J Mater Sci (2011) 46:5056-5063
DOI 10.1007/s10853-011-5428-5

Estimation of dynamic fatigue strengths in brittle materials

under a wide range of stress rates

Shinya Matsuda - Ryosuke Watanabe

Received: 12 January 2011/ Accepted: 1 March 2011/ Published online: 11 March 2011

© Springer Science+Business Media, LLC 2011

Abstract This paper aims to statistically estimate the
dynamic fatigue strength in brittle materials under a wide
range of stress rates. First, two probabilistic models were
derived on the basis of the slow crack growth (SCG)
concept in conjunction with two-parameter Weibull dis-
tribution. The first model, Model I, is a conventional
probabilistic delayed-fracture model based on a concept
wherein the length of the critical crack growth due to SCG
is enough larger than the initial crack length. For the sec-
ond model, Model II, a new probabilistic model is derived
on the basis of a concept wherein the critical cracks have
widely ranging lengths. Next, a four-point bending test
using a wide range of stress rates was performed for soda
glass and alumina ceramics. We constructed fracture
probability—strength—time diagrams (F-S-T diagrams)
with the experimental results of both materials using both
models. The F-S-T diagrams described using Model II
were in good agreement with plots of the fracture strength
and the fracture time of both materials more so than
Model 1.

Introduction

Ceramics have excellent mechanical properties, i.e. heat
resistance, wear resistance, and high specific strengths. There-
fore, ceramics have been widely applied as various engineer-
ing components and electronic devices. Consequently, with the
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increase in the applications using ceramics, estimating the
strength associated with damage and fracture has become even
more essential for saving reliability.

Slow crack growth (SCG) is a well-known phenomenon
in brittle materials with numerous cracks of various sizes. A
widely used empirical relation models the stress intensity
factor at the crack tip and the rate of SCG. The model (SCG
law) covers the SCG rates that are most interesting for esti-
mating dynamic, static, and cyclic fatigue strength in brittle
materials. Therefore, many studies estimating the fatigue
strength in brittle materials, such as fine ceramics and glas-
ses, have been conducted on the basis of SCG law [1-10].

Subsequently, for statistically estimating the static fati-
gue strength and the cyclic fatigue strength in brittle
materials, various probabilistic models have been proposed
on the basis of SCG law in conjunction with Weibull dis-
tribution for considering large scatters of the fatigue
strength [11-15]. However, there are very few studies that
statistically estimate the dynamic fatigue strength in brittle
materials under a wide range of stress rates [16].

The purpose of this study was to statistically estimate
the dynamic fatigue strength in brittle materials under a
wide range of stress rates. First, two probabilistic models
were derived on the basis of SCG law in conjunction with
a two-parameter Weibull distribution. The first model,
Model I, is a conventional probabilistic delayed-fracture
model based on the concept wherein the length of the
critical crack growth due to SCG is enough larger than the
initial crack length. The second model, Model 11, is derived
on the basis of the concept wherein the critical crack
lengths range broadly. Next, a four-point bending test using
a wide range of stress rates was performed for soda glass
and alumina ceramics. We compared fracture probability—
strength—time diagrams (F-S-T diagrams) for both models
described with the experimental results.
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Modeling

Here, we derived two models to statistically estimate the
dynamic fatigue strength in brittle materials. In Model I, a
conventional probabilistic delayed-fracture model is derived
on the basis of the concept wherein the length of the critical
crack growth due to SCG is enough larger than the initial
crack length [15]. Model 1II is derived on the basis of the
concept wherein the critical crack lengths range widely.

Model 1

The SCG behavior of an initial crack in a brittle material
under applied stress o(f) is formulated on the basis of the
fracture mechanics model established by Evans and Fuller
[17]. The stress intensity factor K of a crack of length a is
expressed as

Ky =Ya(t)va (1)

where Y is a constant depending on the geometry of the
crack. SCG law that describes the relationship between the
crack propagation rate (SCG rate) v and Kj is given by

da K[ "
=—=C(— 2
Y dr (K[c> ( )
where Kijc, C, and n denote the fracture toughness, crack
propagation rate at Kjc, and crack propagation index,

respectively. When the critical crack length, a;, growing due
to SCQG, is large enough, integrating Eq. 2 using Eq. 1 gives

153
t n
Cﬂua”aﬁm/ (;(123() dt ~ a;* (3)
0

where a;, oqax, and f#; are the initial crack length, the
fracture strength, and the time until unstable crack growth,
respectively. In addition, A and o equal (n — 2)/2 and ¥/
Kic, respectively. In Eq. 3, g; is related to Kjc, and the real,
fast (or inert) fracture strength S; as

- (B @

Substituting Eq. 4 into Eq. 3, the real, fast fracture strength
S7 for omax and the effective loading time, #.¢, leads to

St = (C)VOCZO"' Ieff)l/u (5)

1 max

where 7.5 denotes

feff = j <Zi2)ndt (6)

Next, we considered a brittle material with numerous
cracks as initial defects. When S; of the material obeys a

two-parameter  Weibull  distribution, the fracture

probability, F, of the material is expressed as

Fe1—exp { (_j_)] 7)

where m and S, denote the shape and scale parameters,
respectively. Replacing S; in Eq. 7 with S from Eq. 5
gives the fracture probability at o, and t.¢ as

_<(cxa20&axreff)l/ ”‘) ] )

F=1-exp

So

Here, S, is related to the fracture toughness Ky and the
mode value a, of q; in the material as

Kic = YSov/ao 9)

Replacing Kjc with the material constant « of Eq. 8 and
Kic of Eq.9, we obtain the following two-parameter
Weibull distribution:

A
F=1—exp —<M) (10)
Oo
with
Go = Sot/", = mn/2), 1, =1/Cla]" (11)

where m and G, are Weibull parameters and ¢, is the time
parameter of the material, and

51 = et (12)
agrees with the normalized strength proposed by Okabe
et al. [14, 15]. Using Eq. 12, cyclic, static, and dynamic
fatigue strength can be converted into the fracture strength
for 1s. Finally, the normalized strength to fracture
probability in Eq. 10 can be expressed as

Omaxl ol = 60 %/—1n(1 — F) (13)

Here, Okabe proposed that though 7z = mn /21 in Eq. 13
is almost equal to the value of m because n is large in
ceramics, the normalized strength to fracture probability
can be expressed from Eq. 13 as

Omaxl oy = 6 3/—1In(1 — F) (14)

This estimation method using Eq. 14 is called the
unified strength estimation method.

Model 11
In Model II, we consider that the critical crack lengths

growing because of SCG have a wide range. Then directly
integrating Eq. 2 using Eq. 1 obtains

@ Springer
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Croaly  tett = a; “ —ag” (15)

where a; is the critical crack length. The critical crack
length is related to fracture toughness Kjc and the fracture
strength ., as

Kic >2
ar = 16
! (Yo'max ( )

Substituting Eq. 4 and 16 into Eq. 15 and replacing K¢
of the material constant, «, in Eq. 15 with K[ in Eq. 9, the
real, fast fracture strength S7* for the fracture strength,
Omax> and the effective loading time, ., leads to

) 1/2
max tf:
S = Jma,((l + [“ ] ff) (17)

So Io

Replacing S; in Eq. 7 with §7* from Eq. 17 gives the
fracture probability at g,,.x and f.¢ as

) 1/22\ ™

O max (1 + [Gmax/So] (teff/to))

So

F=1-exp|—

(18)

Rewriting Eq. 18 in the same form as the two-parameter
Weibull distribution in Eq. 10 reduces to

1/n 2 I/n "
OmaxZeff (] + [So/o'max] (to/teff))
F=1—exp|— =
[
(19)

where

1/n
. 0 So 1%t
G} = Ol (1 + L_} E) (20)

agrees with the fracture strength for 1 s. We called Eq. 20 the
equivalent fracture strength. The equivalent fracture strength
denotes that cyclic, static, and dynamic fatigue strength are
converted into the fracture strength for 1 s as well as the
normalized strength. Finally, the equivalent fracture strength
of the fracture probability can be expressed as

s 2[ 1/n
O—maxtfl;f/fn (1 + |:—0:| —0> = 6’0 \rh/ — ln(l — F) (21)

Omax | leff

Experimental procedures
Specimens

Commercially available soda glass and alumina ceram-
ics were used. We cut the soda glass to a size of

@ Springer
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Fig. 1 Flowchart to determine the material constants with Model I

Y6 x '5 x L40 mm using a diamond cutter. Here, we did
not chamfer the corners of the soda glass specimen.
Thereafter, the soda glass specimen was adequately dried at
room temperature. On the other hand, the alumina ceramics
was cut to a size of "4 x '3 x “40 mm based on the
JIS6102 via a processing request.

Test method

The four-point bending test was performed for both spec-
imens using a wide range of crosshead speeds from
1000 mm/min to 0.001 mm/min at room temperature. A
wide range of stress rates ¢ was estimated at ratio of the
four-point bending fracture strength o0, to the fracture
time t;. The o, Was calculated as
3P¢(Ly — Ly)

Omax — T (22)
where Py, Ly, and L, denote the fracture load, the under spun
of 30 mm, and the upper spun of 10 mm, respectively.

Determination methods of material constants
in both models

Material constants in Model I

Figure 1 depicts a flowchart for determining the material
constants in Model I. The material constants were determined
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using the experimental data of both materials as follows.
When the fracture probability F in Eq. 10 nearly equaled
63.2%, the relationship between the fracture strength oy, and
the effective loading time, 7., is simply given as

feir _ <°'_maX> B (23)

to So

where f.¢ under a constant stress rate is given as
tr
n+1

First, the crack propagation index, n, provides that the
slope of the least squares fit to the plots of the fracture
strength, 0,.x, and the effective loading time, ., in the
experimental data on a double logarithmic chart was
repeatedly calculated. Next, the shape and scale parameters
m and 6, in Eq. 10 were determined from a Weibull
analysis of the normalized strength 6¢ and then converted
into the fracture strength for 1 s using the fracture strength
and calculated effective loading time in the experimental
data and calculated n.

(24)

leff =

Material constants in Model 11

Figure 2 depicts a flowchart for determining the mate-
rial constants in Model II. The material constants
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Fig. 2 Flowchart to determine the material constants with Model II

were determined using the experimental data of both
materials as follows. Assuming that f. ~ 0 in Eq. 18
reduced to

F=1-exp {— <Usﬂ) m] (25)

the scale parameter, S,, is determined by the Weibull
analysis of the fracture strength, g,,,y, that is obtained in
the four-point bending test under very fast stress rates.
Next, when F = 63.2%, Eq. 18 is rewritten as

CnfSe ) _ 1
v Omax _n_z

First, ratios of the calculated S, to the fracture strength,
Omax> ON the left-hand side of Eq. 26 are plotted against
X = O'zmaxteff for the value of the crack propagation index 7.
Second, curve fitting of these plots in the form of the
equation y = {In(1 4+ x/1,)}/(n —2) is performed. The
material parameters of n and ¢, are provided by repeating
these plots and curve fittings. Finally, the shape and scale
parameters, m and 6, in Eq. 19 are determined from the
Weibull analysis of the equivalent fracture strength o7 that
is converted into the fracture strength for 1 s using the
fracture strength, the effective loading time, and the cal-
culated material constants of n, t,, and S,,.

In(1+ 1, oo teir) (26)
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Fig. 3 oma—0 plots of a soda glass and b alumina ceramics
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Fig. 4 Stereomicroscope images of the fracture surface of a soda
glass and b alumina ceramics

Results and discussion
Dynamic fatigue behavior

Figure 3 shows the relationships between the fracture
strength, o.,.x, and the stress rate, ¢, for soda glass and
alumina ceramics. The fractures of both materials revealed
clear rate dependencies at room temperature. The fracture
strengths of both materials increased with the stress rate
over a range from about 10~" MPa/s to 10° MPa/s and then
remained almost constant from 10°> MPa/s to 10* MPa/s.
The rate dependency of the fracture strength in alumina
ceramics was clearer than that of soda glass because the
scatter of the fracture strengths in the alumina ceramics
was smaller than that of soda glass. Stereomicroscope
images of the fracture surface of soda glass and alumina
ceramics are shown in Fig. 4. It is obviously seen that
mirror, mist and hackle in the vicinity of the surface acting
maximum stress. Therefore, the dynamic fatigue fractures
of both materials are caused by SCG from an initial crack.
The scatter of fracture strengths in both materials is directly
related to the scatter of the initial crack sizes. The rate
dependency in brittle materials such as those under dis-
cussion here agrees with findings in the literature [2, 3, 16].

Material constants of both models
Material constants of Model 1

Figure 5 shows the least squares fit to plots of the fracture
strength, o,,.x, and the effective loading time, z.¢, of soda
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Fig. 6 Weibull plots of the normalized strengths of soda glass and
alumina ceramics

glass and alumina ceramics. The crack propagation indices,
n, of soda glass and alumina ceramics were 19.1 and 24,
respectively. Figure 6 shows the Weibull plots of the nor-
malized strengths of the soda glass and alumina ceramics.
The Weibull plots of the normalized strengths of both
materials obey a two-parameter Weibull distribution,
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Fig. 7 Weibull plots of the fracture strengths of soda glass and
alumina ceramics under a very fast stress rate
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Fig. 8 Measured and fitted values of y versus x in Eq. 26 of a soda
glass and b alumina ceramics

indicating that the dynamic fatigue fracture of brittle mate-
rials was not affected by a wide range of stress rates, only
obeying the SCG concept. The shape and scale parameters of
soda glass, m and 6, were 7.19 and 99.1 MPa, respectively.

® Alumina ceramics

99.9 O Soda glass
90

Probability of fracture Py [%]

40 100 200 400
Equivalent fracture strength 07* [MPa]

Fig. 9 Weibull plots of equivalent fracture strengths of soda glass
and alumina ceramics

Table 1 Material constants of soda glass and alumina ceramics

Materials Soda glass Alumina ceramics
Model I
Crack propagation index, n 19.1 24
Shape parameter m 7.19 14
Scale parameter ¢, (MPa) 99.1 365.4
Model 11
Shape parameter, m 8.15 23.1
Scale parameter, S, (MPa) 127.9 490.8
Crack propagation index, n 14 19
Materials constant, z, (s) 0.008 0.00531
Shape parameter m 7.25 14.8
Scale parameter ¢, (MPa) 99.8 368

On the other hand, 71 and ¢, of the alumina ceramics were 14
and 365.4 MPa, respectively.

Material constants of Model 11

Figure 7 shows the Weibull plots of the fracture strength,
Omax> Of soda glass under 100 mm/min and that of alumina
ceramics under 200 mm/min. The shape and scale param-
eters of soda glass m and S, were 8.15 and 127.9 MPa,
respectively. On the other hand, m and S, of the alumina
ceramics were 23.1 and 490.8 MPa, respectively.

Figure 8 presents the experimental results for x and y in
Eq. 26 of soda glass and alumina ceramics. By fitting these
plots toy = {In(1 + x/1,)}/(n — 2) using the calculated S,
and the experimental data, we obtained n = 14 and
t, = 0.008 s for soda glass and n = 19 and 7, = 0.00531 s
for alumina ceramics.

@ Springer
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Figure 9 shows the Weibull plots of the equivalent
fracture strengths of soda glass and alumina ceramics. The
Weibull plots of the equivalent fracture strengths as well as
those of the normalized strengths of both materials well
obeyed a two-parameter Weibull distribution. The shape
and scale parameters of soda glass 7 and 6, were 7.25 and
99.8 MPa, respectively. On the other hand, m and 6, of
alumina ceramics were 14.8 and 368 MPa, respectively.
Table 1 collectively lists the material constants of both
materials from both Model I and Model II.

Dynamic effects on fatigue strength

The values of n (19.1 and 14) of soda glass calculated with
both models nearly equaled those in the literature (n = 13-25
for soda glass [18]). On the other hand, the values of n (24 and
19) of alumina ceramics were lower than those in the litera-
ture (n = 44-52 for alumina ceramics [10]). These results
indicated that though the dynamic effects on the degradation
of the fatigue strength in soda glass can be ignored for a
short period of failure, that of alumina ceramics cannot be
ignored.

F-S-T diagrams described of both models and their
comparison

The fracture times, t;, are expressed by Eq. 10 in Model I
and Eq. 19 in Model II, respectively, as follows:

tr=(n+1) ("—) /(T = F) (27)

Jmax

1
4= n+ (5’2 m/n —ln(l _ F) — (n + I)S(Z)Gz:a,%to) (28)

n
Gmax

Figures 10 and 11 depict plots of the fracture strength,
Omax> and the fracture time, #;, in soda glass and alumina
ceramics and F—S—-T diagrams predicted from Eqs. 27 and 28
using calculated material constants for both materials.
Though the predictions from Eqgs. 27 and 28 for both
materials were in good agreement, the predictions from
Eq. 28 in Model II were better in regards to the rate
dependency in both materials explained in “Dynamic fatigue
behavior” section. To verify the validity of the predictions of
the two models, we calculated the correlation coefficients for
the experimental plots and the predictions (F' = 63.2%) in
both models for both materials using a CORREL function in
Excel for Windows. Values of the correlation coefficients of
soda glass were 0.719922 (Model I) and 0.714571 (Model
II), respectively. On the other hand, values of correlation
coefficients of alumina ceramics were 0.844399 (Model I)
and 0.855916 (Model II), respectively. Values of the
correlation coefficients of soda glass were almost equal
because the scatter of the dynamic fatigue strength was large.
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In alumina ceramics, the value (0.855916) of the correlation
coefficient from Eq. 28 was slightly larger than the value
(0.844399) of that from Eq. 27. Therefore, the above results
proved that Model IT was more valid than Model I to estimate
the relationship between the fracture strength, 7,,.x, and the
fracture time, #, in brittle materials in a quasi-static load test
under a wide range of stress rates. We have considered that
the predictions of Model II might even be in good agreement
with the dynamic fatigue behavior under an even wider range
of stress rates, and predicting brittle materials to having large
scatter could be valid with an increased amount of data.

Conclusion

In this study, we estimated the dynamic fatigue strengths of
soda glass and alumina ceramics under a wide range of
stress rates using two probabilistic delayed-fracture models
(Models I and II), which we derived from the SCG concept
in conjunction with a two-parameter Weibull distribution.
The predictions of Model II were better in regards to the
stress rate dependency of the dynamic fatigue strengths for
both materials than those of Model I. Particularly, the
predictions of Model II for alumina ceramics resulted in
better fitting to the experimental data compared to the
predictions made for soda glass because the scatter of the
dynamic fatigue strength of soda glass was large. These
results proved that Model II was more valid than Model I to
statistically estimate the dynamic fatigue strengths in brittle
materials under a wide range of stress rates.
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