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Introduction

Solid /liquid interfacial energy (sigma) of alloys [1-3]
is an important thermodynamic property needed to
model both nucleation [4-9] and grain growth, i.e. the
evolution of the microstructure of alloys [10-21]. The
same quantity is essential in producing nano-struc-
tured materials [22-24], to calculate solid/liquid
equilibrium phase diagrams for nano-systems [25-39]
or even to predict dissolution kinetics [40]. Since the
pioneering experimental work of Turnbull and Cech
[41] measurement techniques and interpretation the-
ories have been constantly developed [42-55], it is
still a challenge to measure solid/liquid interfacial
energy of alloys of any composition [56-63]. As a
consequence, the development of a reliable thermo-
dynamic method is needed. Although there are quite
a number of methods developed to model sigma for
one-component metals [64-85] and for alloys [86-92],
including the ab initio methods [93-98], segregation
is taken into account only in some of them [87, 89].

The goal of this paper is to develop a new model for
the solid-liquid interfacial energy of alloys taking into
account segregation and to check its validity against
experimental values. The present paper is an extension
of the method developed by the present author earlier
for liquid/liquid and for solid /solid coherent interfa-
cial energies [99], being itself an extension of the Butler
equation [100]. The Butler equation (originally
designed [100] and applied [101-108] for liquid sur-
faces) has been recently rederived [109, 110] and
applied to different other interfaces [111-113]. The
present model is similar to the previous models
[87, 89], but it is worked out here in more details.

The general framework of the model

Let us consider a binary A-B system at standard
pressure of 1 bar and at a temperature T (K) in a two-
phase region when a solid solution of composition
xps keeps equilibrium with a liquid solution of
composition xgr, where xgs and xp; (both dimen-
sionless) are the mole fractions of component B in the
solid solution (subscript “S”) and in the liquid solu-
tion (subscript “L”), respectively, with the solid and
liquid phases separated by a macroscopic planar (and
not curved) solid/liquid interface. The goal in the
present paper is to develop a method to calculate the
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concentration and temperature dependence of the
solid/liquid interfacial energy.

In the simplest case of the phase diagram type
shown in Fig. 1a, temperature will define both equi-
librium values xps and xpr. Then, whatever is the
average composition of the alloy in the range
between xps and xp;, the solid/liquid interfacial
energy will have a constant value at given tempera-
ture, as shown in Fig. 1b. Outside this concentration
range, the solid/liquid interfacial energy is not
defined. The goal of the present paper is to work out
an equation for the T dependence of the solid /liquid
interfacial energy as shown in Fig. 1b.

The equilibrium between the bulk phases

The equilibrium compositions of the phases (xg s and
xp1) follow from the condition of heterogeneous
equilibrium:
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Figure 1 A simple phase diagram with a two-phase solid—liquid
region (a) and the corresponding concentration independence of
the solid/liquid interfacial energy at a fixed T = 1400 K (b). a is
calculated by Eq. (Ic-f) wusing parameters: uj; — pf s =
8- (1000 — T), gy — ups =20 (2000 — T).
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His = KL (1)

where y; s (J/mol) is the chemical potential of com-
ponent i in the solid solution, while y;; (J/mol) is the
same in the liquid solution. For a binary A-B system
described by the regular solution model, the follow-
ing two equations should be solved simultaneously
for xgs and xp; at given T and other fixed
parameters:

:u?LLS +R-T-In(1—-xpg) + Los - X%,S
ZM%_’L-l-R-TJ?’l(l —xB,L) + Lot -X%L (1a)

Hps+R-T-Inxgs+Los - (1- XB,s)Z
= /J%_’L +R-T- li’levL +Lor - (1 — XBAVL)Z (1b)

where 1§ 5 (J/mol) is the standard chemical potential
of a pure component A in the solid state, uj ; (J/mol)
is the same in the liquid state, u} 5 and ug; (J/mol)
are the same for component B, R = 8.3145 J/molK is
the universal gas constant, T (K) is the absolute
temperature, Loz (J/mol) is the zeroth-order interac-
tion energy for the liquid solution in the Redlich—
Kister formalism, being the same as the interaction
energy in the regular solution model and Ly s (J/mol)
is the same for the solid solution. Equation (1a, b) has
the following simple analytical solution for the ideal
solutions (Lo = Lo = 0):

Ka—1
4 - 1
YBL= TR (Ic)
xps = Kp-xp1 (1d)
My — Has
KA_exp( RT (le)
Hpr — Mgs
Kg = — 7 1f
B eXP( R-T (1f)

Figure la is drawn by Eq. (1c—f) using parameters:
Ky — Hys = 8- (1000 —T) and
Hpp — Hps =20+ (2000 — T), as an example.

The equilibrium at the solid/liquid interface

In Fig. 2, a system containing a bulk solid solution
and a bulk liquid solution with an interface between
them is shown schematically. The width of the
interface is not defined in this paper. It is only
defined that it has a special equilibrium mole fraction
of component B, denoted as xpg/, being generally
different from both xps and xp.
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Figure 2 Schematic of the solid and liquid bulk phases with the
interface between them.

According to the general model of the partial
interfacial energy of a component, it is calculated as
the change of the chemical potential of the given
component accompanying the transport of the same
component from the bulk phase to the interfacial
region divided by the molar interfacial area of the
same component [100, 109]. In case of two condensed
phases surrounding the given interface, the average
value calculated from the two bulk phases is taken as
[109]:

_ Apis + Apiyp

1

(2)

2~a)1~

where o; (J/m?) is the partial solid/liquid interfacial
energy of component i (i = A or B in the binary A-B
system), Ay; s (J/mol) is the change of the chemical
potential of component i accompanying the transport
of this component from the bulk solid phase to the
interfacial region, Ay;; (J/mol) is the change of the
chemical potential of component i accompanying the
transport of this component from the bulk liquid
phase to the interfacial region and ; (m®/mol) is the
molar interfacial area of component i. The two
chemical potential changes are defined as:

Aﬂi,s = His/L — His (2a)
Aﬂi,L = His/L — HiL (2b)

where ;5 (J/mol) is the chemical potential of
component i in the S/L interfacial region, y; s (J/mol)
is the same in the bulk of the solid phase and
i (J/mol) is the same in the bulk of the liquid
phase. Substituting Eq. (2a, b) into Eq. (2):
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_ 2 s — Mis — Wir
2- wj

(3)

Oi

The chemical potentials in the two bulk phases are
written by the following usual expressions:

s =g+ R-T-Inxis + AGjg (4a)
g = +R-T-Inxip + AGE, (4b)

where AGES (J/mol) is the partial molar excess Gibbs
energy of component i in the solid solution and
AGEL (J/mol) is the same in the liquid solution. The

chemical potential of the component in the S/L
interfacial region is written by a similar equation:

His = Mg +R-T - Inxis; + AGigp (4¢)

where g, (J/mol) is the standard chemical poten-
tial of the pure component i in the solid/liquid
interfacial region, x;s;; (dimensionless) is the mole
fraction of component i in the solid/liquid interfacial
region and AGES s J/mol) is the partial excess Gibbs
energy of component i in the solid/liquid interfacial
region. Substituting Eq. (4a—c) into Eq. (3), after some
rearrangements:

R-T
0i =0} +—— -ln(

XiS/L
VXS Xi/L

(5)

2~(Di

where ¢¢ (J/m®) is the solid/liquid interfacial energy
of the pure component i, defined as:
2 gy — Mg — Ky

o = 2 o (6)

The ¢} and w; values are temperature dependent.
In the best-case scenario, they are known for each
pure substance, or they can be found by modelling.
For the two-component A-B system, the mole frac-
tion of component B is written as xp, while that of
component A is written as (1 — xg). Substituting these
values into Eq. (5), the partial solid /liquid interfacial
energies of components A and B are obtained as:

R-T 1—x
In B.S/L

oa (1= xms) - (1 - x81)
2. AGE;,S/L — AGfLs — AGfLL

Z-O)A

o4 =09+

_|_
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0 R-T < XB,S/L )
op =0p + -In
VXB,S " XBL
2. AGE /L~ AGE"S — AGE’L

2~(L)B

(70)

The bulk equilibrium mole fractions xzs and xp;,
follow from bulk equilibrium of the solid and liquid
phases and can be read from the phase diagram at
given temperature as shown in Fig. 1a and Eq. 1c-f.
The equilibrium mole fraction in the interfacial
region xps;. can be found by extending the Butler
equation for the solid /liquid interface [100, 109, 110]:

0g=04=0p (8)

Substituting Eq. (7a, b) into the right-hand side of
Eq. (8), the equilibrium value of x5/, can be found.
Substituting this value back into any of Eq. (7a, b),
the solid/liquid interfacial energy is obtained, in
agreement with Eq. (8). To perform this calculation,
the excess partial Gibbs energies are usually descri-
bed by the Redlich-Kister polynomials, using differ-
ent interaction energies for solid and liquid solutions
obtained from a CALPHAD assessment for the given
system.

The application of the present model
to ideal solutions

Equations (7, 8) have analytical solution only if both
solid and liquid solutions are taken as ideal
(LO,S =Los= 0) and if the atomic sizes and interfacial
arrangements of the two components are equal
(wa = wp = ). In this case, Eq. (7a, b) are rewritten
as:

1—xps/1

op=0%+ -In (9a)
@ \/(1 — xB,S) : (1 — xB,L)
R-T
o5 = 05 + -ln( B > (9b)
() VXB,S " XBL

Substituting these equations into the Butler equation
Eq. (8) (64 = o), the following equation is obtained
for xps/r:
Kz
Xps/L = = (%)
KB seg + 7(173(875)'(17”‘0

XB,S"XBL

where Kp g, (dimensionless) is the segregation coef-
ficient of component B, defined as:
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L) o)

KB,seg = 6XP|: R-T

Now, let us apply Egs. (1c—f, 9¢c, d) to calculate xp,
xps and xpgs; as function of T for the following
model parameters, as an example: pj; — uj s =8
(1000 — T), gy — Hps=20-(2000 = T), 0 = 0.15]/
m?, 0% =030]/ m?, ® = 40,000 m?/mol. The results
of calculations for xp g/ are shown in Fig. 3. Substi-
tuting the values of xps;; found by Eq. (9, d) into
Egs. (8, 9a, b), the solid/liquid interfacial energy of
the alloy is calculated. Repeating the same procedure
at different temperatures, the temperature depen-
dence of the interfacial energy is found as shown in
Fig. 4. A negative deviation from the additive rule in
Fig. 4 is found despite the fact that an ideal solution
is considered. It is obviously due to the segregation of
component A to the interface. This is because com-
ponent A is interface-active as it has a lower solid/
liquid interfacial energy for its pure state compared
to component B. For the same reason, the dotted line
corresponding to the composition of the solid /liquid
interfacial region deviates from the additive rule
towards alloys with higher A content in Fig. 3. This
effect of segregation makes our present new method
superior compared to previous published models.
Let us note that increasing the value of Kpgy the
dotted line in Fig. 3 shifts from the left top corner
towards the right bottom corner of the diagram.

2100
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B,5/L 7
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T, K

0 0,25 0,5 0,75 x5 1

Figure 3 Same as Fig. la, but with the concentration values of

x5/ shown by the dotted line. Calculations by Egs. (1c-f, 9a, ¢,
d) with parameters: p; — 5 =8-(1000 = T), up; — py 5 =
20 (2000 —T), ¢% = 0.15)/m? 6% =030Jm’, o=
40,000 m*/mol.
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Figure 4 Temperature dependence of the solid/liquid interfacial
energy for the case of Figs. 1a, 3. The bold line is calculated by
Egs. (8, 9a, b) using parameters of Fig. 3. The straight dotted line
shows the additive rule to help the eye.

On the interaction energies in the solid/
liquid interfacial region

The interaction energy in the solid/liquid interfacial
region in the first estimation can be calculated as the
average of the interaction energies in the liquid phase
and in the solid phase:

Lj,S/L ~(05. (LLL —+ L]‘,S) (10)

where L;s; (J/mol) is the jth interaction energy of
the components in the solid /liquid interfacial region,
Lir (J/mol) is the same in the bulk liquid solution
and L;s (J/mol) is the same in the bulk solid solution.
Equations (7-8, 10) are the central equations of our
new model to estimate the concentration and tem-
perature dependence of solid/liquid interfacial
energy of alloys. As an example, in the framework of
the regular solution model, when only the zeroth-
order interaction energies are used, Eq. (7a, b) can be
rewritten using Eq. (10) as:

R-T 1—x
I B.S/L

@A \/(1 - xB,s) . (1 - xB,L)

Loy - (X%_’S/L — x%}L) +Los - (sz,S/L — x%z,s)
2. WA

oA =09+

+

(10a)

o = 09 +—R'T- n _¥BSIL
BTTET g VAB5 XBL
2 2 2 2
Lop - {(1 —xps) —(1—x8L) ] +Los - [(1 —xps) —(1—xps) ]
+

2-(1)3

(10b)
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Looking at Eq. (10a, b) it is more obvious how
xps/. can be found by substituting Eq. (10a, b) into
Eq. (8) (64 = op) at a given set of state parameters (T,
xB,s, xp 1), if the following parameters are known: ¢,
0%, wa, wg, Los, Lo 1. Equation (10a, b) are written for
the most simple case of the regular solution. Gener-
ally Eq. (7a, b) should be used, taking into account
Eq. (10) for each interaction energy value.

Extension of the present model to
multi-component alloys

Equations (7a, b, 8) can be extended to ternary A-B-
C alloys, as well, taking also into account the mate-
rials balance equations:

0 R-T < XA,S/L )
a4 =0y + -In
WA VXAS " XAL
2-AGE ., — AGE . — AGE
AS/L AS AL (11a)
2. WA
R-T XBS/1L )
o = 0% + . ln( '
? B wp VXB,S - XBL
2-AGE ., — AGE. — AGE
B.S/L B.S B.L (11b)
2 - wp
R-T X
oc =0, + -ln( S/ >
wc VXC,s - XCL
2-AGE ., — AGE . — AGE
C.S/L fol CL (11¢)
2- wc
0 =04 =0B=0C (11d)
Xas+xps+xcs =1 (11e)
xar +xpr+xcL =1 (11f)
Xas/ + X5/ +Xcsy =1 (11g)

First, the equilibrium compositions of the bulk
solid (x;s) and bulk liquid (x;1) phases are calculated
by the CALPHAD method. The equilibrium compo-
sition of the solid/liquid interface (x;s,;) is calculated
by substituting Eq. (11a—c) into different parts of
Eq. (11d) (64 = 0p and g4 = o), taking into account
also the materials balance Egs. (10) and (11g). The
equilibrium composition of the interface can be sub-
stituted back into Eq. (11a—c) to find the partial solid /
liquid interfacial energies, which should be identical
within the uncertainty of the numerical method.
Their average value provides the requested value for
the solid/liquid interfacial energy of the given alloy,
in accordance with Eq. (11d).
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The same method can be logically extended to
higher-order systems, extending further Egs. (7a, b, 8,
10) for the binary systems and Egs. (10, 11a-g) for the
ternary systems.

The model for pure metals

As follows from the above, the temperature depen-
dences of the solid/liquid interfacial energies and
molar interfacial areas of the pure components are
needed to model the solid/liquid interfacial energy
of multi-component alloys. As these data are usually
not available, simple models will be offered herewith.
The goal is to connect these missing complex quan-
tities with the simplest and well-known thermody-
namic properties, such as melting enthalpy and
molar volume of the pure metals.

The present model on interfacial energies will be
built using the general definition of Eq. (6) for the
solid/liquid interfacial energy of pure components.
The two differences in chemical potentials of Eq. (6)
are written through the enthalpy and entropy terms
as:

:u?ﬂS/L - /l?,s = (HZS/L - Hzos) -T- (S?,S/L - S?,s)
(12a)

:u?,S/L - :“?,L = (H?,S/L - HzUL) -T- (SZS/L - S?,L)
(12b)

where H;’ s/L (J/mol) is the standard enthalpy of pure
component i in the solid/liquid interface region,
H}s (J/mol) is the same in the bulk solid phase,
H}; (J/mol) is the same in the bulk liquid phase, 575 ;
(J/molK) is the standard entropy of pure component i
in the solid/liquid interface region, S5 (J/molK) is
the same in the bulk solid phase and S}; (J/molK) is
the same in the bulk liquid phase.

The enthalpy and entropy differences of Eq. (12a,
b) are estimated supposing that the solid/liquid
region is liquid-like, adsorbed to the outer plane of
the solid crystal. Because of this, the atoms within the
crystal have approximately the same freedom as the
atoms in its surface, i.e. the entropies of atoms within
a crystal and in its surface region are approximately
the same:

(Sts—Sis) =0 (13a)
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On the other hand, the atoms within bulk liquid
have more freedom to move around compared to the
adsorbed liquid atoms along its interface with the
solid crystal. Thus, the liquid atoms in the interfacial
region lose half of their configurational freedom
characteristic for the bulk liquid, leading to the fol-
lowing approximated equation:

(SZS/L - S?’L) ~ 1. AnSyy, where AyS,. is the

con
f
configurational part of the melting entropy of a
general pure metal. The latter can be approximated as
[114]: A,SS, ;= R -In2. (Note that the same expres-

conf —
sion is valid for the configurational entropy of the
equimolar binary solution, but it is just a coinci-
dence.) Substituting this expression into the previous
one, the final equation is obtained as:

(525 - sgL) >~ 05-R-In2=-288]/molK (13b)

As the solid/liquid interface is liquid-like, there is
almost no cohesion energy change from the liquid
side; thus, the following equation is approximately
valid:

(Fesy —HL) =0

On the other hand, the cohesion energy within the
solid crystal is decreased by the standard melting
enthalpy when the atom is transferred from the bulk
of the crystal into the liquid-like interfacial region,
ie.

(13¢)

(Fosy, — His) = A H

1

(13d)

where A,,H? (J/mol) is the standard molar enthalpy
of melting of a pure component i.

The molar interfacial area of component i is cal-
culated as [115]:

wi=f VNP (14a)
B 3-f 2/3 1173
f_(jr) = (14b)

where V; (m®/mole) is the characteristic molar vol-
ume of the pure component i at the solid/liquid
interface at given temperature, N, = 6.02 x 10%
mol ' is the Avogadro number and f (dimensionless)
is a structural parameter depending on the packing
ratios of the bulk phases (fy,) and that of the interface
(f). As follows from the above, the solid/liquid
interfacial region is liquid-like. Therefore, the molar
volume in Eq. (14a) is taken as the molar volume of
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the pure liquid metal and f; (the bulk packing frac-
tion) in Eq. (14a) is also taken as the bulk packing
fraction of the liquid metal. As was shown in [115],
the average value for simple liquid metals (resulting
from bcc, fcc and hep metals) is: f, 2 0.65 £ 0.02,
being also consistent with the bulk random packing
fraction of equal spheres [116, 117]. On the other
hand, f; (the packing fraction in the solid/liquid
interface) is taken as the packing fraction of the outer
crystal plane of the solid crystal, as the liquid is
adsorbed to it. For the most dense crystal plane (such
as the 111 plane of the fcc crystal), f; = 0.906 [115].
Substituting these two latter values into Eq. (14b), f =
1.00. Let us note that anisotropy of interfacial energy
is neglected in this paper for simplicity, as it has a
small magnitude [118].

In this model, the excess molar volumes of both the
solid and liquid solutions are neglected for simplic-
ity, that is why the molar interfacial areas of the
components are taken as independent of the com-
position, and thus, they are taken equal in both
Egs. (5, 6).

The temperature dependence of the molar volumes
of fcc metals is known in the liquid state using the
following semi-empirical equations [119]:

Vi=a+ b-T"

below the melting point (15a)

Vi=c+d-T above the melting point (15b)

with semi-empirical parameters a, b, n, ¢, d given in
Table 1 for fcc metals. Substituting Eq. (13a-d) into
Eq. (12a, b) and substituting the resulting equation
and Egs. (14a, 15a-b) with f = 1.00 into Eq. (6), the
following final equations are obtained:

AuH? +05-R-T-In2

o) = below the melting point
Y2 (a+b-TPNS &P
(16a)
A HY 5-R-T-In2
gf o +0-5 "2 above the melting point

2-(c+d - T)PNY
(16b)
Equation (16a, b) can be generally written as:
a-AyH? +p-R-T
V~2/3 . N114/3
1 v

0
0;

IR

(16¢)

where o and f (dimensionless) are semi-empirical
model parameters. Comparing Eq. (16a, b) with
Eq. (16¢), the parameter values for our new model
are: o = 0.5, = 0.173. The melting enthalpies of
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Table 1 Modelled solid/liquid interfacial energies (& 10%) for fcc metals using Eq. (16a, b)

Me T, acm’mol  b* 10° cm*/molK® n c cm*/mol  d* 10%cm®/molK AnH} klJ/mol a7 mJ/m? Jsz mJ/m?
K :
Ag 1235 10.49 9.646 1.314 10.14 11.85 11.3 140 172
Al 933 10.269 3.860 1.491 9.761 16.54 10.67 134 157
Au 1337 10.396 9.528 1.272  10.15 8.586 12.7 158 195
Cu 1358 7.226 4.06 1.355 6.973 7.123 13.0 206 252
Ir 2719 8.866 1.847 1.377 8.493 5.014 26.4 365 441
Ni 1728 6.718 2.936 1.355 6.464 5.614 17.6 293 351
Pb  600.6 18.21 46.67 1.229 1793 24.83 5.12 43.8 56.2
Pd 1828 9.047 4.597 1.321 8.746 6.768 17.2 235 287
Pt 2042 9.321 5.120 1.274 9.090 5.265 19.7 263 323
Rh 2237 8.569 1.753 1.414 8.173 6.039 21.55 305 369

*Melting point and heat of fusion are taken from [120], and parameters a, b, n, ¢ and d are taken from [119]

01 = Pb

0 1000 2000 3000 4000
TK

Figure 5 Modelled solid/liquid interfacial energies of pure fcc
metals as function of temperature by Eq. (16a, b) using the data
given in Table 1.

metals are taken in the first approximation as T-in-
dependent quantities from [120]. The T dependence
of the solid/liquid interfacial energies of the 10 fcc
metals for 0 K and for the melting points is given in
Table 1. The T dependences are shown in Fig. 5,
calculated by Eq. (16a, b). All modelled values have
an uncertainty of &+ 10%.

As follows from Eq. (16a—c), interfacial energy of a
metal at a fixed temperature is higher for lower molar
volume and higher melting point. The interfacial
energy increases with melting point, as the melting
entropies are approximately constant (especially for
the group of fcc metals considered here), and that is
why higher melting points mean higher melting
enthalpies. This is in agreement with the original
approximation of Turnbull [64, 65]. The interfacial
energy values for fcc metals range from 43.8 mJ/m?
for Pb at T = 0 K to 468 mJ/m? for Ir at T = 4000 K.
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Thus, more than an order of magnitude change is
expected in solid/liquid interfacial energies of fcc
alloys as function of composition and temperature.
This is especially important for nucleation calcula-
tions, as the activation energy of nucleation is pro-
portional to the cube of the interfacial energy. Thus,
the activation energy of nucleation can change more
than 3 orders of magnitudes for fcc metal-based
alloys as function of composition and temperature.
This shows the importance of the present model.

The validation of the method for some fcc
eutectic alloys

As in Table 1 only fcc metals are shown, our method
to calculate the solid/liquid interfacial energy of
alloys will be validated for fcc alloys. For the purpose
of validation high-precision, experimental data are
needed, found only for the Al-rich eutectics of the Al-
Cu, Al-Ni, Al-Ag and Ag-Al-Cu systems. That is
why the reliability of the new method will be checked
only for these three binary and one ternary system.

Trial calculations for binary eutectic Al-Cu,
Al-Ni and Ag-Al systems

For the Al-Cu system, the solid/liquid interfacial
energy between the Al-rich fcc solid solution and the
eutectic liquid solution was measured at the eutectic
temperature using the grain boundary groove
method and the results were found as
163.4 &+ 16.2 mJ/m? [49] and 160.0 + 19.2 mJ/m?
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[52]. The magnitude of anisotropy in solid/liquid
interfacial energy in this system is measured below
1% [118]. For the Al-Ni system, the solid/liquid
interfacial energy between the Al-rich fcc solid solu-
tion and the eutectic liquid solution was measured at
the eutectic temperature using the same method and
the result was found as 171.6 + 18 mJ/m? [52]. For
the Al-Ag system, the solid/liquid interfacial energy
between the Al-rich fcc solid solution and the eutectic
liquid solution was measured at the eutectic tem-
perature using the same method and the results was
found as 166.32 + 21.62 mJ/m? [121]. These values
are used here to validate our model.

The eutectic temperatures and compositions of the
Al-rich alloys are taken from [121] (Table 2). The
molar surface areas and solid/liquid interfacial
energies of the pure components Ag, Al, Cu and Ni
are calculated by Eqs. (14a—16a) and by the parame-
ters of Table 1 for given eutectic temperatures as
shown in Table 2. The interaction energies for the Al-
Cu, Al-Ni and Ag-Al solid fcc and liquid solutions
are given in Tables 3, 4 and 5, based on the CAL-
PHAD assessments [123, 124]. Using these interaction
energies, the molar integral and partial excess Gibbs
energies are calculated for the given A-B binary
system, as:

AGE = XB - (1 — XB)
) Lo+ L;- (l 72~XB)+L2'(1 72~XB)2+
Ls-(1—2-xp)°+Ly- (1—2-xp)*
(17a)
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Table 3 Interaction energies (J/mol) for the fcc and liquid solu-
tion phases for the Al-Cu system [123]

L; fce Liquid

Lo —53520+2T — 67094 + 8.555 T
L, 385812 T 32148-7.118 T

L, 1170 5915-5.889 T

L; - — 8175+ 6.049T

Table 4 Interaction energies (J/mol) for the fcc and liquid solu-
tion phases of the Al-Ni system [124]

L; fec Liquid

Ly — 162407.75 + 16.212965 T — 207109.28 + 41.31501 T
L, 73417.798-34914 T — 10185.79 + 5.8714 T

L, 33471.014-9.837 T 81204.81 — 31.95713 T

L; —30758.01 4+ 10.253T 4365.35-2.51632 T

Ly - — 22101.64 + 13.16341 T

Table 5 Interaction energies (J/mol) for the fcc and liquid solu-
tion phases of the Ag—Al system [123]

L; fce Liquid

Lo — 7154 — 19.562 T — 15,022 — 20.538 T
L, — 16.541-21.694 — 20,456-17.291 T
L, 4274-27.839 T — 3821-17.169 T

Ls — 8100 7028-12.247 T

Ly - 7661-5.857 T

Table 2 Results of calculations of the solid/liquid interfacial energies between fcc Al-rich solid solutions and the equilibrium liquid

solutions of eutectic compositions at the eutectic temperatures in the AI-Cu, Al-Ni and Ag—Al systems

System A—B quantities Al-Cu Al-Ni Ag-Al
T K 821 916 839
XB.s 0.0248 0.002 0.762
XB.L 0.171 0.030 0.625

o, mJ/m* measured

w4, m>/mol, Egs. (14a, 15a), Table 1

163.4 + 16.2 [49]
160.0 £ 19.2 [52]
42,080.7

wp, m*>/mol, Egs. (14a, 15a), Table 1 32,605.6
a’, mJ/m*, Eq. (16a), Table 1 154.9

%, mJ/m?, Eq. (16a), Table 1 235.6
XB,S/L> EqS (73, b, 8, 10) 0.0676

¢ mJ/m>, Egs. (7a, b, 8, 10) 164.7 + 16
Deviation o, % + 0.8 [49]
Numerical/measured + 2.9 [52]

171.6 + 18 [52]

166.32 & 21.62 [121]

42,462.1 42,172.3
30,962.6 42,1515
156.7 162.6
326.8 155.2
0.001343 0.8665
159.5 + 16 172.5 £ 17
—7.0[52] + 3.7 [121]
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AGE = x3
Lo4+Li-(3—4-xp)+Ly- (5—16-x5+12-x3)+
+Ls- (7—36-xp+60-x3 —32-x3)+
+Ls- (9 —64-xp+168- x5 — 192 - x5 + 80 - x3)
(17b)

AGE = (1 —xp)°
Lo+Li-(1—4-xg)+Lx (1-8-xp+12-x3)+
+L3- (1-12-x5+36-x3 — 32 x3)+
+Ly- (1-16-xp+72-x3 — 128 - x} + 80 - x})
(17¢)

The calculation of the solid/liquid interfacial
energies is performed by the numerical solution of
Egs. (7a-b, 8, 10). As given in Table 2, the calculated
composition of the solid/liquid interfacial region is
richer in Al than the average mole fraction of equi-
librium bulk solid and liquid solutions. This is
because Al has the lowest interfacial energy com-
pared to Ag, Cu and Ni, and so Al segregates pref-
erentially to the interfacial region. As also given in
Table 2, the calculated interfacial energy values
deviate only by + 0.8%/42.9%/—7.0%/+ 3.7%
from the 4 measured values for the 3 systems, while
both measured and modelled values have an uncer-
tainty of at least 10%. This agreement between the
measured and modelled values confirms the validity
of the present model.

Trial calculation for the ternary Ag-Al-Cu
system

For the Ag—Al-Cu system, the solid /liquid interfacial
energy between the Al-rich fcc solid solution and the
eutectic liquid solution was measured at the eutectic
temperature using the grain boundary groove
method and the result was found as: 67 £+ 15 mJ/m?>
[125] and 137.40 + 16.49 mJ/m? [126]. This large
difference in experimental values allows us to use our
new theoretical method to decide which of the above
two contradicting experimental values is closer to
reality.

The eutectic temperatures and compositions of the
Al-rich alloys are taken from [127] (Table 6). The
molar surface areas and solid/liquid interfacial
energies of the pure components Ag, Al and Cu are
calculated by Egs. (14a—16a) and by the parameters of
Table 1 at the eutectic temperature (Table 6). The
interaction energies for binary Al-Cu, Ag-Al, Ag-Cu
and for the ternary Ag-Al-Cu systems for solid fcc
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Table 6 Calculation of the solid/liquid interfacial energy between
Al-rich fcc solid solution and the equilibrium eutectic liquid Ag—
Al-Cu alloy at the eutectic temperature

Quantity, unit Value

Tew, K 775.09
XALL 0.7156
XagL 0.1657
XcuL 0.1187
XALS 0.7861
XAgS 0.1642
XCus 0.0497

&, mJ/m?, measured 67 + 15 [125]

137.40 + 16.49 [126]

wag, m*/mol, Egs. (14a, 15a), Table | 42005.2
w41, m>/mol, Eqgs. (14a, 15a), Table 1 41903.3
wcy, m*/mol, Egs. (14a, 15a), Table 1 32528.0
Tpg> mJ/m?, Eq. (16a), Table 1 161.1

%, mJ/m%, Eq. (16a), Table 1 154.0

a2, mJ/m’, Eq. (16a), Table 1 2342
Xa1s/L, calculated 0.7795

Xag s/, calculated 0.1655
Xcus/L, calculated 0.0550

0 =0 = Gag = ocy, mJ/m’, calculated 160.5 £ 16

o deviation, %, calculated/experimental ~ 140% [125]

16.8% [126]

Table 7 Interaction energies (J/mol) for the fcc and liquid solu-
tion phases of the Ag—Cu system [123]

L; fec Liquid
Lo 34817 — 8.876 T 14463 — 1.516 T
L, — 3207 — 0570 T —9344+0319T

Table 8 Ternary interaction energies (J/mol) for the fcc and lig-
uid solution phases of the Ag—Al-Cu system [127]

L; fce Liquid

— 133981.8
30555.6-72.0962 T
— 165118.4 + 78.6913 T

L3 ag 72,814.0-270.0090 T
L3 Al — 7437.2
Ly cu — 124167.3

and liquid solutions are given in Tables 3, 5, 7, §
based on the CALPHAD assessments [123, 127].
Using these interaction energies, the molar integral
and molar partial excess Gibbs energies are calcu-
lated for the Ag—-Al-Cu system, as:
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E j
AGje_pi_cu = Xag - Xar - Z Ljag—ar - (xag — xa1)
j

j
+ Xag - Xcu - Z Ljag-cu - (xag — xcu)
j
+ X xcu s Y Liacu - (X — Xcu)’
j
+ Xag - Xar - Xcu - (Xag - Ls ag + Xar - Ls a1 + Xcu - Lacu)

(18)
AGh, = AGf‘g_Aé_Cu + (1 —xag)
. (dAGAg—Al—Cu> (193)
dXAg xAl/xCu=a
Xcu = L (1 —xag) (19b)
Cu — 1+a Ag
a
XAl :1+a (1_XAg) (190)
AGH, = AGE\nglfCu + (1 —xar)
E
. dAGAngFCu (208.)
dxa
xAg/xCu=b
X b (T —xa1) (20b)
Cu — 1+ Al
b
XAg = 1—-|—b . (1 — XAl) (20(:)
AGéu = AGElnglfCu + (1 - xCu)
E
. dAGAg—Al—Cu (218.)
dxCu
xAg/xAl=c
XAl = T+c . (1 — Xcu) (21b)
c
Xae =17 ¢ (1 —xcu) (21c)

The solid /liquid interfacial energies are calculated
by solving numerically Egs. (10, 11a—g). As given in
Table 6, the calculated composition of the interfacial
region is richer in Al and slightly in Ag, and is poorer
in Cu compared to the average compositions in the
bulk solid and liquid solutions. This is because Al
and Ag have similar and low interfacial energies
compared to Cu, so Al and Ag are interfacial active in
the system. As also given in Table 6, the calculated
interfacial energy value is larger by 16.8% compared
to the data of [126], but larger by 140% compared to
the data of [125]. Thus, our model calculations con-
firm that the experimental values of [126] are proba-
bly much closer to the reality than those of [125].
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Although the deviation between calculated and
experimental [126] data is larger than for the binary
systems above, the possible experimental and theo-
retical intervals still overlap: the possible modelled
interval of 160.5 4+ 16 mJ/m* overlaps with the
experimentally  found possible interval of
137.40 + 16.49 m]/m? by [126]. This proves again the
validity of our new model.

Model calculations for a binary alloy
as function of composition
and temperature

In this chapter, we calculate the concentration/tem-
perature dependence of the composition and energy
for the solid/liquid interfacial region for a binary
phase diagram. As the Al-Cu, Al-Ni and Al-Ag
binary systems considered in Table 2 all contain
intermetallic compounds [122] not considered in this
paper, the present calculation will be performed for
the eutectic Ag-Cu system with no intermetallic
compound [122]. Unfortunately no experimental
information on interfacial energies exists for this
system to compare our calculated values.

There are three, interconnected quantities in an
eutectic phase diagram of Fig. 6a: temperature, lig-
uidus temperature and solidus temperature. The
liquidus temperature is selected here as the leading
parameter. The other two parameters are calculated
by the CALPHAD method, using Egs. (1, 17a—c) and
Table 7. The calculated and measured [122] phase
diagrams are very close to each other. The molar
surface areas and solid/liquid interfacial energies of
the pure components Ag and Cu are calculated by
Egs. (14a-16a) and by the parameters of Table 1 as
function of temperature. The interaction energies are
given in Table 7 using Eq. (17a—c).

The results of calculations are shown in Fig. 6. The
broken line in top Fig. 6 shows the mole fraction of
Cu in the solid /liquid interfacial region as function of
temperature. The values left from the eutectic point
correspond to the equilibrium between the Ag-rich
solid solution and the liquid solution, while the val-
ues right from the eutectic point correspond to the
equilibrium between the Cu-rich solid solution and
the liquid solution. One can see that the interfacial
region is enriched in Ag if compared to the average
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Figure 6 Equilibrium phase diagram of the Ag—Cu system [122]
with the T dependence of the Cu mole fraction at the solid/liquid
interfacial region shown by the dotted line (top figure) and the
solid/liquid interfacial energy of the Ag—Cu alloy as function of
the liquidus composition with the dotted line showing the additive
rule (bottom figure).

solidus and liquidus values at the same temperature.
This is because pure Ag has a lower interfacial energy
compared to pure Cu, as given in Table 1.

In the bottom part of Fig. 6, the solid/liquid
interfacial energy is shown as function of the liquidus
mole fraction of Cu. One can see that at the eutectic
point the solid/liquid interfacial energies have the
same values for Ag-rich and for the Cu-rich solid
solutions, keeping equilibrium with the same eutectic
liquid. (This is because the partial Gibbs energies of
components are identical in these two equilibrium
solid solutions.) However, the curve in the bottom
part of Fig. 6 is broken in the eutectic point. It also
follows from the bottom part of Fig. 6 that the solid/
liquid interfacial energy is lower compared to the
additive rule shown by a broken straight line. As this
seems not be the case for Cu-rich alloys, the same
results are shown in Fig. 7 as function of the average
solidus and liquidus mole fraction of Cu. As shown
in Fig. 7, the modelled values coincide with those
calculated by the additive rule in alloys with more
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Figure 7 Solid/liquid interfacial energy of the Ag—Cu alloy as
function of the average liquidus and solidus mole fractions of Cu.
The horizontal dotted line only shows that at the eutectic point the
solid/liquid interfacial energies have the same values when the
liquid is in equilibrium with Ag-rich and Cu-rich solid solutions.
The thin dotted line shows the additive rule.

than 90 at.% Cu. For all other cases, the modelled
values are lower compared to the additive rule. This
is explained again by the segregation of Ag to the
interfacial region, which follows from the fact that
pure Ag has a lower interfacial energy compared to
pure Cu (Table 1).

Discussion on the model parameters
of Eq. (160)

The solid/liquid interfacial energy of pure metals is
described by the general Eq. (16¢). The above model
for pure metals provides the semi-empirical values
as: o = 0.5, f = 0.173. The calculated results shown in
Tables 2 and 6 are obtained using these values. The
experimental and modelled values are compared in
Fig. 8. As shown in Fig. 8, the correlation coefficient
is negative. This is probably due to the not perfectly
selected values of parameters « and f.

All model equations in the literature on solid/lig-
uid interfacial energies of pure metals can be sum-
marized by the general Eq. (6c). However, all
literature models provide different values of param-
eters o and 5. Some models claim o« = 0 with some
positive value for f5, some other models claim f = 0
with some positive value of o, while some models
provide both parameters with positive values [64-84].
As follows from the above, our model with « = 0.5,
p=0.173 is in the interval of possible values,
according to the previous models. Based on the
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Figure 8 Comparison of experimental (x-axis) and modelled (y-
axis) solid/liquid interfacial energies of the 4 eutectic alloys of
Tables 2 and 6. The model is based on solid/liquid interfacial
energies of pure metals calculated by Eq. (6¢) and parameters:
o=0.55=0.173.

above, let us check how the two boundary conditions
with o = 0 and f§ = 0 perform, optimizing the other
nonzero parameter such that the maximum absolute
deviation between experimental and modelled values
is minimized.

One of the options is shown in Fig. 9 calculated
with parameters: o = 0.59, § = 0. One can see that the
situation in Fig. 9 is not improved compared to Fig. 8.
Another option is shown in Fig. 10 calculated with
parameters: o = 0, f = 0.925. One can see that the
situation in Fig. 10 is considerably improved com-
pared to Figs. 8 and 9. In this latter case, all the five
experimental data of Table 2 and 6 are within £ 6%
of deviation compared to the modelled values, which
is the real improvement compared to the 16% of
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Figure 9 Comparison of experimental (x-axis) and modelled (y-
axis) solid/liquid interfacial energies of the 4 eutectic alloys of
Tables 2 and 6. The model is based on solid/liquid interfacial
energies of pure metals calculated by Eq. (6¢) and parameters:
o=059,=0.
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Figure 10 Comparison of experimental (x-axis) and modelled (y-
axis) solid/liquid interfacial energies of the 4 eutectic alloys of
Tables 2 and 6. The model is based on solid/liquid interfacial
energies of pure metals calculated by Eq. (6¢) and parameters:
o=0,=0.925.

difference shown in Table 6. It is clear that if both
parameters « and f are free to optimize, even a better
situation can be achieved. However, the five experi-
mental points for the 4 systems are not sufficient to
find the generally valid value in this paper. Thus, this
topic should be clarified at a later date, based on
more numerous and more precise experimental
values.

Conclusions

A general method is developed to model the solid/
liquid interfacial energies between an equilibrium
solid solution and an equilibrium liquid solution.
This new method is the extension of the Butler model
developed for liquid/gas surfaces and our previous
model developed for liquid/liquid and for coherent
solid /solid interfaces. The method allows the calcu-
lation of the composition of the interfacial region and
its interfacial energy, if the excess Gibbs energies of
the neighbouring phases are known as function of
composition and temperature. The accuracy of the
theoretical method is estimated to be around 10%.
The method also takes into account segregation of
low-interfacial energy components to the interface,
and in this way, the new method is superior to pre-
vious models.

For the method to apply, the solid/liquid interfa-
cial energies and the molar interfacial areas of the
pure components should be known. Simple models
are developed in this paper for the 10 pure fcc metals.
Further, the excess molar Gibbs energies of

@ Springer



3780

equilibrium phases should be known, to be taken
from CALPHAD assessments.

The present method is validated on the three bin-
ary systems: Al-Cu, Al-Ni and Al-Ag. In all three
cases, measured values are known for the interface
between Al-rich solid solutions and equilibrium
eutectic liquids at the eutectic temperature. The
agreement between calculated and experimental
values is within 7% for each of the 3 binary systems,
confirming the validity of the model.

The method is also extended to multi-component
systems. It is validated against experimental data on
Al-Ag—Cu system, for the interface between Al-rich
fcc solid solution and the equilibrium liquid Al-Ag-
Cu solution at the eutectic temperature. Among the
two existing experimental values, one can be exclu-
ded when compared with our calculated values. The
agreement between another experiment and our cal-
culated data is acceptable. (The indicated experi-
mental interval overlaps with our calculated interval
if 10% of uncertainty is allowed for the model values.)
This confirms further the validity of our method. This
agreement can be improved if the semi-empirical
parameters are fitted to experimental data.

As a final conclusion, we claim that using solely
bulk thermodynamic data (melting enthalpy and
molar volumes of pure components and molar excess
Gibbs energies of equilibrium solid and liquid solu-
tions) it is possible to provide meaningful values for
the temperature and concentration dependence of
solid/liquid interfacial energies of alloys.

The present method is claimed to be final for the
concentration dependence of solid/liquid interfacial
energies between solid and liquid solutions of binary
and multi-component alloys if the interfacial energies
and molar surface areas of the pure metals and the
excess Gibbs energies of the solid and liquid bulk
alloys are known. However, further work is needed
to improve/extend the method to estimate the solid /
liquid interfacial energies of pure fcc and/or non-fcc
metals as function of temperature. Also, further effort
is needed to extend the present method to the inter-
face between intermetallic compounds and liquid
alloys.
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