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Abstract An analytical model for dissolution kinetics of

secondary phase particles upon isothermal annealing has

been proposed. Considering the interactions of solute dif-

fusion fields in front of the secondary phase/matrix inter-

face upon dissolution, a Johnson–Mehl–Avrami type

equation, subjected to necessary modification, was derived,

in combination with a classic dissolution model for single-

particle system. Compared with the semiempirical disso-

lution models, which are used to fit the experimental results

and phase-field method simulation, the current model fol-

lows an analogous form, but with the time-dependent

kinetic parameters. Distinct from the model fitting work

published recently, the current model is derived from the

diffusion-controlled transformation theory, while the

modeling quality is guaranteed by the physically realistic

model parameters. On this basis, the current model calcu-

lation leads to a clear relationship between the secondary

phase volume fraction and the time. Accordingly, model

predictions for isothermal h0 dissolution in Al–3.0wt%–Cu

alloy and silicon dissolution in Al–0.8wt%–Si alloy were

performed; good agreement with the published experi-

mental data has been achieved.

List of symbols

Cm Initial solute concentration in the matrix

Ca Solute concentration at the interface

Cb Solute concentration in the secondary phase

D Diffusion coefficient of solute atoms

D0 Preexponential factor for diffusion

f Volume fraction of the secondary phase

f0 Initial volume fraction of the secondary phase

feq Equilibrium volume fraction of the secondary phase

ft Transformed fraction (transformation degree)

k Dimensionless parameter related to solute

concentrations, Cb, Ca, and Cm

K0 Rate constant

m Modified proportional factor

n Transformed exponent

Q Activation energy for dissolution

QD Activation energy for diffusion

rd Decrement of the dissolving particle radius

R Radius of the dissolving particle

R0 Initial radius of the dissolving particle

te The total transformation time needed for dissolution

Ve Extended transformed volume of the secondary phase

xe Extended transformed fraction

Introduction

Secondary phases in alloys are of great impact on physical

and chemical properties of materials; so that precipitation

and dissolution of such phases have been studied exten-

sively [1–3]. Upon material processing, the secondary

phase would precipitate from alloys during isothermal

aging or continuous cooling process, whereas, such
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precipitates could be removed by homogenization, where

the alloy is heated up to a temperature of single-phase

region of phase diagram to dissolve the secondary phase

and achieve a homogenized microstructure. Using analyt-

ical, experimental and numerical methods, lots of studies

have been carried out for secondary phase precipitation in

the past decades [4–13]. As compared to flourishing studies

of precipitation from supersaturated solid solution, how-

ever, the corresponding works on dissolution of the sec-

ondary phase are relatively few, most of which are focused

on describing qualitatively the microstructure evolution

[14–18].

Analogous to the precipitation process, dissolution of

the secondary phase during homogenization is controlled

by solute diffusion. Accordingly, Thomas and Whelan [19]

proposed a simple model considering that dissolution is

approximately a reversal of precipitation. Based on a linear

concentration field approximation, however, Aaron [20]

investigated the one-dimensional (1D) dissolution process

and found that dissolution cannot be regarded simply as a

reversal of precipitation, but involving a series of compli-

cated mathematical description. Shortly, by solving the

diffusion equations under assumptions of stationary inter-

face and local equilibrium at the interface, Whelan [21]

proposed a kinetic model for three-dimensional (3D) dis-

solution, which, subsequently, was used widely. Thereaf-

ter, Aaron et al. [22] revealed that no exact analytical

solution holds for secondary phase dissolution in 3D, and

Whelan’s model offers the most accurate solution. Later

on, effect of curvature on dissolution kinetics was consid-

ered [23–25], while Aaron and Kotler [24] concluded that,

for most alloy systems, such effect can be negligible,

unless the difference between solute concentration at the

particle/matrix interface and that in the matrix far from the

interface is extremely small. This was confirmed by sub-

sequent investigations by Nojiri and Enomoto [25]. Also,

the same authors, in another paper [26], proposed a

numerical solution for dissolution of spherical precipitates

in an infinitely large matrix. All these models were limited

to dissolution of single-particle system, where the inter-

actions of multi-particle dissolution were not considered.

It was demonstrated by Brown [27] that the interactions

of multi-particle dissolution would slow down the trans-

formation rate. So the above models [19–26] for single-

particle dissolution could not describe accurately the real

dissolution process. In order to deal with the multi-particle

dissolution, many numerical models have been developed.

For examples, using a finite difference technique, Tanzilli

and Heckel [28, 29] developed a numerical model for

dissolution kinetics, which indicated that the composition

at the midpoint of two dissolving particles changes early in

the process and this overlap of adjacent diffusion fields

slows down the dissolution process. In another paper Baty

et al. [30], studied the dissolution kinetics of CuAl2 in Al–

Cu alloy and presented a method to predict the variation of

the particle size distribution during the annealing process.

Moreover, Tundal and Ryum [31] investigated that the

dissolution process in binary alloys during isothermal

annealing by a numerical method. And based on a math-

ematical method which is applicable to dissolution of

multi-component phases in ternary media, Vermolen et al.

[32] studied the dissolution kinetics of Mg2Si in Al–Mg–Si

alloys.

Recently, phase-field method (PFM) and computational

tools were applied to deal with the dissolution process [33–

40]. Using PFM, Chen and Wang [36] simulated success-

fully the dissolution process of primary particles in an Al

alloy during isothermal homogenization. Utilizing a three-

dimensional quantitative PFM, Wang et al. [37] proposed a

model for dissolution kinetics considering the effect of

initial particle size distribution in Ni–Al alloys. Moreover,

Ghosh [38] simulated the dissolution kinetics of Ag-layer

in liquid solder using computational thermodynamics

(Thermo-Calc) and kinetics (DICTRA) tools, in conjunc-

tion with the assessed thermodynamical and mobility data.

With input from CHLPHAD and DICTRA databases, dis-

solution of a globular a precipitate in Ti–Al–V was sim-

ulated quantitatively in 2D using PFM, and the results

agree well with DICTRA simulations [39]. Applying

JMatPro software, dissolution of primary particles in Al

alloys was simulated by Kovacevic and Sarler [40]. How-

ever, such numerical methods require considerable com-

putational effort and thus become too inconvenient for

direct application.

As mentioned above, the early analytical models cannot

describe the dissolution process accurately, while the

numerical methods are inconvenient for direct application.

Therefore, several semiempirical models [41–44] have

been proposed recently to overcome such negative features

of analytic and numerical methods. By experimentally

dissolving c0 phase in Ni-based superalloy, Cormier et al.

[41] got an asymptotic exponential equation, which can be

used to describe the evolution of c0 fraction with time.

Shortly, Giraud et al. [42] concluded that the exponential

equation proposed by Cormier was in reality deduced from

the Johnson–Mehl–Avrami (JMA) type function, which

offers the best description of heterogeneous transformation.

Analogous results were obtained by Fukumoto et al. [43]

on studying the d-ferrite dissolution behavior in an au-

stenitic stainless steel. Moreover, by fitting the numerical

results due to PFM, Wang et al. [37] found that the volume

fraction of secondary phase decayed exponentially with

time, and obtained a JMA-like equation. Based on Wang’s

work, Ferro [44] proposed a semiempirical model where an

impingement factor was introduced, and such model was

successfully applied to isothermal dissolution of r phase in
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a duplex stainless steel. However, these models, following

a simple mathematical form, are not derived from the

diffusion kinetics during dissolution, so that the kinetic

parameters used in these models could be obtained only by

model fittings to the experimental data. Such semiempirical

models could not reflect really the transformation kinetics

upon dissolution.

In conclusion, the following problems still exist for

modeling the real multi-particle dissolution process, so far.

(1) No proper analytical method is available to deal with

the interaction of adjacent particles during dissolution. (2)

Solution to diffusion equations for dissolution is still in

numerical form and inconvenient for direct application. In

order to solve the above problems, it is herein aimed to

develop an analytical model for the secondary phase dis-

solution kinetics, in combination with the JMA theory

[6, 7] and the classic dissolution equation [21].

Model derivation

To analyze the dissolution kinetics, a concept of transfor-

mation degree (transformed fraction), ft, which is defined

by Mittemeijer [45] should be introduced.

ft � p� p0ð Þ= p1 � p0ð Þ 0� ft� 1 ð1Þ

where p is the physical property measured during the

course of transformation and p0 and p1 correspond to the

values of p at the start and the end of the transformation,

respectively. Upon dissolution, ft can be expressed as,

ft ¼
f � f0

feq � f0
ð2Þ

where f represents the volume fraction of the secondary

phase during dissolution, f0 and feq correspond to the initial

and the equilibrium volume fraction of the secondary

phase, respectively. As for heterogeneous transformations,

a JMA-type equation is generally applied to describe the

transformed fraction at a given time considering the hard

impingement of adjacent particles in multi-particle system

[45, 46]. However, for diffusion-controlled transforma-

tions, such as precipitation and dissolution, the impinge-

ment of solute diffusion fields in front of the secondary

phase particle/matrix interface, i.e., soft impingement will

occur instead of hard impingement [27, 37, 44]. By mod-

ifying some kinetic parameters, the JMA theory is used as a

good approximation for such diffusion-controlled trans-

formations [6, 7]. Moreover, semiempirical models [41–

44] for dissolution are concluded to be derived from the

JMA theory, and their predictions agree well with corre-

spondingly experimental results. So, in the current work,

JMA theory is introduced to deal with the dissolution

transformation in multi-particle systems.

The classic JMA equation is expressed as [46],

ft ¼ 1� exp �xeð Þ ð3Þ

where xe represents the extended transformed fraction,

which is defined as the volume fraction transformed by

neglecting the interactions of adjacent particles. Upon

dissolution of the secondary phase, it can be expressed as,

xe = Ve/V0 where Ve represents the extended transformed

volume of the secondary phase, i.e., the volume trans-

formed with neglecting the interactions of adjacent parti-

cles and V0 represents the initial volume of the secondary

phase.

If the empirical expression, xe = (Kt)n is applied, then

combining Eqs. (2) and (3), the expression of semiempir-

ical dissolution model [37, 41–44] follows,

f ¼ feq þ f0 � feq

� �
exp �Kn � tnð Þ ð4Þ

By fitting Eq. (4) to the experimental results, proper

values of parameters, n and K, can be determined to

describe the real dissolution behavior [37, 41–44]. How-

ever, such semiempirical equation is derived from simply

applying the classic JMA theory for crystal growth [37, 41–

44] and does not consider the real solute diffusion process

during dissolution.

Therefore, the current model calculation is proposed by

studying the real diffusion-controlled dissolution process,

to guarantee a physically sounded kinetic analysis. Based

on the analysis of solute diffusion process during dissolu-

tion, the extended transformed volume, Ve, is described

first, and then the interactions of multi-particle dissolution

are considered, and finally, a concise and simple analytical

model for dissolution kinetics is obtained.

A description for extended transformed volume

Without considering the interactions of adjacent particles,

the extended volume of the secondary phase during single-

particle dissolution is calculated, and then the sum of the

extended volume of each particle gives Ve. For simplicity,

it is herein assumed that the initial sizes of the secondary

phase particles hold all the same. On this basis, an analysis

for single secondary phase particle dissolution must be

performed firstly.

As a diffusion-controlled process, dissolution is char-

acterized by a solute concentration profile in front of the

secondary phase/matrix interface, as shown in Fig. 1. The

radius of the dissolving particle, i.e., the position of the

interface front, is denoted as R, while R0 represents the

initial radius of the dissolving particle. The solute con-

centration of the secondary phase, Cb, is taken as a constant

independent of the position, r, and time, t. Ca and Cm

represent the solute concentration at the interface and the

far field in the matrix, respectively. Upon single-particle
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dissolution, solute diffusion in the matrix can be described

by the classical diffusion equation,

oC r; tð Þ
ot

¼ D � r2C r; tð Þ ð5Þ

where the concentration C(r,t) changes as function of r and

t. The diffusion coefficient D is assumed to hold constant

during the isothermal transformation. Upon dissolution, the

solute conservation at the interface leads to another

equation, as,

Cb � Ca
� �

� dR

dt
¼ D

oC

or

���r¼R: ð6Þ

Actually, an accurately analytical solution to the above

governing equations cannot be obtained; several approxi-

mately analytical solutions under various assumptions have

been proposed.

Classical model for single-particle dissolution

Among the approximately analytical solutions, the one

developed by Whelan under the assumption of stationary

interface is generally acknowledged to be the best one [21,

22, 37], which can be expressed as,

dR

dt
¼ � kD

2R
� k

2

ffiffiffiffiffi
D

pt

r

ð7Þ

where,

k ¼ 2 Ca � Cmð Þ
Cb � Ca

ð8Þ

From Ref. [21], the term in R-1 on the right-hand side of

Eq. (7) arises from the steady-state part, and the term in

t-1/2 arises from the transient part, of the diffusion field.

Clearly, an analytical solution of such a differential equa-

tion cannot be obtained [21, 22], however, by neglecting

the transient part or assuming the steady-state part as

constant, a concise R–t relationship can be deduced. Of

course, the solution due to these rough approximations

deviates significantly from the accurate solution, so that it

is timely to provide an analytical description for single-

particle dissolution, using an approximation considering

both the steady-state and transient parts of the diffusion

field.

Analytical expression for single-particle dissolution

As shown in Fig. 1, upon dissolution of a single particle,

the decrement of the particle radius can be denoted as rd,

which characterizes the transformed amount of the sec-

ondary phase, and can be expressed as,

rd ¼ R0 � R ð9Þ

with rd = 0 at t = 0; rd = R0, at t = te, with te as the time

when dissolution completes. Then Eq. (7) can be rewritten

as,

drd

dt
¼ kD

2 R0 � rdð Þ þ
k

2

ffiffiffiffiffi
D

pt

r

ð10Þ

Following the basic philosophy of Ref. [21], the trans-

formed velocity, drd/dt, is contributed by two parts: the

term in (R0 - rd)-1 for the steady-state part and the term in

t-1/2 for the transient part. Suppose rd as contributed from

the two parts as well. If the contributions of steady-state

part and transient part are denoted as r1 and r2, and once

the dissolution completes, i.e., t = te, the total contribu-

tions of steady-state part and transient part are denoted as

R1 and R2, respectively, the following relationship can be

obtained,

r1 þ r2 ¼ rd

R1 þ R2 ¼ R0

�
ð11Þ

with r1 = r2 = 0 at t = 0; r1 = R1, r2 = R2 at t = te.

The transformation mechanism due to the steady-state

part can be described as,

dy

dt
¼ kD

2 Y � yð Þ ð12Þ

where y represents the physical property measured during

the course of transformation and Y corresponds to the

values of y at the end of the transformation. Therefore, in

this case the steady-state part can be expressed

approximately as,

dr1

dt
¼ kD

2 R1 � r1ð Þ ð13Þ

Fig. 1 A schematic diagram of the solute concentration profile in the

vicinity of the secondary phase during dissolution. Cb is the solute

concentration of the secondary phase; Ca and Cm are the concentration

in the matrix at the interface and the far field, respectively. The

decrement of the particle radius is denoted as rd
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A combination of Eq. (13) with the boundary conditions,

i.e., when t = 0, r1 = 0, leads to,

r1 ¼ R1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

1 � kDt

q
ð14Þ

Analogously, the transient part can be expressed as,

dr2

dt
¼ k

2
ffiffiffi
p
p �

ffiffiffiffi
D

t

r

ð15Þ

A combination of Eq. (15) with the boundary conditions,

i.e., when t = 0, r2 = 0, leads to,

r2 ¼
k
ffiffiffi
p
p �

ffiffiffiffiffi
Dt
p

ð16Þ

Substituting Eqs. (14) and (16) into Eq. (11), the dec-

rement of the particle radius, rd, can be obtained,

rd ¼ R1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

1 � kDt

q
þ k

ffiffiffi
p
p �

ffiffiffiffiffi
Dt
p

ð17Þ

It is known that t = te corresponds to r1 = R1 and

r2 = R2, i.e.,

R1 ¼ R1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

1 � kDte

q

R2 ¼
k
ffiffiffi
p
p �

ffiffiffiffiffiffiffi
Dte

p

8
><

>:
ð18Þ

In combination with Eq. (11), the total time needed for

dissolution, te, can be obtained,

te ¼
R2

0

kD 1þ
ffiffi
k
p

q� �2
ð19Þ

Then R1 can be expressed as,

R1 ¼
1

1þ
ffiffi
k
p

q� � � R0 ð20Þ

Given the parameter R1 in Eq. (17) experimentally, the

decrement of the particle radius, rd, can then be expressed

as a concise function of time. Besides, a clear relationship

between the radius of the secondary phase, R, and the time

can be obtained,

R ¼
ffiffiffi
k

p

r

� R1 �
ffiffiffiffiffiffiffiffi
kDt
p� �

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

1 � kDt

q
ð21Þ

Equation (21) is not mathematically an exact solution to

Whelan’s equation (Eq. 7), but an approximate one.

Comparison of the current solution (Eq. 21) with the exact

solution due to Whelan is shown in Fig. 2, which indicates

that the current analytical solution gives a good approxi-

mation of the exact solution to Eq. (7). Fig. 2a illustrates h0

dissolution in Al–Cu alloy at 370 �C, such a low solution

temperature means the thermodynamic driving force for

dissolution is small, while Fig. 2b illustrates the dissolution

occurred at 540 �C, which means that the corresponding

driving force is large. It can be seen good agreements with

the numerical calculation are obtained in both of the above

cases. Moreover, each term in the right-hand side of

Eq. (21) is plotted in Fig. 2, and the second term is found to

be the dominant role. Values for the calculation parameters

used are chosen from h0 dissolution in Al–Cu alloy [15,

30], as listed in Table 1. Also, the current solution owns a

clear and simple form and is convenient for direct

application.

Then, the extended transformed volume, Ve, can be

expressed as,

Fig. 2 Comparison of the current approximate solution (Eq. 21) with

the exact solution due to Whelan (Eq. 7). Each term in the right-hand

side of Eq. (21) is plotted as well. a The transformation occurs at

370 �C, which corresponds to the small thermodynamic driving force

for dissolution; b the dissolution occurs at 540 �C, which corresponds

to the large driving force. Values for the calculation parameters used

are chosen from h0 dissolution in Al–Cu alloy [15, 30]
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Ve ¼ N � 4p
3
� R3

0 � R3
� �

ð22Þ

where N represents the number of secondary phase

particles in a studied system. Substituting Eq. (21) into

Eq. (22) and after an arrangement, it is obtained,

Ve¼
4pN

3
�

3R0 �
ffiffiffi
k

p

r

� R1�
ffiffiffiffiffiffiffiffi
kDt
p� �

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

1� kDt

q !

�
ffiffiffiffiffiffiffiffi
kDt
p

R1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

1� kDt
p þ

ffiffiffi
k

p

r !

� kDtð Þ
1
2

þ
ffiffiffiffiffiffiffiffi
kDt
p

R1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

1� kDt
p þ

ffiffiffi
k

p

r !3

� kDtð Þ
3
2

8
>>>>>>>>>>><

>>>>>>>>>>>:

9
>>>>>>>>>>>=

>>>>>>>>>>>;

ð23Þ

Modification by considering the interactions of multi-

particle dissolution

Following the above analysis, a JMA-like equation can be

deduced for dissolution in multi-particle dissolution.

Substituting the initial volume, V0 = N4pR0
3/3 and the

extended transformed volume (Eq. 22), the extended

transformed fraction, xe, can be rewritten as,

xe ¼
1

R3
0

� R3
0 � R3

� �
ð24Þ

It is known that at the beginning of dissolution, the

radius of the secondary phase equals to the initial radius

(R = R0), whereas, the radius decrease to zero (R = 0)

once the dissolution process is completed. So the value of

xe changes from zero to unity during dissolution, i.e.,

0� xe� 1 ð25Þ

It is known that xe is deduced by assuming that no

interference occurs among adjacent particles during dis-

solution. In order to obtain the real transformed fraction,

interactions in multi-particle system must be considered. If

the classical JMA equation (Eq. 3) is applied to deal with

such problem, the transformation degree (transformed

fraction), ft, lies then in the following range,

0� ft� 1� e�1 ð26Þ

This implies that the classical JMA equation cannot

describe the entire dissolution process; a modification of

the classic JMA model is thus necessary.

Departing from the real essence of the extended trans-

formed volume without considering the interferences

among adjacent particles, the extended transformed volume

upon dissolution cannot exceed the volume of the initial

secondary phase. In order to perform the current modeling,

it is assumed that the classic JMA theory hold valid during

the entire transformation process, i.e., the JMA prediction

is expanded to the real transformation process. On this

basis, a modified transformed fraction, ftm, and a corre-

spondingly modified transformed time, tm, are introduced;

every modified transformed fraction unit, Dftm, equals to

the proportional expansion of Dft, due to the classical JMA

kinetics, and every modified transformed time unit, Dtm,

equals to the proportional expansion of Dt due to JMA. The

proportional factor can be regarded approximately as a

constant, m, for the entire transformation. Then, the fol-

lowing equations can be obtained,

Zftm

0

dftm ¼
Zft

0

mdft

Ztx

0

dtm ¼
Z t

0

mdt

8
>>>>>>><

>>>>>>>:

ð27Þ

Accordingly, the modified transformed fraction, ftm, and

time, tm, can be expressed as,

ftm ¼ mft ¼ m � 1� exp �xeð Þð Þ
tm ¼ m � t

(

ð28Þ

Clearly, ftm changes from zero to the unity during the

entire dissolution process. The proportional factor, m, can

be obtained from the complete integral,
R 1

0
dftm ¼

R 1�e�1

0
mdft which gives,

m ¼ 1

1� e�1
¼ e

e� 1
ð29Þ

Combining Eqs. (2) and (28) gives,

ftm ¼
f � f0

feq � f0
¼ m � 1� exp �xeð Þð Þ ð30Þ

Then the volume fraction of the secondary phase, f, can

be obtained as,

f ¼ m � feq þ 1� mð Þ � f0

� �

þ f0 � m � feq þ 1� mð Þ � f0

� �	 

exp �xeð Þ ð31Þ

where xe is obtained by combining Eqs. (22), (24), and (28)

as,

Table 1 Values of parameters used for numerical and analytical

calculations

T (�C) R0

(lm)

Cb

(at.%)

Ca

(at.%)

Cm

(at.%)

D0 (m2/s) QD (kJ/

mol)

370 0.25 0.33 0.00857 0 4.44 9 10-5 133.9

540 0.25 0.33 0.0216 0 4.44 9 10-5 133.9
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xe ¼
1

R3
0

�

3R0 �
ffiffiffi
k

p

r

� R1 �
ffiffiffiffiffiffiffiffiffiffi
kDtm

m

r !

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
1 �

kDtm

m

r !

�
ffiffiffiffiffiffiffiffiffiffi
kDtm

p
ffiffiffiffi
m
p
� R1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mR2

1 � kDtm

p þ
ffiffiffi
k

p

r !

� kDtm

m

� �1
2

þ
ffiffiffiffiffiffiffiffiffiffi
kDtm

p
ffiffiffiffi
m
p
� R1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mR2

1 � kDtm

p þ
ffiffiffi
k

p

r !3

� kDtm

m

� �3
2

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

9
>>>>>>>>>>>>=

>>>>>>>>>>>>;

ð32Þ

Model description

In the current model, the interaction of the diffusion

fields is described by modification of the JMA theory,

and a mathematical expression for the extended trans-

formed fraction, xe, (Eq. 32) upon dissolution is devel-

oped following the classic diffusion theory. Applying the

current model, a physically realistic description for dis-

solution in multi-particle system becomes possible.

The current model is correlated with several key

parameters, such as: f0, feq, R1, R0, and k. Values of f0
and feq are related to the initial and final thermodynamic

states, respectively. Generally, dissolution occurs in the

single-phase region of the phase diagram, which means

the value of feq equals to zero in most cases. As

expressed in Eq. (20), the value of R1 depends on R0 (the

initial radius of the secondary phase particle) and k (as

function of the pertinent concentrations, Cb, Ca, and Cm,

(Eq. 8), which depend on the thermodynamic state of the

dissolution system). Given f0, feq, R0, Cb, Ca, and Cm, the

dissolution process can thus be described using the cur-

rent model.

When compared with the numerical results performed

by Wang et al. [37] using PFM, the evolution of the

secondary phase volume fraction with time is calculated

using Eq. (31) (Fig. 3). Meanwhile, the evolution due to

the classic analytical model (Eq. 7) and the semiempiri-

cal model (Eq. 4) are also shown. Upon dissolution,

interferences between particles will slow down the

transformation rate, implying that the classic analytical

model for single-particle system developed by Whelan

[21] is invalid. Although the semiempirical model can

describe well the dissolution process, such model is not

derived from the diffusion kinetics during dissolution,

i.e., it cannot reflect physically the diffusion-controlled

transformation mechanism. The current analytical solu-

tion derived from the diffusion-controlled transformation

theory resembles closely the real process. Values of the

parameters used are chosen from dissolution in Ni–Al

alloy [37].

Peculiarity of current model: time-dependent

transformation coefficients

Generally, according to semiempirical models [37, 41–44],

the volume fraction of the secondary phase upon isothermal

dissolution can be expressed as Eq. (4), where the parameter,

K follows an Arrhenius relation, K0 exp(-Q/RgT) with K0 as

the rate constant, Q the activation energy for dissolution, and

Rg the gas constant. Thus, Eq. (4) can be rewritten as,

f ¼ feq þ f0 � feq

� �
exp �Kn

0 exp � nQ

RgT

� �
� tn

� �
ð33Þ

Clearly, Eq. (33) has a similar structure as the current

model (Eq. 31) by modifying only the parameter ‘feq’ into

the term ‘m�feq ? (1 - m)�f0’. In previous semiempirical

models, values of n, K in Eq. (4) are determined solely by

fitting to the experimental results as constant, whereas,

time-dependent parameters, n, K0 can be obtained in the

current model, using a mathematical treatment analogous

to that performed in Ref. [47, 48].

Extended fraction treatment due to Ref. [47]

The overall extended transformed fraction xe, due to Eq.

(32) is composed of two parts: xe1 and xe2,

xe1¼
1

R3
0

�3R0 �
ffiffiffi
k

p

r

� R1�
ffiffiffiffiffiffiffiffiffiffi
kDtm

m

r !
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p
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m
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p
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� kDtm

m

� �1
2

xe2¼
1

R3
0

�
ffiffiffiffiffiffiffiffiffiffi
kDtm

p
ffiffiffiffi
m
p
�R1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mR2

1�kDtm

p þ
ffiffiffi
k

p

r !3

� kDtm

m

� �3
2

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

ð34Þ

Fig. 3 Comparisons between the PFM result developed by Wang

et al. [37] and the prediction due to the current model (Eq. 31), as

well as the classic dissolution (Eq. 7) and semiempirical models

(Eq. 4), for the volume fraction of the secondary phase upon

dissolution at 1444 K in Ni–Al alloy [37]
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The ratio of xe1 and xe2 is given by,

xe2

xe1

¼

ffiffiffiffiffiffiffi
kDtm
p

ffiffiffi
m
p
�R1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mR2

1
�kDtm

p þ
ffiffi
k
p

q� �2

� kD
m
� tm

3R0 �
ffiffi
k
p

q
� R1 �

ffiffiffiffiffiffiffi
kDtm

m

q� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

1 � kDtm

m

q� � ¼
a2

a1

ð35Þ

Now, a mathematical treatment analogous to that in Ref.

[47] is performed to obtain explicit, analytical expressions

for the transformed exponent n and the rate constant K0.

And Eq. (32) can be rewritten as (see ‘‘Appendix’’),

xe ¼

1
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� kDtm

m
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2
þ 1
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ð36Þ

Since, the diffusion coefficient D follows as an Arrhe-

nius structure,

D ¼ D0 exp � QD

RgT

� �
ð37Þ

with D0 as the preexponential factor for diffusion and QD

the activation energy for diffusion, Eq. (36) can then be

rewritten as,

where a2/a1 depends on the transformation time (Eq. 35).

This result can be compared with the correspondingly

rewritten Eq. (33),

ln xeð Þ ¼ ln Kn
0 �

nQ

RgT
þ n ln t ð39Þ

By comparing Eqs. (38) and (39), the time-dependent

expressions for n and K0 can be obtained,

n ¼ 1

2
þ 1

1þ a2

a1

� ��1
ð40aÞ
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ð40bÞ

The effective activation energy for dissolution, Q,

equals to the activation energy for diffusion, QD; this

confirms the prevalence of long-range diffusion control

mechanism upon dissolution.

Q ¼ QD ð40cÞ

Therefore, the volume fraction of the secondary phase

upon isothermal dissolution can be represented by,

ln xeð Þ ¼

ln
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f ¼ m � feq þ 1� mð Þ � f0

� �
þ f0 � m � feq þ 1� mð Þ � f0

� �	 


� exp �K0 tð Þn tð Þ
exp � nðtÞQ

RgT

� �
� tn tð Þ

� �
ð41Þ

where the kinetic parameters, n and K0 are time dependent.

Real expressions for time-dependent parameters

Generally, the value of the transformed exponent, n, is

related to the transforming manner [43, 46]. For instance,

when n = 0.5, plate-like particles show 1D diffusion-

controlled growth in the direction of the height, while when

n = 1.5, spherical particles show 3D diffusion-controlled

growth. Following the above analysis for 3D diffusion-

controlled dissolution, however, n is no longer a constant

but a time-dependent coefficient, mainly due to the dif-

ferent transformed mechanisms between growth and dis-

solution. Upon growth, simple parabolic growth law

prevails, whereas, upon dissolution, two different parts

contribute to the entire transformation: xe1 and xe2. Evo-

lution of n with t during c0 dissolution in a Ni–Al alloy is

described in Fig. 4, where, the value of n approaches to 0.5

if xe1 plays the dominant role, i.e., the ratio, a2/a1

approaches to zero, whereas, the value of n approaches to

1.5 if xe2 takes over the transformation.

When compared to the diffusion-controlled growth

process, the value of n for 3D diffusion-controlled disso-

lution does not equal to a constant, 1.5, but changes from

0.5 to 1.5, indicating a continuous change of the prevailing

role from xe1 to xe2 during transformation. Moreover, the

value of n increases slowly from 0.5 intensely to 1.5, as the

dissolution is about to be completed. Such phenomenon

indicates that the xe1 part plays a more important role than

the xe2 part, especially at the early stage. This is consistent

with the values of n fitted by the semiempirical models

during 3D dissolution. For instance, Wang et al. [37]

concluded the value of n as equal to 0.688 for c0 dissolution

in Ni–Al alloy, while Fukumoto et al. [43] concluded the

value of n as ranged from 0.49 to 0.73 for d-ferrite disso-

lution in an austenitic stainless steel. The fitted results lie in

the range predicted by the current model.

Model application

In this section, the current model is adopted to describe

some experimental data from Hewitt and Butler [15] for

isothermal dissolution of h0 in Al–3.0wt%–Cu alloy, and

from Tundal and Ryum [16] for isothermal dissolution of

silicon particles in Al–0.8wt%–Si alloy. Moreover, evolu-

tion of the transformed exponent, n, for the secondary

phase with various initial radii, R0 and at different trans-

formation temperatures during dissolution, is studied.

Isothermal dissolution of h0 in an Al–3.0wt%–Cu alloy

Hewitt and Butler [15] investigated the isothermal disso-

lution of h0 in Al–3.0wt%–Cu alloy. The alloy was solution

heat treated at 550 �C for 30 min, then quenched into

water. After that, samples were aged at 285 �C for 22 h to

precipitate the secondary phase, h0, in the microstructure.

Then, a series of up-quenching experiments at 370 �C were

performed. The corresponding dissolution process of h0 in

the microstructure was observed in an EM7 high voltage

electron microscope. A timed sequence of micrographs was

obtained using a data acquisition system. Applying a ste-

reometric analysis software, initial radii of over 20 indi-

vidual particles, and the area of h0 at each time step were

determined [15]. The mean size and standard deviation of

the size distribution were calculated, as listed in Table 2.

The initial sizes of h0 particles were found to be not much

different from the average size, so that the corresponding

initial radii of particles were regarded approximately as

identical. Dissolution data were digitized using ‘‘GetData’’

software. The volume fraction of the secondary phase is

found as a function of time, as shown in Fig. 5a, where the

current model (Eq. 31) is applied to describe the dissolu-

tion process as well. Meanwhile, in order to understand the

transformation process better, evolution of the transformed

fraction, i.e., the transformation degree during dissolution

Fig. 4 Upon c0 dissolution at 1444 K in Ni–Al alloy, the transformed

exponent, n, is described as a function of time. The calculation is

performed by Eq. (40a)

Table 2 The mean size and standard deviation of the size distribu-

tion for dissolution of h0 in an Al–3.0wt%–Cu alloy and dissolution of

silicon particles in an Al–0.8wt%–Si alloy

References Mean size (lm) Standard deviation

[15] 0.25 0.028

[16] 1.89 0.17
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is performed, as shown in Fig. 5b. Corresponding param-

eters used for modeling h0 dissolution in Al–3.0wt%–Cu

alloy are listed in Table 3. As mentioned above (Eq. 37),

the diffusion coefficient, D, can be calculated by an

Arrhenius equation, and D0, QD for copper diffusing in

aluminum can be found in Ref. [49]. Values of parameters,

f0, feq, R0, Cb, Ca, and Cm, are from Ref. [15]. On this basis,

good agreement between the current model prediction and

the experimental data is obtained.

As shown in Sect. ‘‘Peculiarity of current model: time-

dependent transformation coefficients’’, the transformed

exponent, n, is not a constant, but increases with the trans-

formation time during 3D diffusion-controlled dissolution.

Here, in order to study the effect of the initial state of dis-

solving particles for the transformation process, three vari-

ous initial radii, 0.2, 0.25, and 0.3 lm, are given. Then, as

shown in Fig. 6a, the evolution of n with t is obtained, where

the initial radius, R0, is of great effect on the transformed

exponent, n. Larger R0 corresponds with more dissolution

time, so that the value of n increases more slowly to 1.5.

However, as shown in Fig. 6b, the evolution of n with ft holds

the same for different R0, which means the value of n,

remains unchanged at a given transformed fraction for var-

ious R0 during the entire transformation process. This also

indicates that the xe1 part in Eq. (34) play a more important

role than the xe2 part during dissolution.

Fig. 5 Upon isothermal dissolution of Al–3.0wt%–Cu alloy at

370 �C, a evolution of the volume fraction of the secondary phase

with time; b evolution of the transformed fraction (transformation

degree), ft, with time. Experimental data are obtained from Ref. [15,

49] and the theoretical prediction is performed by the current work

Table 3 Parameters used for the current model prediction for dissolution of h0 in an Al–3.0wt%–Cu

References T (�C) f0 feq R0 (lm) Cb (at.%) Ca (at.%) Cm (at.%) D0 (m2/s) QD (kJ/mol)

[15, 49] 370 0.019 0 0.25 0.33 0.00857 0 4.44 9 10-5 133.9

Fig. 6 Upon dissolution of h0 at three different initial radii, 0.2, 0.25, and 0.3 lm, in the Al–3.0wt%–Cu alloy at 370 �C, evolutions of the

transformed exponent, n, with a time and b transformed fraction are described, respectively
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Isothermal dissolution of silicon particles

in Al–0.8wt%–Si alloy

With reference to [16], Al–0.8wt %–Si alloy was produced

in laboratory scale by directional solidification. Then, the

casting was homogenized for 48 h at 580 �C. After that,

the alloy was heat treated at 490 �C for 24 h, 70 % cold

rolled, held for 4 h at 490 �C, cooled at 1 �C/h to 450 �C

and heat treated for another 48 h to obtain spherical par-

ticles. The dissolution reaction was studied by up-

quenching the specimens in a salt bath to various temper-

atures above the solvus temperature. Then, the specimens

were quenched in cold water. Using a semiautomatic image

analyzer, 3541 particles in an area of 12 mm2 were mea-

sured, and the sizes of particles after each heat treatment

were determined. The mean size and standard deviation of

the size distribution were calculated, as listed in Table 2.

The initial sizes of silicon particles were found to be not

much different from the average size, so that the corre-

sponding initial radii of particles were regarded approxi-

mately as identical. The area fraction of precipitates found

using image analysis was then plotted with time.

As mentioned above, all specimens have the same initial

thermodynamic states, i.e., the same initial volume fraction,

f0, radius, R0, solute concentration in the secondary phase, Cb,

and matrix, Cm, while different heat treatment temperatures

result in different thermodynamic equilibrium concentration

in the matrix, Ca, and corresponding diffusion coefficient. So

the heat treatment temperature will influence the dissolution

process. Tundal and Ryum [16] observed spherical silicon

particles dissolving in Al–0.8wt%–Si alloy at 500, 530, and

560 �C, respectively. The volume fraction of the secondary

phase is found as a function of time, as shown in Fig. 7a,

where the current model (Eq. 31) is applied to describe the

dissolution process as well. Meanwhile, in order to understand

the transformation process better, evolution of the trans-

formed fraction, i.e., the transformation degree during disso-

lution is performed, as shown in Fig. 7b. Good agreement is

obtained for all three temperatures. The relevant parameters

for calculation are from Ref. [16] (see Table 4).

Meanwhile, at different heat treatment temperatures, the

evolution of transformed exponent, n, with time is per-

formed, as shown in Fig. 8a, where the transformation

temperature is of great effect on the transformed exponent,

n. It can be seen lower transformation temperature leads to

more transformation time, so that the value of n increases

more slowly to 1.5. However, as shown in Fig. 8b, the

evolution of n with ft holds the same for different transfor-

mation temperatures, i.e., the value of n, which increases

slowly from 0.5 and intensely to 1.5, remain unchanged at a

given transformed fraction for different heat treatment

temperatures during the entire transformation process. This

Fig. 7 Evolutions of a the volume fraction of silicon particles and

b transformed fraction with time during isothermal dissolution in an

Al–0.8wt%–Si alloy at 500, 530, and 560 �C, respectively.

Experimental data are from Ref. [16] and the theoretical prediction

is performed by the current work

Table 4 Parameters used for the current model prediction for dissolution of silicon particles in an Al–0.8wt%–Si alloy

References T (�C) f0 feq R0 (lm) Cb (at.%) Ca (at.%) Cm (at.%) D0 (m2/s) QD (kJ/mol)

[16] 500 0.0037 0 1.89 0.8289 0.0079 0.0046 2.02 9 10-4 139

530 0.0037 0 1.89 0.8289 0.0104 0.0046

560 0.0037 0 1.89 0.8289 0.0136 0.0046
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also confirms that the xe1 part in Eq. (34) play a more

important role than the xe2 part during dissolution.

When compared to the classical JMA kinetics, the cur-

rent ft–t curve follows a parabolic-like shape in 3D disso-

lution instead of the typical ‘‘S’’ shape in the classical JMA

theory, the variation of n with ft during the transformation

is independent of the temperature, and the validity for

application of the classical JMA kinetics into the dissolu-

tion kinetics needs more evidences. This is out of the main

focus of the current work and will be studied in the future

work.

Conclusion

Based on the JMA theory and the classical dissolution model

for single-particle system, an analytical model for the sec-

ondary phase dissolution in multi-particle system has been

developed. The interactions of solute diffusion fields in front

of the secondary phase/matrix interface are considered in the

current model. Numerical calculations have shown that the

current model can give a clear and concise relationship

between the secondary phase volume fraction and the time for

isothermal dissolution. Compared with the semiempirical

dissolution models, the current model follows an analogous

form, but with time-dependent kinetic parameters. Most

importantly, the current model is derived from the diffusion-

controlled transformation theory, while the modeling quality

is guaranteed by the physically realistic model parameters.

The isothermal h0 dissolution in Al–3.0wt%–Cu alloy and

silicon dissolution in Al–0.8wt%–Si alloy have been pre-

dicted using the current model; good agreement with the real

process is achieved.
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Appendix

Analogous to a mathematical treatment in Ref. [47], the

extended transformed fraction is reformulated proceeding

as follows.

For the two parts xe1 and xe2 in Eq. (34), two corre-

sponding parameters b1 and b2 can be chosen in such a way

that xe is due to only the first part,

xe10 ¼
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Or that xe is due to only the second part,

xe20 ¼
b2
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With xe10 = xe20 = xe. Then, the total extended trans-

formed fraction can be written as,

xe ¼
1

a1 þ a2

a1 � xe10 þ a2 � xe20ð Þ ðA:3Þ

And

b1 ¼1þ a2

a1

b2 ¼1þ a2

a1

� ��1

8
>><

>>:
ðA:4Þ

Fig. 8 Upon dissolution of silicon particles in an Al–0.8wt%–Si alloy at 500, 530, and 560 �C, respectively, the exponential factor, n, as a

function of a time and b transformed fraction
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During dissolution, it can be seen that both xe1 and xe2 are

positive and smaller than xe. Always two integers, a1 and

a2, can be found to satisfy Eq. (35). Moreover, for integers,

a1 and a2, it holds that a1xe10 ¼
Pa1

i¼1 xe1ðiÞ if

xe1(1) = xe1(2) = …��� = xe1(a1) = xe10; and a2xe20 ¼Pa2

i¼1 xe2ðiÞ if xe2(1) = xe2(2) = …��� = xe2(a2) = xe20.

Then, taking both xe1(i) and xe2(i) equal to xe, Eq. (A.3)

can be rewritten as,

xe ¼
1

a1 þ a2

Xa1

i¼1
xe1ðiÞ þ

Xa2

i¼1
xe2ðiÞ

� �
ðA:5Þ

Note that all fraction terms in Eq. (A.5) are equal.

Substituting all xe1(i) and xe2(i) combined with Eqs. (A.1),

(A.2) and (A.4), Eq. (A.5) becomes,
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ðA:6Þ
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