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Abstract Recent research efforts (Schmidt et al. in The preparation gap: teacher edu-
cation for middle school mathematics in six countries, MSU Center for Research in
Mathematics and Science Education, 2007) demonstrate that teacher development pro-
grams in high-performing countries offer experiences that are designed to develop both
mathematical knowledge and pedagogical knowledge. However, identifying the nature of
the mathematical knowledge and the pedagogical content knowledge (PCK) required for
effective teaching remains elusive (Ball et al. in J Teacher Educ 59:389-407, 2008).
Building on the initial conceptual framework of Magnusson et al. (Examining pedagogical
content knowledge, Kluwer, Dordrecht, pp 95-132, 1999), we examined the PCK

J. K. Lannin (X)) - K. Chval - R. Bruton
303 Townsend Hall, Columbia, MO 65211, USA
e-mail: LanninJ @missouri.edu

K. Chval
e-mail: ChvalKb@missouri.edu

R. Bruton
e-mail: rmmbpc@mail.mizzou.edu

M. Webb
316 Wright Hall, Cedar Falls, IA 50614, USA
e-mail: matthew.webb@uni.edu

F. Arbaugh
228 Chambers Building, University Park, PA 16802, USA
e-mail: efa2@psu.edu

S. Hicks
11000 Rockhurst Road, Kansas City, MO 65110, USA
e-mail: sarah.hicks @rockhurst.edu

C. Taylor

Department of Mathematics, Millersville University, Millersville,
PA 17751-0302, USA

e-mail: cynthia.taylor@millersville.edu

@ Springer
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development for two beginning middle and secondary mathematics teachers in an alter-
native certification program. The PCK development of these two individuals varied due to
their focus on developing particular aspects of their PCK, with one individual focusing on
assessment and student understanding, and the other individual focusing on curricular
knowledge. Our findings indicate that these individuals privileged particular aspects of
their knowledge, leading to differences in their PCK development. This study provides
insight into the specific aspects of PCK that developed through the course of actual
instructional practice, providing a lens for future research in this area.

Keywords Teacher knowledge - Beginning teachers - Pedagogical content knowledge

How beginning mathematics teacher knowledge develops

Despite widespread recognition that teacher knowledge impacts mathematics teacher
instruction and student learning, our understanding of teacher knowledge continues to
emerge. We know that growth in student achievement varies with teachers who have
similar backgrounds and classroom contexts due to differences in their content knowledge,
preparation, use of routines, and content coverage (Rowan et al. 2002). However, debate
continues about whether knowledge beyond content knowledge is critical for the effective
teaching of mathematics. Recent research efforts (Schmidt et al. 2007) demonstrate that
teacher development programs in high-performing countries offer experiences that are
designed to develop both mathematical knowledge and pedagogical knowledge. Despite
these findings, identifying the nature of the mathematical knowledge and the pedagogical
knowledge required for effective teaching remains elusive (Ball et al. 2008). In addition,
research by Hill et al. (2005) has revealed that specialized mathematical knowledge for
teaching (MKT) directly impacts elementary student achievement. Yet, despite its
importance to the teaching and learning, we need further insight into how mathematics
teacher knowledge develops.

Considerable research has demonstrated that the knowledge United States (US)
beginning mathematics teachers bring to the classroom is insufficient for them to teach
mathematics effectively (c.f., Ponte and Chapman 2006). Various policy documents pro-
vide evidence that policymakers are aware that a different type of knowledge for mathe-
matics teaching is necessary for effective mathematics teaching. For example, the U.S.
National Council for Accreditation of Teacher Education (NCATE) Standards for Middle
School Mathematics Teachers (2003) states that beginning teachers should “use repre-
sentations of mathematical ideas to support and deepen students’ mathematical under-
standing” (p. 2). Further, NCATE Standard 8 states that beginning mathematics teachers
should “possess a deep understanding of how students learn mathematics and the peda-
gogical knowledge specific to mathematics teaching and learning” (p. 3). Such knowledge
does not emerge through experiences that prospective teachers have as students in K-12
mathematics classrooms. Instead, such knowledge must be gained through teacher prep-
aration programs, professional development, and classroom experiences.

The purpose of the work presented in this manuscript is to characterize the development
of pedagogical content knowledge (PCK) for two purposefully selected beginning math-
ematics teachers. As such, the research question that guided this study was: What PCK
develops over 2 years for beginning mathematics teachers? This study provides insight into
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the complexity of knowledge development for mathematics teaching as we characterize the
differences in knowledge of mathematics teaching that developed for two beginning
teachers in the same teacher preparation cohort.

Theoretical underpinnings

In the following sections, we delineate the knowledge required for mathematics teaching
by providing background on the knowledge referred to as PCK and share our definition and
conceptual framework for PCK. In addition, we situate our study in prior research on the
development of PCK and share concerns that have arisen about the use of PCK as a
construct.

Pedagogical content knowledge

Shulman (1986) conceptualized the knowledge of content-area specialists that is necessary
for effective teaching. Shulman called this knowledge PCK and described it as a “special
amalgam of content and pedagogy that is uniquely the province of teachers, their own
special form of professional understanding” (p. 227). Researchers in mathematics edu-
cation have also delineated PCK components that extend Shulman’s (1986, 1987) original
conceptions. Marks (1990) clarified PCK for mathematics teachers by identifying four
components strands: knowledge of student understanding, knowledge of subject matter for
instructional purposes, knowledge of media for instruction, and knowledge of instructional
processes. An et al. (2004) utilized a PCK framework that included three components:
knowledge of content, knowledge of curriculum, and knowledge of teaching. In the past
decade, Deborah Ball and her colleagues (Ball and Bass 2003; Hill et al. 2004, 2008) have,
through investigations focused on elementary teachers’ knowledge, developed a construct
called MKT. As presented in Hill, et al. (2008), MKT is composed of two major categories:
subject matter knowledge and PCK. Subject matter knowledge contains common content
knowledge (CKT), specialized content knowledge (SCK), and knowledge at the mathe-
matical horizon. In this model, the authors characterized PCK as containing three com-
ponents: knowledge of content and students (KCS), knowledge of content and teaching
(KCT), and knowledge of curriculum.

In comparing the Hill et al. (2008) model of PCK (represented in the right-hand half of
the model) with the model we use in our work (represented in Fig. 1), we can correlate,
respectively, KCS with knowledge of student understandings within mathematics (e.g.,
knowledge that students have difficulty developing meaning for mathematical notation),
KCT with knowledge of instructional strategies for mathematics (e.g., knowledge of
particular mathematical representations that can build student understanding), and
knowledge of curriculum with knowledge of curriculum for mathematics (e.g., knowledge
of how mathematical idea develop across a unit or across grade levels). We adapted the
framework that Magnusson et al. (1999) initially developed for science teaching, because it
provides more insight into aspects of PCK, including knowledge of assessment (e.g.,
knowledge of what mathematical ideas are important to assess) that are not included in the
Hill et al. model.

A challenge for researchers as we attempt to identify PCK involves delineating the
relationship between knowledge and beliefs. We applied the definition of knowledge used
by Philipp (2007) that knowledge consists of “beliefs held with certainty or justified true
belief. What is knowledge for one person may be belief for another, depending upon
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Fig. 1 A model of PCK for teaching mathematics

whether one holds the conception as beyond question” (p. 259). Thus, we view teacher
knowledge as beliefs that are justified in the mind of the individual teacher. When we
discuss aspects of PCK, we recognize that we simultaneously address both knowledge and
beliefs that teachers have about teaching and learning mathematics.

Shulman argued that PCK includes the most useful forms of representation, the most
powerful analogies, illustrations, examples, explanations, demonstrations, pedagogical
techniques, and knowledge of what makes concepts. However, Shulman’s initial concep-
tualization of PCK can lead to confounding the type of knowledge with the quality of
knowledge, intimating that there is no such thing as weak PCK. This is analogous to how
Star (2005) argued that we view “conceptual knowledge” as connected knowledge that is
rich in relationships. However, Star notes that conceptual knowledge could contain
superficial connections. In a similar way, we view PCK as knowledge for mathematics
teaching that may or may not involve strong connections to the actual teaching and
learning of mathematics. For example, Marks (1990) noted that in his study that the
mathematical PCK of elementary teachers included knowledge that elementary students
could easily represent and interpret fractions as regions or as sets. In contrast, research
(e.g., Hiebert et al. 1991) has shown that elementary students have difficulty interpreting
various models as fractions. However, we do view the knowledge for teachers in the Marks
study as PCK for these teachers, despite the fact that researchers may view this knowledge
as lacking a deep understanding of the teaching and learning of fractions.

Development of PCK

Despite the importance and growing understanding that PCK impacts student learning,
little has been done to examine the development of PCK. Magnusson et al. (1999)
hypothesized that teachers may develop different PCK based on the influence of their
subject matter knowledge, pedagogical knowledge, or knowledge of the school context.
For example, a teacher with relatively strong pedagogical knowledge may develop dif-
ferent PCK than a teacher in a similar setting whose strength lies with subject matter
knowledge. However, little empirical work has been conducted in relation to PCK
development.

In one of the few studies on PCK development, Kinach (2002) examined the PCK of
pre-service secondary teachers related to adding and subtracting integers over the course of
a semester. Kinach found that changes occurred in what the pre-service teachers viewed as
a valid mathematical explanation. She applied an instructional model that emphasized the
importance of explaining, applying, justifying, comparing, contrasting, generalizing, and
contextualizing the mathematics that pre-service teachers often feel they already know.
However, it is unclear to us how the knowledge described by Kinach differs from the
knowledge of mathematics that we would expect for anyone with a strong mathematical
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understanding. In other words, it is unclear whether Kinach addresses PCK or simply a
deeper understanding of mathematics, as we would expect secondary students to explain,
justify, compare, and generalize their understanding of addition and subtraction of integers.

In another empirical study of PCK development, Horn (2009) investigated teacher
learning through their communities of practice in two separate high school mathematics
departments. Teachers who focused on streamlining the curriculum, without considering
student learning, did not develop their PCK as quickly or robustly as teachers in another
school who spent their energy working toward using high-quality instructional tasks. The
teachers whose knowledge grew more quickly and robustly were willing to interrogate
their instructional assumptions where the teachers in the other school were less likely to
challenge each other’s ideas.

As we can see from the work of Kinach (2002) and Horn (2009), theoretical challenges
exist regarding the definition of PCK though some research has demonstrated the impact
that increased PCK can have on instruction. However, we still lack insights that clarify and
characterize the development of PCK.

Empirical and theoretical concerns regarding PCK

Questions have been raised about the viability of PCK as a practical construct for exam-
ining teacher knowledge. However, recent research has demonstrated that such knowledge
exists, though further clarification of the different aspects of this knowledge is needed.
Marks (1990) conducted his initial work on mathematical PCK by interviewing eight
middle school mathematics teachers, six experienced teachers, and two novice teachers,
about their perceptions of what was “easy” or “difficult” to learn and what common
student errors occurred. He found that teachers often drew on many aspects of their
knowledge of subject matter, student understanding of the subject matter, media for
instruction, and instructional processes during the interviews. However, he was concerned
about the ambiguity that arose in attempting to distinguish between PCK and mathematical
content knowledge that would also be expected to exist for those outside the teaching
profession. Stones (1992) concurred with Marks (1990) about the ambiguities inherent in
the concept of PCK. Stones expressed further concern about the lack of meaning associated
with PCK and noted that such a distinction for knowledge provided little practical assis-
tance in examining teaching. The question of whether or not it is possible in practice to
make a clear distinction between subject knowledge and PCK was also expressed by
McEwan and Bull (1991) who argued that Shulman’s distinction between content
knowledge and PCK is unfounded. They stated that all mathematical knowledge has
pedagogical underpinnings.

Confusion also occurs among researchers about the difference between deep mathe-
matical understanding and PCK. Studies such as Kinach (2002) and Even and Tirosh
(1995) use PCK to mean gaining a deeper understanding of the mathematics that teachers
use in practice. For example, they focus on the recognizing valid mathematical explana-
tions for integer operations (Kinach) and recognizing whether (=) = 2 (examples
that Hill et al. 2008 refer to as specialized subject matter knowledge rather than PCK).
However, other researchers have identified particular aspects of MKT that only teachers
develop. For example, the recognition of specific examples when comparing decimals
(e.g., 0.345, 14.6, and 2.3) that lead to common errors with elementary students is
knowledge that mathematics teachers possess, but mathematicians and others with con-
siderable mathematical knowledge do not (Hill et al. 2004). Similarly, Hill et al. (2008)
identified PCK related to common mathematical student errors (e.g., that the slope of a
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linear function varies proportionally with the angle and the x-axis). Though PCK for
mathematics teaching has been further illuminated through recent research, further clari-
fication regarding the nature of this knowledge is needed.

It is clear that differences in perspectives and opinions of what PCK is exist. In addition,
few studies have been undertaken to examine the development of PCK. We adopted
Magnusson et al. (1999) framework to examine the development of PCK in two individuals
as they began their teaching careers.

Methods

The study reported in this manuscript draws on data from a larger study of mathematics
and science teacher PCK. Our research team, under the auspices of a 5-year research
project funded by the National Science Foundation (ESI-0553929), is engaged in empir-
ically grounding the PCK of mathematics and science teachers by developing frameworks
to characterize teacher knowledge. Situated in the context of an alternative certification
program (ACP), we study knowledge development of beginning teachers over a 2- to
4-year timespan, seeking to understand what knowledge pre-service and beginning
teachers bring to the program and how that knowledge develops over the course of the
program and into their first years of teaching.

To address the research questions for this manuscript, we analyzed data collected during
a larger longitudinal research project in which we study the knowledge development of
beginning mathematics teachers enrolled in an ACP. We further describe the ACP below.

Program context

The ACP is a 15-month program that prepares individuals with college degrees that include
strong mathematics backgrounds to become teachers. These individuals completed 32
credit hours of coursework that included general education and three content-specific
mathematics methods courses, leading to a master’s degree and teacher certification at the
middle school level.

In the summer prior to their internship, participants completed two courses: (a) a general
education course and the first of three mathematics methods courses. The first course was a
general learning theory and instruction course that included theories of classroom man-
agement. In this course, students learned about cognitive development and strengths and
limitations of various learning theories. The mathematics methods course emphasized the
content and process standards and the principles from Principles and Standards of School
Mathematics (NCTM 2000). The instructor provided an array of activities emphasizing
different aspects of assessment practices in mathematics, including the use of student
questioning as a means of informal assessment.

Two other mathematics specific methods classes followed during the school year when
participants worked as interns in a classroom. These courses continued previous themes
such as attending to student mathematical reasoning and adjusting instructional strategies
to deepen student mathematical understanding. These courses were designed to develop
knowledge specific to particular mathematical content, such as student ways of reasoning
in Algebra and the use of mathematical representations to help students understand geo-
metric concepts.

During our analysis for the larger study, we recognized that the teachers in our study
developed distinctly different aspects of PCK. In this study, we focus on two individuals,
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Keith and Lyle, who completed the program and achieved teacher certification at the
middle-school level. We purposefully selected these participants due to the differences that
emerged with the development of their PCK and due to the similarities in the grades that
they taught and the curricular materials that they used. Keith and Lyle served as illustrative
examples of these differences.

Keith completed his degree in broadcast journalism (though he took a finance position),
and Lyle graduated in Biochemistry with a minor in mathematics. Keith completed the
equivalent of a bachelor’s degree in mathematics while working for a bank. Lyle began a
doctoral program in Biochemistry and became interested in the teaching aspect of his
work, eventually being awarded a special teacher fellowship. However, he chose to pursue
middle school mathematics certification.

Their first year in the ACP included 20 h per week working in a supportive middle
school or junior high school (i.e., schools with students aged 11-14) with well-established
mathematics teachers. They taught approximately three mathematics classes per day and
completed coursework in the ACP.

Keith and Lyle’s mentor teachers allowed them to plan and implement instruction
within the classroom policies of their classrooms. Keith and Lyle interned for 32 weeks
using curricular materials from the Connected Mathematics Project (CMP) (Lappan et al.
2006). The CMP text is designed as an “investigative” style where problems are posed to
students; they work on the problems individually or in small groups and share their
mathematical reasoning. Keith interned in 8th and 9th grade classrooms, Lyle in 6th and
7th grade classrooms. After completing their certification program in the summer between
Year 1 and Year 2, Keith and Lyle took teaching positions at middle schools, teaching
grade 7, (students ages 12-13) where the textbook series was CMP. Keith taught for
36 weeks (i.e., the entire academic year) at a school where CMP was used for several
years; Lyle also taught for 36 weeks at a middle school that recently adopted CMP. See
Table 1 that summarizes the background and experiences for Lyle and Keith.

Data collection
We used an entry and exit instructional planning task (Van Der Valk and Broekman 1999)
and stimulated recall interviews (Pirie 1996; Schempp 1995) related to 4 days of mathe-

matics instruction per year during the participants’ mentored teaching placement and
during their first year of teaching.

Table 1 A comparison of Lyle and Keith’s backgrounds and experiences

Lyle Keith
Academic Background e Biochemistry undergraduate with a | ¢ Undergraduate degree in broadcast
mathematics minor journalism
e Began a doctoral program in o Completed the equivalent of a bachelor’s
Biochemistry degree in mathematics
ACP Coursework General learning theory and three mathematics methods courses
ACP Internship o 32 week internship in a 6™ grade e 32 week internship in 8" grade and 9™
(First year of data collection) and 7™ grade CMP classrooms grade CMP classrooms
e Supportive and experienced teacher | ¢ Supportive and experienced teacher
mentor mentor
First Year of Teaching Context | Taught 7™ grade CMP in a school that | Taught 7" grade CMP Project in a school
(Second year of data collection) recently adopted CMP that adopted CMP 3 years prior
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Table 2 Instructional planning task

Context: You are currently teaching a freshman (ages 14—15) mathematics class for 24 students in a
rural school. You sit down to write a 2-day plan focused on introducing the following topic:

Use algebra to represent and solve problems that involve linear relationships.

You plan to teach this sequence on Tuesday and Wednesday. Your school has 50-min class periods.

Task: Prepare a detailed plan for two 50-min class periods. Assume you can look through and use the
available resources in this classroom, but you may not use any textbooks or Internet resources.

As you develop your plan for these two class periods, provide as much detail as possible and be sure to
answer the following:

What do you want the students to learn?

Describe what will happen during the beginning, middle, and end of each class. What will you do?
What will the students do?

Describe what will be needed for these two class periods.

Prepare any handouts or overhead transparencies that you plan to use.

Instructional planning task and interview

As participants entered and exited the ACP, they completed the following task (see
Table 2):

Following the completion of this task, we asked questions specific to the four PCK
categories in order to document participant knowledge of students’ understandings,
instructional strategies, assessment, and curriculum. The interviews were audio recorded
and transcribed verbatim for later analysis.

Stimulated recall interviews during observation cycles

After the participants completed 8 weeks of coursework during their first summer, they
began a 32-week, 20-h per week mentored internship at the middle school level. They
taught approximately three mathematics classes per day and completed coursework in the
ACP. During both the fall and spring semesters of this field-based, mentored internship, we
collected data during a 2-day observation cycle for each participant. Each observation
cycle began with the participants selecting a specific mathematics class they wanted us to
observe them teach. They prepared two consecutive mathematics lessons for the periods
we scheduled to observe. Prior to conducting the observations, we conducted a pre-
observation interview where the participants discussed the mathematics lessons they would
teach as well as the knowledge they drew on when designing these two lessons. In addition,
we asked questions to gather data about their mathematics teaching orientations as well as
their knowledge of learners, instructional strategies, assessment, and curriculum.

We then observed, videotaped, and took field notes for the two consecutive lessons
taught to the same class. Following each lesson, we conducted a stimulated recall interview
(Pirie 1996; Schempp 1995) in which we probed participant knowledge via playback of
critical parts of the lesson. We selected video excerpts of the lesson that focused on
particular aspects of participant knowledge. For example, we asked about the use of
representations by showing video of representations that students developed and shared
during the lesson, and we questioned about the statements students made or questions that
students asked during small group or whole-class discussions to inquire into what the
participants were learning about student learning and about assessment practices. In
addition, during each observation cycle, we conducted a 1-h interview with Keith and
Lyle’s mentor teachers to gather insights into the PCK that they focused on during the
internship. In particular, we questioned the mentors about what Keith and Lyle were
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Table 3 PCK components and codes

PCK Component PCK Codes

Knowledge of instructional strategies for How to organize instruction
mathematics Specific actions that the teacher can take during instruction
Activities to use for specific mathematical content
‘What materials are needed for instruction
What representations are best for particular content

Knowledge of student understandings Student misconceptions
within mathematics Student difficulties
When students find certain concepts easy to understand
How students might approach a concept or problem
What strategies a student may use to solve a problem
Student prior knowledge

Knowledge of curriculum for Goals for instruction
mathematics Curricular resources
Content of textbooks (i.e., specific knowledge of things
included in curricular materials)
Scope and sequencing of mathematical topics
National, state, and/or local standards

Knowledge of assessment for Why they assess students
mathematics How they assess students

What they do with the information gathered from assessment
Assessment challenges
Strategies for assessment
Potential teacher responses based on assessment results
Purposes of assessment
What to assess

learning about student understanding, instructional strategies, assessment, and curriculum.
During the observation cycles, we took the role of the empathetic observer, seeking to
understand the PCK and the context in which the PCK developed, but not providing
feedback or suggestions related to our PCK.

Data analysis

For this manuscript, we coded the participant interviews, mentor interviews, and lesson
plans using four categories in the Magnusson et al. (1999) PCK model: (a) knowledge of
students’ understanding, (b) knowledge of instructional strategies, (c) knowledge of
assessment, and (d) knowledge of curriculum. We identified segments of the interviews
and plans that focused on one of the four categories and coded the entire episode. Table 3
provides a list of the PCK components and codes that we developed. Two members of the
research team were assigned to independently code each participant’s data using NVivo, a
qualitative data analysis program. For this study, we independently coded all data for the
two participants for each of the PCK components. We then shared and further discussed
during group research meetings until we reached consensus on the coding for the PCK
components. We used data from the interviews of the mentors to triangulate the data from
Keith and Lyle’s interviews. To characterize the PCK development for Keith and Lyle, we
developed rich individual profiles describing the PCK development for these two partic-
ipants. As we developed these profiles, we considered their similarities and differences in
the PCK development.
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Results

In the following sections, we present our results to answer the question: What PCK
develops over 2 years for two beginning mathematics teachers? First, we present results
from the first and second year for Keith, then we present the results for Lyle.

In the following section, we characterize their PCK using our PCK framework (as
represented in Fig. 1). We characterize Keith and Lyle’s knowledge based on their per-
sonal focus in their teaching. We demonstrate how the differences in their foci led to
differences in the knowledge they developed. Furthermore, we alert the reader that we have
not exhaustively described our participants’ knowledge in the separate PCK domains, but
highlight the main conclusions to which our analysis led. Before illustrating Keith’s PCK
development, we provide an overview of his development.

Overview of Keith’s knowledge development

Keith’s strong desire was to understand his students’ thinking. Thus, he primarily talked
about his teaching through a dual focus on his PCK for assessment and PCK of student
understanding. When we interviewed Keith, he spoke at length about the thinking of
particular student thinking, recounting detailed student thinking after he taught a particular
lesson (and following subsequent teachings of the same lesson). His focus on assessment
and student understanding impacted his knowledge in the other PCK domains.

Keith’s knowledge of assessment

When asked how he would know whether students understood the mathematics, Keith
initially referred the assessment strategies of homework, quizzes, and tests. During our first
observation cycle he said,

The main assessment for me is homework. (Their homework) gives a good view of
what they are thinking and how sharp their understanding is of looking at a graph and
explaining what is going on in relation to the x and y-axis and the different variables.
I think that assignment is the biggest assessment. (Keith, Year 1, Fall, Pre-Obser-
vation Interview).

But it was clear that Keith also employed informal assessment strategies. When asked
about other assessment strategies, he further explained that he would be “talking to the
kids while they are working. I get a sense of what they think by talking to them.”

Later in Year 1, Keith provided evidence that he was developing knowledge of potential
teacher responses due to his use of informal assessment strategies. When he noticed student
difficulty, he adjusted instruction to support student learning. As an example, during the
spring observations of his first year, Keith described how he altered the initial activity the
second day based on the confusion that students had the previous day. In particular, while
teaching the first lesson on developing student understanding of the distributive property,
he noticed that students were not using the distributive property for the tasks that he
designed. The next day, he attempted to connect ideas back to an earlier lesson when they
used an area model to teach factoring. “I combined the two (lessons) and talked about the
distributive property” (Keith, Year 1, Spring, Stimulated Recall Interview Day 2). On Day
2, Keith encouraged students to draw area models to represent algebraic expressions such
as 4(x + 2).
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In Keith’s second year, his assessment strategies focused on classroom interactions with
students, and he recognized the assessment challenges related to what could be gleaned by
assessing student homework, noting that for many students, “there is no way to tell how
much they got from parents at home. Just because a student has the right answers to the
homework does not mean he understands how to do it” (Keith, Stimulated Recall Inter-
views Day 1). He also recognized the challenges related to collecting and interpreting
student assessment information. In a lesson on transformations, he said,

This (content) is difficult to assess in the classroom. So looking at what they’re
doing, trying to move these figures around and make rotational and reflectional
symmetry, it will be hard even if they have the right work on their paper. I think it’s
hard to question them and make sure they understand it. That’s what I’'m trying to
think through when I'm lesson planning. I feel like the lesson plan is alright and it
will work well, but when they’re working in groups, and I try to understand what
they know, that will be difficult for me. (Keith, Year 2, Fall, Stimulated Recall
Interview Day 2)

In our post-observation interviews, he lamented that he had difficulty gaining insight
into how students approached the task.

Keith’s mentor noticed his focus on student thinking when using formal assessments
and informal student questioning. Keith’s mentor teacher noted:

He was really good at judging (student understandings and misunderstandings). He
would look at a quiz they took, and he could see right away, without a lot of
analyzing, and see what they were doing. He does a lot of informal assessing. He
keeps a lot of notes on separate kids, and gets a lot out of just talking to them. I
would say that his knowledge of assessment is pretty good. (Keith’s Mentor, Year 1,
Fall, Mentor Interview)

Keith’s desire to assess student understanding, combined with his realization of the
difficulty in making these informal assessments, was an example of his assessment PCK.
As can be seen in this section, Keith used his knowledge of assessment in concert with his
knowledge of instructional strategies to assess student understanding of the content of one
lesson and then adjust his instruction in the next lesson based on the information obtained
in the first lesson (a classic example of the use of formative assessment to adjust
instruction). As will become evident in the following sections, Keith’s knowledge of
assessment impacted his knowledge of curriculum, instructional strategies, and learners.

Keith’s knowledge of student understanding

As noted above, Keith had a strong desire to understand the mathematical thinking of
students. During Year 1 and Year 2, Keith recounted particular student strategies and
described student written work many hours after the lesson concluded. He reflected on the
thinking of his students and developed hypotheses about student difficulties and the spe-
cific strategies students may use to solve problems.

Initially, Keith’s mentor teacher noted that Keith’s expectations for students were not
aligned with the reality of what students could and could not do, particularly in relation to
performing mental mathematics. As noted by his mentor teacher:

He expected to walk in and start talking about these things and he couldn’t because
they would have to get up and go get their calculators... He didn’t have a real good
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Table 4 The dance situation plan that Keith developed

1. I will share a hypothetical story about the big school party that happened last week: the dance is going
very well, everybody is dancing and the music is great. As the night goes on, fewer and fewer people
are on the dance floor. Finally, one horrible song plays and nobody id dancing, the party is over. The
one bad song killed the party.

2. The students will be given time to work in their groups to create a graph to represent the given
scenario. They will be told that “time” is on the x-axis, but will need to come up with the appropriate
measure for the y-axis.

3. Two students will present their graphs on the board. I will select one student who has section of their
graph that are close to linear and one student who has a nonlinear graph. Each student will draw their
graph, and I will ask them to explain what each part of their representation means.

feeling. A lot of that comes with experience, but he just didn’t have a good feeling
for what (the students) should and shouldn’t know. (Keith’s Mentor, Year 1, Fall,
Mentor Interview)

However, in Keith’s first year, he hypothesized the student difficulty with mathematical and
non-mathematical aspects of a particular lesson. Though prior to each lesson, he anticipated few
specific ways of student thinking, his attention to students’ ideas (through his informal
assessments) during the lessons quickly led to greater knowledge of student’s difficulties and
likely ways of thinking. For example, when asked where students might struggle in the Fall of
Year 1, he anticipated that the poor reading comprehension of his students would lead to
difficulties. He said, “So I think problems A through D will cause problems because of their
reading comprehension. They have problems with a question that is not straightforward”
(Keith, Year 1, Fall, Pre-Observation Interview). This indicates an emerging knowledge of
students and student difficulties, though such knowledge is not related to student mathematics
and represents general pedagogical knowledge of student understanding.

However, Keith also focused on his student understandings of specific mathematical
strategies. For example, he anticipated various graphs students might develop in his first
lesson in Year 1. This task (see Table 4 for the task and his instructional plan for the task)
involved creating a graph to represent the number of dancers on the dance floor at a party
where many students were dancing and as the night wore on, fewer and fewer dancers were
on the dance floor. He said, “I think most of them will, on the y-axis, represent people on
the dance floor or some kind of measure of people on the dance floor and make a graph that
represents the relationship between the dancers and time” (Keith, Year 1, Fall, Pre-
Observation Interview). While this quote suggests that Keith had a general inclination for
what strategies student may use for this situation, he later identified, in greater detail, what
he hoped he would see. He said,

As they’re finished drawing I will explain where there are differences, if [someone
has] a line that is kind of going slightly down have them tell what that represents and
kind of have them briefly explain what each part of the graph means. And I will try
and pick one that is linear and parts of it that seem to be straight lines and curved to
give them a couple of different ideas of things to look at. Hopefully there will be two
people I choose with fairly good examples that I can show the class. (Keith, Year 1,
Fall, Pre-Observation Interview)

Keith anticipated general strategies for learners, but did not anticipate specific student
difficulties that occurred when modeling the relationship between the number of people on
the dance floor and time. For example, almost all students drew linear graphs with negative
slopes, a response that Keith did not anticipate from the majority of the class.
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However, after the first lesson in Year 1, it was clear that Keith developed knowledge
about student strategies and student misconceptions. He said,

I was expecting them to have a straight line for a little bit and then have it dip down
to a constant rate for a while and then dip down sharper. But I did not see anyone do
that specifically, I saw some people do parts of that, but no one had that whole graph
that I just explained. (Keith, Year 1, Fall Stimulated Recall Interview Day 1)

Throughout the first year, Keith demonstrated a general knowledge of students’
understanding and possible difficulties. This knowledge increased following each lesson
due to his informal assessment strategies.

In his second year, Keith continued developing general and particular knowledge of
students’ understanding. He was increasingly able to articulate areas of student difficulty
and to anticipate student strategies that were likely to occur. For example, he knew that
students tended to add numerators together and denominators together when asked to add
two fractions. He said,

A lot of times when they are adding fractions they just add both numerators and both
denominators. So, I think that will come up again (in today’s lesson). We have
already talked about that in the past couple days because we have had some problems
where we have had to look at like a piece of land where we had a fourth of the land
and a sixteenth of the land and some students will try to make that into two-
twentieths by just adding (the numerators and denominators) together. (Keith, Year
2, Spring, Pre-Observation Interview)

Keith also noted that students struggled with identifying lines of symmetry and rota-
tional symmetry, and Keith recognized that understanding these ideas was not easy for
student to apply. He said,

I think the line of symmetry is something that we would need to go over a lot more
before that’s something that they really understood. I think certain kids it is kind of
hard for them to describe, to use that kind of vocabulary when describing it. They
probably didn’t really pick up on it, but I really didn’t expect everyone to pick up on
lines of symmetry just because they’re just starting to understand you know,
reflectional and rotational symmetry let alone where those lines would be. (Keith,
Year 2, Fall, Stimulated Recall Interview Day 1)

In both of these examples, we see that Keith gained insight into student difficulties and
anticipated how difficult mathematical ideas were to learn. Such knowledge appeared to be
gained through the use of informal assessment strategies.

Keith’s knowledge of curriculum

Keith’s strength in assessment led to his substantial development of knowledge of students
and their mathematical thinking. His knowledge and enactment of assessment also led to
some limited development of his knowledge of curriculum. In our interviews, it was clear
that his primary focus was not in developing knowledge of the curriculum. Initially, Keith
exhibited limited knowledge scope and sequence of mathematical content (and this was
confirmed by his mentor teacher).

However, in Keith’s second year of teaching, he expanded his curricular knowledge,
developing a deeper sense of the scope and sequence through assessing what students
already knew at the beginning of each unit. In the following excerpt, he responded to a
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question about what the students previously learned about definitions of shapes. In refer-
ence to the curriculum, he said,

I know that they’ve had exposure to some shapes, but I don’t think that there’s been a
strong emphasis on the definitions. At the beginning of the unit we did some
assignments, and some assessments of their knowledge of the different shapes.
(Keith, Year 2, Fall, Pre-Observation Interview)

This excerpt illustrates how Keith’s curricular knowledge was limited as to what stu-
dents studied in previous years but was developing through his assessments of students’
prior knowledge.

Keith’s knowledge of instructional strategies

Initially, Keith struggled with helping students who exhibited mathematical difficulties. He
did not know what to say if they had a misconception or mistake, but his knowledge and
enactment of assessment, through his development of knowledge of student understanding,
allowed him to assess the effectiveness of his instructional strategies. His knowledge and
efforts combined to provide experiences in which he developed his knowledge of
instructional strategies. The following example illustrates how his informal assessments
combined with his desire not to tell led to challenges with his instruction. These challenges
were evident when teaching a lesson that involved students creating a story and then
representing some quantitative aspect of the story in a graph.

Their graph and problem situation didn’t match up, so I was trying to explain the best
I could why their graph wouldn’t match up. Then, I don’t know if I was giving too
much information for their answer or not, but I was struggling on how to dance
around it in saying if you are going 5 MPH the entire time, that would be a straight
line. I didn’t really know how to address it other than saying, ‘it’s just a straight line’
(Keith, Year 1, Fall, Stimulated Recall Interview Day 2).

Keith noticed this discrepancy between students’ stories and their graphs, and he wanted
to avoid telling, but had limited knowledge-specific actions to use during instruction as he
was unsure what questions to ask or statements to make to prompt or correct their thinking.
He encouraged students to share their thinking, but he found that this did not dislodge
incorrect thinking.

In his second year, Keith further developed his knowledge of student misconceptions
through asking questions. In this area, it was evident that his knowledge of specific actions
to use during instruction changed as he introduced counterexamples to address student
misconceptions changed. For example, in a lesson where students developed a procedure
for adding fractions, he noticed students adding the numerators and denominators. When
asked how he addressed this error, he said,

(When I see students) adding numerator and denominator (when adding fractions) I
ask, ‘Is one-half plus one-half the same as two-fourths?’ I have asked that to them
before, but they still like to add the numerators and denominators. And I say, ‘Okay,
so you do not add the numerators and denominators in this case because then it
would come out to two-fourths so it does not work for that example?’ and they say
‘no.” (Keith, Year 2, Spring, Stimulated Recall Interview Day 1)

Keith indicated that students continued to “add the numerators and denominators”
despite various efforts to change their thinking. Keith’s assessment efforts led to increased
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knowledge of student understanding and misunderstanding that prompted him to recon-
sider what actions to take during instruction and impacted his knowledge of instructional
strategies.

Summary of Keith’s PCK development

Over the 2 years of the study, Keith’s knowledge increased in all the components of the
PCK framework, but the increase occurred in different ways and to a different extent in the
four components. His knowledge and enactment of informal assessments facilitated his
development of knowledge of student understanding and instructional strategies. He
developed PCK related to mathematics curriculum through his knowledge and enactment
of assessment. He privileged student understanding and he invested time in that knowl-
edge, specifically. He recognized that the enactment of informal assessments provided
access to student understandings and misunderstandings.

Overview of Lyle’s knowledge development

Lyle concentrated his efforts on increasing his knowledge of the scope and sequence of the
curriculum. In his first year, he taught in a classroom environment that lessened his need to
apply particular classroom management strategies, but he struggled to engage students in
mathematical discussions. In his second year, his knowledge of curriculum continued to
increase, but his knowledge development appeared to be minimal for the other PCK
components.

Lyle’s knowledge of curriculum

During Year 1, Lyle expressed interest in gaining further curricular knowledge. He sought
understanding of the scope and sequence of mathematical topics within the textbook series.
As part of his mentored teaching experience, he observed 6th grade (11- to 12 year olds)
CMP classes and his mentor reported that he often asked how topics were addressed in
prior years or units.

At the beginning of his internship, Lyle’s mentor mentioned his desire to study the
curricular materials that they used in the class.

He took that (studying the textbooks) on his own initiative. He took that on from Day
1. He requested an extra copy of the teacher’s manual. We got the new unit and the
next unit. When we finish a unit, we send it back and request the next one that’s
going to be after that, so he’s always got something. And he’s very good at taking
that home and looking through what the lesson is and actually figuring out if there’s
things he thinks they might not need as much or things he needs to interject he looks
for those things too. (Lyle’s Mentor, Year 1, Fall, Mentor Interview)

Beyond becoming acquainted with the scope and sequence of the curriculum, he dis-
played growing knowledge of the structure of the content within the textbook series. For
example, during the first observation, Lyle articulated a similar structure that he noticed in
the textbooks. He said,

Today is the last unit in the book. It is designed to bring together all of the math-
ematical strategies students have been using in the previous investigations. I found in
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the previous two books that the last lessons are designed to do that. It seems to be a
consistent aspect of the textbook. (Lyle, Year 1, Fall, Pre-Observation Interview)

In this excerpt, Lyle recognized structure in the content of the curriculum. But he also
knew how the content built up across years and across units. Lyle also saw many con-
nections to other areas of mathematics. For example, in the spring, in a unit on surface area
and volume, he identified connections to calculus and linear relationships. Additionally, he
recognized how surface area and volume were developed and how they developed similar
to prisms and cylinders.

In his second year, Lyle continued to develop his PCK of curriculum. He aligned the
state content standards with his lessons to ensure that he addressed what was expected. He
demonstrated knowledge of the scope and sequence of topics across grade levels by
identifying units where similar topics were addressed.

Lyle made choices in his teaching that were anchored or tied back to particular goals for
instruction. In his plans for an introductory problem, he wrote: “Have a rectangular prism
and ask similar questions to numbers 1-3 for homework the previous night. Monitor for
students who struggle. If many do, go over #2 from the homework” (Lyle, Year 2, Spring,
Lesson Plans). He explained in an interview his reason for this choice, “the reason I chose
(homework item) number two, number two is not a basic rectangular prism. This gets them
to think (further) about length, width, surface area, that kind of thing” (Lyle, Year 2,
Spring, Stimulated Recall Interview Day 2).

Lyle related student difficulties or struggles in terms of past, present, and future cur-
ricular goals. For example, in a unit on surface area and volume, he noticed students
struggling with use of units. In one interview, he explained that this was the first year
adoption of the textbook series by his school district. He was unsure what previous
sequences of mathematical topics had been introduced to students. He said:

And I don’t think that they’ve ever taught specific units and how units can actually be
multiplied. That it’s not just a length, that it’s centimeters times centimeters gives
centimeters squared. And centimeters times centimeters times centimeters you’ve got
centimeters cubed. This is I think an initial step at doing that. But I don’t see the
program addressing measurement at all, other than through cursory methods. Even
the [state test] doesn’t require them to put units on the tests... At least they didn’t for
a couple years, but science teachers are killing this. They tell us, “Do not let them
write things without units.” Because in science, that is one of their standards. Now
why there’s disconnect in math I don’t understand. (Lyle, Year 2, Spring, Stimu-
lated Recall Interview Day 1)

Lyle developed knowledge of the curriculum in terms of scope and sequence as it was
represented in the textbook he used. He also developed knowledge of state standards both
in mathematics and in science. He used this knowledge to make instructional decisions and
to explain student thinking.

Lyle’s knowledge of instructional strategies

Though Lyle focused on knowledge of curriculum, he felt he needed to gain more
knowledge of instructional strategies. He knew the organization for a problem-based lesson
that involved introducing an activity, allowing students to engage in the activity, and
summarizing the mathematics content of the lesson, but he struggled to enact specific
actions to engage the class in whole-class discussions. He lamented, “I like to have the kids
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communicate, which is why I keep complaining that I don’t have a talkative class. I can’t
get the kids to engage” (Lyle, Year 1, Fall, Stimulated Recall Interview Day 1). For
example, when students estimated the proportion of marked beans in a bag after drawing a
sample of beans from a bag, Lyle attempted to draw student attention to the idea that small
sample sizes can have large variation, but few students participated in the discussion.

I wanted students to notice what I told them afterward: that there was a lot of
variation in small sample sizes. Not necessarily in those words, but I wanted them to
see that taking the larger sample size gives you a better reference point for what the
percentages were going to be (Lyle, Year 1, Fall, Stimulated Recall Interview Day

1).

Lyle called on a student to articulate this idea and when the student finished, he moved
on. He was unsure whether other students recognized the importance of this idea. Lyle
explained, “I knew that no one else would get it. And in the back of my mind I thought,
‘yes, that’s a great (explanation),” but we couldn’t discuss it further” (Lyle, Stimulated
Recall Interview Day 1). He wanted greater student engagement, but when he invited
students to participate, he found them reluctant to do so.

Due to his difficulty promoting discussion, Lyle often dominated classroom discussions.
He called on students to encourage discussion, but was unsure what specific questions to
ask or how to ask them to further discussion. However, Lyle did ask some questions
designed to push student thinking, as is noted by his mentor below.

And he’s really good about introducing (the lesson). He will let kids read the opening
part of it, and he says I do that because you’re more apt to listen to yourselves, you
know, one of your own classmates read than me. And then, but he’ll do that and then
he’ll talk about it and kind of get it kicked in by asking them some questions: “What
do you think is going to happen?” Or, “What do you think about this?” (Lyle’s
Mentor, Year 1, Fall, Mentor Interview).

Despite the mentor’s positive view of Lyle’s questioning, we rarely observed Lyle
asking specific questions that focused students on the specific mathematical ideas in the
lesson. Instead, he tended to ask general questions such as: “What did you do first on this
problem?” and “What do you think about (another student’s response)?”

In the Spring of Year 1, he spoke about his teaching, indicating confidence in presenting
the content, but concern about his teaching. He said, “I have a lot to learn. I am nowhere
near proficient in teaching” (Lyle, Stimulated Recall Interview Day 1). Lyle noted that he
lacked knowledge of specific strategies to engage the whole class in meaningful discus-
sions of mathematics. He reiterated that this was an ongoing challenge in Year 2.

In his second year, Lyle continued to organize instruction as he had in Year 1. He met
with the other mathematics teachers on a weekly basis. From these meetings, he learned
general strategies that he was unfamiliar with such as “stations” and “board races.” Lyle
was disgruntled that he had not learned these strategies in his teacher preparation classes.
He said,

The things that I find myself struggling with are not content methods but just general
methods: behavior management, classroom management, classroom design, coming
up with lesson plans, effective lesson planning, being able to plan for advanced
students. That’s the hardest thing this year. I went at it the wrong way to start the
year. I did not have an effective plan. I lost control of students at the start because I
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didn’t have a good plan, and I didn’t know how to start the year. I had a content plan
but no classroom plan. (Lyle, Year 2, Spring, Pre-Observation Interview)

Lyle noted he had a “content plan, but no classroom plan.” He focused on the cur-
riculum and how content was organized, but this did not translate into knowledge of
instructional strategies that he deemed successful.

We note that most of Lyle’s concern and learning was about general pedagogical
strategies. While he struggled to take specific actions that engaged students in classroom
discussions, he expressed frustration for not learning general pedagogical strategies.

Although Lyle was frustrated with his knowledge of instructional strategies and
classroom management, he knew and developed strategies to help students with difficul-
ties. When students experienced difficulty, he referred them to pages in their text, such as a
previous investigation or to the glossary. He used this strategy because, “I didn’t want to
tell them what the answer is” (Lyle, Year 2, Spring, Stimulated Recall Interview Day 1). In
addition to referring students to sections of the text to review, he reminded students how
they solved related problems, connecting student prior knowledge to current problems. For
example, when students wrote equations to represent a purchase, he helped them interpret
the situation by asking questions that referred them to patterns they previously studied. He
said:

I ask them, “If you were being charged $1 for this, how much would the tax be? So
how much would it be for $2? How much would it be for $10?” That is consistent
with the textbook, having them think about writing an equation. So I think by saying
that and getting them to think, “This is how we did it before, and it worked before.”
That’s why 1 was approach it that way. (Lyle, Year 2, Spring, Stimulated Recall
Interview Day 1)

Lyle’s knowledge of the content of the textbooks led to a specific action for assisting
students as they solved problems by reminding them how they solved similar problems.
Although Lyle was discouraged by his lack of knowledge of instructional strategies, he
developed specific actions to confront student errors that drew on his knowledge of the
curriculum.

Lyle’s knowledge of assessment

During Year 1, Lyle emphasized various assessment strategies. Though he taught from the
CMP curriculum where student explorations were routine, he did not explicitly identify
assessment strategies other than homework, quizzes, and tests. He stated that his obser-
vations during student explorations focused on classroom management. Knowledge of
students’ understanding emerged from his efforts, but he did not view these interactions as
assessment.

During the spring semester, he reaffirmed that homework was his primary assessment
strategy. He was asked: “Where and when do you have planned to respond to how the kids
did on this homework?” He replied,

I don’t at the moment. Now, that may come down to giving a quiz on Friday or
having a real assessment or it might be going through them and pulling them aside
during a lesson that they might be able to forego to say, ‘where are your troubles for
this? Do I need to redirect some information to you?’ It might just be that they didn’t
get a chance to do it or they just scribbled something down. I pass it back and give
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them discussion points after asking them how it’s going and showing them what I
came up with. I might ask them if they have any differences and see where these
differences are coming from. (Lyle, Year 1, Spring, Stimulated Recall Interview Day

1y

From this and other excerpts, Lyle demonstrated that his knowledge of assessment
largely consisted of summative assessments for homework, quizzes, and tests. Although we
have some evidence that Lyle tacitly used some other assessments—during student
explorations—he did not identify what he learned through his interactions as an important
type of assessment.

In his second year, Lyle’s knowledge of assessment strategies changed little. He con-
tinued to focus on homework, quizzes, and tests as his primary assessment strategies.
When asked about specific areas where students were struggling, he hypothesized why
students had difficulty by relating it to the curriculum. He developed responses based on
his assessment results in his lesson plans to monitor students who were struggling by
reviewing particular problems that were similar in the homework. In a stimulated recall
interview during our fourth observation cycle, he said:

I had two groups go back to investigation 1.3 where they formalized (the formula for
volume of a prism). I had one of the students read through it. And they were like, oh
yeah it’s length times width times height. Yeah that’s right. Other students were
having issues with understanding the difference between surface area and volume. I
asked them to go back to the glossary, because I didn’t want to tell them what it is.
(Lyle, Year 2, Spring, Stimulated Recall Day 1)

When Lyle engaged with students, their misunderstandings were revealed. Though he
did not identify this as assessment, his interaction with students led to changes in his
knowledge of student understanding that resulted in him referring students to various
appropriate places in the curriculum.

Lyle’s knowledge of student understanding

Lyle developed knowledge of various student characteristics. He identified “smart students
who were lazy,” and students who unsystematically combined numbers to guess responses,
but his knowledge of student understanding typically consisted of general knowledge of
student understanding. For example, he knew students seemed to rarely use variables to
describe mathematical relationships. He said, “Based on the last book, they do not like
variables. They do not like to use them or manipulate them” (Lyle, Year 1, Spring,
Stimulated Recall Interview Day 1).

In addition, he hypothesized about the content in which students developed a shallow
understanding. Regarding one student who was experiencing difficulty, he said,

She is a concrete thinker. In general, she is good with numbers and can figure it out if
there is a definitive method. She did poorly in the [algebra] section. She had diffi-
culty equating numbers and variables as equivalent. I think that she does not yet have
the understanding that a variable is a number: that it can be used as a number; it can
be multiplied, and it can be added to another variable. (Lyle, Year 1, Spring,
Stimulated Recall Interview Day 1)

Lyle could tell when students were not understanding, but did not refer to specific
mathematical misunderstandings.
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Lyle shifted his view of student learning and how they come to understand mathematics
during Year 1. When asked how his experiences with students changed his teaching he
said, “I’'m more realistic in what they understand after a single lesson. They don’t make
connections from day to day. I thought they might” (Lyle, Year 1, Spring, Pre-Observation
Interview). Lyle sensed the need to begin each day connecting to the previous day’s
content because he determined that students were not making connections.

In his second year, Lyle continued to develop general knowledge of students’ under-
standing (not PCK) and their tendencies. This knowledge did not directly relate to specific
mathematical ideas or procedures. For example, he identified qualities of students, such as
“She leans heavily on her seatmates on what she’s doing” (Lyle, Year 2, Fall, Stimulated
Recall Interview Day 1). He recognized other student characteristics that constrained
teaching, such as the student unwillingness to write explanations of their solutions.

As illustrated in Year 1, Lyle was aware of general struggles students had, but did not
anticipate them. This led to further knowledge about student difficulties and what students
find difficult to understand. For example, when students struggled with conceptualizing the
cost of an orange in dollars per orange. He said, “I didn’t anticipate them having so much
trouble. That was panic mode (for me) because I wanted them to get it. It was, ‘I have no
plan for this, why aren’t they getting this? Let’s try to think of a different way’” (Lyle,
Stimulated Recall Interview Day 2). His statement, “Why aren’t they getting this?” rep-
resents Lyle’s recognition of difficulties in student understanding. He identified that stu-
dents were struggling, but unsure how to address student difficulties. Lyle’s knowledge of
student understanding was filtered through his knowledge of curriculum. His knowledge of
student understanding was often connected to what students had been exposed to and
should have learned within the curriculum.

Summary of Lyle’s PCK trajectory

Lyle demonstrated a growing knowledge of the curriculum, including the scope and
sequence of the mathematics content. He saw connections among units and grade levels.
Lyle recognized and used a typical inquiry-based structure for his lessons, yet struggled to
initiate classroom discussions. He knew what mathematical content he wanted students to
learn but was unsure what strategies to use to encourage students to develop further
understanding. He pointed students back to various places in the curricular materials so that
they could correct their misunderstandings. His knowledge of assessment and assessment
strategies continued to be rather general, consisting of homework, quizzes, and tests. He
identified general characteristics of his students and recognized general areas of struggle,
and these he often connected to prior student experiences in the curriculum. He privileged
knowledge of mathematics curriculum and invested time in collecting curricular materials
and studying the tasks and the development of mathematical topics across and among
instructional units.

Discussion and implications
The findings of this study demonstrate the differences that exist in the development of PCK
for beginning mathematics teachers. In addition, this is one of a few studies that empiri-

cally situate PCK in actual classroom instruction, providing the mathematics education
community with a new method for studying PCK. However, we acknowledge the
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challenges that previous researcher have identified in delineating aspect of PCK as com-
pared to general pedagogical knowledge that is also developing for beginning teachers.

In this study, we clarify the PCK construct, differentiating it from Shulman’s (1987)
initial conception. We view PCK as not the “most useful forms of representation, analo-
gies,” etc., but as the subject-specific knowledge of curriculum, learners, assessment, and
instructional strategies regardless of its quality. Through the coding scheme that was
developed in this study, we further delineated the various components of PCK. In addition,
we characterized PCK from the perspective of the individual teacher rather than deter-
mining PCK based on the quality of this knowledge. However, this study is also limited
due to the narrow focus on a relatively small number of beginning teachers in a particular
alternative certification program. Further investigation is needed to understand how the
findings of this study can be extended to other teacher preparation programs, teacher
professional development settings, or other grade bands.

Our findings about the PCK of beginning teachers are similar to the findings of Ponte
and Chapman (2006), as Keith and Lyle recognized that they lacked the knowledge nec-
essary to teach mathematics successfully. For example, Keith acknowledged that he did not
have strategies for assisting students with errors, and Lyle noted that he lacked knowledge
of how to effectively manage classroom discussions. Furthermore, these knowledge lim-
itations persisted despite three targeted mathematics methods courses and a 32-week, 20-h
per week internship.

In addition, these findings demonstrate that PCK can develop in different ways for
beginning teachers. What remains unclear is what factors led to differences in Keith and
Lyle’s PCK development. Magnusson et al. (1999) hypothesized that the subject matter
knowledge, pedagogical knowledge, and knowledge of the school context may influence
the development of PCK. We concur that each of these factors impacted the PCK
development for Keith and Lyle, and recognize that it is difficult to determine which
aspects may have had more or less impact or their