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Abstract

The total variation (TV)-seminorm is considered for piecewise polynomial, globally discontinuous (DG) and continuous
(CQ) finite element functions on simplicial meshes. A novel, discrete variant (DTV) based on a nodal quadrature formula is
defined. DTV has favorable properties, compared to the original TV-seminorm for finite element functions. These include a
convenient dual representation in terms of the supremum over the space of Raviart—-Thomas finite element functions, subject to
a set of simple constraints. It can therefore be shown that a variety of algorithms for classical image reconstruction problems,
including TV-L? denoising and inpainting, can be implemented in low- and higher-order finite element spaces with the same
efficiency as their counterparts originally developed for images on Cartesian grids.
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1 Introduction lu|Tv(2)

. : . .2
The total variation (TV)-seminorm | - |v is ubiquitous as a -= Sup {/;2 udivpdr: p e CZ(2;:RY), |pls- < 1} J
regularizing functional in image analysis and related appli- (1)
cations; see for instance [12,15,26,46]. When 2 C R? is a

bounded domain, this seminorm is defined as where s € [1, 00], s* = ﬁ denotes the conjugate of s and

| - |¢* is the usual s*-norm of vectors in R?. Frequent choices
include s = 2 (the isotropic case) and s = 1, see Fig. 1.

It has been observed in [19] that “the rigorous definition
of the TV for discrete images has received little attention.”
In this paper we propose and analyze a discrete analogue of
(1) for functions u belonging to a space DG, (£2) or CG,(£2)
of globally discontinuous or continuous finite element func-
tions of polynomial degree' 0 < r < 4 on a geometrically
conforming, simplicial triangulation of §2, consisting of tri-
angles T and interior edges E.

In this case, it is not hard to see that TV-seminorm (1) can
be evaluated as

lultv(e) = Z/ IVulsdx—i-Z/ ‘ﬂ[u}]ﬂsd& (2)
T 7T E E
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1Tt will become clear in Sect. 3 why the discussion is restricted to
polynomial degrees at most 4. Although this should be sufficient for
most practical purposes, we briefly discuss extensions in Sect. 8.
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Fig. 1 A DGy (£2) function u with values O and 1 on two triangles forming the unit square §2 (left), and the value of the associated TV-seminorm

lu|Tv(2) = lulpTV(s2) as a function of the rotation angle of the mesh

where [[u]] denotes the vector-valued jump of a function in
normal direction across an interior edge of the triangulation.
It is intuitively clear that when u is confined to a finite
element space such as DG, (£2) or CG,(£2), then it ought to
be sufficient to consider the supremum in (1) over all vec-
tor fields p from an appropriate finite-dimensional space as
well. Indeed, we show that this is the case, provided that
TV-seminorm (2) is replaced by its discrete analogue

lulpTV(©2)

:=XT:/TIT{Wms}dx+XE:/EIE{||]IM]}]|S}ds, 3)

which we term the discrete TV-seminorm. Here Z7 and Zg
are local interpolation operators into the polynomial spaces
Pr—1(T) and P, (E), respectively. Therefore, (3) amounts to
the application of a nodal quadrature formula for the inte-
grals appearing in (2). We emphasize that both (2) and (3)
are isotropic when s = 2, i.e., invariant w.r.t. rotations of the
coordinate system. In the lowest order case (r = 0) of piece-
wise constant functions, the first sum in (3) is zero and only
edge contributions appear. Moreover, in this case (2) and (3)
coincide since [[u]] is constant on edges. In general, we will
show that the difference between (2) and (3) is of the order
of the mesh size, see proposition 3.1.

Using (3) in place of (2) in optimization problems in imag-
ing offers a number of significant advantages. Specifically,
we will show in Theorem 3.1 that (3) has a discrete dual
representation

@ Springer

|u|pTV(2) = Max { /9 udivpdx : p e RT%,(2)

s.t. a number of simple constraints} @

for u € DG, (£2), where R7.1(£2) denotes the space of
Raviart—-Thomas finite element functions of order » + 1, and
R’Z;(J)rl (£2) is the subspace defined by p - n = 0 (where n is
the outer normal of unit Euclidean length) on the boundary
of £2. In the lowest order case r = 0 in particular, one obtains

|u|pTv() = max { / udivpdx : p e RT (),
2

f |p-ng|dS < |E||ng|s on interioredges}. (&)
E

Here ng denotes a normal vector of arbitrary orientation
and unit Euclidean length, i.e., [ng|> = 1, on an interior
edge E, and |E| denotes the (Euclidean) edge length. Since
the expressions || g |p - ng|dS are exactly the degrees of
freedom typically used to define the basis in R7{(£2), the
constraints in (5) are in fact simple bound constraints on
the coefficient vector of p. For comparison, the pointwise
restrictions |p|s+ < 1 appearing in (1) are nonlinear unless
s* € {1, oco}. For the case of higher-order finite elements,
ie., 1 < r < 4, further constraints in (4) impose an upper
bound on the | - |s+-norm of pairs of coefficients of p, see
Theorem 3.1. Consequently, these constraints are likewise
linear in the important special case s = 1. In any case, each
coefficient of p is constrained only once.
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As a consequence of (4), we establish that optimization
problems utilizing discrete TV-seminorm (3) as a regularizer
possess a discrete dual problem with very simple constraints.
This applies, in particular, to the famous TV-L? and TV-L!
models; see [46] and [15,26,41], respectively. The structure
of the primal and dual problems is in turn essential for the
efficient implementation of appropriate solution algorithms.
As one of the main contributions of this paper, we are able
to show that a variety of popular algorithms for TV-L2,
originally developed in the context of finite difference dis-
cretizations on Cartesian grids, apply with little or no changes
to discretizations with low- or higher-order finite elements.
Specifically, we consider the split Bregman algorithm [30]
and the primal—-dual method of Chambolle and Pock [13] for
TV-L? denoising and inpainting problems. We mention that
Chambolle’s projection method [11] and a primal—dual active
set method similar to [34] can also be considered, as well as
algorithms for TV-L! and a ‘Huberized’ version of 3); we
refer the reader to the extended preprint [33] for details.

There are multiple motivations to study finite element dis-
cretizations of the TV-seminorm, in imaging and beyond.
First, finite element discretizations lend themselves in appli-
cations whenever the data are not represented on a Cartesian
grid. While we focus in this paper mainly on the mathe-
matical theory on triangular grids, we mention, for instance,
that honeycombed octagonal CCD sensor layouts are in
use in consumer cameras, e.g., the Fujifilm SuperCCD sen-
sor. Furthermore, nonrectangular sub-pixel configurations
appear to be promising for spatially varying exposure (SVE)
sensors for high-dynamic-range (HDR) imaging, see [38],
and super-resolution applications, see [8,47,54]. Image pro-
cessing problems on nonregular pixel layouts have been
previously considered in [18,35,36,50]. Further applications
of higher-order discretizations in imaging arise when the
image data to be reconstructed are not a priori quantized
into piecewise constant pixel values.

Second, (1) is popular as aregularizer in inverse coefficient
problems for partial differential equations; see for instance
[4,16,17]. In this situation, a discretization by finite elements
of both the state and the unknown coefficient is often the
natural choice, in particular on nontrivial geometries. Third,
finite element discretizations generalize easily to higher order
simply by increasing the polynomial degree. It is well known
that higher-order discretizations can outperform mesh refine-
ment approaches when the function to be approximated is
sufficiently smooth. Finally, we anticipate that our approach
can be extended to total generalized variation (TGV) intro-
duced in [10] as well and imaging problems on surfaces as in
[32,40], although this is not the subject of the present paper.

The vast majority of all publications to date dealing
with the TV-seminorm use a (lowest order) finite differ-
ence approximation of (1) on Cartesian grids, where the
divergence is approximated by one-sided differences. We are

aware of only a few contributions including [1,5,6,9,17,24,
27,53] using lowest order (r = 1) continuous finite elements,
i.e., u € CG1(82). In this case the edge-jump contributions in
(2) and (3) vanish, and since Vu € DGy (§2) holds, formulas
(2) and (3) coincide. Moreover, the case u € DGy(£2) on
uniform, rectangular grids, i.e., pixel images, is discussed in
[37,49]. Recently, [14] proposed a different discrete approxi-
mation of the total variation over the Crouzeix—Raviart finite
element space for the image data u, which lies in between
DG1(£2) and CG1(£2).

To the best of our knowledge, the definition of discrete
TV-seminorm (3) as well as the role of the Raviart—Thomas
finite element space to establish dual representation (4) are
novel contributions of the present work.

This paper is structured as follows. We collect some back-
ground material on finite elements in Sect. 2. In Sect. 3 we
establish dual representation (3) of discrete TV-seminorm
(4). We also derive an estimate of the error between (3) and
(2). We present the discrete TV-L? model along with its dual
in Sect. 4. In Sect. 5 we show that two well-known algorithms
for TV-L? image denoising and inpainting can be applied in
our (possibly higher-order) finite element setting with little
or no changes compared to their classical counterparts in the
Cartesian finite difference domain. Further implementation
details in the finite element framework FENICS are given
in Sect. 6, and numerical results for TV-L2 denoising and
inpainting are presented in Sect. 7. We conclude with an out-
look in Sect. 8.

Notation

Let 2 C R? be a bounded domain with polygonal bound-
ary. We denote by L2(£2) and H!(£2) the usual Lebesgue
and Sobolev spaces. Hol(.Q) is the subspace of H'(£2)
of functions having zero trace on the boundary 92. The
vector-valued counterparts of these spaces as well as all
vector-valued functions will be written in bold-face notation.
Moreover, we define

H(div; 2) := {p € L*(2) : divp € L*(2)}

and H(div; £2) is the subspace of functions having zero
normal trace on the boundary, i.e., p - n = 0.

2 Finite Element Spaces

Suppose that £2 is triangulated by a geometrically conform-
ing mesh (no hanging nodes) consisting of nondegenerate
triangular cells 7" and interior edges E. Recall that on each
interior edge, n g denotes the unit normal vector (of arbitrary
but fixed orientation). Throughout, » > 0 denotes the degree
of certain polynomials.

@ Springer
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Lagrangian Finite Elements

Let P, (T) denote the space of scalar, bivariate polynomials
on T with total maximal degree r. The dimension of P, (T)
is (r + 1) (r +2)/2. Let {®7 } denote the standard nodal
basis of P, (T") with associated Lagrange nodes {X7 s}, k =
I,...,(r + 1)(r + 2)/2. In other words, each ®r ; is a
function in P, (T') satisfying @7 (X7 1) = Sixr. We denote
by

DG, (2) :={u € L*(2) 1 ulp € P.(T)}, r >0, (6)
CGH(2) :={ueC(2) uly e P(D)}, r=1, @)

the standard finite element spaces of globally discontinuous
(Lz-conforming) or continuous (H 1—conforming) piecewise
polynomials of degree r. A finite element function u €
DG, (82) or CG-(£2), restricted to T, is represented by its
coefficient vector w.r.t. the basis {®r }, which is simply
given by point evaluations. We use the notation

ur = ulp(Xr i)

to denote the elements of the coefficient vector of a function
u € DG, (£2) or CG,(£2).

Frequently we will also work with the space P,_1(T),
whose standard nodal basis and Lagrange nodes we denote
by {¢r.i}and{xr;},i =1,...,r (r+1)/2. Theinterpolation
operator into this space (used in definition (3) of |u|pTv(2))
is defined by

r(r+1)/2

Ir{v}:= Z v(xr,i) @r,i-

i=1

Similarly, P, (E) denotes the space of univariate scalar poly-
nomials on E of maximal degree r, which has dimension
r + 1. Let {gg, ;} denote the standard nodal basis of P, (E)
with associated Lagrange nodes {xg ;}, j = 1,...,r + 1.
The associated interpolation operator becomes

r+1

Te{vy =) v(xe,)) ¢E.j.

Jj=1

Finally, we address the definition of the jump of a DG, (£2)
function across an interior edge E connecting two cells 77
and 7, with their respective outer normals ny and ny = —n;
of unit length. We recall that the edge normal ng coincides
with either n| or ny, and we distinguish between the

vector-valued jump [[u]] = u|g,n1 + ulg,n (8a)

and scalar jump  [u]] = [[u]] - nkg. (8b)

@ Springer

Notice that the sign of [u] depends on the orientation of
ng, while [[u]] does not. For instance when ng = ny, then
[u] := u|z, —ulz, holds. Moreover, we point out that [[u]] =
[u] ng holds.

Raviart-Thomas Finite Elements
For r > 0, we denote by

RT4+1(£2)
= {p e H(div; 2) : ply € P(T)? +x P(T)} (9

the (H (div; £2)-conforming) Raviart—-Thomas finite element
space of order r + 1.2 Moreover, R’];(ﬂrl (£2) is the subspace
of functions satisfying p - n = 0 along the boundary of
§2. The dimension of the polynomial space on each cell is
(r + 1) (r + 3). Notice that several choices of local bases
for R7Z.4+1(T) are described in the literature, based on either
point evaluations or integral moments as degrees of freedom
(dofs). Clearly, a change of the basis does not alter the finite
element space but only the representation of its members,
which can be identified with their coefficient vectors w.r.t. a
particular basis. For the purpose of this paper, it is convenient
to work with the following global degrees of freedom of
integral type for p € R7,41(£2); see [39, Ch. 3.4.1]:

or.i(p) 2=/§0T,ipdx, i=1....r(r+1/2, (10a)
T

UE,j(P):Z/QOE,j(P'"E)dS» j=1,...,r+1
E
(10b)

We will refer to (10a) as triangle-based, or interior, dofs and
to (10b) as edge-based dofs. Notice that while the edge-based
dofs are scalar, the triangle-based dofs have values in R for
notational convenience. The global basis functions for the
space R7,41(§2) are denoted by 1/Il-T and 1/ij , respectively.
Notice that wiT is R2*2_valued. As is the case for all finite
element spaces, any dof applied to any of the basis functions
evaluates to zero except

oriW) = (49) 8 and o ;(¥h) =8 (1)
Let us emphasize that for any function p € R’];(ﬂrl (£2), dof

values (10) are precisely the coefficients of p w.r.t. the basis,
1.e.,

r(r+1)/2 r—+1
p=Y_Y ori¥ +D .Y or PV} (12)
T i=l E j=I1

2 Notice that while we are denoting the lowest order R T'space by R7j,
some authors use R7 for this purpose.
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Table 1 Finite element spaces,

. FE space Local dimension Dofs Basis functions Global dimension
their degrees of freedom and
corresponding bases. Here Nt, CG, () r+ 1) +2)/2 eval. in X7 ¢ (D74} NrGr—2)%G —1))2
Npg and Ny denote the number ’ n
of triangles, interior edges and r=1 +Ng(r =D + Ny
vertices in the triangular mesh. DG, (£2) r+1Hr+2)/2 eval. in X7 {Pr i} Nr(r+1)(r+2)/2
A ferm likg« r—a)* Shoul(;i be  DpG_(2)  rr+1)2 eval. in x7; {or.i) Nrr(r+1)/2
understood as max{r —a, 0} DG, (UE) rl eval. in xp {o.;} Ne(r+1)
RIS (2) (r+D@r+3) or,i, see (10a) wh Nrr(r+1)
ok, j. see (10b) whH +Np@r+1)
Index Conventions il

In order to reduce the notational overhead, we are going to
associate specific ranges for any occurrence of the indices i,
j and k in the sequel:

ief{l,...,r(r+1)/2} as in the basis functions
or.i of Pr_1(T) and dofs o7 ; in R7,41(£2),
je{l,...,r+ 1} as in the basis functions

¢g,j of P.(E) and dofs of o ; in R71(82),
kel{l,...,(+ 1)(r +2)/2} as in the basis functions
Pr i of P(T).

For instance, (12) will simply be written as

p=Y orip¥ +) or;(p¥F

T.i E.j

in what follows. For convenience, we summarize the nota-
tion for the degrees of freedom and basis functions needed
throughout the paper in Table 1.

3 Properties of the Discrete Total Variation

In this section we investigate the properties of the discrete
total variation-seminorm

lulpTV(R)

:=Z/TIT{|Vu|s}dx+Z/EIE{||]]L¢]}]|S}dS

for functions u € DG, (£2). Recall that Zr and Zg are local
interpolation operators into the polynomial spaces P;_1(T)
and P, (E), respectively. In terms of the Lagrangian bases
{or,i} and {@g ;} of these spaces, we have

r(r+1)/2

/ Tr{IVul b = 3 [Vuer ), er.i (13a)
T i=1

/EIE{IHIM]]]L}dS= 3 |lule | nglscej.  (13b)
j=1

where the weights are given by

CT.i :=/‘¢)T,,-dx and CE,j ;:/ PE,j ds. (14)
T E

Figure 2 provides an illustration of the difference between
the contributions

[ g, o5 ana [ ze(|gul, s

to |u|Tv(2) and |u|pTv(2).

In virtue of the fact that Vu|; € P,_1(T)? and [u] €
Py (E), it is clear that | - |prv(s) is indeed a seminorm on
DG, (£2), provided that all weights c7 ; and cg_ ; are nonneg-
ative. The following lemma shows that this is the case for
polynomial degrees 0 < r < 4.

Lemma 3.1 (Lagrange basis functions with positive inte-
grals)

(@) Let T C R2 bea triangleand 1 <r < 4. Thencr; >0
holds foralli = 1,...,r (r + 1)/2. When r # 3, then
allcr; > 0.

(b) Let E C R? be an edgeand 0 <r <7.Thencg j >0
holds forall j =1,...,r + 1.

Proof Given that the Lagrange points form a uniform lattice
on either T or E, the values of ¢y ; and cg,; are precisely
the integration weights of the closed Newton—Cotes formu-
las. For triangles, these weights are tabulated, e.g., in [48,
Tab. I] for orders 0 < r < 8, and they confirm (a). For edges
(intervals), we refer the reader to, e.g., [21, Ch. 2.5] or [20,
Ch. 5.1.5], which confirms (b). O

‘We can now prove the precise form of dual representation
(4) of discrete TV-seminorm (3).

@ Springer
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Fig. 2 Illustration of typical edge-jump contributions to |u|Tv(s) and
to |u|pTv (). The green and red curves show [u] and |[u]|, respectively,
and the blue curve shows Zg { [[u] |} for polynomial degrees r = 1 (left)

Theorem 3.1 (Dual Representation of |u|prv(s2)) Suppose
0 <r < 4. Thenforanyu € DG, (S2), discrete TV-seminorm
(3) satisfies

lulpTv(R) = sup{f udivpdx: p e R’Z;(_),_](.Q),
Q
lor,i(P)sx <cr,iforallT,i=1,...,r(r+1)/2,

log,j(p)| < Inglscejforal E,j=1,...,r + 1}-
(15)

Proof We begin with the observation that integration by parts
yields

— | udivpdx =— fudivpdx
J, oy
:Z/Vu~pdx+2/[uﬂ(p-n5)d5
T /T E “E

(16)

for any u € DG, (§2) and p € R’Tr(il
the boundary 952.

Let us consider one of the edge integrals first. Notice that
[u] € P,(E) holds and thus [u] = }_; v; ¢E,; with coeffi-
cients v; = [u]](xg, ;). By duality property (11) of the basis
of R7,+1(£2), we obtain

(£2),1.e., p-n=0o0n

/ [u] (p -nEg)dS
E

= ZUJ/E%",J' (p-ng)d§ = Zvj ok, j(p).
J J

The maximum of this expression w.r.t. p verifying the con-
straints in (15) is attained when

@ Springer

and r = 2 (right). The left picture also confirms |u|tv(2) < |u|pTV(02)
when r = 1, see corollary 3.1, while |u|Tv () may be larger or smaller
than [ulpTV(2) when r € {2, 3, 4}

og,j(p) =sgn(v;) nglsce j

holds. Here we are using the fact that cg ; > 0 holds; see
Lemma 3.1. Choosing p as the maximizer yields

/Eﬂ“ﬂ (p-np)dS=>"|vj|Ingls .
J

= [ wilow melas = [ Ze(lpudl,}as.
I E E

where we used |v;| = |[u](xg, ;)| = |[u]|(xE,;) and thus
il lngls = H]Iu]]] |s(xE»f) in the last step.

Next we consider an integral over a triangle, which is rel-
evant only when r > 1. Since u € P.(T) holds, we have
Vu € Pr_1(T)? and thus Vu = > ¢r.i w; with vector-
valued coefficients w; = Vu(xr ;). Using again duality
property (11) of the basis of R7.11(£2), we obtain

/Vu~pdx=2w,-~/wr,ide=Zwi-0T,i(P)~
T ; T i

By virtue of Holder’s inequality, the maximum of this
expression w.r.t. p verifying the constraints in (15) can be
characterized explicitly. When w; # 0and 1 < s < oo, then
the maximum is attained when

(Sgnwi,1)|wi,1|S1) CT.i
(sgnw;2) [w; 2" ) ;=1

or,i(p) = (

Similarly, in case w; # 0 and s = oo, we choose
cr.i (sgnw; ¢)  for exactly one component
ori(p) = Ce{l,2} st |wi ] = |wiloo,

0 otherwise.
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When w; = 0 holds, o7 ,;(p) can be chosen arbitrarily but
subject to |o7,;(p)|s+ < cr,;. In any case, we arrive at the
optimal value w; - o7 ;(p) = cr,; |w;|s. As before, we are
using here the fact that cz; > 0 holds; see again Lemma 3.1.
For an optimal p, we thus have

/VM'PdX=Z|wi|sCT,i
T X
1
=¥ [ wibeeriar= [ Zr(ivul.)ar.
i T T

where we used |w;|; = |Vu(xr ;)|ls = |Vuls(xr,;) in the
last step.

Finally, we point out that each summand in (16) depends
on p only through the dof values o 7 ; (p) or o, ;(p) associ-
ated with one particular triangle or edge. Consequently, the
maximum of (16) is attained if and only if each summand
attains its maximum subject to the constraints on the dof val-
ues set forth in (15). Since — p verifies the same constraints
as p, the maxima over + f_Q u div p dx coincide and (15) is
proved. O

Remark 3.1 (The lowest order case r = 0) In the lowest order
case r = 0, the only basis function on any interior edge E
is 9.1 = 1 so that cg;; = |E| holds. Consequently, (15)
reduces to (5).

It may appear peculiar that the constraints for the edge
dofs in (15) are scalar and linear, while the constraints for
the pairwise triangle dofs a7 ; (p) € R? are generally non-
linear. Notice, however, that it becomes evident in the proof
of Theorem 3.1 that the edge dofs are utilized to measure the
contributions in |u|prv(s) associated with the edge jumps
of u, while the triangle dofs account for the contributions
attributed to the gradient Vu. Since the edge jumps are
maximal in the direction normal to the edge, scalar dofs
suffice in order to determine the unknown jump height. On
the other hand, both the norm and direction of the gradi-
ent are unknown and must be recovered from integration
against suitable functions p. To this end, a variation of
or.i(p) within a two-dimensional ball (w.r.t. the | - |-
norm) is required, leading to constraints o7 ;(p)|sx < c1.;
on pairs of coefficients of p. Notice that those constraints
appear for polynomial degrees r > 1 and they are nonlin-
ear unless s* € {1, co}, which correspond to variants of the
TV-seminorm with maximal anisotropy; compare Fig. 1.

We conclude this section by comparing TV-seminorm (2)
with our discrete variant (3) for DG, (£2) functions. For the
purpose of the following result, let us denote by [u]’ the
tangential derivative (in arbitrary direction of traversal) of
the scalar jump of u along an edge E. The symbol

U|yo. =max{max u x)|t,
w2 ) ma {15, (0)1}

max {1, O} max {ltay ()1} }

is the W2 _seminorm of u on T. Moreover, we recall that
the aspect ratio yr = hr/or of a triangle T is the ratio
between its diameter (longest edge) 1 and the diameter or
of the maximal inscribed circle; see for instance [25, Defini-
tion 1.107].

Proposition 3.1 There is a constant C > 0 such that

[lultvie) — lulprvio)|
= Ch (max fulyaoscry + D |1l 1)) (17)
E

holds for all u € DG, ($2), 0 < r <4, where h := maxy ht
is the mesh size. The constant C depends only on r, s, the
maximal aspect ratio maxr yr and the area |§2|.

Proof We use (13) to interpret the discrete TV-seminorm as
a quadrature rule applied to TV-seminorm (2). Note that no
volume terms appear in the piecewise constant case r = 0.
In case r > 1, we use [25, Lem. 8.4] withd = 2, p = o0,
ks = 0, and s = 1 therein, for the volume terms in (13a).
This result yields the existence of a constant C > 0 such that

/ vdx — Z v(xr,)cr,i
T

i

3
< Cl’lT |U|W1,oo(T)

holds forallv € W1-°°(T). Using this estimate for v = |Vu/|,
shows

’/T |Vuls dx — Z |Vulxr )|, cr.i

< Chy ||Vul,

|W1~°°(T)'

(During the proof, C denotes a generic constant which may
change from instance to instance.) Summing over 7 and
using > 7 h3 < C (depending on |£2| and the maximal
aspect ratio maxr yr), we find

XT: /T(|Vu|s—IT{IVu|s})dx'
:; /T|Vu|sdx—lZ|Vu(xT,i)|sCT,i

<Ch max ||Vu|x|Wl,oo(T)'

Since v — |v|y is globally Lipschitz continuous, we find that

mﬁx ||v”|S|W1~°°(T) <C mﬁx uly2.00(y-
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Similarly, for each edge E, we will apply [25, Lem. 8.4]
in (13b) (usingd =1, p = 1, k; = 0, and s = 1 therein);
note that the proof carries over to this limit case with p = 1
and d = s. This implies the existence of C > 0 such that

/ vdS — Z v(xE,j)cE,j
E -
J

< Ch|Vlpig

holds for all v € WH1(E), where v’ denotes the tangential
derivative of v. Using v = |[u]| yields the estimate

=Ch ”H[uﬂ'/”Ll(E)’

'/E\M\ as = 3 |l xe )| k.5

Here, |[u])|’ is the tangential derivative of the absolute value of
the jump of u on E. Notice that H |[[u]}|’||L](E) = ” [[u]]’HL](E)
holds. Summing over E yields

)
E
zéjﬁwﬂms_%jwmwﬁwaj
=Ch Z I [[M]]/”LI(E)'

E

[0 - Ze{ 11 o5

By using |[[u]] ‘S = |[u]| |rg|s on each edge, and combining
the above estimates, we obtain the announced error bound.
m}

Corollary 3.1 (Low-Order Polynomial Degrees)

(a) When r = 0, we have |ultv(e) = lulprv(e) for all
u € DG, (£2).

(b) When r = 1, then |u|tv(2) < lulprv() for all u €
DG, (£2).

Proof In case r = 0, the right-hand side of the estimate in
proposition 3.1 vanishes. In case r = 1, Vu is piecewise
constant and the corresponding terms in (2) and (3) coincide.
Moreover, for affine functions v : E — R it is easy to check
that

/IvIdS<l(|v(xE1)|+|v(xE2)l)/1ds,
E 2 ’ ’ E

where x| and xg > are the two end points of E. This yields
the claim in case r = 1. O

We also mention that the boundary perimeter formula

Per(E) := |xeltve) = |XEIDTV(2) = length(E)

holds when E is a union of triangles and thus the character-
istic function x g belongs to DGy (£2).
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4 Discrete Dual Problem

In this section we revisit the classical image denoising and
inpainting problem,

Minimize %nu = 122y + B lultvia), (TV-L2)
see [12,26,46]. We introduce its discrete counterpart and
establish its Fenchel dual. Here 29 C £2 is the domain where
data are available, and S is a positive parameter. For simplic-
ity, we assume that the inpainting region §2\ 2 is the union
of a number of triangles in the discrete problems.

The discrete counterpart of (TV-L2) we consider is

o] 2
Minimize §||u — f”L2(.Qo) + B lulpTv()- (DTV-L2)
The reconstructed image u is sought in DG, (£2) for some
0 < r < 4. We can assume that the given data f belong
to DG, (£2p) as well, possibly after applying interpolation
or quasi-interpolation. Notice that we use the discrete TV-
seminorm as regularizer.

The majority of algorithms considered in the literature uti-
lize either the primal or the dual formulations of the problems
at hand. The continuous (pre-)dual problem for (TV-L2) is
well known, see for instance [34]:

. [I 2
Minimize §|| divp + f”LZ(QO)

(TV-L2-D)
s.t. |pls < B,

with p € Ho(div; §2). Our first result in this section shows
that the dual of discrete problem (DTV-L2) has a very similar
structure as (TV-L2-D), but with the pointwise constraints
replaced by coefficient-wise constraints as in (15). For future
reference, we denote the associated admissible set by

P={peRT% )
lo7.i(p)|sx <cr,;forall T and all i,
log,j(p)| < |ngls cg,; for all E and all j}. (18)

Theorem 4.1 (Discrete dual problem for (DTV-L2)) Let 0 <
r < 4. Then the dual problem of (DTV-L2) is

NV S 2
Minimize §|| div p + f||L2(QO) s.t. p e pP. (DTV-L2-D)
Here p € B P means that p satisfies constraints as in (18) but

withcr ; and cg, j replaced by B cr; and B cg | j, respectively.

Proof We cast (DTV-L2) in the common form F(u) +
BG(Au). Let us define U := DG, (2) and F(u) :=
%Hu - f||i2 20" The operator A represents the gradient
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of u, which consists of the triangle-wise contributions plus
measure-valued contributions due to (normal) edge jumps.
We therefore define

AU =Y =[[Poi(™? x [ Pr (). (192)
T E

The components of Au will be addressed by (Au)r and
(Au)Eg, respectively, and they are defined by

(Au)r := Vuly and (Au)g := [u]E. (19b)
Finally, the function G : Y — R is defined by
Gd) := Z/ Ir{ldr|s} dx
—Jr
+Z|nE|s/ Tp{ldg]) ds. (20)
z E

A crucial observation now is that the dual space Y™* of ¥
can be identified with R?;(}H (£2) when the duality product
is defined as

<p,d>:=Zfp~drdx+2/(p-nE)dEds. 1)
T “T E 'E

In fact, R?;(il(s?) has the same dimension as Y and, for
any p < R?;(_)H(.Q), (21) clearly defines a linear func-
tional on Y. Moreover, the mapping p — (p, ) is injective
since (p, d) = 0 for all d € Y implies p = 0; see (10).
With this representation of Y* available, we can evaluate
A* 1 RTY (2) — U, where we identify U with its dual
space using the Riesz isomorphism induced by the L?(£2)
inner product. Consequently, A* is defined by the condition
(p, Au) = (u, A*p)2o) forall p € R’Tr(_)H(.Q) and all
u € DG, (£2). The left-hand side is

(p, Au):Z/p~Vudx+Z/(p~nE)[[uﬂdS
T JT E YE
=ZT:—/T(divp)uderZT:/aT(p.nT)uds

+Z/(P'nE)[[M]]dS=—/ (div p) u dx,
g 'E 2

(22)
hence A* = — div holds. Here ny denotes the outward unit
normal along the triangle boundary 97'.

The dual problem can be cast as
Minimize F*(—A*p)+BG*(p/B). (23)

It is well known that the convex conjugate of F(u) = %Hu —

: 1 1
P2y 18 F*@) = gllu+ flifa g = 21F 172 1t
remains to evaluate

G*(p) = sup(p, d) — G(d)
deyY

= SUPZ/T [p-dr —Zr{ldr|s}] dx

dey

+Z[E[<p~nE>dE—IE{|dE|}|nE|s] s,
E

Let us consider the contribution from dg = «a ¢, ; for some
a € R on a single interior edge E, and d = 0 otherwise. By
(10b) and (14), this contributionis« g ;(p)—|a| nEgls cE .
which is bounded above if and only if |og ;(p)] <
Ingls cg,j. In this case, the maximum is zero. Similarly, it
can be shown that the contribution from dy = (g; ) OT.i
remains bounded above if and only if |07 ;(p)ls+ < cr.\
in which case the maximum is zero as well. This shows that
G* = Ip is the indicator function of the constraint set P
defined in (18), which concludes the proof. O

Notice that discrete dual problem (DTV-L2-D) features
the same, very simple set of constraints which already
appeared in (15). As is the case for (TV-L2-D), the solu-
tion of discrete dual problem (DTV-L2-D) is not necessarily
unique. However, its divergence is unique on £2¢ due to the
strong convexity of the objective in terms of div p.

Although not needed for Algorithms 1 and 2, we state the
following relation between the primal and the dual solutions
for completeness.

Lemma 4.1 (Recovery of the Primal Solution in (DTV-L2))
Suppose that p € R’];qu (£2) is a solution of (DTV-L2-D) in
case 20 = §2. Then the unique solution of (DTV-L2) is given
by

u=divp+ f € DG (2). (24)

Proof From (23), the pair of optimality conditions to analyze
is

—A*p e dFw) and p € d(BG)(Au), 25)

see [23, Ch. III, Sect. 4]. Here it suffices to consider the
first condition, which by [23, Prop. 1.5.1] is equivalent to
F(u) + F*(=A*p) — (u, —A*p) 2oy = 0. This equality
can be rewritten as

e = fl 320y + 1AV P+ fl72 00y = 1f 17200
-2 (L{, div p)LZ(.Q) =0.
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Developing each summand in terms of the inner product
(+, *)12(g2) and rearranging appropriately, we obtain

(u — f —div p, w2+ (—u+ f +div p, f)Lz(Q)
=+ (lep + f —u, le p)L2(9) = 0,

which amounts to [|u — f — divp||i2(m = 0, and (24) is

proved. O

Remark 4.1 Incase 29 C §2, the solution of the primal prob-
lem will not be unique in general. An inspection of the proof
of Lemma 4.1 shows that in this case, one can derive the
relation

lu— f —div p|? :2/ u div p dx.
L2(20) 22

5 Algorithms for (DTV-L2)

Our goal in this section is to show that two standard algo-
rithms developed for images on Cartesian grids, with finite
difference approximations of gradient and divergence oper-
ations, are implementable with the same efficiency in our
framework of higher-order finite elements on triangular
meshes. Specifically, we consider in the following the split
Bregman iteration [30] and the primal—-dual method of Cham-
bolle and Pock [13]. We refer the reader to the extended
preprint [33] for a additional discussion of Chambolle’s pro-
jection method [11] and a primal-dual active set method
similar to [34]. Since these algorithms are well known, we
only focus on the main steps in each case. Let us recall that we
are seeking a solution u € DG,. For simplicity, we exclude
the case r = 3, i.e., we restrict the discussion to the polyno-
mial degrees r € {0, 1, 2, 4} so that all weights ¢z ; and cg_;
are strictly positive.

5.1 Split Bregman Method

The split Bregman method (also known as alternating direc-
tion method of multipliers (ADMM)) considers primal prob-
lem (DTV-L2). It introduces an additional variable d so that
(DTV-L2) becomes

|
Minimize EHM - flliz(_%) +B ZCTJ ’dT»i‘s
T.i

+B Inglscejlde | st d=Au (26)
E,j

and enforces the constraint d = Au = Vu by an augmented
Lagrangian approach. As detailed in (19), d has contributions
Vu|y per triangle, as well as contributions [u] g per interior
edge. We can thus express d through its coefficients {d7 ;}
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and {dg ;} w.r.t. the standard Lagrangian bases of P,_1 (T)?
and P, (E),

d= ZdT,i or,i + ZdE,j VE,j- 27)
i J

Using (13) and (14), we rewrite discrete total variation (3) in
terms of d and adjoin the constraint d = Vu by way of an
augmented Lagrangian functional,

1
Sl = Flagy +B D crildr.il,
T,i

A
+B Y Imelscr jlde jl + Sd — Au—bly.  (28)
E,j

Here b is an estimate of the Lagrange multiplier associated
with the constraint d = Vu € Y, and b is naturally dis-
cretized in the same way as d.

Remark 5.1 (Inner product onY') So far we have not endowed
the space

Y =[P <[] Pe(E)
T E

with an inner product. Since elements of Y represent
(measure-valued) gradients of DG, (§2) functions, the nat-
ural choice would be to endow Y with a total variation norm
of vector measures, which would amount to

Z/ |dT|sdx+Z|nE|s/ \dE|dS
T /T E N

for d € Y. Clearly, this L!-type norm is not induced by an
inner product. Therefore we are using the L? inner product
instead. For computational efficiency, it is crucial to consider
its lumped version, which amounts to

d, e)y = SZCTJ drieri+ ZCE,/' dgjeej (29
T.i E.j

for d,e € Y. The associated norm is denoted as ||d||§, =
(d, d)y. Notice that S > 0 is a scaling parameter which can
be used to improve the convergence of the split Bregman and
other iterative methods.

The efficiency of the split Bregman iteration depends on
the ability to efficiently minimize (28) independently for u,
d and b, respectively. Let us show that this is the case.

The Gradient Operator A

The gradient operator A evaluates the cell-wise gradient of
u € DG, (£2) as well as the edge-jump contributions, see (19).
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These are standard operations in any finite element toolbox.
For computational efficiency, the matrix realizing #(x7 ;) and
u(xg, ;) in terms of the coefficients of u can be stored once
and for all.

Solving the u-problem

We consider the minimization of (28), or equivalently, of

1 5 AS 2
Ellu = flliz2gy T > ZCT,i dri — Vulxr;) —br.il,
T.i

A 2
+ ) EXJ:CE,]‘ lde,;j — [u](xg,;) — bE | (30)

w.rt. u € DG,($2). This problem can be interpreted as a
DG finite element formulation of the elliptic partial differ-
ential equation —A Au + xo,u = X, f + A div(b — d) in
£2. More precisely, it constitutes a nonsymmetric interior
penalty Galerkin (NIPG) method; compare for instance [44]
or [43, Ch. 2.4, 2.6]. Specialized preconditioned solvers for
such systems are available, see for instance [3]. However,
as proposed in [30], a (block) Gauss—Seidel method may
be sufficient. It is convenient to group the unknowns of the
same triangle together, which leads to local systems of size
(r + D(r +2)/2.

Solving the d-problem

The minimization of (28), or equivalently, of

B ZCT,Z' ’dT,i|s +8 Z nglsce,jlde, ;|
T.i

E,j

LS
+ - ZCT,i |d7.i — Vu(xr ;) —br; |§
T.i
A
+§ZCE,j |dE,j — [[M]](XE,j)—bE,j|2 (31)
E.j

decouples into the minimization of

LS
Bldr.il|, + T‘dT,i — Vu(xr,;) — bT,i}i (32a)

A 2
and B |ngls |de, j| + §|dE,j — [ul(xg, ;) — bE,j|” (32b)

wrt.dr; € R? and dg,j € R, respectively.
It is well known that scalar problem (32b) is solved via

dE,j = shrink (HMH(XE,]) + bE,j7 13 |';\E|s) ,

where shrink(§, y) = max{|&| — y, 0}sgné&, while the
minimization of (32a) defines the (Euclidean) prox mapping

of | - |y and thus we have

dri =proxg s, (Vulxr i) +br.i),

where

. AS
Proxg,;is).1, (§) = & — }:‘%pro‘]B‘llﬁ (?E) _

Here proj B, is the Euclidean orthogonal projection onto
the closed | - |¢+-norm unit ball; see for instance [7, Ex. 6.47].

When s € {1, 2}, then we have closed-form solutions of
(32a):

[d7.i]¢ = shrink ([VM(XT,,') + bT’i]Z’ ﬁ) fort =1,2

AS

when s = 1 and

dT,i = max { \Vu(xT,,‘) —+ bT,i |2 — ;LS, 0}

~ Vu(xr) +br.
|Vu(xr,i) + br.il,

when s = 2. When Vu(xr ;) +br ; = 0, the second formula
is understood as dr; = 0. Efficient approaches for s = oo
are also available; see [22].

Updating b

This is simply achieved by replacing the current values
for bT,i and bE’j by bT,i + VM(XT,,') — dT’,' and bE’j +
[u](xg,j) — dE, j, respectively.

The quantities b7 ; and b ; represent discrete multipliers
associated with the components of the constraint d = Au.
Here we clarify how these multipliers relate to the dual vari-
able p € R’];(_)H (£2) in (DTV-L2-D). In fact, let us interpret
br; as the coefficients of a function by € P._1(T) and
bg,; as the coefficients of a function bg € P, (E) w.r.t. the
standard nodal bases, just as in (27). Moreover, let us define
a function p € R’Z;OH(.Q) by specifying its coefficients as
follows,

UT,i(p) = )‘SbT,i CT.i and GE,j(p) = )\bE,j CE’]'.
(33)
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Then

/1—1~(Vu—dT)dx
T
= Zfl_"PT,i (Vulxr,) —dr ;) dx
~ Jr
l

= ASZCTJ bT,i . (VM(XT,i) - dT,i)

1

and

/EI_’ ([u] —dg)ngdsS
=2 /Ei’ or.j (W) e, ) — di. ) dS
J

=1Y crjbe; ([u]xe ) —de ),
j

and these are precisely the terms appearing in discrete aug-
mented Lagrangian functional (28). Consequently, p can be
interpreted as the Lagrange multiplier associated with the
components of the constraint d = Au, when the latter are
adjoined using the lumped L*(T) and L2?(E) inner prod-
ucts. It can be shown using the KKT conditions for (26)
and optimality conditions (25) that p defined by (33) solves
dual problem (DTV-L2-D). To prove this assertion, suppose
that (u, d) is optimal for (26). We will show that («, p) sat-
isfy necessary and sufficient optimality conditions (25). The
Lagrangian for (26) can be written as F(u#) + B G(d) +
(p, Au — d) and the optimality of (u,d) implies p €
(B G)(d) = 3(B G)(Au). On the other hand, u is optimal
for (DTV-L2), which implies 0 € 9 F (1) + A*9(B G)(Au)
and thus — A*p € 3 F (u). Altogether, we have verified (25),
which is necessary and sufficient for p to be optimal for
(DTV-L2-D).

For convenience, we specify the split Bregman iteration
in Algorithm 1.

Algorithm 1 Split Bregman algorithm for (DTV-L2) with
s € [1, o0]

1: Setu® := f e DG (2),b? :=0cYandd® :=0c v

2: Setn:=0

3: while not converged do

4:  Minimize (30) for u*) with data 8™ and 4™V
5. Minimize (32) for Y with data u®+) and b
6:  Set b(T"jl) = b(T"), + VutD (xr ) — d(T"_Tl)

7 Sethy iV = b + WOtV (xp ) — df T

8: Setn:=n+1

9: end while

10: Set p™ by (33) with data ™
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5.2 Chambolle-Pock Method

The method by [13], also known as primal—dual extragradient
method, see [31], is based on areformulation of the optimality
conditions in terms of the prox operators pertaining to F' and
G*. Werecall that F is defined by F (1) = %||u—f||iz(go) on
U = DG, (£2). Moreover, G* is defined on Y* = R’Z;(jrl (£2)
by G* = Ip, the indicator function of P, see (18).

Notice that prox operators depend on the inner product
in the respective space. We recall that U has been endowed
with the (regular, nonlumped) L%(£2) inner product, see the
proof of Theorem 4.1. For the space Y we are using again
the inner product defined in (29). Exploiting duality product
(21) between Y and Y * = R’Z;(_)H (£2) is then straightforward
to derive the Rieszmap R : Y 5 d +— p € Y*. In terms of
the coefficients of p, we have

ori(p)=cr;Sdr; and og j(p) =cg,;dE . (34)

. . . 0
Consequently, the induced inner product in R77,(£2)
becomes

1
(P. Qy+ =) 5 oTip) 0T
T.i 'F

1
+ZEUE,j(P)GE,j(q)- (35)
E,j

To summarize, the inner products in ¥, Y* as well as the Riesz
map are realized efficiently by simple, diagonal operations
on the coefficients.

Solving the F-prox

Let o > 0. The prox-operator of o F', denoted by
prox,p(u) : U — U,
is defined as u = prox, (i) if and only if

in Sfv—@lPs o + 2 fI?
u = argmin —|v—ul5, — v — 5 .
veDG,(2) 2 e 2 L5(&20)

For given data u € DG, (£2) and f € DG, (£2p), it is easy to
see that a necessary and sufficient conditionis u —u+o (u—
f) = 0, which amounts to the coefficient-wise formula

1

ury=———\urr+o , 36
Tk +UT,k( Tk + 0T kST k) (36)

where o7 = o if T C £29 and o7 x = 0 otherwise.
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Solving the G*-prox

Let T > 0. The prox-operator

prox, g« : Y* = R’];OH(SZ) - Y*

is defined as p = prox, g« (p) if and only if

1

Slg =Py st.qeP. (37)

p = argmin
geRTY(2)

Similarly, the prox operator for (8 G)* is obtained by replac-
ing P by BP, for any T > 0. Due to the diagonal structure
of the inner product in Y*, this is efficiently implementable.
When p € R?;QH (£2), then we obtain the solution in terms
of the coefficients, similar to (32), as

07,i(P) = Projgcr ., (07.i1(D)
opj(p) (3

og,j(p) =min{log j(P)I, Blnglsce j} o1 (D)

In particular we have

[o7.i(p)], =min{|lo7.:(P)e|. Ber.i}sgnlori(p)le

for{ =1,2whens = 1 and

or,i(p)

or.i(p) =min{|o7;(P)l2. Ber.i} o1k

when s = 2. The second formula is understood as

ori(p)=0

when |o7,;(p)|2 = 0. Animplementation of the Chambolle—
Pock method is given in Algorithm 2. Notice that the solution
of the prox, s« problem is independent of the scaling param-
eter S > 0. However, S enters through Riesz isomorphism
(34).

6 Implementation Details

Our implementation was carried out in the finite element
framework FENICS (version 2017.2). We refer the reader to
[2,39] for background reading. FENICS supports finite ele-
ments of various types on simplicial meshes, including CG,,
DG, and R7,41 elements of arbitrary order. Although we
focus on this piece of software, the content of this section
will apply to other finite element frameworks as well.
While the bases for the spaces CG, and DG, in FENICS
are given by the standard nodal basis functions as described
in Sect. 2, the implementation of R7Z ;| elements in FENICS

Algorithm 2 Chambolle—Pock algorithm for (DTV-L2) with

s € [1, o0]

1: Setu® := f € DG, (R2), p® =0 RTY,
RIS (2)

2: Setn:=0

3: while not converged do

4:  Set vt :=div p™ e DG, (£2)

50 Setu®D := prox, p(u™ + o v tD), see (36)

prox, F(u(/l) — 0 A:ki)(n))
6:  Setd"™V := Au*D ey
7: Setgth .= Rd"D ¢ m;“H (£2), where R is Riesz map (34)

(£2)and p© =0 ¢

/ l’,(uAl) — 7/\*[}1”)
//”(n+|) —

8 Set pt"th .= proxr(ﬁc)*(p(”) + 7 g"tD), see (38)
#pth = ProX. 5y (p™ + 1 R Au"tD)
9: Set ﬁ(IH—l) = p<n+l) + 0 (p(n+l) _ p(n))
10:  Setn:=n+1
11: end while

uses degrees of freedom based on point evaluations of p and
p-ng,rather than the integral-type dofs in (10). Since we wish
to take advantage of the simple structure of the constraints
in dual representation (15) of |u|ptv(x2) however, we rely on
the choice of dofs described in (10). In order to avoid a global
basis transformation, we implemented our own version of the
R 7+ finite element in FENICS.

Our implementation uses the dofs in (10) on the reference
cell 7. As usual in finite element methods, an arbitrary cell T
is then obtained via an affine geometry transformation, i.e.,
GTZ?—> T, Gr(x) =Brx+br,
where By € R2*2 is a nonsingular matrix and by € R2.
We mention that Br need not necessarily have a positive
determinant, i.e., the transformation G may not necessarily
be orientation preserving. In contrast to CG and DG elements,
a second transformation is required to define the dofs and
basis functions on the world cell T from the dofs and basis
functions on 7. For the (H (div; £2)-conforming) R7 spaces,
this is achieved via the (contravariant) Piola transform; see
for instance [25, Ch. 1.4.7] or [45]. In terms of functions p
from the local polynomial space, we have

Pr: P(TY? + 2 Po(T) — Pr(T)? +x Po(T),
Pr(p) = (et B;") Br [po G7'l.

The Piola transform preserves tangent directions on edges,
as well as normal traces of vector fields, up to edge lengths.
It satisfies

|E|p-fig=+|E|p-ng and |T|Brp==IT|p, (39)

where E is an edge of T, 1z is the corresponding unit outer
normal, E = G7(E), ng is a unit normal vector on E with

@ Springer



424

Journal of Mathematical Imaging and Vision (2019) 61:411-431

arbitrary orientation, p = P7(p), and |T| is the area of T';
see for instance [25, Lem. 1.84].

We denote by 67 ; and 0 ; the degrees of freedom as
in (10), defined in terms of the nodal basis functions af, i €
P,_l(f) and @@’ j € P,(E) on the reference cell. Let us
consider how these degrees of freedom act on the world cell.
Indeed, the relations above imply

G = /?amdf

= f ¢r.i By pdx = £671,(p), (40a)
T
Eﬁ,j(ﬁ) = /:? @?,j (P -np)ds
=+ / or.; (p-np)dS = +og j(p), (40b)
E

where we used that Lagrangian basis functions are trans-
formed according to g7 ; = (o\ﬁ ;o G;l, and similarly for
the edge-based quantities. The correct choice of the sign in
(39) and (40) depends on the sign of det Br and on the rel-
ative orientations of Pr(nz) and ng. However the sign is
not important since all operations depending on the dofs or
coefficients, such as o7 ; (p), are sign invariant, notably the
constraint set in (18).

Notice that while (40b) agrees (possibly up to the sign)
with our preferred set of edge-based dofs (10b), the interior
dofs & r; available through transformation (40a) are related
to the desired dofs o 7 ; from (10a) via

o7,(p) =sgn(det Br) By o1,i(p). (41)

Notice that this transformation is impossible to avoid since
dofs (10a) are not invariant under the Piola transform. How-
ever, (41) is completely local to the triangle and inexpensive
to evaluate. Although not required for our numerical compu-
tations, we mention for completeness that the corresponding
dual basis functions are related via

~T
IlfiT = sgn(det Br) ¢; BTT. (42)

To summarize this discussion, functions p € R7,1(§2) will
be represented in terms of coefficients w.r.t. the dofs {og ;}
and {67 ;} in our FENICS implementation of the R7 space.
Transformations to and from the desired dofs {o' 7 ;} will be
performed for all operations manipulating directly the coef-
ficients of an R7,; function. For instance, the projection
operation in (38) (for Chambolle—Pock Algorithm 2) in the
case s = 2 would be implemented as
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Fig. 3 Left: cameraman pixel test image. Middle: nondiscrete test
image. Right: mesh used to represent the image in the middle

Fr.i(p) = By min {|Bf G1.i(B)l2. Ber.i
. B} G71,i(p)
B} 57.i(P)l

7 Numerical Results for (DTV-L2)

In this section we present some numerical results for
(DTV-L2) in the isotropic case (s = 2). Our goals are to com-
pare the convergence behavior and computational efficiency
for Algorithms 1 and 2 w.r.t. varying polynomial degree
r € {0, 1, 2}, and to exhibit the benefits of polynomial orders
r > 1 for image quality, for both denoising and inpainting
applications.

In our tests, we use the two images displayed in Fig. 3.
Both have data in the range [0, 1]. The discrete cameraman
image has a resolution of 256 x 256 square pixels and will
be interpolated onto a DG, (§2) space on a triangular grid
with crossed diagonals, so the mesh has 262,144 cells and
131,585 vertices. We are also using a low-resolution version
of the cameraman image on a 64 x 64 square grid in Sect. 7.3.
The second is a nondiscrete image on a circle of radius 0.5.
The corresponding discrete problems are set up on a mesh
consisting of 5460 cells and 2811 vertices. For each problem,
the dimension of the finite element space for the image u is
given in Table 2. In all of the following tests, noise is added to
each degree of freedom in the form of a normally distributed
random variable with standard deviation & = 10~! and zero
mean. Our implementation uses the finite element framework
FENICS (version 2017.2). All experiments were conducted
on a standard desktop PC with an Intel i5-4690 CPU running
at 3.50 Ghz, 16 GB RAM and Linux openSUSE Leap 42.1.
Visualization was achieved in PARAVIEW.

A stopping criterion for Algorithms 1 and 2 can be based
on the primal—dual gap

F(u) + B G(Au) + F*(A*p) + BG*(p/B). (43)

Notice that since G* = Ip is the indicator function of the
constraint set P, the last term is either O or oo, and (43)
can therefore not directly serve as a meaningful stopping
criterion. Instead, we omit the last term in (43) and intro-
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Table 2 Dimensions of the DG, . . . .
spaces for our test images Image # of cells Nt # of vertices Ny dim DGy (£2) dim DG (£2) dim DG, (£2)
depending on the polynomial Cameraman 262,144 131,585 262,144 786,432 1,572,864
degree r € {0, 1, 2}
Cameraman64 16,384 8321 16,384 49,152 98,304
Ball 5460 2811 5460 16,380 32,760

duce a distance-to-feasibility measure for p as a second
criterion. For the latter, we utilize the difference of p and
its Y*-orthogonal projection onto 8 P, measured in the Y*-
norm squared. This expression can be easily evaluated when
s € {1, 2}. Straightforward calculations then show that we
obtain the following specific expressions:

1 2 1 . 2
GAP(M, P) = 5”” - f||L2(.f20) + 5” leP + f”L2(90)
1 2

+ﬂzE:/EIE{||]Iu]]]|S}dS

(44a)

and
1 2
INFEAS, (p) := ) g A {lor.i(p)l2 — Ber.i, 0}
T, 't

1
+Y —max{lox ;(p)| — Bej, Of (44b)

Cr
E,j E,j
when s = 2, as well as

INFEAS, (p)
2

1
=2 s ;max {llor.ime| = Beri, Of

T,i =1

1 2
+> o max {lozj(p)l = Blnglsce,j. 0F  (44o)
Ej &

when s = 1. In our numerical experiments, we focus on the
case s = 2 and we stop either algorithm as soon as the iterates
(u, p) satisfy the following conditions:

|GAP(M’ p)' S ‘91‘61 GAP(fv 0)

" (45)
INFEAS,(p) < 10~
with g1 = 1073, As a measurement for the quality of our

results we use the common peak signal-to-noise ratio, defined
by

M? Q|
PSNR (i, tref) = 10logyy | ———— ) , (46)

2
”u - uref“LZ(_Q)

66

o6

Fig.4 Original, noisy and denoised images (top to bottom) for DG (left
column), DG; (middle column) and DG, (right column) for (DTV-L2)
with parameter 8 = 1073 in the isotropic setting (s = 2). Results
obtained using Algorithm 1 (split Bregman), see Table 3. The results
obtained by the Chambolle—Pock method are similar and not shown

where u is the recovered image, u.r is the reference image,
and |£2| is the area of the image. Moreover, M = 1 is the
maximum possible image value.

7.1 Denoising of DG,-Images

This section addresses the denoising of DG, images, and it
also serves as a comparative study of Algorithms 1 and 2.
We represent (interpolate) the nondiscrete image displayed
in Fig. 3 (middle) in the space DG, (£2) for r = 0,1, 2.
Noise is added to each degree of freedom as described above.
We show the denoising results for the split Bregman method
(Algorithm 1) in Fig. 4. The results for the Chambolle—Pock
approach (Algorithm 2) are very similar and are therefore
not shown. In either case, the noise is removed successfully.
Infeasibility criterion (44b) in the final iteration was smaller
than 10737 for Algorithm 1 and smaller than 10~ for Algo-
rithm 2 in all cases » € {0, 1, 2}. Table 3 summarizes the
convergence behavior of both methods. Since the split Breg-
man method performed slightly better w.r.t. iteration count
and run time in our implementation, we will use only Algo-
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Table 3 Comparison of the performance of Algorithms 1 and 2 for the denoising problem shown in Fig. 4 in various discretizations

Space Algorithm Iterations Time (s) PSNR Objective
DGy Split Bregman (A = 1073) 37 1.6 32.031 5.51 x 1073
Chambolle-Pock (¢ = 0.016, t = 10~1) 128 3.4 31.987 5.51 x 1073
DG Split Bregman (A = 1073, § = 1072) 57 5.8 36.092 3.46 x 1073
Chambolle-Pock (0 = 0.025, 7 = 1072,6 = 1, § = 1072) 91 6.7 33.480 3.66 x 1073
DGy Split Bregman (A = 1073, § = 1072) 41 9.3 31.896 4.14 x 1073
Chambolle-Pock (o = 0.030,7 = 1073, =1, § = 1072) 223 35.1 31.066 4.32 x 1073

rithm 1 for the subsequent denoising examples (Sect. 7.2 and
7.3).

Figure 4 visualizes the benefits of higher-order finite ele-
ments in particular in the case where the discontinuities in
the image are not resolved by the computational mesh. In
addition, the DG and DG, solutions exhibit less staircasing.
Further evidence for the benefits of higher-order polynomial
spaces for the cameraman test image is given in Sect. 7.3.

Before continuing, we mention that all results in DG
were interpolated onto DGy on a twice refined mesh merely
for visualization since DG; functions cannot directly be
displayed in PARAVIEW. Likewise, results in DG, were
interpolated onto DGy on a three times refined mesh for visu-
alization.

7.2 Comparison to DG, Image Denoising on Pixel
Grids

In this section we provide a comparison of our approach,
using DG, representations of an image for r € {0, 1, 2} and
discrete problem (DTV-L2), with the classical representation
by constant pixels. We refer to the latter as DG on pixels. In
this example, we use the discrete cameraman test image on
a 256 x 256 pixel grid. For the finite element spaces, each
pixel is refined into four triangles with crossed diagonals.

For this problem we do not expect higher-order discretiza-
tion to be particularly beneficial since the ‘original’ image
data are only piecewise constant itself. In addition, we can-
not directly compare run times since the DGy pixel problem
was solved with an implementation of the split Bregman
method in MATLAB, since FENICS does not support all func-
tion spaces on quadrilateral meshes. In any case, the same
starting guess and stopping criterion (45) was used in each
case.

The denoising results are shown in Fig. 5, and the conver-
gence behavior of the split Bregman method is displayed in
Table 4.

@ Springer

Fig. 5 Noisy (left) and denoised (right) images for classical DGy on
pixels (top row), and finite element solutions in DGy (second row),
DG (third row) and DG, (bottom row) for (DTV-L2) with parameter
B =3 x 10™* in the isotropic setting (s = 2). Results obtained using
Algorithm 1 (split Bregman), see Table 4
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Table 4 Comparison of the performance of Algorithm 1 (split Bregman) for the denoising problem shown in Fig. 5 in various discretizations
Space Algorithm Iterations Time (s) PSNR Objective
DGy on pixels Split Bregman (A = 1072) 24 2.8 26.236 8.58 x 1073
DGo Split Bregman (A = 1072) 32 49.1 26.641 8.75 x 1073
DG Split Bregman (A = 1072, S = 1072) 63 516.6 26.882 6.30 x 1073
DG, Split Bregman (A = 1072, § = 1072) 138 3610.1 26.911 6.94 x 1073

Fig. 6 Original (interpolated), noisy and denoised images (top to bot-
tom) for DGy (left column) and DG, (right column) for (DTV-L2) with
parameter f = 4 x 10~ for the isotropic setting (s = 2) on a coarse
grid. Results obtained using Algorithm 1 (split Bregman), see Table 5

7.3 Denoising of Low-Resolution Images

In this section we consider a low resolution of the cameraman
image, which was obtained by interpolating the 256 x 256
pixel image onto a 64 x 64 square pixel grid with crossed
diagonals. Again, noise is added per coefficient in the respec-
tive space. Subsequently, the denoising problem is solved in
the DG, (£2) spaces for r € {0, 1, 2} on the coarse grid. The

Fig. 7 Inpainting with 66.6% of the cells erased (shown in black in
the upper left image). The noisy images are not shown. Inpainting and
denoising results for DGy (upper right), DG, (lower left) and DG, (lower
right) for (DTV-L2) with parameter 8 = 103 for the isotropic setting
(s = 2). Results obtained using Algorithm 2 (Chambolle—Pock), see
Table 6

goal is to demonstrate that the use of higher-order polyno-
mial functions can partially compensate the loss of geometric
resolution. In Fig. 6 we show the results obtained using the
split Bregman method, whose performance was similar as in
Sect. 7.1, as can be seen in Table 5. The PSNR values were
evaluated using the full-resolution image as uyef.

As can be seen from the results in Fig. 6 and Table 5,
the recovered image in DG, (S2), see Fig. 6 (bottom right),
exceeds the DGy image both in visual quality and in PSNR
value.

Table5 Performance of

Algorithm 1 (split Bregman) for Space Algorithm Iterations Time (s) PSNR Objective
the low—resolutlgn d.en01s.1ng DGo Split Bregman (). = 10~2) 20 6.3 19.333 897 x 103
problem shown in Fig. 6 in . oy 5 -3
various discretizations DG, Split Bregman (A = 1077, § = 107°) 101 84.3 20.855 718 <10
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Table 6 Performance of Algorithm 2 (Chambolle—Pock) for (DTV-L2) inpainting problem shown in Fig. 7 in various discretizations

Space Algorithm Iterations Time (s) PSNR Objective

DG Chambolle-Pock (6 = 0.70, 7 =125 x 107,60 =1, S = 1072) 2031 47.7 23.617 2.80 x 1073
DG, Chambolle-Pock (o = 0.50, 7 = 5.00 x 107%,6 =1, § = 1072) 697 49.0 26.788 223 %1073
DG, Chambolle-Pock (6 = 0.07,7 =1.50 x 1074, 0 =1, S = 1072) 2286 354.0 26.385 247 x 1073

7.4 Inpainting of DG,-Images

In this and the following section we demonstrate the utility
of higher-order polynomial function spaces for the purpose
of denoising and inpainting. To this end, we consider the
nondiscrete ‘ball’ image and randomly delete two-thirds of
all cells, which subsequently serve as the inpainting region
£2\£2¢. Noise is added to the remaining data and problem
(DTV-L2) solved in DG, ($2) for r € {0, 1, 2}; see Fig. 7.
For this test, we found the Chambolle—Pock method (Algo-
rithm 2) to perform better than split Bregman; see Table 6.

The results for this combined inpainting and denoising
problem are similar to those for the pure denoising case
(Sect. 7.1). Clearly, the higher-order results produce images
closer to the original than the recovery in DGy, which is also
reflected in the PSNR values.

8 Conclusion and Outlook

In this paper we have introduced a discrete version (DTV)
of the TV-seminorm for globally discontinuous (DG,)
Lagrangian finite element functions on simplicial grids in
R2. We have shown that | - IpTv(©2) has a convenient dual
representation in terms of the supremum over the space of
Raviart-Thomas finite element functions, subject to a set of
simple constraints. This allows for the efficient realization
of a variety of algorithms for (DTV-L2-D) for image denois-
ing and inpainting, with both low- and higher-order finite
element functions available in finite element libraries.

An extension to 3D applications is readily obtained by
replacing triangles by tetrahedra and edges by facets. In
this case the analogue of Lemma 3.1 limits the polyno-
mial degrees with positive weights to » € {0, 1,2}; see
[48, Tab. II]. Further extensions to TV-L! problems and a
‘Huberized’ version of the discrete TV-seminorm, we refer
the reader to the extended preprint [33].

As we admit higher-order polynomial functions, it would
be natural to extend our analysis to a discrete version of the
total generalized variation (TGV) functional introduced in
[10]. Another generalization that could be of interest is to
consider finite element functions defined on more general
cells than the simplices considered here. Clearly rectangles
are of particular interest in imaging applications, but also
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hexagons; see [18,36], as mentioned in introduction. We
remark that R7 finite element spaces on parallelograms were
already discussed in the original contribution [42], and we
refer to [37] for an application to imaging, but only for the
lowest order case. The generalization to higher-order finite
elements, as well as to more general element geometries, is
left for future research.

The polynomial degree in our 2D study was limited
tor € {0,1,2,4}, which should be sufficient for most
applications. The limitation in the degree arises due to the
requirement that the quadrature weights, i.e., the integrals
over the standard Lagrangian basis functions, have to be pos-
itive; see Lemma 3.1. This brings up the question whether
a Lagrangian basis for higher-order polynomial functions
on triangles or tetrahedra exists, such that the integrals of
the basis functions are (strictly) positive. This is answered
in the affirmative by results in [51,52] for the triangle and
[28,55] for tetrahedra, where interpolatory quadrature formu-
las with positive weights are constructed. However, it remains
to be investigated whether a Lagrangian finite element with a
modified basis admits an appropriate Raviart—-Thomas-type
counterpart such that a dual representation of | - |prv(2)
parallel to Theorem 3.1 continues to hold. Moreover, such
nonstandard finite element spaces certainly incur an over-
head in implementation.

One may also envision applications where it would be
beneficial to allow for locally varying polynomial degrees
and mesh sizes in imaging applications, so that the resolu-
tion can be chosen adaptively. Finally, we mention possible
extensions to vectorial TV-seminorms, see for instance [29].
These topics remain for future research.
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