Problem sets are commonly used to evaluate performance when they

are consistent with the sequential teaching of computation facts (e.g., Skinner et al.

1989; McCullum et al. 2006). For each set of problems, three different probes were

constructed containing 56 problems (8 rows, 7 columns) with each problem repeated

5 or 6 times across the problem set. Standard administration procedures (Shinn

1989) were used. These problem sets included 9 inverse facts.
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Fraction probes

Multiplication fraction probes without reducing (e.g., 8/9 9 3/6) were created using

the 30 unknown facts (using only digits 3 through 9) with Microsoft� Excel so that

each probe contained 32 problems (8 columns, 4 rows). Six different probes were

created. In order to provide consistency in administration, Sarah had 2 min to

complete each probe. Each fraction answer resulted in 3 or 4 digits and no improper

fractions were included.

Word problem probes

Using procedures from Stein et al. (2006), simple word problem probes were

created for multiplication facts 3 to 9. Two problem types were included: (a) those

with the word each or every (i.e., Keisha bought 6 bags of balloons. Each bag costs

$4. How much money did she spend?); and (b) those with the word per or a phrase

using a (i.e., The grocery store makes and packages brownies in their store. The

bakers put 6 brownies in a package. How many brownies would be in 8 packages?).

Six different word problem worksheets were created containing 25 problems each.

In order to provide consistency in administration, each probe was presented for

2 min.

Procedural integrity and intervention protocols

A typed intervention protocol consisting of scripted instructions for each step

contained in the incremental rehearsal procedure was created according to

procedures outlined by Burns (2005). An identical protocol was provided to an

independent observer. At the end of each protocol, spaces were provided for the

independent observer to mark the total number of steps completed during the

session and to calculate the percentage of steps completed.

Dependent Measures

The primary dependent variables were the number of digits computed correctly per

minute (DCPM) and the percentage of digits computed correctly across the problem

sets. A secondary dependent variable was used to examine the retention of known

facts between treatment sessions. The following dependent variables were used to

examine generalization: (a) total digits correct on grade-level GOM probes (pre-post

only), (b) DCPM and percentage of correct digits for SSM multiplication (facts 3–9)

probes, (c) DCPM on fraction probes, and (d) DCPM on word problem probes. The

following responses were scored as correct: (a) individual digits (even if the number

was reversed or rotated), (b) ‘‘place holder’’ numbers, and (c) digits below the line.

The following responses were scored as incorrect: (a) incorrect digits, (b) digits that

were correct but appeared in the wrong place value, and (c) omitted digits (Shapiro

2004).
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Procedures

General procedures

The second author was trained in CBM and intervention procedures by the first

author and conducted the experiment. Sessions occurred twice weekly for 12 weeks

and lasted approximately 20 min. Only 22 of 24 sessions were completed due to one

school absence and a shortened school day.

Pre- and post- assessments

First, seventh grade GOM math probes were administered before and after treatment

implementation to measure Sarah’s performance on seventh grade material. Second,

a fact assessment was conducted to determine Sarah’s known and unknown facts.

All multiplication facts from 0 to 12 were printed vertically on 3 9 5 index cards

with black numbers. The cards were shuffled in order to permit random presentation

of the facts. Known facts were those whose answer was identified correctly within

2 s (Burns 2005). No answers, incorrect answers, or correct answers that were

provided after more than 2 s had lapsed were scored as incorrect. Once the unknown

facts were identified, each was presented to Sarah a second time to confirm these

facts as unknown. This assessment was conducted twice across two sessions to

ensure accurate identification of known and unknown facts. All unknown facts were

missed across both sessions. Thirty unknown facts were identified through these

procedures and consisted of facts 3–9. Sarah did not know the ‘12’ facts; however,

given the number of unknown facts occurring earlier in the hierarchy, we did not

include these.

Baseline procedures

Problem set probes for the target skill were employed according to Shinn’s (1989)

instructions and no intervention components were added. At least one baseline

probe was administered across generalization measures.

Incremental rehearsal procedures

Standard procedures were followed according to Burns (2005). Prior to each

session, all 30 unknown cards were presented to Sarah in order to provide a measure

of retention from session to session. Any cards answered incorrectly, not at all, or

correctly after 2 s had lapsed were counted as unknown. Known and unknown facts

were recorded prior to each intervention session. A random selection of nine known

facts was identified from each pile. Working in problem sets beginning with A, the

first unknown fact with the answer was read aloud to Sarah by the interventionist

after which Sarah was asked to restate the fact with the answer. Next, the

interventionist presented Sarah with the first known fact. This sequence was

repeated so that the first unknown fact was presented followed by the first and

second known facts until all nine known facts were practiced after the first unknown
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fact (see Burns 2005). Once this sequence was completed, the first unknown fact

became the first known fact (replacing the last known fact) for the presentation of

the second unknown fact. Unknown facts were presented and rehearsed individually

as described above until the sequence was completed or three errors occurred (Burns

2005). The average number of items rehearsed each session was six. Following each

session two or three of the following were presented: (a) problem set A probe, (b)

problem set B probe, (c) problem set C probe, (d) fraction probe, (e) word problem

probe, or (f) SSM multiplication probe facts 3–9.

Experimental Design

A multiple probe across problem sets design was employed (Barlow and Hersen

1984). Following baseline each problem set was targeted sequentially beginning with

problem set A. Three follow-up sessions were conducted for problem sets A and B.

Follow-up data could not be obtained for problem set C as the school year ended.

Interscorer Agreement

Interscorer agreement was assessed for DCPM by having a second experimenter

independently score each probe. Comparisons between the two experimenters were

conducted on a digit-by-digit basis. Reliability data were collected for 50% of

sessions. Agreement was calculated by dividing the number of agreements per digit

by the number of agreements per digit plus disagreements per digit and multiplying

by 100 [(Agreements per minute/Agreements per minute ?Disagreements per

minute) 9 100]. Mean percent agreement for DCPM was 100%.

Procedural Integrity

Procedural integrity was assessed by an independent observer during 23% of the

sessions. A checklist, which was identical to the protocols used by the interven-

tionist, was created to assess procedural integrity for each intervention. The

checklist contained the following information: (a) the intervention steps, (b)

dependent variable administration steps, and (c) the materials required. Every

intervention and dependent variable administration step was described in detail and

included scripts that the interventionist was to follow. The independent observer

was required to record a checkmark for presence of the required materials and when

the intervention and CBM probe steps were correctly implemented by the

experimenter. The number of steps checked by the independent observer was

divided by the total number of steps listed for the procedure and then multiplied by

100. Procedural integrity across observed sessions was 99%.

Results

Sarah retained all 30 facts during the last three sessions of the 19 total intervention

sessions implemented. Sarah’s performance yielded an average gain of 2 problems
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per session (range, 0–6). Figure 1 presents the percentage accuracy and DCPM

results across problems sets. As can be seen from Sarah’s performance on the

problem set probes, these probes did not present equal levels of difficulty. Sarah’s

Fig. 1 Percentage of digits correct and digits correct per minute for the target skill across baseline,
intervention, and follow-up phases
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baseline performance was decreasing for problem set A (M = 28.3%), but was

variable for problem sets B (M = 72.6%) and C (M = 75.2%). Introduction of

incremental rehearsal produced immediate level changes for problem sets A and B

and a gradual increase for problem set C. Performance was maintained for problems

sets A and B at 100% following treatment termination.

Baseline performance for DCPM fell in the frustrational range (Burns et al. 2006)

for problem sets A (M = 3.8), B (M = 21.1), and C (M = 22.8). Baseline was

stable for problem set A but yielded slightly increasing trends for problem sets B

Fig. 2 Digits correct per minute and percentage of digits correct for the generalization SSM, word
problem, and fraction probes across baseline and intervention phases
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and C. Consistent with the percentage accuracy data, introduction of incremental

rehearsal produced level changes for problem sets A (M = 30.0) and B (M = 48.7)

and a gradual increase in trend for problem set C (M = 44.6). Performance across

all three problem sets met mastery level criteria ([49 DCPM; Burns et al. 2006).

This performance level was maintained across problem sets A (M = 55.6) and B

(M = 65.0).

Figure 2 illustrates generalization of practice on problem sets to SSM compu-

tation probes across all single-digit multiplication facts 3–9 as well as word problem

and fraction probes. Mean baseline performance for the SSM computation probes

(top panel) was 61.0% and for DCPM was 15.5. Although an immediate increase

was observed in percentage accuracy with the introduction of incremental rehearsal,

rates were variable following the first probe. During the last four intervention

sessions, percentage accuracy was 100%. For DCPM, a gradually increasing trend

was observed with the final sessions of the intervention corresponding to

performance falling in the mastery range. Stable performance in the final three

sessions reflects Sarah’s completion of every problem on the probe within the time

limit.

With the introduction of incremental rehearsal, percentage accuracy for word

problems (top panel) was consistent with that of baseline but eventually increased to

100% by the end of the treatment sessions. A gradual increase was observed for

DCPM, with the highest performance corresponding to the end of treatment. For the

fraction probes an immediate increase was observed for percentage accuracy

following introduction of treatment and these rates were maintained. An immediate

level change was observed for DCPM followed by a decrease in performance and

then an increasing trend.

Pre-post performance on the seventh grade GOM probe increased from 30 digits

correct during the last session of baseline to 51 digits correct on the same probe

administered during the 22nd session.

Discussion

The purpose of this study was to extend the research on incremental rehearsal for

mathematics computation as well as examine response maintenance and stimulus

generalization. This study extended previous research by examining pre-session

retained cumulative gains and post-session problem set performance. Consistent

with Burns (2005) we included SSM multiplication fact probes as a measure of

generalization but also examined target skill generalization on probes consisting of

fractions and word problems. Findings from this study are consistent with those

from Burns (2005) and support the use of incremental rehearsal to increase fluent

computation performance. This study also illustrates that incremental rehearsal

increases the percentage accuracy of computation performance. Cumulative

retention data taken prior to each session illustrated that a gradually increasing

trend with several plateaus was evident and generalization across similar stimulus

conditions was achieved following fluent performance across each set of problems

taught.
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Data examining generalization suggests SSM probes initially yielded an inverse

relationship between percentage accuracy and DCPM in that when percentage

accuracy was high DCPM was lower and vice versa, perhaps demonstrating the

transition between acquisition and fluent performance. This finding might be

consistent with Sarah learning to discriminate between which number combinations

produce which specific responses and illustrate that practicing these responses

among other known responses in the form of the SSM worksheet was initially

challenging (Haring and Eaton 1978). This finding seems to be consistent with

Haring and Eaton’s distinction between drill and composite practice. Drill may be

an important step towards building fluency but composite practice is likely needed

to yield response maintenance and generalization. The DCPM data for fractions

appeared to follow a similar trend; however, DCPM for word problems increased

more slowly. This is likely a function of the stimulus presented to Sarah; that is, the

fraction problems were more similar to the problem sets probes than the word

problem probes were. It is notable that DCPM performance across generalization

measures was highest during the last 4 sessions, consistent with the cumulative

retention data which demonstrated that Sarah had responded quickly and accurately

when presented with nearly all targeted 30 facts. Although Sarah demonstrated

mastery performance on problem set probes according to the criteria developed by

Burns et al. (2006), fluent performance on the SSM probe did not achieve

proficiency according to this criterion until Sarah also performed fluently on

problem set C.

There are several possible reasons for our results. These data appear to be

consistent with those from VanDerHeyden and Burns (2008) which suggests that

proficient performance leads to generalization on other related tasks. In the case of

this study the stimuli were very similar, placing the same targeted math facts in

slightly different contexts. That is, the SSM probes contained the identical unknown

problems practiced to fluency along with previously known facts. Likewise the

fraction probes contained the same 30 practiced facts but presented horizontally in

the form of fractions. Therefore the format under which Sarah was expected to

perform these facts were changed, however the facts remained the same. The more

similar the stimuli the more likely generalization will occur (Alberto and Troutman

2006). Less proficient generalization was observed with the word problem probes,

which requires that students recognize the math fact in the context of language. It

may be that this type of transfer is more difficult to achieve given the increasing

distance between the practiced and presented stimuli (Fuchs et al. 2009).These data

may suggest that stimulus generalization is possible following increases in fluency

on the target skill, the explanation for which can be found within the heuristic

provided by the instructional hierarchy (Haring and Eaton 1978). It is also possible

that, despite the probe nature of the experimental design, simply administering these

generalization probes offered opportunities to practice on multiple types of

exemplars (Cooper et al. 2007), thereby serving as specific strategy that promoted

generalization.

Although this study contributes to our understanding of incremental rehearsal and

generalization on computation performance, there are several limitations that

require attention. First, no replications of these data were included. Therefore, future
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researchers should replicate and extend this study by including more participants

and different target skills. Second, although a functional relationship between

treatment and the target behaviors was established such a relationship was not

established with the generalization data. Third, given the probe nature of these data

it is difficult to determine why percentage accuracy increased substantially on the

fraction probes between baseline and treatment. It is possible that the probes,

although randomly assigned to worksheets using Microsoft� Excel, sampled more

items at the start of the probe from the first set of 10 facts exposed to treatment.

Fourth, this study only examined treatment impact on stimulus generalization. It is

possible that response generalization is more difficult to achieve and requires

targeted programming. It would be useful to examine various forms of general-

ization that can be achieved following fluent performance with a target skill in

future research.

In summary, these data provide additional evidence that incremental rehearsal

improves accurate and fluent performance on target skills that can be maintained

following treatment and will generalize to similar stimulus conditions, illustrated

herein through probes consisting of word problems and fractions. Furthermore,

these data may support the notion that generalization can be evoked following fluent

performance as posited in the instructional hierarchy and demonstrated in previous

work (Lin and Kubina 2005; Mayfield and Chase 2002; VanDerHeyden and Burns

2008). Taken together these findings do not necessarily suggest that there are two

options for promoting generalization of academic skills, spontaneous or pro-

grammed, but perhaps also recognize that achieving skill mastery to an empirically

identified criterion can lead to generalization, at least on closely related stimulus

tasks. However, more research is needed to develop the relationship between skill

proficiency and generalization in the area of mathematics.
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