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ABSTRACT

Adequate micro-modeling for composites is the basic and key precondition for

their property prediction. This study takes fiber-reinforced composites (FRCs) as

an example and focuses on the linkages among fiber content, porosity and

aggregation in the microstructure of composites, as well as their effect on the

overall mechanical properties. A novel two-parameter agglomeration model is

developed to take both the tightly packed filler assemblies and the porosity into

account, in which the fiber weight fraction is used as an independent variable to

express the volumetric composition. Meanwhile, an improved two-scale

approach based on Mori–Tanaka (M–T) homogenization theory is utilized to

predict the effective properties of FRCs. Three typical FRCs: three-dimensional

(3D) randomly distributed FRCs, two-dimensional (2D) randomly distributed

ones and unidirectionally (UD) distributed ones, are investigated in detail. The

proposed model and method are validated by available experimental data. A

parametric study reveals that due to the synergistic influence of fiber content,

porosity and local aggregation, a maximum stiffness of FRCs can be achieved by

making fibers uniformly dispersed in the matrix and setting the fiber weight

fraction to be a certain transition value, which is characterized as a best possible

condition with high fiber content and low porosity.

Introduction

The architecture of materials microstructure

depending on synthesis and manufacturing condi-

tions results in different morphological configura-

tions of constituents, which consequently affects the

property and behavior of FRCs [1]. Voids are critical

and unavoidable imperfections in composites, the

formation of which is influenced by process param-

eters such as vacuum pressure, cure temperature and

matrix viscosity. The process optimization and

revealing the mechanisms of voids formation in the
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composition process exerted a tremendous fascina-

tion on a great many of researchers [2–4]; meanwhile,

investigations on the void content/porosity’s influ-

ence on FRCs’ properties have also captured a host of

scientists in these years.

Under non-interaction assumption, Nemat-Nasser

and Hori [5] proposed a concept by treating voids as

inclusions with zero stiffness; in this way, analytical

methods based on Eshelby’s equivalent inclusion

theory can be applied to examine the porosity effect

on mechanical behaviors of composites. Tsukrov and

Kachanov [6] derived closed-form effective moduli of

a 2D anisotropic solid with elliptical holes having an

arbitrary (non-random) orientational distribution

under non-interaction assumption, which was rigor-

ous at small defect densities. By means of the gen-

eralized method of cells, Herakovich and Baxter [7]

studied the influence of pore geometry on the effec-

tive elastic properties and inelastic response of por-

ous media. Using ‘‘multi-particle unit cell’’ approach,

Sevostianov and Kushch [8] investigated the effect of

pore distribution on overall properties and local

stress fields in a porous material. Finite element

method was also often applied to examine the effects

of void microstructures, i.e., void content, geometry

and distribution, on the response of FRCs with

fibers/particles and voids of simply geometry and

special spatial distribution [9–12]. Additionally,

experimental studies have been conducted by many

scientists. Zou and Li [13] examined the compressive

mechanical property of porous magnesium/carbon

nanotube composites, and Maragoni et al. [14] stud-

ied the fatigue behavior of glass/epoxy laminates in

the presence of voids.

For process-induced voids in FRCs, most theoreti-

cal studies were made under the assumption that all

voids were isolate in the matrix and of spherical or

ellipsoidal sharp [4–12]. Actually, there are another

parts of voids aggregated in composites [14] or

associated with the agglomeration of particles [15].

Based on experimental tests, Madsen and his part-

ners [16–18] analyzed the correlation between

porosity and volumetric interaction in plant fiber

composites and evaluated the influence of porosity

on the composite stiffness on the basis of a theoretical

study by Mackenzie [19]. The model and method of

Madsen et al. [18] were demonstrated to be applica-

ble to composite materials in general.

Apart from porosity, FRC microstructures often

contain non-uniformly distributed fibers, especially

for composites with fibers/particles of small sizes,

which are prone to agglomerate due to their lager

surface area and higher particle number than bigger

particles at the same mass concentration [20, 21].

Many experimental studies [22, 23] confirmed that

the maximum level of effective composite properties

can be achieved when fibers/particles were homo-

geneously distributed in the matrix; nevertheless, it

was hard to be satisfied in the fabrication processing

in practice, especially when the filler content was

high [24]. To consider this effect of the aggregation

state on composites’ property, some typical theoreti-

cal aggregation models have been developed. The

first one is a single-parameter aggregation model of

Dzenis [25], in which the aggregation during com-

posite processing was considered. Later, a two-pa-

rameter agglomeration model was presented by

Dorigato et al. [26], in which the aggregation during

the filler manufacturing and the composite process-

ing (studied in Dzenis [25]) were both included, and

the composite herein was viewed as an uncon-

strained matrix (no filler in it) reinforced with com-

posite inclusions formed by the aggregated particles

and constrained matrix. Additionally, Shi et al. [27]

developed another two-parameter aggregation model

for carbon nanotube-reinforced composites, in which

the two parameters describing the agglomeration

degree of CNTs were in terms of the volume of the

constituents. In the recent years, the aggregation

model of Shi et al. [27] was mostly used to evaluate

the effect of aggregation on behaviors of FRCs’

structures for its effectiveness and convenience

[28–30]. Recently, Dai et al. [31] put forward a novel

form of formula for tensile strength of spherical

particle-filled matrix considering the influence of

particle aggregation, in which an aggregation factor

was introduced to reflect the diminishing degree of

tensile strength.

From the discussion made above, it is known that

the majority of existing literatures studied the effects

of porosity and filler aggregation on composites,

respectively. Whereas, experimental observations

have already found that the filler aggregation also

leaded to decreasing of composite density due to the

increase in porosity [16–18, 24, 32]. To the knowledge

of our authors, a proper description and under-

standing of correlation among the fiber content, local

agglomeration and porosity of FRCs, as well as their

influence on the effective properties of composites is

still lacking. In this context, the present work
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proposed a novel aggregation model to describe the

relationship among fiber content, local agglomeration

and porosity of FRCs, and a two-scale analysis, on the

basis of M–T theory, is performed for the effective

property prediction, as illustrated in Fig. 1. In this

paper, three representative types of FRCs, 3D ran-

domly distributed FRCs, 2D randomly distributed

FRCs and UD distributed ones are investigated in

detail. The proposed model and method are vali-

dated by available experimental data. A parametric

study is conducted to uncover the influence of the

fiber content and degree of aggregation on porosity,

and consequently on the stiffness of FRCs. The

threshold of total fiber weight content, which is

characterized as a best possible condition with high

total fiber content and low porosity, is obtained for

FRCs with arbitrary degree of aggregation.

Porosity and volumetric interaction
of composites

In composites, there are voids associated with the

phases (the matrix and fibers), besides, there may be

significant porosity associated with the agglomera-

tion of reinforcements, which is developed due to the

situation where the available matrix content is

insufficient to fill the free space in the local filler

assembly [15, 18]. In this paper, three components of

porosity in FRCs are considered. They are fiber-cor-

related porosity (FP), matrix-correlated one (MP) and

the structural porosity (SP), as shown in Fig. 2, and

there is vp ¼ vfp þ vmp þ vsp, where v denotes the

volume and the subscript p,fp,mp and sp represent

the total porosity, FP, MP and SP, respectively. In this

manner, the volume interaction in composites can be
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FP  Fiber correlated porosity;  
MP  Matrix correlated porosity

Original isotropic matrix

Isotropic EM with 3D randomly distributed fibers

Transversely Isotropic EM with UD  distributed fibers

Transversely isotropic EM with 2D randomly distributed fibers

L
evel

L
evel

(c) UD  distributed(a) 3D randomly distributed (b) 2D randomly distributed

Matrix
Fiber

Cluster

RVE 

SP

Spherical EI
 (R1=R2=R3)

Oblate Spherical EI
 (R1=R2>>R3)

X2

X3

X1

SP

EI EM

o

MP

FP

Transversely isotropic EM

X2

X3

X1o

EI
EM

MP

FP

Isotropic EM

Ellipsoidal EI
 (R1>R2=R3)

X2

X3

X1o

EM
EI

SP

MP

FP

Transversely isotropic EM

Figure 1 RVE and two-scale micromechanics models for three types of FRCs with fiber aggregation and porosity.

12488 J Mater Sci (2017) 52:12486–12505



described as functions of fiber weight fraction as

[16–18]:

Region A ðWf �WftransÞ:

Vf ¼
Wfqm

Wfqmð1þ apfÞ þ ð1�WfÞqfð1þ apmÞ

Vm ¼ ð1�WfÞqf
Wfqmð1þ apfÞ þ ð1�WfÞqfð1þ apmÞ

Vp ¼
Wfqmapf þ ð1�WfÞqfapm

Wfqmð1þ apfÞ þ ð1�WfÞqfð1þ apmÞ

ð1Þ

Region B ðWf �WftransÞ:
Vf ¼ Vfmax

Vm ¼ Vfmax

ð1�WfÞqf
Wfqm

Vp ¼ 1� Vfmax 1þ ð1�WfÞqf
Wfqm

� � ð2Þ

where Vf , Vm and Vp denote the volume fractions of

fiber, matrix and porosity, respectively;Wf is the fiber

weight fraction; Vfmax denotes a maximum obtainable

fiber volume fraction; qf and qm represent the den-

sities of fibers and matrix, respectively; and apf and

apm are the fiber-correlated and matrix-correlated

porosity constants, which are defined as Vpf ¼ apfVf

and Vpm ¼ apmVm, with Vpf and Vpm the volume

fraction of the fiber-correlated porosity and that of

the matrix-correlated porosity, respectively; espe-

cially, Wftrans is the transition fiber weight fraction

separating regions A and B, which can be obtained by

setting Vf in region A equal to that in region B as:

Wftrans ¼
Vfmaxqfð1þ apmÞ

Vfmaxqfð1þ apmÞ � Vfmaxqmð1þ apfÞ þ qm
:

ð3Þ

The model parameters qf , qm, apf , apm and Vfmax are

experimental measured or back-calculated [18]. They

are treated as inherent properties of constituents of a

composite in this paper, so does Wftrans. Taking UD

hemp fiber-reinforced polyethylene terephthalate

composites (He/PET) as an example, the model

parameters are listed in Table 1, and the volumetric

composition of the uniformly distributed UD He/

PET with respect to fiber weight fraction is displayed

Table 1 Measured (m), assumed (a) and back-calculated

(b) model parameters of three types of composites, He/PET, Fl/PP

and Gl/PP, used in the calculation [18]

Model parameters Types of composites

He/PETa Fl/PPb Gl/PPc

qf ðg/cm3Þ 1.60 (m) 1.54 (m) 2.65 (a)

qm ðg/cm3Þ 1.34 (m) 0.91 (m) 0.91 (a)

apf 0.081 (b) 0.224 (b) 0.121 (b)

apm 0 (a) 0 (a) 0 (a)

Vf 0.466 (b) 0.408 (b) 0.407 (b)

Em ðGPa)e 2.7 (m) 1.7 (m) 2.1 (m)

Ef ðGPa)e 58.6/47.3 (b)d 41.8 (b) 72 (a)

mm 0.42 0.42 0.42

mf 0.24 0.24 0.24

a The nominal fiber orientation distribution for He/PET is unidi-

rectional, and the model parameters are taken from the study of

Madsen [40]
b The nominal fiber orientation distribution for Fl/PP is unidi-

rectional. In this case, small deviation from the nominal fiber

orientation distribution is evaluated to be 0.021 [18], and the

model parameters are taken from a study by Toftegaard [41]
c The model parameters of Gl/PP were obtained by Thomason

[43]
d For composites with 2.4% moisture and 6.1% moisture,

respectively [18]
e Ef and Em in this table are not the true elastic constant of fiber

and matrix, but merely reflect the effective stiffness contribution of

the fiber phase or the matrix phase to the composites [18]

Figure 2 Low-magnification images of UD He/PET composites’

cross sections by optical microscopy [17]. The fiber weight

fraction is 0.362 and 0.654 in a, b respectively.
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in solid lines in Fig. 3, in which the dash line curves

are for material models neglecting the porosity effect.

From the solid line curves, it is seen that with the

increase in fiber weight fraction Wf , the fiber volume

fraction Vf increases linearly when Wf �Wftrans, while

it keeps to be a constant Vfmax when Wf [Wftrans,

which agrees with the phenomenon observed in

compaction tests [16] that there is a limit to the degree

of compaction for fiber assemblies; for porosity vol-

ume fraction Vp, it increases linearly and slowly

whenWf �Wftrans in that apf [ 0 and apm ¼ 0, but with

the continuous increasing of Wf , the matrix are prone

to be insufficient, which results in the pronounced

increase of Vp following a convex curve; thirdly, for

matrix volume fraction Vm, it decreases linearly when

Wf �Wftrans, but it drops more rapidly when

Wf [Wftrans due to the development of SP. Those

solid line curves make a clear explanation for the

phenomenon that the composite density decreases

when the concentration of the reinforcements exceeds

a critical value [32]. On the other hand, a comparison

between the solid line curves and those dash ones

shows that when Wf [Wftrans, Vf keeps to be Vfmax in

porous composites, but it keeps increasing until to 1

in dense composites; meanwhile, Vm of porous com-

posites decreases more rapidly due to the forming of

SP; in addition, when Wf �Wftrans, the value of Vf and

Vm are lower than those of the corresponding dense

composite (V0
f and V0

m) on account of the porosity

effect.

A novel two-parameter model
of agglomeration

Increasing the filler content in composites makes the

fillers tend to local gathering, which always leads to

an increasing SP content in these regions where there

is not enough matrix to fill the free space between the

fibers [16–18]. To describe the correlation among fiber

content, aggregation and porosity, weight quantities

are used to develop a novel two-parameter agglom-

eration model based on the aggregation model of Shi

[27].

A representative volume element (RVE) is extrac-

ted from a FRC, and the fibers can be divided into

two parts: the concentrated ones and the others uni-

formly distributed in the matrix, as shown in Fig. 1.

To simplify, mark the clusters as equivalent inclu-

sions (EIs) and the region outside the clusters as

equivalent matrix (EM). Accordingly, the total weight

of fibers in the RVE mf is divided into two parts:

mf ¼ mEI
f þmEM

f ð4Þ

where mEI
f and mEM

f denote the weights of the fibers in

EIs and EM, respectively.

Define the total weight fraction of fibers in the RVE

as:

Wf ¼
mf

m
ð5Þ

where m represents the weight of the RVE.

Assuming that the fibers are uniformly distributed

not only outside but also inside the clusters, two

agglomeration parameters n and 1 in terms of the

weights of each constituent are proposed to describe

the degree of agglomeration:

n ¼ mEI

m
; 1 ¼ mEI

f

mf

ð6Þ

where mEI denotes the weight of all EIs, and 0� n� 1

and 0� f� 1. Meanwhile, denote the weight of EM as

mEM. In this paper, supposing that the EIs is stiffer

than EM, there is mEI �mEM.

Physical meanings of n and 1 are presented in

Fig. 4, in which three situations with 1� 1[
n� 0,1� 1 ¼ n� 0 or 0� 1\n� 1 are displayed,

respectively, and each weight quantity (mf , m
EI
f ,mEM

f ,

mEI, mEM and m) is quantified as the corresponding

area. As is clearly observed from Fig. 4 that the

weight fractions of mEI and mEM are determined by

parameter n, and the weight fractions of mEI
f and mEM

f

Figure 3 Volumetric composition of uniformly distributed UD

He/PET with respect to fiber weight fraction taking the porosity

into account (the solid line) or not (the dashed line).
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depend on parameter 1. When 1[ n, most of fibers

are located in EIs. Due to mEI �mEM, the fiber content

of EI must be higher than of EM; therefore, the fibers

in EI are much compacted than in EM, as shown by

Fig. 4a. On the contrary, when 1\n, the fibers are

more tightly packed in EM than in EI, as depicted in

Fig. 4c. Particularly, when 1 ¼ n, as seen in Fig. 4b, no

matter what the value of n or 1 is, the fiber content of

EI keeps the same with that of EM, which means the

fibers are uniformly distributed in the whole com-

posite. Especially, when n ¼ 1, all fibers are uni-

formly dispersed in the matrix; 1 ¼ 1 means all the

fibers are located in EIs.

From Eqs. (4–6), the fiber weight fractions in EIs

and EM can be derived, respectively, as:

WEI
f ¼ mEI

f

mEI
¼ 1

n
Wf

WEM
f ¼ mEM

f

m�mEI
¼ 1� 1

1� n
Wf :

ð7Þ

It indicates that the fiber weight fraction inside and

outside the clusters depend on the two agglomerate

parameters n and 1, together with the fiber weight

fraction of the composite Wf .

In this paper, Vfmax and Wftrans are material

parameters determined by the constituents of the

composite themselves, not the degree of the fiber

aggregation. As a result, both Vfmax and Wftrans are the

same for both EI and EM. Then, according to Eqs. (1–

3), the volume fractions of fiber, matrix and porosity

in EI and EM yield, respectively:

V#
f ¼

W#
f qm

W#
f qmð1þ apfÞ þ ð1�W#

f Þqfð1þ apmÞ
; W#

f �Wftrans

Vfmax; W#
f �Wftrans

8><
>:

V#
m ¼

ð1�W#
f Þqf

W#
f qmð1þ apfÞ þ ð1�W#

f Þqfð1þ apmÞ
; W#

f �Wftrans

Vfmax

ð1�W#
f Þqf

W#
f qm

; W#
f �Wftrans

8>>>><
>>>>:

V#
p ¼

W#
f qmapf þ ð1�W#

f Þqfapm
W#

f qmð1þ apfÞ þ ð1�W#
f Þqfð1þ apmÞ

; W#
f �Wftrans

1� Vfmax 1þ ð1�W#
f Þqf

W#
f qm

" #
; W#

f �Wftrans

8>>>><
>>>>:

ð8Þ

where the superscript ‘‘#’’ can be replaced by super-

scripts ‘‘EI’’ or ‘‘EM,’’ and Wftrans is the transition fiber

weight fraction, which is a constant obtained from

Eq. (3).

Property predication of FRCs

In this paper, the matrix of the FRC is supposed to be

isotropic, the spherical inclusion is isotropic and the

non-spherical inclusion is transverse isotropic. After

obtaining the volume fractions of fiber, matrix and

porosity in EIs and EM from Eq. (8), a double-scale

homogenization method can be conducted to predict

the effective property of FRCs, as illustrated in Fig. 1,

including 3D randomly distributed FRPs (Fig. 1a), 2D

randomly distributed FRPs (Fig. 1b) and UD dis-

tributed FRPs (Fig. 1c). Firstly, homogenize the EIs

and EM in the smaller scale, respectively. In this

scale, the matrix in EIs and EM is the original iso-

tropic matrix, and the porosity effect is considered

here. Secondly, regarding the FRC as EM reinforced

by EIs and homogenizing the FRC in the larger scale,

the effective properties of the FRP can be obtained. It

is worth noting that in the larger homogenization

scale, the regions outside the clusters are treated as

the equivalent matrix which may be isotropic or

transversely isotropic. Some quintessential situations

are described explicitly in ‘‘Property prediction of

three typical FRCs’’ section.

Porosity-corrected Mori–Tanaka model

Due to the efficiency and convenience of M–T

method [33], it is applied in the analysis. For a two-

phase composite (fiber and matrix), the effective

property can be given as:

�C ¼ Cm þ Vf ðCf � CmÞ�1 þ VmS : ðCmÞ�1
h i

ð9Þ

where Ci ði ¼ f,mÞ denotes the stiffness tensor of fiber
or matrix, �C denotes the effective stiffness tensor of

the composite, Vi ði ¼ f,mÞ is the volume fraction of

fiber or matrix in the composite and S stands for the

fourth-order Eshelby tensor of the ellipsoidal rein-

forcement, the components of which depend on the

shape of the reinforcement and the moduli of the

outside medium. The expression of Eshelby tensor S

for ellipsoidal inclusions in an isotropic matrix was

determined by Eshelby [34]; Withers [35] first deter-

mined the S-tensor for transversely isotropic medi-

ums based on the analytical expressions of Green

functions for infinite transversely isotropic mediums

derived by Pan and Chou [36]. The closed-form

expressions of Eshelby tensors for ellipsoidal

J Mater Sci (2017) 52:12486–12505 12491



inclusions in an isotropic and transversely isotropic

medium are displayed in ‘‘Appendix 1’’ and ‘‘Ap-

pendix 2,’’ respectively.

In the original M–T model, no porosity exists in

composites, which means Vf þ Vm ¼ 1. However,

this is unachievable in practice. To take the porosity

effect into account, the stiffness of fiber composites

was demonstrated to be well approximated by [19]:

�C ¼ �Cd � ð1� VpÞn ð10Þ

where the subscript ‘‘d’’ denotes the fully dense

material and n is the porosity efficiency exponent,

which is an empirical parameter. n ¼ 0 means no

porosity in the composites. In this paper, the value of

n is set to be 2 [16, 18].

Then, according to Eqs. (9), (10), the porosity-cor-

rected composites property can be written as:

�C ¼ Cm þ Vf ðCf � CmÞ�1 þ ð1� VfÞS : ðCmÞ�1
h in o

� 1� Vp

� �2
:

ð11Þ

In the following, Walpole’s scheme [37–39] is

adopted to simplify the calculation of fourth-order

transversely isotropic tensors. By this means, a

fourth-order transversely isotropic tensor turns to be

six components, and operations between fourth-

order tensors can be converted to simply algebraic

manipulations.

In this manner, the stiffness tensor of materials can

be written as:

C ¼ ðc; g; h; d; e; fÞ ð12Þ

For transversely isotropic materials with direction

1 the anisotropic axes and plane 2–3 the isotropic

plane, there is:

C ¼ ð2k; l; l0; n; 2m; 2pÞ ð13Þ

and

k ¼ 1

2
ðC2222 þ C2233Þ; l ¼ C1122; l

0 ¼ C2211;

n ¼ C1111;m ¼ C2323; p ¼ C1212

ð14Þ

where Cijrt ði; j; r; t ¼ 1; 2; 3Þ are components of the

fourth-order stiffness tensor C; parameters k, l ¼ l0, n,

m and p are material constants related with the

engineering ones:

(b)  1 ζ=ξ 0 

10

m

mEI mEM

0

mf
mf

EI

(c) 0 ζ <ξ
mf

0

10

m

mEI mEM

mf
EI EM

fm

Cluster

Fiber contents are equal 
in EIs and EM

Fiber gathers in EM

(a) 1 ζ ξ 0
mf

0 1

10

m

mEI mEM

mf
EI mf

EM mf
EM

Matrix
Fiber

Cluster

Fiber gathers in EIs

Figure 4 Physical meaning of

agglomeration parameters

(1; n), and their influence on

the fiber distribution.
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EL ¼ n� l2

k
;

1

ET

¼ 1

2

n

2kn� 2l2
þ 1

2m

� �
;

mL
EL

¼ l

kn� l2
;

mL
EL

¼ � 1

2

n

2kn� 2l2
� 1

2m

� �
;

GT ¼ m; GL ¼ p

ð15Þ

where E, m and G denote Young modulus, Poisson’s

ratio and shear modulus, respectively, and the sub-

scripts ‘‘L’’ and ‘‘T’’ mean the quantity in the longitudi-

nal direction and the transverse direction, respectively.

Specially, for isotropic materials, the stiffness ten-

sor is:

C ¼ 2K þ 2

3
G;K � 2

3
G;K � 2

3
G;K þ 4

3
G; 2G; 2G

� �

ð16Þ

or it can be expressed by two independent material

constants as:

C ¼ 3K; 2Gð Þ ð17Þ

where K and G denote the bulk and shear modulus of

the isotropic material, respectively.

Property prediction of three typical FRCs

3D randomly distributed FRCs

For 3D randomly distributed FRCs, the effective

property is naturally isotropic. As depicted in Fig. 1a,

the regions with concentrated fibers are equivalent to

spherical EIs (R1 ¼ R2 ¼ R3, where Riði ¼ 1; 2; 3Þ
denote the radius in direction Xi according to the

coordinate system o� X1X2X3). Consequently, by

using porosity-corrected M–T method according to

Eq. (11), and doing angle averaging, the stiffness of

EI and the EM can be obtained as:

�CEI ¼ fCm þ Vinclusion
f ½ðCf � CmÞ�1 þ ð1� Vinclusion

f ÞS :
D

ðCmÞ�1�g � ð1� VpÞ2
E
angle

¼ ðc�EI; g�EI; h�EI; d�EI; e�EI; f�EIÞ
� 	

angle
¼ ð�cEI; �gEI; �hEI; �dEI; �eEI; �fEIÞ

ð18Þ

and

�CEM ¼ fCm þ Vmatrix
f ½ðCf � CmÞ�1 þ ð1� Vmatrix

f ÞS :
D

ðCmÞ�1�g � ð1� VpÞ2
E
angle

¼ ðc�EM; g�EM; h�EM; d�EM; e�EM; f�EMÞ
� 	

angle

¼ ð�cEM; �gEM; �hEM; �dEM; �eEM; �fEMÞ

ð19Þ

where �h iangle denotes 3D spatially angle averaging,

�CEI and �CEM denote stiffness tensors of the EI and

EM, respectively, with the consideration of the

porosity effect, S represents the Eshelby tensor for

ellipsoidal inclusions in an isotropic medium,

besides, volume fractions V#
f and Vp

# (# = inclusion,

matrix) are available from Eq. (8).

Since the EI and EM, here, are isotropic, their

stiffness tensors can also be written as:

�Cj ¼ ð3 �Kj; 2 �GjÞ; ðj ¼ EI; EMÞ ð20Þ

where �Kj and �Gj ðj ¼ EI; EMÞ denote the bulk and

shear modulus of the EI or EM, respectively, which

can be written by:

�Kj ¼
1

9
2�cjþ 2�gjþ 2�hjþ �dj


 �

�Gj ¼
1

30
�cj� 2ð�gjþ �hjÞþ 2�djþ 6ð�ejþ �fjÞ

h i
; ðj¼ EI; EMÞ:

ð21Þ

Next, in level II, using M–T method for composites

with spherical EIs embedded in isotropic EM yields

the effective stiffness tensor ��C:

��C ¼ �CEM þ n � ð �CEI � �CEMÞ�1 þ ð1� nÞ � S : ð �CEMÞ�1
h i

¼ 3 ��K; 2 ��G

 �

ð22Þ

with

�K ¼ �KEM þ
�KEI � �KEM

� �
n

1þ 9ð1� nÞKPð �KEI � �KEMÞ
;

�G ¼ �GEM þ
�GEI � �GEM

� �
n

1þ 4ð1� nÞGP
�GEI � �GEM

� � ;

and KP ¼
1

3 4 �GEM þ 3 �KEM

� � ; GP ¼
3 2 �GEM þ �KEM

� �
10 �GEM 4 �GEM þ 3 �KEM

� � :
ð23Þ

2D randomly distributed FRCs

The 2D randomly distributed FRC is one of the

common types of FRCs in application. In this paper, it

is assumed that the fibers are fully randomly orien-

tated on plane 1–2 for 2D randomly distributed FRC,

as illustrated in Fig. 1b; thus the FRC presents

transversely isotropic characteristics, being nomi-

nally isotropic on plane 1–2, and anisotropic in

direction 3. If there are fiber agglomerations in the
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FRC, the EIs can be assumed as oblate ellipsoids with

much shorter axis in direction 3(R1 ¼ R2 	 R3).

Preforming porosity-corrected M–T scheme and

doing angle averaging on plane 1–2 to the trans-

versely isotropic EIs and EM can obtain their stiffness

tensors, respectively. The expression of the stiffness

tensors in level I is as the same form as Eqs. (18), (19),

except that �h iangle here means the angle averaging on

plane 1–2. In this level, the matrix is the original

isotropic matrix.

However, for this 2D randomly distributed FRC,

both the EI and EM are transversely isotropic with

axis 3 the symmetric axis. By doing angle averaging,

there are:

�cj ¼
1

8
2 c�j þ f�j


 �
þ 4 h�j þ g�j þ d�j


 �h i
;

�gj ¼
c�j � f�j

4
þ
g�j
2
; hj ¼

c�j � f�j
4

þ
h�j
2
;

�dj ¼
c�j þ f�j

2
; ej ¼

e�j þ f�j
2

;

�fj ¼
1

8
c�j þ f�j � 2 g�j þ h�j � d�j


 �
þ 4e�j

h i
; ðj¼ EI; EMÞ:

ð24Þ

The consideration of the effect of porosity is taken

in Eq. (24).

Then, in level II, using M–T method for composites

with oblate ellipsoidal EIs 2D randomly embedded in

a transversely isotropic EM, as seen in Fig. 1b, the

effective stiffness tensor of the 2D randomly dis-

tributed composite ��C can be got:

��C ¼ �CEM þ n � �CEI � �CEM

� ��1þ 1� nð Þ � S : �CEM

� ��1
h i

¼ ��c; ��g; ��h; ��d; ��e; ��f

 �

ð25Þ

where the S tensor denotes the Eshelby tensor not for

an isotropic matrix but for a transversely isotropic

matrix with plane 1–2 the isotropic plane. Finally, by

making corresponding coordinate transformation to

Eq. (15), the overall engineering constants of the 2D

randomly distributed FRC can be obtained.

UD distributed FRCs

For extruded composites, the UD distributed FRC is

discussed here. As depicted in Fig. 1c, the symmetric

axis of the UD distributed fiber coincides with

direction 1, thus this composite is transversely iso-

tropic with direction 1 anisotropic and plane 2–3

isotropic, so do the ellipsoidal EIs (R1 [R2 ¼ R3) and

EM.

In this condition, based on the porosity-corrected

M–T approach, the stiffness tensor of the transversely

isotropic EI and EM is obtained as:

�CEI ¼ Cm þ Vinclusion
f Cf � Cmð Þ�1þ 1� Vinclusion

f

� �
S : ðCmÞ�1

h in o

� 1� Vp

� �2
¼ �cEI; �gEI;

�hEI; �dEI; �eEI; �fEI
� �

ð26Þ

and

�CEM ¼ fCm þ Vmatrix
f ½ðCf � CmÞ�1 þ ð1� Vmatrix

f ÞS :

ðCmÞ�1�g � ð1� VpÞ2

¼ ð�cEM; �gEM; �hEM; �dEM; �eEM; �fEMÞ
ð27Þ

where the S tensor here is Eshelby tensor for com-

posites with ellipsoidal inclusions in an isotropic

matrix. In this case, angle averaging scheme is

needless.

After obtaining the property of EI and EM in the

smaller scale (level I), the overall property of the FRC

with ellipsoidal EIs embedded in a transversely isotropic

EM can be predicted by adopting the M–T method

in the larger scale (level II) as ��C ¼ �CpEM þ n �CpEI�
��

�CpEMÞ�1 þ ð1� nÞS : �CpEM

� ��1� ¼ ��c; ��g; ��h; ��d; ��e; ��f

 �

,which

is in the same form as Eq. (25), but the S tensor here is

for ellipsoidal inclusions in a transversely isotropic

matrixwith plane 2–3 isotropic. Eventually, the overall

engineering constants of this FRCcanbe obtained from

Eq. (15).

Results and discussion

Verification

Determining some material parameters of a com-

posite experimentally, including Ef , Em, vf , vm, qf , qm,
apf , apm and Vfmax, is a precondition for the composite

property prediction. Limited material parameters are

found in existing literatures. Based on the parameters

provided by Madsen et al. [18], as listed in Table 1,

comparisons of composite stiffness between results of

this paper and the corresponding experimental

data [40, 41] are made for UD distributed He/PET

and 2D randomly distributed flax fiber-reinforced

polypropylene (Fl/PP), respectively, to verify the
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micromechanical model and analysis presented in

this paper.

Longitudinal stiffness of UD distributed He/PET

The rule of mixture model (ROM) is a traditional and

widely accepted micromechanical model for stiffness

calculation of unidirectional and continuous com-

posites [42]:

EL ¼ VfEf þ ð1� VfÞEm

ET ¼ EfEm

ð1� VfÞEf þ VfEm

:
ð28Þ

Figure 5 depicts the comparison of UD He/PET’s

longitudinal stiffness EL between this paper, ROM [42]

and experiment data [40] with respect to the total fiber

weight fractionWf . As stated by Madsen et al. [18] that

fiber aspect ratios of their presented composites were

above 50. In this paper, the aspect ratio of the hemp

fibers is assumed to be 80. Different state of aggrega-

tion (1; n) is considered, and n ¼ 1 represents the uni-

form distribution. He/PET with 2.4% moisture and

6.2% moisture are discussed. It can be seen that curves

of ROM keep larger than the experimental data; they

agree with the experimental data at very small fiber

content; however, with the increasing of fiber weight

fraction, the deviation from the experimental data

goes greater and greater. However, when porosity is

taken into account, as the curves of this paper ð1; nÞ ¼
ð0:5; 0:5Þ show, better agreement is found between the

curves of this paper and the experimental data [40].

This verifies the model and analysis of this paper, and

indicates that the porosity effect should not be

neglected, especially when the composite is of high

filler content. Moreover, better agreement can be

found between the curves ð0:52; 0:5Þ and the experi-

ment data [40], which manifests that there is local

aggregation of fibers in the composite.

Additionally, Fig. 5 displays the influence of

aggregation parameters ð1; nÞ on the UD distributed

composite’s EL. By observing the curves of this paper

with different aggregation parameters, it is found

that for the composite with uniformly distributed

fibers(ð1; nÞ ¼ ð0:5; 0:5Þ), EL reaches the maximum

when Wf ¼ Wftrans. The reason is that for composites

with homogeneous dispersed reinforcements, the

fiber weight fractions of EI and EM reach their tran-

sition fiber weight fractions Wftrans simultaneously at

Wf ¼ Wftrans. However, with the increasing of the

degree of aggregation (such as fixed n but increased

1), two extreme points appear in the corresponding

curves, and the maximum of the stiffness decreases

gradually. This implies that on the one hand, aggre-

gation reduces the stiffness of the composite; on the

other hand, fiber agglomeration makes the composite

to be two sub-composites (EIs and EM), and they

reach their respective transition fiber weight fraction,

WEI
ftrans and WEM

ftrans, at different values of Wf . Thus, two

extreme points rise in the curve. This phenomenon is

further discussed in ‘‘Effect of agglomeration

parameter n’’ section.
Besides, this figure shows that the local aggrega-

tion has a slight effect on the longitudinal stiffness of

UD distributed composites even when Wf\Wftrans or

WEI
f \Wftrans; with the increasing of the aggregation

degree, EL decreases slightly in this region of Wf .

While when Wf [Wftrans (homogeneous dispersed

fibers) or WEI
f [Wftrans(aggregated fibers), ð1; nÞ

impacts EL much more profoundly and this impact

strengthens with the increase in aggregation degree.

It is worth noting that in the analyses of this paper,

one requirement should be strictly satisfied that the

weight fraction of fibers and the matrix is not nega-

tive. This is the reason why the curves of composites

with several pairs of aggregation parameters (e.g.,

ð1; nÞ ¼ ð0:6; 0:5Þ; ð1; 0:5Þ in this case) are terminated

in the midway. This requirement needs to be met in

the whole analysis, which will not be repeated in the

following discussions.

Figure 5 Comparison of experimental data [40], theoretical

results of this paper (with porosity) and those of ROM (with no

porosity) [42] of EL of UD distributed He/PET composite (In the

calculation of this paper, influence of aggregation parameters ð1; nÞ
on EL is considered; a, bdenote composites with moisture 6.1 and

2.4%, respectively).
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Planar stiffness of 2D randomly distributed Fl/PP

For 2D perfectly randomly distributed Fl/PP studied

herein, the stiffness normal to the isotropic plane

(plane 1–2, as seen in Fig. 1b) is called as E33, and the

stiffness on plane 1–2 is called as planar stiffness. To

verify the validity of the analysis proposed in this

paper, distribution of planar stiffness of 2D randomly

distributed Fl/PP with respect to fiber weight frac-

tion by this paper and the experimental data by

Toftegaard [41] is illustrated in Fig. 13. The aspect

ratio of the flax fibers is taken as 100 [18]. In practice,

fully randomly orientated fibers are impossible to be

achieved. It was observed in the experimental test

that the fiber distribution in the material specimen

(Fl/PP) had small deviation from the nominal ran-

dom 2D fiber orientation Fl/PP [18]. Thus, two

experimental stiffness are used to describe the planar

stiffness of the 2D randomly distributed Fl/PP com-

posite [18, 41], which are the stiffness along and

transverse to the preferred fiber orientation, respec-

tively. From Fig. 13, it is found that a few curves, like

that with ð1; nÞ ¼ ð0:52; 0:5Þ, are indeed located

between the two groups of experimental data [41].

Moreover, a dense composite condition based on

aggregation parameters of Shi et al. [27]. with ð1; nÞ ¼
ð0:5; 0:5Þ is depicted in Fig. 13. It indicates that with

the increase in the total fiber weight fraction, this

dash line curve deviates from the experimental data

greater and greater on account of the no porosity

assumption.

By comparing the curves of this paper with dif-

ferent aggregation parameters, it is found that there is

a maximum stiffness for uniformly distributed com-

posite with ð1; nÞ ¼ ð0:5; 0:5Þ when Wf ¼ Wftrans; nev-

ertheless, with the increasing of the degree of

aggregation, there are two extreme points in the

curve of planar stiffness with respect to the total fiber

weight fraction. Meanwhile, it is found that the

maximum of the stiffness decreases gradually with

the increasing degree of aggregation, which indicates

that fillers assembly in the composite has detrimental

effects on planar stiffness of the 2D randomly dis-

tributed composites.

Parameter analysis

In this section, effects of agglomeration parameters n
and 1 on volumetric composition, eventually on

stiffness of FRCs, are discussed explicitly.

Meanwhile, the linkages among the fiber content,

porosity and aggregation in FRCs, as well as their

effect on the overall mechanical property are thor-

oughly investigated. The model parameters of FRCs

are listed in Table 1.

Effect of agglomeration parameter n

a) Volumetric composition

The UD distributed He/PET withWftrans ¼ 0:529

[18] is first considered. Setting 1 ¼ 1, which

indicates that all fillers are located in EIs, the

variation of volume fraction of fiber, matrix and

porosity in the EI with respect to n is shown in

Fig. 6. In this figure, three fiber weight fraction

Wf conditions are involved. They are Wf ¼ 0:2,

0.4 and 0.529, respectively. As is known that

when 1 is fixed at 1, the increasing of n makes

the fillers in EIs looser. Taking the range of n as

½0:4; 1� for example, when n ¼ 0:4, the degree of

aggregation is the severest. For relatively lower

Wf (Wf ¼ 0:2), VEI
f \Vfmax at n ¼ 0:4, then with

the increasing of n, Vfmax will never be achieved.

As shown in Fig. 6a, volume fractions of the

fiber and porosity decrease monotonously, and

the volume fraction of matrix increases mono-

tonously along with the increasing of n. When

Wf ¼ 0:4, n goes to be 0.756 to guarantee

WEI
f ¼ Wftrans. As a result, when 0:4� n� 0:756,

there is WEI
f [Wftrans, then with the increasing

of n, fibers keep to be compacted and the vol-

ume fraction of fiber keeps to be its maximum

Vfmax; when 1� n[ 0:756, there is WEI
f \Wftrans,

then with the increasing of n, the fiber assembly

in EI tends to be more and more uncompacted,

and the corresponding volumetric composition

is displayed in Fig. 6b. Thirdly, if

Wf ¼ 0:529 ¼ Wftrans, when n� 1, there is

WEI
f �Wftrans, as a result, the fiber volume frac-

tion of EI keeps to be Vfmax in the total rang of

n 2 ½0:529; 1�. It is noted that if n\0:529, the

volume fraction of matrix in EI is negative,

which is unrealistic.

From Fig. 6, the effect of Wftrans on the volu-

metric composition of composites is noticeable.

A turning point for the volumetric composition

of a composite appears at WEI
f ¼ Wftrans.

According to Eq. (7) that WEI
f ¼ 1Wf=n, it is

known that WEI
f ¼ Wftrans when

12496 J Mater Sci (2017) 52:12486–12505



n ¼ 1Wf=Wftrans: ð29Þ

It means, if 1 and Wftrans are determined, the

values of n andWf are linearly related with each

other in this situation. For He/PET with mois-

ture 2.4% and 1 ¼ 1, the linearly relation

between n and Wf when WEI
f ¼ Wftrans is illus-

trated in Fig. 7. It is clearly observed that if

Wf ¼ 0:2, WEI
f reaches Wftrans when n reaches

value A. Similarly, if Wf ¼ 0:4, WEI
f reaches

Wftrans when n goes to the value B = 0.756.

When n ¼ 1 ¼ 1, the matrix is uniformly rein-

forced by the fibers, then the fiber weight frac-

tion of EI reaches Wftrans when

Wf ¼ Wftrans ¼ 0:529.

In addition, Eq. (28) provides the slope of the

line for WEI
f ¼ Wftrans when 1 ¼ 1, which is

1=Wftrans. Because Wftrans is a determined mate-

rial constant of a composite, with the decrease

of 1, the slope of the line decreases.

b) Stiffness

To detect the influence of n on the stiffness of

FRCs, UD distributed He/PETs of 1 ¼ 1 and

moisture 2.4% with four different values of n
(0.4, 0.5, 0.8 and 1) are considered. Figure 8

depicts the variation of longitudinal stiffness EL

of the UD distributed He/PET with respect to

Wf . When 1 ¼ 1, all fillers are assembled in the

clusters, thus there is only one extreme value of

EL; EL of the composite with different n all go up

linearly with a constant slope at first, after

reaching their respective maximum value at

Wf ¼ Wftrans (composites with homogeneous

dispersed fibers) or WEI
f ¼ Wftrans (composites

having local fiber agglomeration), they fall

monotonously in concave patterns. The smaller

the value of n is, the larger degree of fiber

compaction is, and the lower the maximum

obtainable EL of the composite is. It demon-

strates negative impact of aggregation on EL of

UD distributed composites.

From Fig. 7, it is observed that the turning

points of the curves in Fig. 8 can be predicted

from the curve that WEI
f ¼ Wftrans.

Figure 7 Relation between n and Wf when WEI
f ¼ Wftrans for UD

distributed He/PET with 1 ¼ 1 and moisture 2.4%.

Figure 6 Effect of n on the

volume fraction of EI of UD

distributed He/PET with 1 ¼ 1

and different values of Wf .
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Effect of agglomeration parameter 1

a) Volumetric composition

From Fig. 4, it is known that for fixed n, the

increasing of 1 leads to growing amount of fiber

in EIs while falling fiber content in EM. The

influence of total fiber content Wf and 1 on the

volumetric composition of UD distributed He/

PET with moisture 0.24% is illustrated in Fig. 9,

where n is set to be 0.5 and the range of 1 is

taken as ½0:4; 1�.
Figure 9a is for UD distributed He/PET with

n ¼ 0:5 and Wf ¼ 0:2. In this condition, both the

fiber weight fractions in EIs and EM are smaller

than Wftrans in the range of f½0:4; 1�, thus they are

monotonously varied. With the increase of 1, the
fiber content in EIs increases, so does the

porosity, which indicates the more and more

compacted fibers in EIs. The opposite varying

tendency is found in the volumetric composi-

tion of EM. Figure 9b is for UD distributed

He/PET with n ¼ 0:5 and Wf ¼ 0:4. It is seen

that due to this increasing of Wf , a turning point

for volumetric composition of EI rises with the

increasing of 1, where WEI
f ¼ Wftrans. At this

Figure 8 Effect of n on longitudinal stiffness of UD distributed

He/PET with 1 ¼ 1 and moisture 2.4%.

Figure 9 Effect of 1 on the volumetric composition of UD distributed He/PET with n ¼ 0:5 and different values of Wf .
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value of Wf(Wf ¼ 0:4), WEM
f keeps less than

Wftrans. Nevertheless, if Wf ¼ 0:6; with the

increasing of 1, fiber weight fractions of EI and

EM reach Wftrans successively, as seen in Fig. 9c.

Meanwhile, it is noted that to guarantee the

nonnegative volume fractions of matrix in EIs,

those curves in Fig. 9c are truncated in the

midway.

Figure 10 depicts the relationship between 1

and Wf to satisfy WEI
f ¼ Wftrans and WEM

f ¼
Wftrans when n ¼ 0:5. According to Eq. (7), for

fixed n and known Wftrans, there are

WEI
f ¼ Wftrans ) 1 ¼ nWftrans=Wf ;

WEM
f ¼ Wftrans ) 1 ¼ 1� ð1� nÞWftrans=Wf :

ð30Þ

From Eq. (30), it is known that when n ¼ 0:5, the

two curves for WEI
f ¼ Wftrans and WEM

f ¼ Wftrans

are symmetrical about the line 1 ¼ 0:5. This

characteristic is obviously shown in Fig. 10. In

this paper, EI is assumed to be stiffer than EM,

which means that with the increasing of total

fiber content in composites, fiber volume frac-

tion in EI achieves Vfmax earlier than that in EM.

By observing the top half part of Fig. 10, it is

easily known that only when 1 ¼ n, the two

curves intersect with each other at Wf ¼ Wftrans.

This is because that for composites with fibers

uniformly distributed, WEI
f and WEM

f reach

Wftrans at the same time. While if 1 6¼ n, WEI
f and

WEM
f reach Wftrans successively at different Wf .

That is why in Fig. 5 there is only one extreme

point on the curve for the composite with

1 ¼ n ¼ 0:5, but two extreme points on a few

curves with 1 6¼ n. On the other curves with

1 6¼ n, the curves of composites with some

aggregation parameters (e.g., ð1; nÞ ¼
ð0:6; 0:5Þ; ð1; 0:5Þ in this case) are terminated in

the midway to maintain the positive weight

fraction of constituents in EI, which gives rise to

only one extreme point too.

For composites with other values of n, it is

known from Eq. (29) that there is no symmetric

between the curves of WEI
f ¼ Wftrans and

WEM
f ¼ Wftrans. Figure 11 depicts two curves for

n ¼ 0:2 and n ¼ 0:8 when WEI
f ¼ Wftrans and

WEM
f ¼ Wftrans, respectively. It is obvious that the

increasing of n elevates the two curves, and it

also stretches the curve of WEI
f ¼ Wftrans but

compresses the curve of WEM
f ¼ Wftrans, this will

finally influence the distribution of material

constants with the variation ofWf . Additionally,

the two curves intersect with each other when

1 ¼ n ¼ 0:2 and 1 ¼ n ¼ 0:8, respectively. Apart

from this situation, WEI
f and WEM

f reach Wftrans

successively at different value of Wf .

b) Stiffness

The influence of the agglomeration parameter 1
on UD distributed He/PET’s EL can be found

Figure 10 Relations between 1 and Wf when WEI
f ¼ Wftrans or

WEM
f ¼ Wftrans for UD distributed He/PET with n ¼ 0:5 and

moisture 2.4%.

Figure 11 Relations between 1 and Wf when WEI
f ¼ Wftrans or

WEM
f ¼ Wftrans for UD distributed He/PET with n = 0.2 (a), 0.4

(b) and moisture 2.4%.
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from Fig. 5, which are analyzed in ‘‘Longitudi-

nal stiffness of UD distributed He/PET’’ sec-

tion. As for the transverse stiffness ET with

respect to fiber weight fraction Wf , the curves

with different ð1; nÞ are displayed in Fig. 12. It is

noticed that two conditions need to be satisfied

to achieve the maximum ET. The first is

uniformly distributed fiber in the composite

(n ¼ 1), and the second is Wf ¼ Wftrans. It is also

seen that with the increasing of 1
(1 ¼ 0:5; 0:52 ; 0:6) for composites with fixed n
(n ¼ 0:5), the extreme high value of ET

decreases. Besides, it also can be inferred from

Fig. 12 that the aggregation of fibers is slightly

beneficial to the increase in transverse stiffness

of UD distributed composites at small fiber

weight fraction.

Additionally, influence of aggregation parameters

on planar stiffness of 2D randomly distributed Fl/PP

is shown in Fig. 13, as discussed in ‘‘Planar stiffness

of 2D randomly distributed Fl/PP’’ section. In Fig. 14,

their influence on 2D randomly distributed Fl/PP’s

out of plane stiffness E33 is displayed. It also implies

that the aggregation in composite reduces E33 of 2D

randomly distributed composites, even at small fiber

weight fraction, and the turning points in the distri-

bution of E33 with respect to Wf are located at where

Wf ¼ Wftrans (homogeneously fibers) or WEI
f ¼ Wftrans

and WEM
f ¼ Wftrans(non-uniform fibers) is achieved.

Finally, influence of aggregation parameters ð1; nÞ
on the Young’s modulus E of 3D randomly

distributed composites is studied. 3D randomly dis-

tributed Glass fiber-reinforced PP (Gl/PP) is consid-

ered in this example, and the model parameters are

taken from a reference of Thomason [43], as listed in

Table 1. In the calculation, the aspect ratio of the

fibers is taken as 90 [18]. As depicted in Fig. 15, the

maximum stiffness happens when Wf ¼ Wftrans and

1 ¼ n, where no clustering exists. Besides, for fixed 1,
the increasing of n makes the composite more

uncompacted. When 1 ¼ 1, for composites with dif-

ferent n(n ¼ 0.4, 0.5, 0.6 and 1, respectively), the

maximum value og stiffness increases, which are

achieved when WEI
f ¼ Wftrans or Wf ¼ Wftrans. For fixed

n (n ¼ 0:5) but increasing 1(1 ¼ 0:5, 0.52, 0.6, 0.8 and

1), due to the increasing degree of agglomeration, the

maximum of composite stiffness decreases gradually.

In summary, in 3D randomly distributed composites,

the aggregation reduces the stiffness of the compos-

ites, even at the small fiber weight fraction

(Wf\Wftrans or WEI
f \Wftrans).

Figure 12 Transverse stiffness ET of UD distributed He/PET

composite with moisture 2.4% with respect to Wf .

Figure 13 Comparison of planar stiffness of 2D randomly

distributed FI/PP composite (on plane 1–2) among experimental

data [41], theoretical results of this paper (with porosity) and those

of Shi et al. [27] (with no porosity) (For all theoretical results,

supposing that fibers are fully randomly orientated on plane 1–2,

then one unique planar stiffness exists; however, in engineering,

fully randomly distributed fibers are unachievable, thus two

experimental stiffness are used to describe the planar stiffness,

where a, brepresent the planar stiffness along and transverse to the

preferred fiber orientation of the nonwoven fiber mates, respec-

tively; for results of this paper, influence of aggregation parameters

ð1; nÞ is considered; cdenotes the curves of Shi et al. [27]).
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Conclusions

In this study, based on M–T micromechanical model,

mechanical properties of three typical FRCs (3D

randomly distributed FRCs, 2D randomly distributed

FRCs and UD distributed ones) are investigated,

taking the effect of porosity and aggregation into

consideration. A novel two-parameter agglomeration

model in terms of the weights of constituents is

proposed to involve the relations among fiber con-

tent, porosity and agglomeration, and a two-scale

approach is applied for the effective property pre-

diction. The proposed model and method in this

paper are validated by experimental data, and some

valuable conclusions are made from the parameter

analyses:

1. Porosity increases with the increase in fiber

weight fraction, and there is a critical fiber weight

fraction Wftrans for a composite characterized as a

perfect situation with high fiber weight fraction

but low porosity. Porosity effect should not be

neglected, especially for composites with fiber

content higher than Wftrans.

2. Local aggregation of reinforcements affects the

variation of stiffness with respect to the fiber

weight fraction of the composite pronouncedly,

in that it affects the value of total fiber weight

fraction where Wf ¼ Wftrans is achieved for com-

posites with homogeneously dispersed fibers and

where WEI
f ¼ Wftrans and WEM

f ¼ Wftrans for com-

posites with fiber local gathering.

3. With the increase in fiber content, the fiber local

agglomeration in FRCs tends to increase, which

weakens the stiffness of the composites signifi-

cantly in general, but there is one exception that

the transverse stiffness of the UD directional FRC

is slightly increased with the increasing of the

aggregation degree at small fiber content.

4. Due to the synergistic influence of the fiber

content, porosity and local aggregation on FRCs’

properties, a maximum stiffness of FRCs can be

achieved by making fibers uniformly dispersed in

the matrix and setting the fiber weight fraction at

Wftrans.

The micromechanical model and method pre-

sented in this paper have wide application poten-

tiality in composites, in that it is applicable for

composites with reinforcements ranging from nano-

to macro-scale and has no limitation on their aspect

ratio (0, ?1). Moreover, the condition with trans-

versely isotropic EM is involved, and more elastic

constants of composites are able to be evaluated.
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Appendix 1: Eshelby tensor for a ellipsoidal
inclusion in an isotropic medium

In 1957, Eshelby [34] determined the expression of

Eshelby tensor S for rotational ellipsoidal inclusions

in an isotropic matrix. Assuming the axis of geomet-

rical symmetry of the ellipsoidal inclusion coincides

with direction 1, and the aspect ratio is denoted by q,
the original Eshelby tensor S can be represented as:

S ¼

S1111 S1122 S1122 0 0 0
S2211 S2222 S2233 0 0 0
S2211 S2233 S2222 0 0 0
0 0 0 2S2323 0 0
0 0 0 0 2S1212 0
0 0 0 0 0 2S1212

0
BBBBBB@

1
CCCCCCA

ð31Þ

in which the nonzero components are expressed as:

S1111 ¼
1

2ð1� mmÞ
4� 2mm � 2

1� q2

� �

þ 1

2ð1� mmÞ
2mm � 4þ 3

1� q2

� �
q;

S2222 ¼ � 3

8ð1� mmÞ
q2

ð1� q2Þ

þ 1

4ð1� mmÞ
1� 2mm þ 9

4ð1� q2Þ

� �
q;

S2233 ¼
1

8ð1� mmÞ
1� 1

ð1� q2Þ

� �

þ 1

16ð1� mmÞ
�4ð1� 2mmÞ þ

3

ð1� q2Þ

� �
q;

S2211 ¼
1

2ð1� mmÞ
q2

ð1� q2Þ

� 1

4ð1� mmÞ
ð1� 2mmÞ þ

3q2

ð1� q2Þ

� �
q;

S1122 ¼
1

2ð1� mmÞ
�ð1� 2mmÞ þ

1

ð1� q2Þ

� �

þ 1

4ð1� mmÞ
2ð1� 2mmÞ �

3

ð1� q2Þ

� �
q;

S1212 ¼
1

4ð1� mmÞ
ð1� 2mmÞ þ

1þ q2

ð1� q2Þ

� �

� 1

8ð1� mmÞ
ð1� 2mmÞ þ

3ð1þ q2Þ
ð1� q2Þ

� �
q;

S2323 ¼ � 1

8ð1� mmÞ
q2

ð1� q2Þ

þ 1

16ð1� mmÞ
4ð1� 2mmÞ þ

3

ð1� q2Þ

� �
q

ð32Þ

where mm denotes the Poisson’s ratio of the isotropic

matrix and

q ¼

q

ðq2 � 1Þ3=2
q q2 � 1
� �1=2�arccoshðqÞ

h i
; for q[ 1

q

ð1� q2Þ3=2
arccoshðqÞ � q 1� q2

� �1=2h i
; for q\1

8>><
>>:

:

For a spherical inclusion (q ¼ 1), the nonzero

components of Eshelby’s tensor are expressed as

follows:

S1111 ¼ S3333 ¼
7� 5mm

15ð1� mmÞ
;

S1122 ¼ S1133 ¼ S2211 ¼ S3311 ¼
5mm � 1

15ð1� mmÞ
;

S1313 ¼ S1212 ¼
4� 5mm

15ð1� mmÞ
:

ð33Þ

Appendix 2: Eshelby tensor
for an ellipsoidal inclusion
in a transversely isotropic medium

In 1988, Withers [35] obtained the Eshelby tensor for

an ellipsoidal inclusion in a transversely isotropic

matrix based on the related Green’s functions pro-

vided by Pan and Chou [36]. Assuming the ellip-

soidal inclusion is with aspect ratio q and is

rotationally symmetric about the direction 3 which is

normal to the isotropy plane 1–2, the S-tensor of that

inclusion in a transversely isotropic medium

ðC11; C12;C13;C33;C44Þ can be expressed in the fol-

lowing matrix form:

S ¼

S1111 S1122 S1133 0 0 0
S1122 S1111 S1133 0 0 0
S3311 S3311 S3333 0 0 0
0 0 0 S1313 0 0
0 0 0 0 S1313 0
0 0 0 0 0 S1212

0
BBBBBB@

1
CCCCCCA
:

ð34Þ

The nonzero components Sijrt(i; j; r; t ¼ 1; 2; 3) can be

written in terms of I integrals as:

S3333 ¼ 2
X2
i¼1

l3i qiA
0
i C13 � C33qil

2
i

� �
I2ðiÞ;

S1111 ¼ S2222 ¼ 2
X2
i¼1

C44ð1þ qiÞA0
il

3
i I1ðiÞ

� C66

X2
i¼1

A0
iliI1ðiÞ þ

1

2
DC66I1ð3Þ;
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S1122 ¼ S2211 ¼ 2
X2
i¼1

C44ð1þ qiÞA0
il

3
i I1ðiÞ

� 3C66

X2
i¼1

A0
iliI1ðiÞ �

1

2
DC66I1ð3Þ;

S1133 ¼ S2233 ¼ 2
X2
i¼1

liA
0
i C13 � C33qil

2
i

� �
I1ðiÞ;

S3322 ¼ S3311 ¼ 2
X2
i¼1

C44l
5
i qið1þ qiÞA0

iI2ðiÞ

� 2C66

X2
i¼1

l3i qiA
0
iI2ðiÞ;

ð35Þ

S1212 ¼ C66

X2
i¼1

liA
0
iI1ðiÞ þ

1

2
DC66I1ð3Þ;

S1313 ¼ S2323 ¼
1

2

X2
i¼1

C44l
3
i A

0
ið1þ qiÞ½I2ðiÞ � 2qiI1ðiÞ�

þ 1

4
DC44I2ð3Þl33:

The related constants in Eq. (35) depend on the

elastic constants of the transversely isotropic medium

ðC11; C12;C13;C33;C44Þ as:

C�
13 ¼ ðC11C33Þ1=2; qi ¼

C11


l2i � C44

C13 þ C44
;

l1 ¼
ðC�

13 � C13ÞðC�
13 þ C13 þ 2C44Þ

4C33C44

� �1=2

þ ðC�
13 þ C13ÞðC�

13 � C13 � 2C44Þ
4C33C44

� �1=2
;

l2 ¼
ðC�

13 � C13ÞðC�
13 þ C13 þ 2C44Þ

4C33C44

� �1=2

� ðC�
13 þ C13ÞðC�

13 � C13 � 2C44Þ
4C33C44

� �1=2
;

l3 ¼
C66

C44

� �1=2

; D ¼ 1

4pC44l3
; C66 ¼

1

2
ðC11 � C12Þ;

l1A1 ¼ �l2A2 ¼
C13 þ C44

4pC44C33ðl22 � l21Þ
;

A0
1 ¼

ðC44 � C33l21Þ
8pC44C33ðl22 � l21Þl21

;

A0
2 ¼ � ðC44 � C33l22Þ

8pC44C33ðl22 � l21Þl22
Ai ¼ �2liqiA

0
i:

ð36Þ

A degenerate case occurs when C�
13 � C13 � 2C44 ¼ 0,

so that l1 ¼ l2:

I integrals referred to in Eq. (35) can be written

with respect to the aspect ratio q as:

I1ðiÞ ¼ 2pq2li

Z1

0

1� v2

l2i q
2 � ðl2i q2 � 1Þv2

dv ði ¼ 1; 2; 3Þ

ð37Þ

If li [ 1=q,

I1ðiÞ ¼
2pq
R3

ðliqR� FÞ ð38Þ

with R ¼ ðl2i q2 � 1Þ1=2 and F ¼ arccoshðliqÞ.
If li\1=q,

I1ðiÞ ¼ � 2pq
R3

ðliqR� FÞ ð39Þ

with R ¼ ð1� l2i q
2Þ1=2 and F ¼ arccosðliqÞ.

Additionally,

I2ðiÞ ¼
4p
li

Z1

0

v2

l2i q
2 � ðl2i q2 � 1Þv2dv ði ¼ 1; 2; 3Þ:

ð40Þ

If li [ 1=q,

I2ðiÞ ¼
4pq
R3

F� R

liq

� �
ð41Þ

with R ¼ ðl2i q2 � 1Þ1=2 and F ¼ arccoshðliqÞ.
If li\1=q,

I2ðiÞ ¼ � 4pq
R3

F� R

liq

� �
ð42Þ

with R ¼ ð1� l2i q
2Þ1=2 and F ¼ arccosðliqÞ.As a lim-

iting case that li ! 1 ði ¼ 1; 2; 3Þ, the S tensor tends to

the isotropic case, which was discussed in the liter-

ature of Withers [35].
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