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Abstract Two special cases of the Minimum Committee Problem are studied, the
Minimum Committee Problem of Finite Sets (MCFS) and the Minimum Committee
Problem of a System of Linear InequalitiestMCLE). It is known that the first of
these problems is N P-hard (see (Mazurov et al., Proc. Steklov Inst. Math., 1:67-
101, 2002)). In this paper we show the N P-hardness of two integer optimization
problems connected with it. In addition, we analyze the hardness of approximation
to the MCFS problem. In particular, we show that, unless NP C TIM E(n©0oglogny),
for every ¢ > 0 there are no approximation algorithms for this problem with approx-
imation ratio (1 — ¢)In(m — 1), where m is the number of inclusions in the MCFS
problem. To prove this bound we use the SET COVER problem, for which a similar
result is known (Feige, J. ACM, 45:634-652, 1998). We also show that the Minimum
Committee of Linear Inequalities System (MCLE) problem is N P-hard as well and
consider an approximation algorithm for this problem.

Key words computational complexity - NP-completeness - set cover problem - graph
3-colorability problem - minimum committee problem - approximation algorithms.

Mathematics Subject Classifications (2000) 90C27 - 68Q17 - 68Q32.

1 Introduction

We consider a combinatorial optimization problem known as the Minimum Commit-
tee (MC) problem. This problem is closely connected with three areas of the oper-
ations research: voting theory, optimization, and pattern recognition. In the voting
theory [3-5], several voting procedures based on different logics (democracies) are
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studied. A committee is just a mathematical model for the voting procedure based
on the simple majority rule.

In pattern recognition, different collections of empirical algorithms are considered
[6, 7]. So called perceptron algorithms should be distinguished among them. As one
can prove , the 2-layer perceptron with non-negativity constraint for all weights of its
second layer is just another formulation for the committee discrimination rule.

Finally, in optimization a problem to be solved is often inconsistent [8]. There are
several reasons for this fact. In terms of linear programming, e.g., the problem is
inconsistent when its primal or dual (or both) constraints systems are infeasible. To
correct this situation, one can utilize several technics, e.g. Chebyshev approximation.
The committee solutions technique is one of them [1, 8, 9].

In all above cases it is desirable to find the most simple committee construction
that leads us to the Minimum Committee Problem.

2 Minimum Committee Problem

Let some set X and m nonempty subsets Dy, D, ..., D,, of X be given. Consider an
abstract system of inclusions in X

xeD; (jeN,=({1,2,...,m}) (1)

If there is an element x € (| D; then system (1) is called feasible and x is called a
JENR
solution of (1). Otherwise system (1) is called infeasible in the ordinary sense.
We call [1] a finite sequence Q = (x', x2,...,x9) a committee solution with q
elements (or just a committee) of system (1) if

i s ¥ eDy|>2. foralljeN,.

A committee solution of system (1) with a minimum number of elements ¢ is called
a minimum committee solution. It is evident that if system (1) is feasible then every

minimum committee solution Q = (x) where x € (| D;. Therefore the notion of
J€Nm

the minimum committee solution is a generalization of the notion of the ordinary

solution.

The Minimum Committee (MC) Problem:

Let a ground set X and a finite collection of subsets Dy, D,, ..., D,, be given.
Find a committee solution for system (1) with a minimum number of elements q.

The MC problem is called feasible if and only if system (1) has any committee
solution. Consider the following example (see Fig. 1). Here X = R, m = 4, D, is the
plane ABC and D,, D3, D4 are the segments AO, BO and CO, correspondingly.
It can be easily verified that in this case system (1) is infeasible but has committee
solutions and the sequence Q = (A, B, C, O, O) is a minimum committee solution.

It is useful to reformulate the MC problem in terms of the integer linear program-
ming. As usual, we call a maximal, by inclusion, feasible subsystem of an infeasible
system a maximal feasible subsystem (or mfs). Let Jy, ..., Jr be the index sets of
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Fig.1 Example of a 0
committee solution

all maximal feasible subsystems of system (1). Let us consider two m x T incidence
matrices A and B, where

llj,‘Zl, bj,‘: 1 iij ]i,

a; =0, b;=—1 otherwise
and two programs
min{I't| Bt > 1,t € ZL} )
o Ar=sl, teZl
mm{s‘l/tgk—l,seN}' 3)

The following theorem is known.

Theorem 1 ([9]) Problems MC, (2) and (3) are simultaneously feasible or infeasible.
The sets of optimal solutions of problems (2) and (3) are isomorphically embedded
into the solution set of the MC problem.

In this paper, we consider two special cases of the MC problem:

1. The case of the problem, where the set X and all its subsets D; are finite (we shall
call this problem the MCFS). We shall show that the MCFS problem is N P-hard
and the equivalent problems (2) and (3) have the same property. Also, we shall
estimate an approximation threshold of this problem.

2. The case, where the ground set X is an n-dimensional rational vector space
Q" and subsets ; are open halfspaces. This problem will be called the MCLE.
As shown below, it is also N P-hard. We shall consider a new approximation
algorithm, its approximation ratio and computational complexity.

3 Minimum Committee of Finite Sets Problem

In this section, we consider a special case of MC problem when all sets in system (1)
are finite.
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The Minimum Committee of Finite Sets (MCFS) Problem:

Afiniteset X = {x', x%, ..., xP} and a collection of its subsets D, D, ..., D,, are
given. It is required to find a committee solution for system (1) with a minimum
number of elements q.

3.1 Computational Complexity

Let us agree to encode an instance of the MCFS by m x p matrix C, where

= 1, if xi € Dj,
” —1, otherwise.

Further, without loss of a generality, we can assume that for any committee
O = (y', y%,..., y?) there are natural numbers k < p, and q, q», ..., qx, where

G t+q+...+qr=4q,

and
I1<iij<i<...<ix<p
such that
yl =y2=.__=y"1 =xi1,
yrl = =yt =y
yhtetaortl — =y — yl

Therefore, we can represent the sequence Q as a multiset in the form

[ g, (g2, (% g0}

The MCEFS problem is a combinatorial one and there is no efficient algorithm for
this problem unless P = N P.

Theorem 2 ([1]) The MCFS problem is NP-hard.

Let us notice that the MCFS problem remains N P-hard even when every set D;
except, maybe, one, satisfies the condition | Dj| < 3.

Theorem 3 Problems MCFS, (2), and (3) are polynomially equivalent.

Proof Let us prove that the MCFS and the integer program (2) can be polynomially
reduced to each other. Let an instance of the MCFS problem be given by the m x p
matrix C. Let matrix B consist of all undominatable columns of C. Matrix B can be
constructed in a polynomial time of m and p. Without loss of a generality, we assume
that B consists of the first 7 columns of C. The instance of problem (2) determined by
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the matrix B is a required one. Indeed, let 7 = [}, &, .. ., t7] be the optimal solution
of problem (2). Then, by virtue of the construction of the matrix B, the sequence

O={(.i)]ieNr, i >0}

is the required solution of the initial problem MCFS (minimum committee).
On the other hand, let the matrix B define an individual problem (2). Let us
consider the instance of the MCFS problem with C = B. Let

0 ={(".qn. ", q2). ... (", qu)}

be the minimum committee in the MCFS problem, then the vector 7 € ZT, where

b= q]', ileij,
=1 0, otherwise,

is the optimal solution of problem (2). ]
Corollary 1 Problems (2) and (3) are NP-hard.

It is interesting that a statement like Theorem 2 does not hold for the general MC
problem.

3.2 Approximation Threshold

A general issue in studying the N P-hard optimization problem is designing so-
called approximation algorithms. As usual, we call an algorithm for a combinatorial
optimization problem an approximation algorithm (with approximation ratio r) if for
each instance

f*=min{f(x) | x € M)
of length L of the problem under consideration this algorithm finds a feasible
solution x,p,, with

f(xapp) <r

f

in a polynomial time in L.

Another problem that should be considered in studying the N P-hard problem
is to find a threshold for which it can be proved that there are no approximation
algorithms with ratios less then this bound (under some reasonable assumptions, e.g.
NP # P). To prove the existence such a threshold for the MCFS problem, we shall
take advantage of known results for the famous SET COVER problem.

The SET COVER Problem:

Let a finite set S = {s1, 52, ..., Sm} and a nonempty collection of its subsets C =
{c1,¢a, ..., c1) €25 be given. It is required to find a minimum cardinality subset
C' C C that covers S (i.e, |J ¢i=29).

cieC’
For the SET COVER problem the following results are known.
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Theorem 4 ([10]) Unless P = N P there is no polynomial time algorithm that approx-
imates the set cover within ratio % log, m.

Theorem 5 ([2]) If there is some ¢ > 0 such that a polynomial time algorithm can
approximate the set cover within (1 — &) Inm, then

NP C TIME(n®eem),

A similar bound may be proved for the MCFS problem as well.

Lemma The existence of an approximation algorithm with ratio r for the MCFS
problem implies the existence of a polynomial time algorithm that approximates the
set cover within the same ratio.

Proof

1. Let us reduce the SET COVER problem to the MCFS. Let the sets S =
{s1,52,...,8,} and C={cy,cy..., ¢} be fixed. We are going to formulate an
appropriate instance of the MCFS problem in a polynomial time in / and m and
demonstrate that for natural k there is a cover C' € C, |C'| = k, if and only if
constructed instance of the MCFS problem has a feasible committee solution of
2k — 1 elements.

Let us introduce the m x [ incidence matrix A corresponding to S and C. As
above,

a4 — 1, if Sj € ¢,
710, otherwise.

Now we shall consider a new (m + 1) x (I + 1) matrix A’ obtained from A by
bordering with a row and a column consisting of ones (see Table 1). We will put
its element in the right-bottom corner equal to zero.

Let us consider the MCFS problem corresponding to the matrix A’. Namely, let

us take a ground set X = {x', x?, ..., x/*!} and its subsets according to

D;= {x”'l}u{xi csjecieN} (jeN,)

Dyl = {xl,xz,...,xl}.

Table 1 The construction of

the instance of the MCFS X X e X X
problem
c 123 ... ¢ S
D, 1 1
D, 52 1
: : A :
D m Sm 1
Dy C 1 1 cee 1 0
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Let C' = {c;, cip, - .., ¢, } be a cover, that is, for each j € N,, there is

nw(j)eNg @ sj¢€ Cini)

or x'»0» € Dj due to the construction. Hence, the sequence

i i i I+1
Q= |x",x2 ... xx, ... x

is a committee solution for system (1) because each D; contains at least k
elements of Q.

On the other hand, let us consider the committee solution Q of system (1) with
2k — 1 elements, where

i i [ A | I+1
Q= |x",x2 .. x%= X x

—
A

By the choice of the set D,,;;, we have A < k. Thus, we take a k-subsequence of
Q: (x", ..., x*). For each j € N,, there is

wu(j) € N @ x;,,, € Dy,

since Q is a committee and, hence, s; € Ciygjy by the construction of sets D;.
Therefore, the set C' = {¢;, : u € Ny} is the required cover.

2. Let us suppose that there is an approximation algorithm .4 with ratio r for the
MCEFS problem. It is known [1] that each committee with an even number of
elements 2k can be reduced to a committee of 2k — 1 elements removing any
element. Let us consider an arbitrary instance of the Set Cover problem; let ¢ be
the cardinality of its minimum cover. According to procedure described above
in a polynomial time one can construct an appropriate instance of the MCFS
problem such that

(1) The number of elements of the minimum committee in this instance equals
2t —1;

(2) For every committee solution with 2k — 1 elements there is a cover with
cardinality not greater than k that can be found using the known committee
in a polynomial time.
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Suppose the algorithm A has found a committee solution of system (1) with 2k — 1
elements. By the assumption about the ratio of the algorithm, we have

Consequently, we obtain the following estimates:

k (1 1 N 1 (1 1 N ro_
-—<r{l—-—= —<r(l—-= —<r
r 2t 2t 2t 2t
Lemma is proved. O

Theorem 6 Unless P= NP there is no approximation algorithm for the MCFS
problem with ratio % log,(m —1).

Proof Suppose the contrary. Let an algorithm A find a feasible solution of the
MCEFS problem with accuracy i log,(m — 1). According to Lemma, there is an
approximation algorithm for the SET COVER problem that can find for | S| = m — 1
a cover not exceeding the optimal one more than i log(m — 1) times, which according
to Theorem 4 implies P = NP. O

The following theorem is proved in a similar fashion.

Theorem 7 If NP ¢ TIMEn®1ee™)  then for each ¢ > 0 there is no polynomial
time algorithm for MCFS problem with approximation ratio (1 — ) In(m — 1).

4 Minimum Committee of Linear Inequalities Problem

Let a ground set be X = Q" and let its subsets D; be open halfspaces
Di={xe X |(a;,x) >0} 0+#ajeX.

In this case, system (1) becomes

(aj,x)>0 (je Ny). 4)
Minimum Committee of Linear Inequalities System (MCLE) Problem:

Let naturals m and n and vectors ay, a,, ..., a, € Q" be given. It is required to
find a committee solution of system (4) with a minimum number of elements.

The MCLE problem is interesting for at least two reasons. On the one hand, it
has the obvious applications in the statistical learning theory. On the other hand, it
cannot be efficiently solved using the reduction to equivalent integer linear programs
(2) and (3). Indeed, to make such a reduction, it is required to list all mfs of system
(4) to be analyzed. However, this enumeration problem is N P-hard according to the
following Theorem 8.
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The Densest Hemisphere (DH) Problem:

Let naturals m and n and vectors ay, a,, ..., a, € Q" be given. It is required to
find the greatest mfs of system (4).

Theorem 8 ([11]) The DH problem is N P-hard.

Thus, the traditional computational complexity analysis scheme in the case of the
MCLE problem is ineffective. Let us notice that the technique based on the reduction
to programs (2) and (3) can be successfully utilized for solving the following closely
related problem.

The Optimal Committee Improvement (COMIMP) Problem:
Let naturals m and n and vectors
ai, ay, ..., am, x',x*, ..., x9eQ"

be given. It is required to find a subcommittee Q' = (y', y*, ..., y7) with the least
possible q' < q, where

yoef{x .. x) (eNy.

4.1 Computational Complexity

It is known [1] that the number of elements of the minimum committee solution of
system (4) can be used as a measure of its infeasibility. Therefore, the whole set of all
systems of linear inequalities can be covered by a countable set of concentric classes.
The most narrow class consists of feasible systems, each of them has a one element
minimum committee solution. This class is a subclass of the class of systems with
3-elements minimum committee solutions, and so on.

It is important to design a fast algorithm that can find the most narrow class for
each system (4) containing this system. It is known that the problem of checking
up the feasibility of system (4) has a polynomial time algorithm. But, as is shown
below, the problem of checking up the existence of a 3-element committee solution
of system (4) is N P-complete.

The 3-element Committee of the Linear Inequalities System (3-COMLE) Problem:

Let naturals m and n and vectors ay, ay, . .., a, € Q" be given. Does there exist a
commiittee solution of system (4) that consists of three elements?

Consider another combinatorial problem. Let G = (V, E) be a finite graph. As
usual, we say that a function f: V — N is a coloring of G with k colors if there is
no ‘monochromatic’ edge. Thatis |{ f(v) |v € e}| =2 for every e € E.

The Colorability of a Graph with Three Colors (GRAPH 3-COLORABILITY)
Problem:

Let the finite graph G = (V, E) with V = {1, ..., n}, be given. Does there exist a
coloring of the graph G with 3 colors?
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It is known [12] that the GRAPH 3-COLORABILITY problem is N P-complete.
We shall prove that this problem can be reduced (by Karp) to the 3-COMLE
problem.

Theorem 9 The 3-COMLE problem is N P-complete.

Proof The 3-COMLE problem belongs to the class N P, since it is possible to check
up whether the sequence Q = (x', x2, x%) is a committee solution of system (4) in a
polynomial time in its length.

Let us consider the finite graph G = (V, E) with V = {1, ..., n} setting the in-
stance of the GRAPH 3-COLORABILITY problem. Let us introduce the following
system of linear inequalities in Q" :

{&+@>0 (i, jy € E) 5)
xi<0 (@(eV).
System (5), obviously, can be constructed in a polynomial, in 7, time. We shall prove
that the graph G can be colored with 3 colors if and only if system (5) has a committee
solution of 3 elements. In the trivial cases (n < 3 or E = ¢), it is evident, that both
problems have the same answer ‘Yes.’
Further, let the GRAPH 3-COLORABILITY have the answer ‘Yes’, and let the

partition V UV,UV;=Vseta coloring of G with 3 colors. It can be easily verified
that the sequence Q = (x"2, x:3, x>3), where

,‘,j_{—l, lkaViU‘/j, ({i,j}CN3,k€Nn)s

X! = .
k 2, otherwise

is a committee solution of system (5). Therefore, the 3-COMLE problem have the
answer ‘Yes’, as well.

On the other hand, let the 3-COMLE problem have the answer ‘Yes’, and let the
sequence Q = (x!, %, x*) be a committee solution of system (5). Let us define the
sets V1, V, and V35 as follows:

V1={ieV:xi' l.2<0},

Vo=1{ieV: x} <0, x <0}, (6)

Vi=t{ieV: x ;
By the construction of Q, we have V; U V, U V3 = V. Without loss of generality, we
can assume that V; # @ for i e N3 and V; N V; = @ for every i # j. We shall prove,
that the sets Vy, V5, V3 determine a coloring of G with 3 colors (and the initial
instance of the GRAPH 3-COLORABILITY problem has the answer ‘Yes’, as well).
Indeed, let us assume on the contrary that there is an edge e € E, e = {i, j} such

that e € V; (the cases of V; and V3 can be considered similarly). According to the
definition of V|, we have

x} <0,x?<0,x}<0,x§<0,
therefore,

x} +x1j <0 and xiz—}—x? < 0.
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On the other hand, according to the definition of a committee solution, at least one
of the inequalities

X +xi>0 or x+x;>0

should be valid. The contradiction obtained proves the correctness of the coloring.
The theorem is proved. O

Theorem 10 The MCLE problem is N P-hard.

The proof of the theorem is obtained as a corollary of Theorem 9 and the following
Statement.

Statement The 3-COMLE problem can be reduced by Turing' to the MCLE
problem.

Proof Let us consider an arbitrary instance of the 3-COMLE problem and assign to
it an appropriate instance of the MCLE problem. Let us solve the later problem with
an arbitrary algorithm and analyze the solution to be obtained. If system (4) has no
committee solutions, than the answer in the initial 3-COMLE problem is also ‘No’.
Otherwise, let the sequence Q = (x', ..., x9) be the minimum committee of system
(4).If g > 3 then the answer is ‘No’ as well. If ¢ = 3, then Q is the required solution,
and the answer is ‘Yes’. Finally, let g = 1 and Q = (x'). Let us take a vector z such
that

(aj,2) #0  (j € Np).

This vector can be found, obviously, in a polynomial time. The sequence Q =
(x', z, —z) is the required committee solution, and the answer is ‘Yes’, as well. O

Remark 1 As is seen from the proof, the MCLE (3-COMLE) problem remains N P-
hard (N P-complete) if all coefficients of system (4) belong to the set {—1,0, 1} and
every inequality has at most 3 nonzero coefficients.

Remark 2 The result of Theorems 9 and 10 can be extended to the case of a more
general system

(aj,x) Rf b,’, RI‘E{>,<,Z,§} (j € Np).

Remark 3 Theorems 9 and 10 are true provided that n can take arbitrarily great val-
ues. Under an additional upper bound on n, the 3-COMLE has a trivial polynomial
time algorithm and the MCLE problem can appear to be solvable in a polynomial
time as well. For instance, it is known [1] that the MCLE problem with the constraint
n = 2 has a polynomial time algorithm.

In a polynomial time.
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4.2 Approximation Algorithm
In this section, we consider a polynomial time approximation algorithm for the
MCLE problem. Let us introduce some additional constraints on system (4):

(1) m > n > 2 and every subsystem of # inequalities is feasible;
(2) lajl = 1forevery je Ny;
(3) m =2k+n—1for some natural k.

The last constraint is introduced only for convenience of the further estimates (the
case of m = 2k + n can be considered similarly). Let us assign the following sets to
vector x € Q" :

J.(x)={jeN, : (aj,x) >0},
Jo(x)={jeN, : (aj,x) <0},
J_(x) ={jeN, : (@, x)=0}.

Algorithm [13]
Step 1 Find any nontrivial solution z! of the system
(aj2)=0  (jeN,_1)

and the sets J. (z!), J-(z') and J_(z'). Let x' be any solution to a subsystem
Jy of system (4), where

I RGO P ACON IVACH N VRESH
L J-(z"H) UJ_(z"), otherwise.

Fig. 2 Starting phase of the &
algorithm
- J_,__,-'—'—'_ _‘—‘—h_._h_\
o .
o .
/ ¢ N
. )
/ « * Y
=777 T e
'\"-._ . . o N b
| e . / M'“H..\__ .
| '_?‘L—_\_\—"'ﬁ-..__r,_,-ﬂ-"
.'/. - J
\* - .
N AN
/./"f' '\\\'. f/ \H
A e ,f'
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SetJ =N, \Jiandi=1.

Step 2 If J = @, then STOP; the sequence (x!, x?, ..., x%) is the required committee
solution of system (4).

Step 3 Take any subset

L' cJ: |L|=min{|J],n— 1},
find a nontrivial solution z/*! of system
(aj,z2) =0 (je L).

Set L = J_(z"*") and find solutions x**!, x'*? of subsystems with indices
J.(ZY U L and J_(z""") U L of system (4), respectively.
Step4 SetJ =J\ L,i=1i+2andreturn to Step 2.

Let us illustrate the algorithm in the case of n = 3. Since |a;| = 1, it is convenient
to depict the system as the set of points distributed on the unit sphere of the conjugate
space (see Fig. 2).

In this example, each element x’ of the required committee defines a hemisphere
{ae S : (a,x) >0}

Figure 3 corresponds to Step 1 of the first iteration of the algorithm where the
sequence (x') has been chosen as the approximation of the required committee
solution. The hemisphere containing the points from J, is filled with dark grey.

Figure 4 corresponds to completion of Step 4 of the first iteration, where the
current approximation is (x!, x2, x*). The grayed part of the sphere contains points
related to the subsystem of system (4), which has current approximation as a
committee solution.

Let us agree to call one iteration of the algorithm the sequence of Steps 2-4 (the
first iteration includes also Step 1 executed by the algorithm once).

Fig. 3 Step 1is complete A

- ——"
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Fig. 4 The first iteration is A
complete

Theorem 11 ([13])

1. The algorithm is correct and has at most

k
n—1
iterations.

2. Let the cardinality of the greatest feasible subsystem of system (4) have the upper
bound of k + (n — 1) + t for some natural t. Then the approximation ratio r of the
algorithm satisfies the condition

2L

— X1+ .
2[5+ 1 n—1

I1<r<

Remark 4 [13] The algorithm finds the optimal solution of the MCLE problem in the
class of uniformly distributed inequalities systems [14].

5 Conclusion

In this paper, two special cases, the MCFS and the MCLE, of the Minimum
Committee combinatorial optimization problem are considered. It is proved that
both problems are N P-hard. For the MCFS problem, an inapproximability threshold
similar to the one of the SET COVER problem is established. In particular, the
existence of approximation algorithm for the MCFS problem with ratio “—1 log,(m — 1)
implies P = NP, and if the ratio (1 — ¢) In(m — 1), is guaranteed for some ¢ > 0, this
implies NP C TIME(n®™¢°em) In addition, an approximation algorithm for the
MCLE problem is discussed.

@ Springer



J Math Model Algor (2007) 6:547-561 561

Acknowledgements The research was supported by grants of Russian president, no. NS-
5595.2006.1 and MD-6768.2006.1.

References

NN R W

co

10.

11.

12.

13.

14.

. Mazurov, V1.D., Khachai, M.Yu., Rybin, A.l.: Committee constructions for solving problems of

selection, diagnostics and prediction. Proc. Steklov Inst. Math. 1, 67-101 (2002)

. Feige, U.: A threshold of Inn for approximating set cover. J. ACM 45(4), 634-652 (1998)

. Arrow, K.J.: Social Choice and Individual Values, 2nd edn. Wiley, New York (1963)

. Saari, D.G.: Basic Geometry of Voting. Springer, Berlin Heidelberg New York (1995)

. Black, D.: The Theory of Committees and Elections, 2nd edn. Kluwer, New York (1998)

. Vapnik, V.N.: Statistical Learning Theory. Wiley, New York (1998)

. Hastie, T., Tibshirani, R., Friedman, J.: Elements of Statistical Learning. Springer, Berlin

Heidelberg New York (2001)

. Eremin, LL.: Theory of Linear Optimization. BVM, Offenbach (2002)
. Eremin, L.I., Mazurov, V1.D.: Nonstable Processes of Mathematical Programming. Nauka,

Moscow (1979)

Lund, C., Yannakakis, M.: On the hardness of approximating minimization problems. In: Pro-
ceedings of the 33rd IEEE Symposium on Foundations of Computer Science, pp. 960-981. IEEE
Computer Society, New York (1992)

Johnson, D.S., Preparata, F.P.: The densest hemisphere problem. Theor. Comp. Sci. 6, 93-107
(1978)

Garey, M.R., Johnson, D.S.: Computers and Intractability: A Guide to the Theory of NP-
Completeness. Freeman, San Francisco, CA (1979)

Khachay, M.Yu.: On approximate algorithm of a minimum committee of a linear inequalities
system. Pattern Recognit. Image Anal. 13(3), 459-464 (2003)

Gale, D.: Neighboring vertices on a convex polyhedron. In: Kuhn, H.-W., Tucker, A.W. (eds.)
Linear Inequalities and Related Systems, pp. 255-263. Princeton University Press, Princeton, NJ
(1956)

@ Springer



	On the Computational Complexity of the Minimum Committee Problem
	Abstract
	Introduction
	Minimum Committee Problem
	The Minimum Committee (MC) Problem:
	Minimum Committee of Finite Sets Problem
	The Minimum Committee of Finite Sets (MCFS) Problem:
	Computational Complexity
	Approximation Threshold

	The SET COVER Problem:
	Minimum Committee of Linear Inequalities Problem
	Minimum Committee of Linear Inequalities System (MCLE) Problem:
	The Densest Hemisphere (DH) Problem:
	The Optimal Committee Improvement (COMIMP) Problem:
	Computational Complexity

	The 3-element Committee of the Linear Inequalities System (3-COMLE) Problem:
	The Colorability of a Graph with Three Colors (GRAPH 3-COLORABILITY) Problem:
	Approximation Algorithm

	Conclusion
	References




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


