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Abstract. This paper extends the previous work on multibin packing problems and gives a deeper
insight into these models and their complexity, so as to provide a strong framework for future
application-oriented studies. In a multibin problem, an object requires several bins to be packed.
New models are represented, including the maximum cardinality multibin packing. Their com-
plexity is studied and several pseudo-polynomial time algorithms are described, together with a
fully polynomial time approximation scheme (FPTAS) for a fixed number of bins.
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The packing of multibin objects is a concept recently introduced [21, 22]. In this
paper, we extend the existing models, classification, and complexity results. The
purpose is not to provide fast and practically efficient methods to solve some
particular cases. In fact, we aim at providing the theoretical framework on which
such procedures may be built. We think our results are also valuable for
practitioners who are confronted with this type of bin-packing problems.

In Section 1, we present multibin problems, with a classification and some
illustrative applications. Section 2 underlines the link between multibin packing
and multiprocessor-task scheduling. In Section 3, we deal with the complexity
of multibin packing problems and present some polynomial cases as well as
pseudo-polynomial algorithms that apply to a fixed number of bins. Section 4 is
dedicated to a fully polynomial time approximation scheme (FPTAS), that is
an (1 + €)-approximation algorithm that runs in time polynomial both in the
instance size and in 1/e.

* Corresponding author.
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1. Multibin Packing

The concept of multibin packing extends several well-known problems such as
multiprocessor scheduling, bin-packing and maximum cardinality bin-packing,
depending on the given objective.

In a classical packing problem, one has n objects and m identical bins. If one
wants to pack all objects into a minimum number of bins of fixed height, one
obtains the bin packing problem [10]. If one wants to pack the objects (tasks) in a
fixed number of bins (processors) of minimal size, then it is a multiprocessor
scheduling problem [5, 9]. If one wants to pack as many objects as possible into a
given number of fixed height bins, one has a maximum cardinality bin packing
problem [17, 18].

For those three problems, an object requires space in only one bin. An
extension is the multibin packing. Indeed, a multibin problem consists of m bins
and » objects. Each object is made of several identical parts, and all parts of an
object must be packed into different bins. Note that the number of parts may
differ from object to object, and that the order of the objects within a bin is of no
importance.

This generalization is very close to multiprocessor-task scheduling, where a
task requires several processors in parallel for its execution [6, 11]. Multibin
packing is a relaxation of this latter problem: the constraint that the different
parts of a task are performed in parallel is dropped (e.g., consider the Gantt chart
of a multiprocessor-task schedule, turn it by 90° and let the tasks drop: the result
is a multibin packing; see Figure 1). Multibin packing is also linked to scheduling
(or bin packing) with conflicts [3, 8, 14, 15], where a task (object) is made of
only one part, but some tasks (objects) cannot share the same processor (bin).

1.1. CLASSIFICATION

Several models may be considered, depending on the type of objects and bins.
Because of their similarities, we use the notations and classification for multibin
problems similar to the ones used for multiprocessor-task problems [6, 11]. A
multibin problem is described by a three-field notation: «|3|7y.

The first field, o, describes the bins. &« = B means that all bins are identical.
Some additional constraints may be given: the number m of bins may be fixed
(e.g., & = Bm), and the height H of the bins may be fixed as well (e.g., o = BY).

The second field, 3, describes the set of objects. As for multiprocessor
problems, we distinguish:

— size;: each object O; requires a fixed number size; of bins and occupies a
height 4; in each of them.
any;: each object O; may be put into any number of bins, and its height
h;(size;) depends on the number size; of bins it occupies. This is a gener-
alization of the size; model.
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— fix;: each object O; must be put into a fixed set of bins. (This case has no
real interest in the case of multibin packing, since one has no choice and
each feasible placement is optimal.)

— set;: each object O; can be put into several alternative sets of bins, and it
occupies a height 4; in the chosen ones. This is a generalization of the fix;
model.

Besides these specifications of the model, one can restrict the heights and widths
(i.e., the number of bins to be used) of the objects:

— hj = 1: restriction to objects of height 1.

— hj < k: restriction to objects of height less than or equal to .
— size; = k: restriction to objects of width k.

— size; < k: restriction to objects of width less than or equal to .

The third field, 7, is the objective. Because the order of the objects within the
bins is of no importance, some criteria for multiprocessor scheduling have no
meaningful equivalents for multibin packing. The three main criteria are:

Hipax: minimize the maximum height of m bins;
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Figure 1. (a) A multiprocessor schedule of optimal schedule length C,.; (b) a multibin
packing of value H.,; (c) an optimal packing.
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— M: minimize the number of bins of height A to be used;
— N (or W): maximize the number (or weighted number) of objects packed
into m bins of height H.

1.2. SOME ILLUSTRATIVE APPLICATIONS

There exist many applications of special cases of multibin packing problems. In
this subsection, we list some of them.

1.2.1. Telecommunication Network

A first application of multibin problems arises in the design of bidirectional
SONET/SDH networks [27, 28]. Once a SONET/SDH ring has been selected
with traffic demands d; ; between pairs of its nodes, each of these demands must
be routed in one of the two possible ways around the ring. The objective is to
minimize the maximum load on the ring (the load of an edge is the sum of the
demands routed through it).

This problem, known as the Ring Loading Problem, is N’P-complete in the
general case [26]. It has been polynomialy solved whenever integer demand
splitting is allowed [25, 26]. In the case where demand splitting is forbidden,
Schrijver et al. [26] design a polynomial algorithm with the guarantee of ex-
ceeding the optimum by at most an additive term of 3/2 of the maximum
demand. Their approach has been further developed by Khanna [16], leading to a
polynomial (1 + €)-approximation scheme.

The Ring Loading Problem is a multibin problem. The m edges of the ring are
the m bins, and the n demands are the n objects (the height of an object is the
demand). An object, i.e., a demand d, ;, must be assigned to the set of edges
between i and j (clockwise), or to the complementary set. This is a special case of
B|set;|Hpax-

1.2.2. Document Analysis

A group of experts has to examine documents, and each document must be
examined by several experts according to its importance. A certain time is allo-
cated for expertizing each of the documents. The experts correspond to the bins,
the documents correspond to the objects. The objective is to expertize all docu-
ments as fast as possible. If every expert is competent for every document then it is
a Bm|size;|Hyax problem; otherwise it is a Bm|set;|Hpyax problem.

1.2.3. File Backups

A set of files (the objects) of given size (the height of the object) has to be saved
on several disks (the bins). For security reasons, multiple copies must be made
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(the width of the object), depending on the importance of the file. The objective is
to minimize the number of disks of a given capacity. This is clearly a B|size;|M
problem.

1.2.4. Drug Testing

As an example to introduce matchings, Lovasz and Plummer [23] consider a
pharmaceutical firm that wants to test »n antibiotics on n volunteer subjects, with
consideration of allergy cases.

Before a drug can be released on the market, however, it must be tested on
several volunteers. A more realistic model would thus be to have n drugs to test
on m volunteers, and each drug must be given to a certain number of these
volunteers. Since the aim is to cure people and not to get them sick, no volunteer
should be given too many drugs.

This is typically a Bm|set;|Hmax problem, where the bins are the m volunteers
and the drugs are the n objects. The width of an object is the number of volunteers
the drug must be given to, and its height is a measure of the dangerousness of the
drug. The set; field represents allergy compatibility.

1.2.5. Software Development

Several libraries must be written for a software. Each library is made of in-
dependant programs and hence the different programmers working on the same
library do not have to synchronize their work. A library may be written by any
number of programmers, and its processing time depends on this number.

Several objectives may be considered. If we have m programmers and we
want to complete the entire project as soon as possible, it is a Bm\anyj]HmlX
problem. If we have a deadline (a bin’s capacity) and we want to minimize the
number of programmers, then we have a Blany,;[M problem.

1.2.6. Summer School Planning

For a summer school, several classes must be chosen and programmed during the
week. A class requires size; times /; hours, and two lessons of a same class must
not occur on the same day. We want to organize as many classes as possible.

In this problem, the classes are the objects, the days are the bins (M days of H
hours). It is a B|size;| N problem, or a B|size;| W problem if some classes are more
important than others.

2. Packing vs. Scheduling

In this section, we recall some transformations to turn a schedule into a packing,
and conversely, and their effect on the respective values Cyax and Hpax. For
proofs and details, the reader is referred to [20, 21].
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2.1. DROPPING SCHEDULES

Consider a multiprocessor problem and one of its solutions represented on a
Gantt chart. Turn this chart by 90°, and let the tasks drop: the result is a feasible
solution of the associated multibin problem, where a task 7; of length p; becomes
an object O; of height 4; (remember Figure 1). In other Words from any mul-
tiprocessor solution, one gets a multibin solution for the associated problem by
removing idle time. By this dropping, the different parts of a same object may
end up being packed at different levels.

Formally, let / be an instance of a multiprocessor problem and let S be a
feasible schedule for /. We define the dropping of S, denoted by S!, as the
packing having the same allocations as S, i.e., O; is packed into B; in St if and
only if 7} is processed on P; in S.

Notice that a dropping is always a feasible solution for the instance viewed as a
multibin instance. Moreover, by this dropping operation, a multibin problem is a
relaxation of its associated multiprocessor problem. However, even if the schedule
is optimal, once idle times are removed, it may not be an optimal packing.

Hence it is very natural to evaluate how good is a packing obtained by
relaxing an optimal schedule. We give an answer to this question in the size; case
with uniform processing times (p; = 1), i.e., the problem Pm]|size;, p; = 1|Crmax
(solved in time O(n) in [4]).

PROPOSITION 1. Let H;, be the height of an optimal packing for an instance
I, and let H! . be the value of the dropping of an optimal schedule. We have:

max

2m m—1
H} <—H*X _
max = 4] ma+m+1

and this bound is asymptotically tight.

A proof of this result is available in [21].
Figure 2 shows an example where the bound is tight.

2.2. LIFTING PACKINGS

Consider now the converse problem: we have a packing and we want to trans-
form it into the best possible schedule.

Formally, let / be an instance of a multibin problem and let S be a feasible
packing for this instance. A lifting of S is any schedule S', fe351b1e for [ as a
multiprocessor instance, whose dropping is S. Moreover, a lifting S™ is said to
be optimal if it is optimal among all liftings of S.

One may remark that lifting problems are exactly fix; multiprocessor sched-
uling problems: in both cases, given the allocations of the tasks to the processors,



MODELS AND COMPLEXITY OF MULTIBIN PACKING PROBLEMS 359

Il

A
AAAAA
A

IO

\\\\\

Figure 2. An example of a dropping with tight bound in Proposition 1. (a) An optimal
schedule; (b) its dropping; (c) an optimal packing.

we are searching for the earliest completion time schedule. Hence, from the NP
completeness of P3| fix;|Cpax and P|fix;, p; = 1|Cpax follows:

PROPOSITION 2. Finding an optimal lifting is N'P-hard, even for 3 bins or for
equal-height objects.

For two bins, the problem B2|size;|Hmay is equivalent to P2|size;|Cpax, and
more generally Bm|size; € {1, m}|Hmax is equivalent to Pm|size; € {1, m}|Cpax.
In those cases, lifting is polynomial (it is just a re-ordering of the objects). How-
ever, finding an optimal packing or scheduling is AP-hard (but pseudo-
polynomial), since this reduces to the problem P2||Cyyax.

3. Complexity of Multibin Problems

Multibin problems include or extend several well-known AP-complete prob-
lems. In this section, the complexity of those problems is studied, and some poly-
nomial, or pseudo-polynomial, algorithms are given.

3.1. SOME NP-COMPLETE CASES

Consider the general size; problem, formulated as a decision problem as fol-
lows (the notation [n] represents the set {1,2,...,n}):

PROBLEM 3 [B|size;|-].
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Instance: a set O of n objects: {O; = (h;,size;,w;),j € [n]} C IN*"; a bound
H € IN,abound M € IN and a bound W € IN.

Question: is there a subset O’ of the objects (0’ = {O}} C O) with total weight
exceeding W (ZO’GO’ w; > W) and such that there is a placement of O’ into M
bins (Bi,...,By) of height H (20,63 h; < H,Vi € [M]) satisfying the cardi-
nality constraints (card({B;; O] € B; V) = 51ze],V] € [n])?

This formulation has size O(n(IlnH + InM + InW)). Note that a solution
(the B;) has size O(n* M), which is not polynomially bounded by the instance
size if the number of bins M is not fixed (M, as H, cannot be bounded since an
object may have arbitrary big height and width)! Indeed, in this case, we do
not know if the problem is in A/P; however, a solution is clearly a polynomial
certificate for a “yes” answer if M is fixed and thus Bm|size;| - is in NP.

Several subcases are already well-known. B2|sizej|Hmax corresponds to the
partition problem; Bm|size; = 1|Hma is the parallel scheduling problem
Pm||Cyax; and Bl|sizej|W is the knapsack problem (all NP-complete and
solvable in pseudo-polynomial time [13]). B|size; = I|Hpax is the parallel
scheduling problem P||Cma, and Blsize; = 1|{M is the bin packing problem
(both strongly NP-complete [13]).

PROPOSITION 4. Bml|size;|- is NP-complete; B|size;|- is at least strongly N'P-
complete.

Proof. Bm|size;|- reduces to the Pm||Cma.x problem by allowing only in-
stances with: W = n, H = Cyax and Vj € [n] : size; = 1,w; = 1. Hence it is N'P-
complete.

Consider an instance of 3-partition [13]: 3m items of length /;, and a bound B,
with the question: is it possible to pack the items into m bins such that the sum of
the lengths of the objects in any bin is B. Now consider the transformation of this
3-partition instance to a B|size;|* instance: M =m, H = B, W = n, n = 3m and
Vj € [n] : hj = I;,size; = 1,w; = 1. This is a pseudo-polynomial transformation
(as defined in [13], p. 101). As 3-partition is strongly A/P-complete, so is
Blsize;|-. O

Note that the above formulation is general for any of the Hy.x, M, N and W
criteria. For N, the w; should be dropped, and for M and Hy,,x both the w; and the
bound W should be dropped, thus decreasing the size of an instance. However
the above results still hold. Note that this is not always the case: B!|size;| W is the
knapsack problem (AP-complete [13]), whereas with all other objectives, the
problem is trivial.

For the any; case, one must specify the heights of an object, depending on its
size. Therefore a vector of size m must be given instead of the couple (4, size;).
The problem becomes:

PROBLEM 5 (Blany;|.).
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Instance: a bound M € IN, a set O of n objects: {O; = ([h;(s),s € [M]],w;),
j€n}y c INM+D" a bound H € IN, and a bound W € IN.

Question: is there a subset O’ of the objects (O’ = {O}} C O) with total weight
exceeding W (Do wj = W) and such that there is a placement of O’ into M
bins (By,...,By) of height H (35 hi(s;) < H,Vi € [M], with s; = card({B;;
0, € BY).Yj € n])? f

The size of this problem is O(n(M InH + InW)). The size of a solution is
clearly polynomially bounded by this quantity: problems Bm|anyj|~ and B|anyj|-
are in N'P.

PROPOSITION 6. Bm|any;|-is N'P-complete; Blany;|-is strongly N'P-complete.

Proof. Consider an instance / of B|size;|-; it can be turned into an instance
1" of Blany;|- as follows: /;(s) is the height A; if s = size;, and +oo otherwise.
In the process, the size of the instance increases from O(n(InH + InM + In W))
to O(n(MInH + In W)) (this transformation is not polynomial).

If Blany,|- is mnot strongly NP-complete, then there exists a pseudo-
polynomial time algorithm that solves it, and hence there exists an algo-
rithm that solves B|size;|- in time polynomial in n,H,M,W. The strong
NP-completeness of Blsize;|- rules this out: and hence Blany,|- is strongly
NP-complete.

Similarly, a transformation of an instance of Bm|size;|- to an instance of
Bmlany,|- is polynomial (M is fixed). Thus, if Bm|any,|- was polynomially solv-
able, that would contradict the A/P-completeness of Bm/|size;|-. o

As for size; problems, if we focus on particular objectives such as Hax, M, or
N, the size of an instance decreases, but the results still hold, for similar reasons.

For the set; case, the complexity highly depends on the type of the sets. If
any set is possible, then we must precise, for every set and every object, if the
object fits in the set or not: hence we need a characteristic vector for the 2V
possible sets, for every object, and the size of an instance explodes to O(n(2¥ +
InH +InW))! If M is fixed, the size becomes O(n(In H + In ) and hence the
Pm||Cpax problem is a polynomial restriction. Therefore, Bm|set;|- is NP-
complete. The case Blset;|- with only 2 complementary sets per object is also
NP-hard (the ring loading problem [26] is a particular case).

3.2. SOME POLYNOMIAL CASES

An approach similar to McNaughton’s algorithm for P|pmitn|Ciax [7, 24] solves
the cases of objects of fixed size and unitary height, for any one of the Hyax, M
or N objectives, in polynomial time (this was already known for Hp,x [21] and
M [1]).
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For all three cases, the key is that one knows in advance what space is needed
to pack optimally the objects. Then we consider special solutions where all parts
of an object are put into adjacent bins. That is: for every O; there is an index i;
such that O; is put in B;, B; 11, - . ., Bijysize;—1 (indices must be understood modulo
m, that is: B;,, is B;). With regard to such solutions, we only need to give for
every object O; the index i; to define completely a solution.

To build such solutions, we use a simple wrap-around algorithm (Algorithm
1) that puts O; in the first size; bins, then O, in the size, next bins and so on. At
the end of the procedure the size; parts of object O; are packed into size; different
bins (hence the solution is feasible) and the difference of height between two
bins is at most 1, since objects are all 1-unit high.

ALGORITHM 1. Wrap-Around (m € IN)

i=1
forj=1ton do
=i
i = ((i + size; — 1) mod m) + 1

This algorithm builds optimal solutions for the Hp,x and M criteria:

PROPOSITION 7. Blsize;,hj = 1|Hyax is solvable in time O(n). Its optimal
value is:

n .

-1 S1Z€;

* Z]=1 7
HE, = {7—‘

m

Proof. The given value is clearly a lower bound, and it is reached by a
solution built by Wrap-Around[M*], since the difference of height between two
bins is at most one. Thus, it is the optimal value, and Algorithm 1 is optimal for
B|SiZCj, ]’lj = lleax- O

PROPOSITION 8. Blsize;, hj = 1|M is solvable in time O(n). Its optimal value

is:
", size;
M* = max{max{sizej} ; {%} }
J

Proof. The given value is obviously a lower bound. Actually Wrap-
Around[M*] builds a feasible solution with this number of bins. Hence, it is
the optimal value, and Algorithm 1 is optimal for B|size;, h; = 1|M. m
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The case N is slightly different, since we cannot a priori pack all objects.
Therefore we use an adapted version (Algorithm 2), that builds optimal solutions
for the N criterion.

ALGORITHM 2. Wrap-Around 2(m € IN,H € IN)

(1) sort objects so that: size; < size; < ... < size,
) i=1,V=mH
forj=1ton do
if size; < V' then
=i
i = ((i + size; — 1) modm) + 1
V =V —size;
else STOP

PROPOSITION 9. Blsize;, h; = 1|N is solvable in time O(nlnn). Its optimal
value is:

k
N* = arg max{k < n| Zsizej < mH;size; <size; < ... < sizen}.
J=1

Proof. The given value is obviously computed by the modified version of the
Wrap-Around Algorithm (Algorithm 2), in time O(n In(n)) (sorting objects in
step 1 dominates packing them in step 2). Furthermore, the solution is optimal: as
the smallest objects are packed first, one cannot replace some packed objects by
more objects left unpacked. O

Notice that the forth objective, W, is AN’P-hard even in this size;, hj = 1 case
and with the additional restriction that H = 1 since it is the knapsack problem.

When applied to more general cases (e.g., h; > 1), the above algorithms do
not provide optimal solutions; however, some performances may still be
guaranteed. For instance, Algorithm 1 is a 2-approximation for the problem
Blsize;|Hpax if the objects are first sorted by non-increasing heights [19]. More
generally, similar principles and other simple packing rules lead to very efficient
approximation algorithms [19, 22].

3.3. SOME PSEUDO-POLYNOMIAL CASES

We now present a dynamic programming appoach to solve the any; case in
pseudo-polynomial time for a fixed m and the Hp,x criterion. When m is 2 or 3,
similar results exist for multiprocessor-task scheduling [6, 12] and the pseudo-
polynomial algorithm developed here is essentially the same as in [12]. However



364 P. LEMAIRE ET AL.

the approach in [12] is based on the existence of particular “canonical” schedules
and does not extend to scheduling problems with larger m (to be precise, the case
P4lany|Cpax is still open, but P5|any|Cyay is strongly N—7P-hard). For the
packing case, since there is no order of the objects within the bins, every packing
is “canonical,” and the dynamic programming approach works for any fixed m.

LEMMA 10. The problem B2|any;|Hma can be solved up to optimality in
pseudo-polynomial time O(nA?), where A = Zj’;lmax(hj(l), hi(2)).

Proof. For j € [N], let P(j,Hy,H,) be the best value (i.e., the minimum
greatest height) for packing objects j,j + 1,...,n, knowing that the two bins
have been filled up respectively to H; and H, by the packing of the j — 1 first
objects. An object O; can be packed into B; only, into B; only, or into both bins.
We have the following relations for all heights H; and H, in [A]:

]G[N] P(j,H],Hz) = mln{P(]+1,H1+h](1),H2),
P(j+1,Hi,H, + hj(1)),
P(j+ 1, Hy + hj(2), Hy + ;(2))}
]:n+1 P(jaHlaH2) = maX{HhHZ}

The problem is to compute the value P(1,0,0).

The array P is of size O(n4?), where 4 is an upper bound on the maximal
height of a solution. 4 = Z}il max (h;(1), h;(2)) is such a bound. Hence, solving
B2\anyj|Hmax to optimality requires no more than computing the array P, and it
can be done in time O(n4?) if we avoid to compute the same value twice. O

REMARK 1. This algorithm also works if the height of an object depends on
the bins an object is packed into.

These results and algorithms can be extended to problems with more than
two bins:

THEOREM 11. For any fixed integer m, the problem }_‘jm|anyj|HmaX can be
solved in pseudo-polynomial time O(nA™), where A = Zj:l max hi(k).
Proof. The same principles as for Lemma 10 are used. We now define P(J,

H\,H,,...,H,) and we have the following relations for all heights H; € [4]:
jen: P(,H,....H, = n}<inP(j+ 1,Hy + hi(|K|)bik, - - -
ooy Hy 4 hi(|K )6 )
j=n+1: P(jH,...,H,) = maxH,

i€[m]

where K is any non-empty set of bins, |K| is the cardinality of K, and ¢« is 1 if
B; € K, 0 otherwise.
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The purpose is again to compute P(1,0,...,0). This can be done iteratively
and leads to a O(n4"™) algorithm, as each iteration is of constant time for a fixed
m (finding the minimum of a fixed number of integers), and thus the algorithm
runs in time O(nAd™). O

The above algorithm considers every possible set of bins, but it can also
be used for particular sets, e.g., sets of fixed size (the size; case) or given sets
(the set; case). Moreover if the objects are of equal height, the algorithm is
polynomial for every fixed m. Therefore we have the following property:

COROLLARY 12. For any fixed integer m, the problems Bm|size;|Hyax and
Bml|set;|Hyax can be solved in pseudo-polynomial time and the problem
Bmlset;, hj = 1|Hmax can be solved in polynomial time.

Further details and complements may be found in [20].
The dynamic programming approach works also for the W criterion:

THEOREM 13. For any fixed integer m, the problem Bm|any;|W can be solved
in pseudo-polynomial time O(nH™).

Proof. Let us define Q(j,Hy,H,,...,H,) as the maximal weighted number
of objects of {O;,0;1,...,0,} that we can pack, knowing that the remaining
height in bin B, is H;. We want to compute Q(1,H,...,H) and we have the
following relations:

€l 0(.H,....Hy) = _
max oxw; + O/ + 1, Hi = I(|K )i, - .

.. 7Hm - hj(|K‘)5mK)

j=n+1: O(,Hy,....,H,) =0
where K is any subset of [m] where O; fits (that is such that: VB, € K :
H; > hi(|K|)), |K| is its cardinality; & is 1 if B; € K and 0 otherwise; dk is 0 if
K is empty, 1 otherwise; and w; is the weight of object O;. This relation simply
means that we can either not pack O; (this corresponds to K = (), and 6x = 0),

either pack it in any set of bins it fits in.
Computing Q(1,H,...,H) can be done iteratively and leads to a O(nH™)
algorithm, as each iteration is of constant time for a fixed m (finding the max-
imum of a fixed number of integers). o

As for the Hy.y criterion, the algorithm can also be used for particular sets,
e.g., sets of fixed size (the size; case) or given sets (the set; case), or for a
constant weight function (the N criterion). Therefore we have the following:

COROLLARY 14. For any fixed integer m, the problems Bm|size;|N and
Bm|size;| W and Bm|sey;|N and Bm|set;|W, Bm|any;|N can be solved in pseudo-
polynomial time.
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Table 1. Complexity of multibin problems.
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Bisize;, hj =1|Hmax O(n) Proposition 7

B2]size;|Hpmax NP-h, pP Partition

Bmsize; = 1|Hax NP-h, pP Pm1||Crnax

Blsize; = 1|Hppax sNP-h P||Crnax

Bmsize|H yax NP-h, pP Proposition 4, Corollary 12
Blsize;|Hyax at least sAP-h Proposition 4

Bm/set;, h;=1|Hpyax Polynomial Corollary 12

Bm|set}|Hmax NP-h, pP Corollary 12

Bmlany,|H .y NP-h, pP Proposition 4, Theorem 11
Blany|Hax sNP-h Proposition 6

Blsize;, hy=1|M O(n) Proposition 8

Blsize; = 1|M sNP-h Bin packing

Bisize;|M at least sAP-h Proposition 4

Blset;|M sNP-h Proposition 6

Blsize;, h;=1|N O(nln(n)) Proposition 9

Bmsize|N NP-h, pP Proposition 4, Corollary 14
Blsize |N at least sA/P-h Proposition 4

Bmi|set|N NP-h, pP Corollary 14

Bmlany,|N NP-h, pP Proposition 6, Corollary 14
Blany |N sNP-h Proposition 6

B'[size;, hy=1|W NP-h, pP Knapsack

Bmsize,|W NP-h, pP Proposition 4, Corollary 14
Bmlset,|W NP-h, pP Corollary 14

Blsize|W at least sA/P-h Proposition 4

Bmlany,|W NP-h, pP Proposition 6, Theorem 13
Blany | W sNP-h Proposition 6

3.4. SUMMARY OF COMPLEXITY RESULTS

Table 1 sums up the above discussions with the complexity results for the dif-
ferent objectives (NP-h: AP-hard; sNP-h: strongly NP-hard; pP: pseudo-

polynomial).

4. A FPTAS for B,,,|anyj|HmaX

In this section we describe a fully polynomial time approximation scheme

(FPTAS) for the problem Bm|any;|Hpax, that is an algorithm which is a (1 + €)-
approximation and which runs in time polynomial both in the instance size and in
1/e, for every fixed m.

The technique used in this section, known as the scaling technique (or fixed
partitioning technique), is a very common one, used successfully on various
problems that admit pseudo-polynomial algorithms [2].

We know from Theorem 11 that there exists a pseudo-polynomial time al-
gorithm Alg that optimally solves Bmlany;|[Hiax in time O(nd™), where 4 =

S maxicy (k).
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Algorithm Alg may then be used to solve approximately Bm any]|Hmax We
first re-scale the heights of the objects by a factor ¢: h; — h’ = |%|. Hence, the
computational time is also divided by 6, when the optimal solutlon of the re-
scaled instance is computed. To get a feasible solution for the initial instance, we
just need to reconvert the objects to the initial heights. In this process, the
additive error is bounded by nd. If 6 is suitably chosen, we obtain a FPTAS, as
done in Algorithm 3 and proved below.

In what follows, hn. is the maximal possible height for an object, i.e.:
hmax = man,Shj<S).

ALGORITHM 3. FPTAS (instance /, positive real €)

(1) compute 6 = ehm“

(2) re-scale I to get Ve h; = L J

(3) solve I': 8" = Alg(I )

(4) return S, similar to S’ but with the initial heights.

THEOREM 15. Algorithm 3 is a FPTAS for Bm\any |Hmax; hence also for
Bm|size;|Huax and Bm|set;|Hyax. It runs in time O("— =), which is polynomial in
n and 1/€ if m is fixed.

Proof. For this proof, we need several intermediate instances and solutions.
Only the heights of the objects differ from one to the other. In order of ap-
pearance, we have the following.

I’ is the instance with heights [%J, S’ is an optimal solution for it.

S” is §" with the heights multiplied by ¢. That is: S” is the solution for /” with
heights 6[%|.

S is the final solution with initial heights #;.

First, remark that, since S’ is optimal for 7/, then S” is optimal for /", as we
just multiply all heights by a constant factor. Moreover: V6 > 0 : 6m < hj, and
thus Hrflax < Hi (where H . refers to the optimal value for 7).

When getting back to the initial heights — that is when we convert S” to S —
the additive error introduced is bounded. Indeed, 6 %J + 6 > h;: the error on one
object is at most 4. As there are at most n objects per bin, the additive total error
is at most nd. Hence: HS < H.X .+ né.

max —

Now, remark that H.*,x > hpax. Thus:

Hrflax né
—max <] =1
Hrﬂr(lax o + hmaX + 6

and Algorithm 3 is a (1 + €)-approximation.
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The overall running time is dominated by step 3. Theorem 11 insures that this
step is done in time less than:

() zoluuter) =) <o)

which is polynomial both in the instance size, if m is fixed, and in % o

5. Conclusions

This paper updates the existing models for multibin problems. In particular the
new criteria N and W are introduced and studied. Complexity results are also
extended with a new pseudo-polynomial time algorithm for the W criterion, and
a FPTAS for the H.x criterion.

Considering the results obtained in this study, the first two questions that arise
are: is there a pseudo-polynomial time algorithm that solves B|size;, h; = 1|W or
is this problem strongly A/P-hard? and: is there a FPTAS for Bm|any;|W?

From a practical point of view, the above methods cannot be used as they
are. The algorithms for objects of height 1 are very efficient, but these cases are
too simple in general. On the contrary, the pseudo-polynomial algorithms and
the FPTAS are very general, but would turn out to be too slow, even though
polynomial, as soon as the number of bins m exceeds 4 or 5. However, they
point out several promising principles and give a first and precise insight of
what can be expected from them. In particular, the fast algorithms of Section 3.2
use special solutions where objects are packed into adjacent bins, which are
especially well designed for fast heuristicxs. Such algorithms can be easily
extended to more general cases, and guarantees on their performances should be
obtained.

Furthermore, the results presented in this paper show that techniques from
the well-studied fields of scheduling (for the Hp.x criterion) and bin-packing
(for the M criterion) can be successfully extended to multibin packings. For
instance, heuristic rules can be adapted and are likely to lead to efficient prac-
tical approximation algorithms, even though they would be more challenging
to study.
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