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Abstract In this paper, we consider a trust region algorithm for unconstrained
optimization problems. Unlike the traditional memoryless trust region methods, our
trust region model includes memory of the past iteration, which makes the algorithm
less myopic in the sense that its behavior is not completely dominated by the local
nature of the objective function, but rather by a more global view. The global
convergence is established by using a nonmonotone technique. The numerical tests
are also given to show the efficiency of our proposed method.
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1 Introduction

In this paper, we consider the following unconstrained optimization problem:

min f (x) s.t. x ∈ Rn, (1)

where f (x) is a twice continuously differentiable function from Rn to R.
Trust region method is one of the most well-known method for solving problem

(1). Due to its strong convergence and robustness, trust region methods have been
proved to be efficient for solving problem (2), and there are many researches on trust
region methods available for solving such problem, see, for example, [1–5].
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For a given iterate point, xk, in traditional trust region methods, the trial step is
usually obtained by solving the following trust region subproblem:

min 〈gk, d〉 + 1
2 〈d, Hkd〉,

s.t ‖d‖ ≤ �k,
(2)

where 〈·, ·〉 denotes the Euclidean inner product, gk = ∇ f (xk) and Hk is a symmetric
matrix that approximates the Hessian matrix of f (xk), �k > 0 is the trust region
radius.

The trust region subproblem (2) shows that the trial step depends purely on the
local information of the objective function. In other words, the trust region model
based solely on the first and the second derivatives of the objective function at
current point, xk; such a model is called a memoryless model.

It can be seen that the pure local nature of the trust region iteration is detrimental
when the objective function is very nonlinear, in the sense that the second-order
Taylor series varies quickly as a function of x. For instance, this is the case when the
function has local ripples which have little global effect on the shape of the objective.
A memoryless iteration may then be fooled by the local nature of the function and
may easily loose track of the more global picture, although the latter is crucial for
determining search directions that will enable substantial progress of the algorithm.

To overcome this drawback, we can remember the model we have seen in previous
iterations and mix the information with the local model in the current iteration; such
a model is called a memory model.

The first memory model was proposed by N.I.M Gould et al. for unconstrained
optimization with a line search algorithm (see [6]). In [5], by combining with a
conditional model, Conn et al. analyzed the global convergence of trust region
algorithm with memory, but no numerical tests are presented.

The nonmonotone technique was originally proposed by Grippo et al. [7] for
unconstrained optimization based on Newton’s method. Numerical tests showed that
the nonmonotone technique are helpful to overcome the case where the sequence
of iterates follows the bottom of curved narrow valleys, a common occurrence in
difficult nonlinear problems. In the past few decades, many nonmonotone trust
region algorithms have been proposed to solve unconstrained and constrained opti-
mization [8–11]. Since, in general, the trial step obtained by the memory model may
not be a decrease direction, in this paper, we consider combining the nonmonotone
trust region technique proposed by Toint [10] with the memory model to generate
the iterate sequence. We establish the global convergence of the proposed algorithm
and present numerical tests to show the efficiency of the algorithm.

This paper is organized as follows: In Section 2, we introduce our trust region
algorithm with memory. In Section 3, we discuss the global convergence of the
proposed algorithm. The conclusion with final remarks is presented in Section 4.

2 Algorithm

In this section, we describe the trust region algorithm with memory.
For a current point xk, we denote the local model by

mk(x) = f (xk) + 〈gk, x − xk〉 + 1

2
〈x − xk, Hk(x − xk)〉, (3)
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Following [5] and [6], we consider the memory model

mM
k (x) = (1 − μk)mk(x) + μkmM

k−1(x), (4)

where μk ∈ [0, 1) is a parameter. In this paper, we choose μk = min{μ, ‖xk −
xk−1‖,�k} for some μ ∈ (0, 1). Furthermore, we set μ0 = 0 since there is nothing
to be remembered at the first iteration.

Let

gM
k = ∇mM

k (xk), HM
k = ∇2

xxmM
k (xk), (5)

The trust region subproblem with memory is defined as follows:

min 〈gM
k , d〉 + 1

2 〈d, HM
k d〉,

s.t ‖d‖ ≤ �k.
(6)

Lemma 1 [7] Let dk be a solution of (6). Then we have

−〈gM
k , d〉 − 1

2
〈d, HM

k d〉 ≥ 1

2
‖gM

k ‖ min{�k,
‖gM

k ‖
‖HM

k ‖}. (7)

In general, the search direction generated by (6) is a descent direction for mM
k (x)

but may not be a descent direction for f (x). Therefore, a natural choice is to employ
the nonmonotone technique to determine whether the trial step can be accepted.
In what follows, we introduce the nonmonotone trust region technique, see [10] for
example.

Define

Predk = mM
k (xk) − mM

k (xk + dk), (8)

and compute

fl(k) = max
i=k−m(k),··· ,k

fi, (9)

where m(k) = min{m(k − 1) + 1, N, Nk}, N is a given positive constant integer, Nk

is a variable positive integer and fi denotes f (xi).

Furthermore we compute

ρ1,k = fl(k) − f (xk + dk)

�k
i=l(k)

Predi
, (10)

ρ2,k = fk − f (xk + dk)

Predk
, (11)

ρk = max{ρ1,k, ρ2,k}. (12)
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The nonmonotone trust region algorithm with memory is now stated formally as
follows:

Algorithm 2.1

Step 0: Choose x0 ∈ Rn, H0 ∈ Rn×n symmetric, g0 = ∇ f0, μ ∈ (0, 1), η ∈ (0, 1),

m(−1) = 0, N > 0, N0 > 0,�min > 0, μ0 = 0, k := 0.

Step 1: If gk = 0 stop.
Step 2: Set � = �min.

Step 3: Define model mM
k and compute gM

k and HM
k ; if gM

k = 0, set gM
k = gk.

Step 4: Compute dk, Predk, ρ1,k, ρ2,k, ρk.

Step 5: If 0 < ρk < η, set � := 1
2�, Nk = N goto Step 3.

If ρk ≤ 0, set � := 1
2�, Nk := Nk + 1, goto Step 3.

Step 6: If ρk ≥ η, set �k = �, xk+1 = xk + dk, Nk+1 = Nk. update Hk as Hk+1, k :=
k + 1 goto Step 1.

In the above algorithm, we call Steps 5-3-4-5 interior cycle.

3 Global Convergence

In this paper, we assume that the algorithm generates finitely many iterations and
make the following assumptions.

A1 The generated points, {xk}, are contained in a closed convex set �.

A2 For any x ∈ �,∇mi(x) and Hi are uniformly bounded.
A3 f (x) is bounded below on �.

We first give some basic lemmas about the model mM
k (x).

Lemma 2 [5] If the model is def ined by (4). Then for each k, we have

mM
k (x) =

k∑

i=0

(1 − μi)(�
k
j=i+1μ j)mi(x). (13)

Moreover,

k∑

i=0

(1 − μi)(�
k
j=i+1μ j) ≤ 1

1 − μ
. (14)

Lemma 3 If Assumptions A1 and A2 hold then there exist positive constants k1 and
k2 such that

‖gM
k − gk‖ ≤ k1�k, (15)

‖HM
k − Hk‖ ≤ k2�k. (16)



J Math Model Algor (2011) 10:109–118 113

Proof From (13), we have

gM
k = ∇mM

k (xk) =
k∑

i=0

(1 − μi)(�
k
j=i+1μ j)∇mi(xk), (17)

and

HM
k = ∇m2

xx Mk(xk) =
k∑

i=0

(1 − μi)(�
k
j=i+1μ j)∇2

xxmi(xk). (18)

Thus for all k, we have

gM
k − gk =

k−1∑

i=0

(1 − μi)(�
k
j=i+1μ j)gi + (1 − μk)gk − gk

=
k−1∑

i=0

(1 − μi)(�
k
j=i+1μ j)gi − μkgk. (19)

From Assumptions A1 and A2, there exist two positive constants b 1, b 2 such that

‖∇mi(xk)‖ ≤ b 1, ‖Hi‖ ≤ b 2, for i = 1, 2, · · · , k. (20)

Define

θk =
k−1∑

i=0

(1 − μi)(�
k−1
j=i+1μ j),

then from Lemma 2, we have

θk ≤ 1

1 − μ
,

and hence, from the definition of μk, we have

‖gM
k − gk‖ ≤ μkb 1(θk + 1)

≤ b 1(θk + 1)μk

≤ b 1(2 − μ)

1 − μ
�k.

Let k1 = b 1(2−μ)

1−μ
, we get (15). Similarly, we have (16). 	


The next result shows that the algorithm is well defined.

Lemma 4 Under Assumptions A1 and A2, the algorithm is well def ined, that is, the
interior cycle Steps 5-3-4-5 must stop after f initely many iterations.

Proof We prove the conclusion by contradiction, denote the ith iteration in iterate k
by k, i, and the corresponding values denoted by �k,i, Predk,i etc. If the conclusion is
not true, then

ρk,i < η, lim
i→∞

�k,i = 0. (21)
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Since ‖gM
k,i‖ 
= 0, we have for i large enough

|ρ2,(k,i) − 1| = | fk − f (xk + dk,i)

Predk,i
− 1|

= | 〈gk − gM
k,i, dk,i〉 + 1

2 〈dk,i, (∇2 f (xk) − HM
k,i)dk,i〉 + o(‖dk,i‖2)

Predk,i
|

≤ 1

Predk,i

[
‖gk − gM

k,i‖‖dk,i‖ + 1

2
(‖∇2 f (xk)HM

k,i‖)‖dk,i‖2 + o(‖dk,i‖)2

]

≤ ‖gk − gM
k,i‖‖dk,i‖ + 1

2 (‖∇2 f (xk) − HM
k,i‖)‖dk,i‖2 + o(‖dk,i‖)2

1
2‖gM

k,i‖ min
{
�k,i,

‖gM
k,i‖

‖HM
k,i‖

}

≤ k1�k,i‖dk,i‖ + γk‖dk,i‖2 + o(‖dk,i‖)2

1
2‖gM

k,i‖�k,i

→ 0(as i → ∞).

where γk = 1
2 (supx∈� ‖∇2 f (x)‖ + b 2

1−μ
) > 0. Therefore, we have ρk,i = max{ρ1,k,i,

ρ2, k,i} ≥ η, which contradicts (21). This completes the proof. 	


For every k, we define the reference iteration associated with k by

r(k) =
{

l(k), if ρk = ρ1,k,

k, if ρk = ρ2,k.

Lemma 5 [8] For each k ≥ 1, we have

f (xr(k)) − f (xk+1) ≥ 1

2
η

k∑

j=r(k)

‖gM
j ‖ min

{
� j,

‖gM
j ‖

‖HM
j ‖

}
.

Theorem 1 Under the Assumptions A1–A3, we have

lim inf
k→∞

‖gM
k ‖ = 0. (22)

Proof Similar to Theorem 1 in [9], we know the sequence { fl(k)} is non increasing,
and by Assumption A1, it is convergent.

We prove (22) by contradiction, assume that there exists a ε > 0 such that for all
k, ‖gM

k ‖ ≥ ε. We first prove that

lim inf
k→∞

�k = �̂ > 0. (23)

Otherwise, there exists an infinite set, K, such that lim k→∞
k∈K

�k = 0, which implies
the solution of (6) corresponding to trust region radius 2�k can not be accepted
as the trial step, in other words, the corresponding value satisfying ρk(�k) ≥ η but
ρk(2�k) < η. Similar to Lemma 4, we can obtain ρk(2�k) ≥ η this is a contradiction.
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Now, choose an infinite set K1 ⊂ {l(k) − 1 : k = 1, 2, · · · }, then from Lemma 5 we
have

fl(k) − fk+1 ≥ fr(k) − fk+1

≥ 1

2
η

k∑

j=r(k)

‖gM
j ‖ min

{
� j,

‖gM
j ‖

‖HM
j ‖

}

≥ 1

2
η

k∑

j=r(k)

k∈K1

‖gM
j ‖ min

{
� j,

‖gM
j ‖

‖HM
j ‖

}

≥ 1

2
η

k∑

j=r(k)

k∈K1

ε min

{
�̂,

ε(1 − μ)

b 2

}
.

Since k + 1 ∈ {l(k) − 1 : k = 1, 2, · · · } and { fl(k)} convergent, both the left side and
the right side converge to zero and this is a contradiction. The proof is completed.

	


We now prove the strong convergence of the algorithm.

Theorem 2 Under Assumptions A1–A3, we have

lim
k→∞

‖gM
k ‖ = 0.

Proof We prove this conclusion by contradiction. Assume that limsupk→∞‖gM
k ‖ =

ε1 > 0, then there exists an infinite set, K2, such that ‖gM
k ‖ ≥ ε1

2 for all k ∈ K2.
We consider two cases:

Case 1 lim inf k→∞
k∈K2

�k = 0, then there exists an infinite set K3 ⊂ K2, such that

lim k→∞
k∈K3

�k = 0. Hence for k ∈ K3 large enough, we have

ρk(�k) ≥ η, ρk(2�k) < η.

But similar to Lemma 4, we can obtain ρk(2�k) ≥ η and this is a contradiction.

Case 2

lim inf
k→∞
k∈K2

�k = �′ > 0.
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Similarly to Theorem 2 in [7], we have

f0 − fk+1 ≥ η

k∑

i=0

Predi

≥ η

k∑

i=0,

k∈K2

Predi

≥ η

k∑

i=0
k∈K2

1

2
ηε min{�′,

ε(1 − μ)

b 2
}

and this contradicts the fact of f (x) is bounded below on �. This completes the proof.
	


In Algorithm 2.1, if we modify HM
k such that for all d ∈ Rn and for all k, there

exists δ > 0,

〈d, HM
k d〉 ≥ δ‖d‖2. (24)

Then we have

Theorem 3 If Assumption A1–A3 and (24) holds then we have

lim
k→∞

‖gk‖ = 0. (25)

Proof According to the definition μk and Theorem 2, Lemma 3, we only need to
prove that limk→∞ ‖dk‖ = 0. Assume that there exists an infinite set, K4, and some
ε2 > 0 such that ‖dk‖ ≥ ε2 for all k ∈ K4. Since dk is the solution of problem (6), there
exists λk ≥ 0 such that

(HM
k + λk I)dk = −gM

k .

Thus we have

−〈gM
k , d〉 − 1

2
〈d, HM

k d〉 = 1

2
〈dk, HM

k dk〉 + λk‖dk‖2 ≥ 1

2
δ‖dk‖2.

On the other hand, similarly to Theorem 2, we have for k ∈ K4 large enough

f0 − fk+1 ≥ η

k∑

i=0

Predi

≥ η

k∑

i=0,

k∈K4

Predi

≥ 1

2
η

k∑

i=0
k∈K4

ηδε2
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Let k → ∞; we have f0 − fk+1 < ∞, but 1
2η

k∑

i=0
k∈K4

ηδε2 → ∞, this is a contradiction.

Thus limk→∞ ‖dk‖ = 0 and therefore (25) holds. This completes the proof. 	


4 Numerical Tests

In order to test the efficiency of our method, we conducted numerical experiments
on some degenerate problems and some classic test problems. The algorithms were
coded in Matlab 7.0 and run on a personal computer with a 2.93GHZ CPU processor.
We chose the following five problems from CUTE collection established by Bongartz
et al. [12] as our test examples:

Problem 1 (Raydan 1 function): f (x) = �n
i=1(exp(xi) − xi).

Problem 2 (Raydan 2 function): f (x) = �n
i=1

i
10 (exp(xi) − xi).

Problem 3 (Diagonal 1 function): f (x) = �n
i=1(exp(xi) − ixi).

Problem 4 (Diagonal 5 function): f (x) = �n
i=1log((exp(xi) − exp(−xi)).

Problem 5 (Quadratic QF1 function): f (x) = 1
2�n

i=1ix2
i − xn.

The parameters used in our algorithm are set as follows: μ = 0.01, η = 0.25,

�min = 0.1, N = 5, H0 = I, N0 = 5. Hk is updated by the BFGS formulae:

Hk+1 =
⎧
⎨

⎩

Hk, if δT
k yk ≤ 0,

Hk + yk yT
k

yT
k δk

− Hkδkδ
T
k Hk

δT
k Hkδk

, if δT
k yk > 0,

Table 1 Tests results No. xi n Ig/I f (MT R) Ig/I f (T R)

1 1 10 34/66 45/88
1 100 101/200 101/200
i/n 10 22/42 22/42
i/n 100 60/118 64/126

2 1 10 353/704 353/704
1 50 419/838 419/838
i/n 10 167/332 167/332
i/n 50 233/474 235/478

3 1 10 60/124 60/124
1 50 428/874 450/922
i/n 10 97/202 95/198
i/n 50 285/578 316/650

4 1 10 33/64 33/64
1 100 101/200 101/200
1 200 143/284 143/284
i/n 10 21/40 21/40
i/n 100 60/118 60/118
i/n 200 83/164 83/164

5 1 10 66/140 66/140
1 50 356/724 402/824
i/n 10 52/112 52/112
i/n 50 489/998 95/200
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where δk = xk+1 − xk, yk = ∇ f (xk+1) − ∇ f (xk). To determine when to stop the
execution of the algorithm and assert convergence, we used the criterion ‖gk‖ ≤
10−5. We also stop the execution when 500 iterations were completed without
achieving convergence and denoted this as failure.

To show the efficiency of our method, we compare it with the memoryless method,
i.e., μ ≡ 0. The test results are given in Table 1. Here we use No to denote the
number of the test problems, MTR denotes the memory method and TR denotes
the memoryless method, Ig and I f denote the number of gradient estimations and
the function value estimations, xi denotes the i-th element of the initial point, and
n denotes the dimension of the test problem. From the Table 1, we find that our
memory method can compete with the memoryless one. In general, our method is
better than the memoryless one in the number of the gradient estimations and the
function value estimations.

5 Conclusion

In this paper, we considered adding memory into the unconditional trust region
model. The new model includes the information of the past iterations, and therefore
ensure the algorithm’s behavior is dominated by the more global nature of the objec-
tive function. Global convergence is established by using non monotonic technique
and numerical tests are also given to show the efficiency of the proposed algorithm.
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