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Abstract Interval-valued fuzzy mathematical morphology
is an extension of classical fuzzy mathematical morphology,
which is in turn one of the extensions of binary morphol-
ogy to greyscale morphology. The uncertainty that may exist
concerning the grey value of a pixel due to technical limita-
tions or bad recording circumstances, is taken into account
by mapping the pixels in the image domain onto an inter-
val to which the pixel’s grey value is expected to belong in-
stead of one specific value. Such image representation cor-
responds to the representation of an interval-valued fuzzy
set and thus techniques from interval-valued fuzzy set the-
ory can be applied to extend greyscale mathematical mor-
phology. In this paper, we study the decomposition of the
interval-valued fuzzy morphological operators. We investi-
gate in which cases the [, a2 ]-cuts of these operators can
be written or approximated in terms of the corresponding
binary operators. Such conversion into binary operators re-
sults in a reduction of the computation time and is further
also theoretically interesting since it provides us a link be-
tween interval-valued fuzzy and binary morphology.
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1 Introduction

Many theories have been developed in the domain of image
processing to extract specific information from images such
as edges, patterns, ... One of these theories is mathematical
morphology, in which an image is transformed into another
image by a morphological operator, using a structuring el-
ement. The basic morphological operators are the dilation,
erosion, opening and closing. The original binary morphol-
ogy [1], for binary (black-white) images, was extended to
greyscale images by two different approaches: (i) the thresh-
old approach [1] and (ii) the umbra approach [2]. In the
first approach, the structuring element still has to be binary;
in the second approach, also greyscale structuring elements
are allowed. Later, a third approach was introduced, inspired
on the observation that greyscale images and fuzzy sets are
modelled in the same way (i.e. as mappings from a universe
U into the unit interval [0, 1]): fuzzy mathematical morphol-
ogy [3-5]. Recently, also extensions of fuzzy mathematical
morphology started to get attention [6-9]. In this paper, we
concentrate on an extension based on interval-valued fuzzy
set theory. A pixel is now mapped onto an interval of grey
levels instead of one specific grey level, in this way allowing
uncertainty regarding the measured grey levels.

In this paper, we investigate the relationships between the
[a1, aa]-cuts of the interval-valued fuzzy dilation, erosion,
opening and closing and the corresponding binary opera-
tors. This is first of all interesting from a theoretical point of
view because it provides us a link between interval-valued
fuzzy and binary morphology but secondly also because
such conversion into binary operators is likely to result in
a lower complexity for the calculation or approximation of
the [o1, @ ]-cuts. Moreover, the binary dilation and erosion
can be further sped up by a decomposition of the structuring
element.
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The paper is organized as follows: in Sect. 2 we give
in more detail the basic principles of interval-valued fuzzy
mathematical morphology; Sect. 3 investigates the relation-
ships between the [«1, a2 ]-cuts of the interval-valued fuzzy
morphological operators and the corresponding binary op-
erators in both a continuous and a discrete framework. The
results are discussed in Sect. 4 and the paper is concluded in
Sect. 5.

2 Interval-Valued Fuzzy Mathematical Morphology
2.1 Interval-Valued Fuzzy Sets

An interval-valued fuzzy set [10] is an extension of a clas-
sical fuzzy set [11] that is modelled by a mapping from a
universe U into the unit interval [0, 1]. For a fuzzy set F in
auniverse U, every element u € U/ is mapped onto its mem-
bership degree F'(u) € [0, 1] in the fuzzy set F. Interval-
valued fuzzy sets now allow uncertainty about the member-
ship degree and are given by mappings from a universe U
into the class of closed intervals L' = {[x1, x2]|[x1, x2] €
[0, 1]}. Thus, for an interval-valued fuzzy set G in a universe
U, G(u) =[G1(u),Ga(u)] <€ [0, 1], Yu € U. We will de-
note the class of interval-valued sets over the universe U/ by
IVFSU). Further, we denote the lower and upper bound of
an element x of L' by respectively x; and x7: x = [x1, x2]
(Fig. 1).
For the partial ordering <,; on L', defined by

x=<p1y < x1=<yrandx <y, Vx,yeLI, (1)

the structure (L', < 1) forms a complete lattice [12]. The
infimum and supremum of an arbitrary subset S of L are
then respectively given by:

infs = [infxl, infxg], )
xes xes

sup S = [supxl, supxz]. 3)
xeS xes

We use the notations 0,/ for inf L’ =1[0,0] and 1, for
sup LT =11, 1].

[0,1]‘ [1,1]

Xobeonn =

v

[0,0] >.<1

Fig. 1 Graphical representation of L’

Related orderings on L/ that we will also use in this paper
are (Vx,y e L'):

x<py <& x<pryandx#y, @
XLy & x1<yrandx <y, (®)]
x>y & y=px, (6)
X>py & y<piax, (7
x>y < y<prx. (8)

Interval-valued fuzzy sets have a nice interpretation in the
domain of image processing [9]. A pixel in the image do-
main is no longer mapped onto one specific grey value, but
onto an interval of grey values to which the grey value is ex-
pected to belong. The grey levels of the pixels in a greyscale
image namely can be uncertain. Firstly, in any device, the
captured grey levels are rounded up or down to an element
of a finite set of allowed values. Further, uncertainty may
also arise when several takes of an image result in different
grey levels for some of the pixels. This is sometimes the case
under identical recording circumstances and can certainly be
expected under variable circumstances such as illumination
changes due to clouds covering the sun, ... Also, the cam-
era or an object in the scenery can slightly shift position in
between takes, which might result in large differences (un-
certainty) in the measured grey level of pixels. Especially
pixels at the edge of an object will suffer from this. Finally,
in the context of mathematical morphology, there might also
exist uncertainty regarding the grey levels in the structuring
element that is used. This structuring element can be chosen
by the user, but in some cases he might not be completely
sure how to estimate the importance or thus weight that is
assigned to a pixel in this structuring element. In this case,
the use of intervals to which the value is likely to belong
instead of choosing one specific value, might offer a solu-
tion. Interval-valued images, where the image domain pix-
els are each mapped onto an interval of grey values (i.e.,
a closed subinterval of [0, 1]), now have the same represen-
tation as interval-valued fuzzy sets, which allows us to apply
techniques from interval-valued fuzzy set theory to extend
greyscale mathematical morphology.

Also in other image processing problems such as inverse
halftoning [13], as well as in the context of wavelets [14],
interval-valued representations occur in a natural way. They
have also found to be usefull in edge detection applica-
tions [15]. Further, imprecision in grey levels is also con-
sidered in [16].

As a side note, we also mention that interval-valued fuzzy
set theory is equivalent to intuitionistic fuzzy set theory [17]
as shown in [12].

In the sequel, the universe U is restricted to R", corre-
sponding to the coordinates of an n-dimensional image.
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2.2 Interval-Valued Fuzzy Mathematical Morphology

In this paper, we investigate the relationships between the
[ae1, ap]-cuts of the interval-valued fuzzy dilation, erosion,
opening and closing and the corresponding binary operators.
Those binary morphological operators are defined as follows
(with the translation 7y (B) of B € R" by the vector y € R"
defined as Ty (B) = {x e R"|x — y € B}, and the reflection
—B of B given by —B = {—b|b € B}).

Definition 1 [1] Let A, B € R". The binary dilation
D(A, B), the binary erosion E(A, B), the binary closing
C(A, B) and the binary opening O (A, B) are the sets given
by:

D(A, B) = {y|Ty(=B)NA #},
E(A, B) = {y|Ty(B) € A},
C(A, B) = E(D(A, B), —B),
O(A, B) = D(E(A, B), —B).

The notions of intersection and inclusion are clearly quite
important in these definitions. Hence, to extend the binary
morphological operators to interval-valued fuzzy ones, it is
needed to extend the underlying Boolean conjunction and
Boolean implication. Moreover, an extension of the Boolean
negation is given below.

Definition 2 [18]

— Anegator N on L' is a decreasing L/ — L’ mapping that
coincides with the Boolean negation on {0, 1} (M (0;:) =
1L’ and/\/(lL1) = OLI)'

— A negator \V is an involutive negator on L if (Vx € L)

WNWWN(x) =x).

The standard negator N, defined by N ([x1, x2]) =[1 —
x2, 1 — x1], for all x = [x1,x2] € L, is an example of an
involutive negator on L’ .

Definition 3 [18]

— A conjunctor C on L' is an increasing (L/)> — L' map-
ping that coincides with the Boolean conjunction on
{0,1}%, ice., C(01,0,0) =C(0p1,1,1) =C(1,4,0,1) =
OL’ andC(1L1, 1L1) = 1L1.

— A conjunctor C is a semi-norm on L’ if it satisfies
(Vx e LHY(C(11,x) =C(x, 1,1) =x).

— A semi-norm C is a t-norm on L’ if it is commutative and
associative.

The conjunctor Cpin, that maps every (x, y) € (L1)? onto

Cmin(x, y) = [min(xy, y1), min(x2, y2)], is an example of a
t-norm on L’.
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Definition 4 [18]

— Animplicator Z on L' is a hybrid monotonic (L/)*> — L'
mapping (i.e., decreasing in the first argument and in-
creasing in the second argument) that coincides with
the Boolean implication on {0, 1}2, ie., Z(0;1,0.1) =
I(OLI, ILI) ZI(ILI, ILI) = 1L’ and I(lLl, OLI) = OLI.
Every implicator Z induces a negator A7 defined by
Nz(x)=T(x,0;:),Vxe L.

— Animplicator T is a border implicator on L/ if it satisfies
(Vx e LY(Z(1,1,x) =x).

— A border implicator Z is a model implicator on L’ if it
is contrapositive w.r.t. its induced negator, i.e., (V(x, y) €
(LY (Z(x,y) =T(N7(y), N7(x))), and if it fulfills the
exchange principle, i.e., (Y(x, y,z) € (LD))(Z(x,Z(y, 2))
=1(y,Z(x,2))).

The implicator Zuyin A7, given by ZTmin v (x,y) =
[max(1 — x2, y1), max(1 — x1, y2)], for all (x,y) € (L")?,
is an example of a model implicator on L'.

Using the above introduced concepts, the interval-valued
fuzzy morphological operators can be defined. The support
d4 of an interval-valued fuzzy set A in R”, used in the defi-
nition, is given by d4 = {x|x € R"” and A(x) #0,1)}.

Definition 5 [7] Let C be a conjunctor on L, let Z be
an implicator on L', and let A,B € IVFS@R™). The
interval-valued fuzzy dilation D'[C](A, B) and erosion
E'[T](A, B) are the interval-valued fuzzy sets defined for
all y in R" by (where Ty(dp) = {x e R"|x — y € dp} and
—dp={x eR"| —x €dp})

D'[CI(A, B)(y) = sup C(B(y —x),A(x)), (9
XET)-(—dB)ﬂdA

and

E'[I)(A,B)(y) = inf ZI(B(x —y), A(x)). (10)
xeTy(dp)

Remark that if y & D(d4, dp), then D'[CI(A, B)(y) =0,:.

With the reflection —B of an interval-valued fuzzy set
B in R" defined as (—B)(x) = B(—x), Vx € R", the defini-
tions of the interval-valued fuzzy closing and fuzzy opening
are then given by:

Definition 6 Let C be a conjunctor on L, let 7 be an im-
plicator on L/, and let A, B € ZVFS(R"). The interval-
valued fuzzy closing C '[C,T1(A, B) and interval-valued
fuzzy opening O'[C, T](A, B) are the interval-valued fuzzy
sets in R” given by:

c'lc, T1(A, B) = E'[Z1(D'[CI(A, B), —B), (11)
o'[C,T1(A, B) = D'[CI(E'[T1(A, B), —B). (12)
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In [20] it is shown that fuzzy morphology is compatible
with binary morphology and that fuzzy morphology is com-
patible with greyscale morphology based on the threshold
approach if we restrict ourselves to semi-norms and border
implicators. The interval-valued fuzzy morphology is com-
patible with the fuzzy morphology and because we want to
preserve also the compatibility with the greyscale morphol-
ogy based on the threshold approach, we will restrict our-
selves in the following to semi-norms and border implicators
on L. Remark that if also stronger morphological proper-
ties such as the commutativity and the iterativity of the di-
lation are required, the conjunctors will need to be further
restricted to t-norms [19].

2.3 Interval-Valued Fuzzy Morphological Operators
in a Discrete Framework

In practice, when processing images on a computer, two
technical limitations arise: (i) images are stored as matri-
ces with a given number of rows and columns and the image
domain is thus Z" instead of R"; and (ii) also the grey levels
are sampled and do not belong to the unit interval [0, 1], but
to a finite subchain of it. As a consequence the greyscale in-
tervals used in interval-valued fuzzy morphology belong to
the finite subchain L. | of L, with L! | = {[=X, &=Lk, 1 €
Zand 1 <k <rand 1 <[ < s} for given integers » and s.
The interval-valued fuzzy sets that correspond to the im-
age A and the structuring element B consequently belong
to ZVFS, s(Z"), i.e., the class of all interval-valued fuzzy
sets in Z" with membership intervals in Lf, - If an interval-
valued fuzzy set A belongs to ZVFS,. s(Z"), then, Vx € Z",
Aix) el = {%U{ € Z and 1 < k <r}. Analogously the
upper bound Ay (x) € L{i=t{l € Zand 1 <1 <3s).

Further, the definitions of negators, conjunctors and im-
plicators on the chain Lf,s are analogous to the correspond-
ing definitions on L’ (where now L f’s takes the role of L').
However, not every operator on L’ has a corresponding
operator on Lf,s. The conjunctor C, given by C(x,y) =
[x1 - y1,x2 - yp] forall x,y € L', for example, is not de-
fined on L/ due to the fact that the interval with as lower
and upper bound the product of respectively the lower and
upper bounds of two elements of Lf’ s does not necessarily
belong to L .

The definitions of the discrete interval-valued fuzzy dila-
tion and erosion can now be written as follows:

Definition 7 Let C be a conjunctor on L is, let 7 be an im-

plicator on LT  andlet A,B e IVFS,s(Z"). The discrete

r,s?

interval-valued fuzzy dilation D'[C](A, B) e IVFS, ((Z")

is for all y € Z" defined by:

D'[CI(A,B)(y) =  sup
xeTy(—dp)Nda

C(B(y —x), A(x))

= I: max C(B(y_x), A()C))],

xeTy(—dp)Nda

max

P CBG =), A

(For y ¢ D(da.dp), D'[C(A, B)(y)=0,1.)
The discrete interval-valued fuzzy erosion E7(A, B) €
IVFS, s(Z") is for all y € Z" defined by:

E'[TI(A,B)(y) = inf Z(B(x —y), A(x))
xeTy(dp)

- [xe%i&B) I(B(x — y), A(X))1,

min Z(B(x — y), A(X))2]~
xeTy(dp)

3 Decomposition of Interval-Valued Fuzzy
Morphological Operators

In this section, the relationships between the [«], a2 ]-cuts
of the interval-valued fuzzy morphological operators ap-
plied on interval-valued fuzzy sets and the corresponding bi-
nary operators applied on the [«1, «p]-cuts of those interval-
valued fuzzy sets are investigated. Therefore, we first refresh
the definitions of the different [«1, oz ]-cuts.

3.1 The Different [«1, oz ]-Cuts

In the definitions of the different [«1, o ]-cuts of an interval-
valued fuzzy set below, the notation U;: stands for U;r =
{[x1,x2] € L'y = 1.

Definition 8 [21] For [a), a2] € LI\{OLz}, we define the
weak [a, ap]-cut Ag% of an interval-valued fuzzy set A €
IVFS@R") as:

Ayt ={xlx e R", A1(x) > oy and Az(x) > a2}

= {x|x e R" and A(x) >,/ [a], 2]}
For [, ap] € LI\ULz, the strict [o, ar]-cut A% is given
by:

g ={x|x €R", A1(x) > o and Ar(x) > s}

= {x|x e R" and A(x) >} [e1, 2]}
The cases [a1, 2] =0y and [ag, az] € Upr are excluded
for respectively the weak and the strict [«, op]-cut. Since
{x|]x e R", Aj(x) >0 and Az(x) >0} = R" and {x|x €

R” and A, (x) > 1} =0, these cases don’t yield new infor-
mation.
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Definition 9 For o1 €]0, 1], the weak a-subcut A, of an
interval-valued fuzzy set A € ZVFS(R") is given by:

Ay, ={x|x e R" and A|(x) > a1}.

For a €]0, 1], the weak a-supercut A*? is given by:

A% ={x|x e R" and Ay(x) > ap}.

For ay € [0, 1, the strict oy -subcut Agy is given by:

Agr ={x|x e R" and A;(x) > a1}.

For a5 € [0, 1, the strict a>-supercut A% js given by:

A% = {x|x e R" and A>(x) > an}.

The cases o1 = 0 and oy = 1 are excluded for respec-
tively the weak and the strict oj-subcut. Since {x|x €
R" and Aj(x) > 0} =R" and {x|]x e R" and A{(x) > 1} =

@, these cases don’t yield new information. An analogous
reasoning holds for the weak and strict ap-supercut.

Definition 10 For [a1, 2] € L\U;, the weak-strict

[etq, ap]-cut Ag? of an interval-valued fuzzy set A €
ZVFSR") is given by:

AR = {x|x e R", Aj(x) > and A(x) > a2} (13)
For [a1, ap] € LT\{1,/}, the strict-weak [a], ap]-cut Ag_f is
given by:

g‘[_f:{xpceR", A1(x) > o and Ax(x) > ay). (14)
The cases [a1,a2] € Uy and [aq, a2] = 1,1 are excluded
for respectively the weak-strict and strict-weak [, o2]-
cut. Since {x|x € R" and Ax(x) > 1} = ¥ and {x|x €

R"™ and A(x) > 1} = @, these cases don’t yield new infor-
mation.

3.2 Decomposition of the Interval-Valued Fuzzy Dilation

Lemma 1 [22] IfC is a semi-norm on L1, then it holds that
C < Cujn, L.€.:

(V(x,y) € LD (Cx, y) <1 Cin(x, ¥)).

Note that lemma 1 does not necessarily hold if C is not a
semi-norm on L',

Example 1 Let C be the conjunctor defined as:

OL] if inf(.x,y) ZOLI,

— I\2
Clx.y) = { 1y elso, Vix v e (L.

One easily verifies that C is no semi-norm on L’ since
e.g. C([1,1], [1/4,1/2]) = 1,1 # [1/4, 1/2] and that C £
Cmin sincee.g. [1,1]1=C([1, 11, [1/4, 1/2]) > ;1 Cuin([1, 1],
[1/4,1/2]) =[1/4,1/2].

@ Springer

3.2.1 Decomposition by Strict Sub- and Supercuts

Proposition 1 Let A, B € IV FSR"), then it holds for re-
spectively all oy € [0, 1[ and all a3 € [0, 1[ that:

(i) D'[Cminl(A, B)ar = D(Ag,, Bap),

(i) D'[Cminl(A, B)™ = D(A®, B®).

Proof Let A, B ZVFS(R"), and let a1, ap € [0, 1[.
(i)

y € D! [Coinl(A, B)g,
& DI[Chinl(A, BY()1 >

< sup Cin(B(y —x), A(x))1 > 1

xeTy(—dp)Nda
& (Ax eTy(—=dp)Nda)
(Crin(B(y — x), A(x))1 > 1)
& (Ax eTy(—dp)Nda)
(min(By(y — x), A1(x)) > a1)
& (AxeTy(—dp)Nda)
(Bi(y —x)>ajand A (x) > o)
& (AxeTy(—dp)Ndy)
(x € Ty(—Bg,) and x € Ag))
&  Ty(—Bgz)NAg #0
&  ye D(Ag,, Bg))-

This proves that D! [Crin](A, B)z, = D(Ag,, Bg,)-
(i) Analogous. U

Proposition 2 Let A, B € IZVFS(R"™) and let C be a semi-
norm on L, then it holds for respectively all oy € [0, 1[ and
all oy € [0, 1] that:

(i) D'[CI(A, B)ar € D(Agr, Bay),
(i) D'[CI(A, B2 C D(A%?, B®).

Proof (1) The proof is completely analogous to the one from
Proposition 1(i). We only have that due to Lemma 1

(Fx € Ty(—dp) NdA)(C(B(y — x), A(x)1 > a1)
U
(3x € Ty(—=dp) N da) Crmin(B(y — x), A(X))1 > a1)

only holds in one direction for an arbitrary semi-norm
on L.
(ii) Analogous. [l

The reverse inclusion does not hold in general.
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Example 2 Let [a1,a2] = [1/4,1/2], C(r,s) = [r1 - s1,
ry-sp) forall r,s € L, A(x) =[0.3,0.6] for all x € [0, 1],
A(x) =0y for all x € R\[O, 1], B(x) =[0.4,0.7] for all
x €[—1,0] and B(x) =0y for all x € R\[—1,0]).

Then on the one hand

0 € D(Agys, Bygs) = D(A%S, BOS) =1, 11.

On the other hand D![C](A, B)(0) = [0.12,0.42] and
thus 0 ¢ D'[CI(A, B)yss and 0 & D[CI(A, B)?>. As a
7D1[C](A;B)@ 2 D(Am, Bm) and
D'[CI(A, B)*® 2 D(A®, BY).

consequence

Further, the following example illustrates that Proposi-
tion 2 is restricted to semi-norms.

Example 3 Let C be the conjunctor defined in Example 1
(which is not a semi-norm). Further, let A(x) = [1/4,1/2]
for all x € [0,1], A(x) = 0ys for all x € R\[0, 1] and
B(x) = 171 for all x € [-1,0], B(x) =0;: for all x €
R\[—1,0]. Then for all y € D(ds,dp) = [—1, 1] it holds
that D'[C](A, B)(y) = 1,/ and thus y € D![CI(A, B)g3s

and y € DIE](A,B)O‘S. On the other hand,

from Agzs = A% = @ it follows that D(Agss, Byzs) =
¢ and D(A%S, B%%) = ¢, such that D'[C](A, B)jas &
D(Agzs: Bgzs) and D'[CI(A, BY*S & D(4A%3, BO3),

Remark that the above decomposition properties for strict
sub- and supercuts remain valid in the discrete framework.

3.2.2 Decomposition by Strict [o1, aa]-Cuts

Proposition 3 Let A, B € ZVFS(R"), then it holds for all
[a1, a2] € L'\U, 1 that:

D'[Cainl(A. B)3? 2 D(AZ. BS).

Proof The proof is analogous to the one from Proposition 1.
Only, now we have that

sup Cmin(B(y —x), A(x)) > 1 oy, a2]
xeTy(—dp)Nda

i
(3x e Ty(—dp) Nda)

Crin(B(y —x), A(X)) > 1 lay, a2])

only holds in one direction. (]

The reverse inclusion does not hold in general.

Example 4 Let [a1, op] =[0.3,0.7] and let

[0.1,0.8], x €[0,0.5[,
A(x)=1{1[0.5,0.6], xe€[0.5,1],
0z1, else
and
[0.2,0.9], x€]-—0.5,0],
B(x)=11[0.4,0.5], xe[-1,-0.5],
0y1, else.

It then holds that D’[CM, B)(0) = [0.4,0.8], which
means that 0 € D'[C](A, B)%.

On the other hand, since Ag = ¢ it holds that
07 p07y _ , ' 07 p07
D(Aﬁ, Bﬁ) =, which mins that OE D(iﬁ’ Bﬁ)' As

a consequence D![C](A, B)% Z D(A% B%).

The strict [or1, az]-cut of the interval-valued fuzzy dila-
tion based on the conjunctor Cpj, can however always be
constructed from binary dilations as follows.

Proposition 4 Let A, B e IVFS(R"), then it holds for all
[a1, ap] € LI\U; 1 that:

D'[Crin](A, B)3? = D(Ag, . Bz,) N D(A™, B*).

Proof Follows from Proposition 1 and the fact that
D' [Cuin(A, B)g: =D'[Cuin](A, B)g, N D! [Crnin](A, B)*.
O

Due to Lemma 1, Proposition 3 is restricted to the semi-
norm Cpjy. For an arbitrary semi-norm C there 11 no rela-
tion between the strict [o1, aa]-cuts D'[C](A, B)gzl and the
binary dilation D(Ag, Bg ) as the following example illus-
trates.

Example 5 To illustrate that, for an arbitrary semi-norm
C, it does not hold in general that (Y[a1,a2] € LI\ULI)
(D[CI(A, B)gf - D(Agf, Bglz)), Example 4 can be used
again.

For a counterexample of the reverse inclusion we re-

fer to Example 2, where 0 € D(Aﬁ BE) =[-1,1]

025" 7025
and D'[C](A, B)(0) = [0.12,0.42], which means that 0 &

I 0.5
D'[C](A, B)m.

The strict [«1, a2 ]-cut of an interval-valued fuzzy dilation
based on an arbitrary semi-norm C can however always be
approximated by binary dilations.
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Proposition 5 Let A, B € IVFS(R"), then it holds for all
[a1, a2] € L'\U, 1 that:

D'[CI(A, B)? € D(Ag,. B,) N D(A™, B®).

Proof Follows from Proposition 2 and the fact that
D'[CI(A, B)g: = D'[CI(A, B)z, N D'[CI(A, B)*. U

Remark that the above decomposition properties for strict
[et1, ca]-cuts remain valid in the discrete framework.

3.2.3 Decomposition by Weak Sub- and Supercuts

In general, there is no relation between the weak sub- and su-
percut D'[C](A, B)4, and D'[C](A, B)* and the binary di-
lations D(Ag,, By,) and D(A%?, B*?) for an arbitrary semi-
norm C.

Example 6 To illustrate that in general it does not hold
that D'[C](A, B)o, € D(Aq,, By, ), we can use Example 4
again. However, we can now also construct a counterex-
ample based on the fact that for a weak «-subcut of an
interval-valued fuzzy set A, the inequality Aj(x) > «y, that
needs to hold for x € R to belong to Ag,, is not strict.
Let [o1, 2] = [1/4,1], A(x) = [x/2,x] for all x € [0, 1],
A(x) =0 for all x € R\[0, 1[, B(x) = 1,s for all x €
[—1,0] and B(x) =0, for all x € R\[—1, 0]. Let C be the
conjunctor defined in Example 2.

It then holds that D![C](A, B)(0) = [1/2,1], which
means that 0 € D'[C](A, B)o:s.

On the other hand, however, since Aps = @ also
D(Aps, Bos) =9 and thus 0 € D(Ags, Bos). As a con-
sequence D![C](A, B)os € D(Ags, Bos). Note that the
above example holds for any semi-norm C, since for any
semi-norm C it holds in the example that C(B(x), A(x)) =
C(1;1,A(x)) = A(x) for all x €]0, 1[. (An analogous ex-
ample can be found for weak supercuts. The above results
still hold for the weak «-supercut where ar = 1. It then
holds that 0 € D’[C](A, B)! and D(A', B)) =@.)

In general also DI[CI(A, B)o, 2 D(Aq,, By,). To illus-
trate this, we can use Example 2 again (where the strict
and weak 0.25-subcuts of A and B coincide). Adapt-
ing that example we get that 0 € D(Ag.2s, Bo2s) and
0 ¢ D'[CI(A, B)oas, which leads to D![C](A, B)oos 2
D(Ag.2s, Bo.25). (Analogously for weak supercuts.)

For the semi-norm C = Cpy, the following partial result
holds.

Proposition 6 Let A, B € ZVFSR"), then it holds for re-
spectively all a1 €10, 1] and all a €10, 1] that:

(i) D'[Cinl(A, B)a, 2 D(Agys Bay)s
(i) D'[Cminl(A, B)* 2 D(A®2, B®).
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Proof Let A, Be IVFS(R"), and let o1, a2 € ]0, 1].
(i) Analogous to the Proof of Proposition 1. Only, now it
holds that:

(3x € Ty(=dp) Nda) Crmin(B(y — x), A(x))1 = 1)

U

sup Coin(B(y — x), A(x))1 > ay.
xeTy(—dp)Nda

(ii) Analogous. ([l

To illustrate that the reverse inclusion does not hold, we
refer to Example 6.

Proposition 6 remains valid in the discrete framework.
Moreover, in the discrete framework, the result also holds

for arbitrary semi-norms and for Cpy, also the reverse inclu-
sion holds.

Proposition 7 Let A, B € IVFS, (Z"), then it holds for
respectively all a1 €10, 11N I, and all o €10, 11N I that:

(i) D'[Cinl(A, B)gy = D(Ag,, Bay),
(i) D'[Cminl(A, B)*? = D(A®2, B*).

Proof Analogous to the proof of Proposition 6, where now
in the discrete case also

(3x € Ty(—=dp) Nda) (Crin(B(y —x), A(X))1 = 1)

¢

sup  Crin(B(y —x), A(X))1 Z a1
x€Ty(—dp)Nda U

Proposition 8 Let A, B € IVFS, ((Z"), then it holds for
respectively all a1 €10, 11N I, and all o €10, 11N I that:

(i) D'[CI(A, B)g, € D(Aq,, Byy),

(i) D'[CI(A, B)®2 C D(A*2, B*).

Proof Analogous to the proof of Proposition 7, but for an
arbitrary semi-norm C, so that

D! [Coin](A, BY(3)1 > &

o
D'[CI(A, BY(y)1 = o

¢
y € D'[CI(A, B)q,. 0

3.2.4 Decomposition by Weak [a1, oz ]-Cuts

In general, there is no relation between the weak [, «p]-cut
D'[CI(A, B)g’ and the binary dilation D(Ag?, By?) for an
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arbitrary semi-norm C. To illustrate this, we can use Exam-
ple 6 again, where the weak 0.5-supercut and weak [0.5, 1]-
cut of A and B coincide and the results remain valid when
using the weak [0.5, 1]-cut.

For the semi-norm C = Cpy, the following partial result
holds.

Proposition 9 Let A, B € ZVFS(R"), then it holds for all
ler, o2] € LIN{O,1} that:
D' [Crin](A, B)g? 2 D(AG, By?).

o’
Proof Analogous to the proof of Proposition 3. (]

The reverse inclusion D! [Crminl (A, B) - D(Aml , Bgf
does not hold in general. To illustrate this, we again refer to
Example 6, where using the weak [0.5, 1]-cut instead of the
weak 0.5-subcut doesn’t affect the results.

Remark that the above decomposition properties for
weak [o1, op]-cuts remain valid in the discrete framework.
Moreover, the weak [«], az]-cut of the discrete interval-
valued fuzzy dilation based on the conjunctor Cp;, (respec-
tively semi-norm C) can always be constructed from (re-
spectively approximated by) binary dilations as follows.

Proposition 10 Let A, B € ZVFS, ((Z"), then it holds for
all a1, ar] € LiS \ {01} and every semi-norm C that:

() D'[Cminl(A, B)22 = D(Aq,, Ba)) N D(A®, B*?),

(i) DI[C1A, B)g? € D(Ag,, Byy) N D(A%2, B®2).

Proof Follows from Propositions 7 and 8 and the fact
that D[C](A, B)s? = D[CI(A, B)y, N D'[CI(A, B)*2 for
every semi-norm C. O

3.2.5 Decomposition by Strict-Weak and Weak-Strict
o, ap]-Cuts

In general, for an arbitrary semi-norm C, there is no rela-
tion between the strict-weak and weak-strict [o, az]-cuts
D'[C](A, B)y: and D'[C](A, B)g; and the binary dilations
D(AZ, BY*) and D(AS2, B32).

To 111ustrate this, an analogous example as in Example 6
can be found.

For the semi-norm C = Cpyjp, the following partial result
holds.

Proposition 11 Let A, B € ZVFSR"). It holds for respec-
tively all [y, an] € LI\{lL[} and for all [ay, ap] € L]\ULI
that:

. I
(i) D'[Cminl(A, B)z—TQ D(Az—z, B?),

(i) D'[Cminl(A, B)Z: 2 D(AZ, BS?).

o’

Proof Analogous to the proof of Proposition 3. (I

As can be illustrated analogously as in Example 6, the
reverse inclusion does not hold.

Remark that the above decomposition properties for
strict-weak and weak-strict [«], ap]-cuts remain valid in the
discrete framework. Moreover, the weak-strict and strict-
weak [a1, ap]-cut of the discrete interval-valued fuzzy dila-
tion based on the conjunctor Cpin (respectively semi-norm
C) can always be constructed from (respectively approxi-
mated by) binary dilations as follows.

Proposition 12 Let A, B € IV]:S”(Z”) and let C be a
semi-norm. For all a1, ar] € L <\ Uy it holds that:

(i) D'[Cminl(A, B)Y? = D(Aq,, Bay) N D(A®2, B®),

(i) D'[CI(A, B)P C D(Ag,, By)) N D(A™, B®).

For all (a1, a2] € Lf,S \ {11} it holds that:

(i) D'[Cuinl(A, B2 = D(Agy, Bay) N D(A*, B*),

(i) D'[CI(A, B)22 C D(Aar. Bay) N D(A*2, B*?).

Proof Follows from Propositions 1, 2, 7 and 8 and the
fact that D'[C](A, B)s: = D'[CI(A, B), N D'[C](A, B)*2
and D'[C](A, B)Z_T = D![CI(A, B)ar N D'[CI(A, B)* for
every semi-norm C. ]

3.3 Decomposition of the Interval-Valued Fuzzy Erosion

As mentioned before, every implicator Z induces a negator
N7 defined by N7(x) =Z(x,0;1), Vx € L’. Based on this
induced negator, the class of border implicators can be split
into two subclasses.

Definition 11 [23] Let Z be a border implicator on L. Tis
called an upper border implicator if N7 > N; Z is called a
lower border implicator if N7 < Nj.

Lemma 2 [23] If T is an upper border implicator on L',
then it holds that T > Ty N, 1.€.

Y (x, ) € (LY)YT(x, y) =11 Toin v, (X, Y)
= [max(1 — xa, y1), max(l — x1, y2)]). (15)

The previous lemma does not necessarily hold if 7 is not
an upper border implicator. Also, a lower border implicator
7 doesn’t necessarily satisfy Z < Zin A/, -

Example 7 Let T be the implicator defined as:

1,0 if inf(x, y) =x,

3 else V(x,y) e (L

I(x,y)= {
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It is easily verified that 7 is a border implicator on L', with
induced negator N7 given by:

3 [ty ifx =0,
Nz(x)=Z(x,0.1) = {OLI else, Vx € [0, 1].
From

NI(X) = OLI and OLI SLI M(X), X # OLI,
NI(X)ZILIZNV(X)» x=0p1,

it follows that A7 < N and thus Z is a lower border
implicator. Further, since e.g. Z([0.2,0.3],[0.4,0.5]) >/
Znin, N, ([0.2,0.3],[0.4,0.5]), while we also have that e.g.
Z([0.4,0.5]1,[0.2,0.3]) <zr Zminn,([0.4,0.5],[0.2,0.3]),
it holds that neither 7 < Zyin A, nOr Z > Znin A, -

3.3.1 Decomposition by Weak Sub- and Supercuts

Proposition 13 Let A, B € ZVFS(R"), then it holds for
respectively all a1 €10, 1] and all o €10, 1] that:

() E'[ZminA2)(A, By = E(Aqy, B'™),
(i) E'[Zminn;1(A, B)* = E(A®, Bi—p).

Proof Let A, B e IVFS(R"), and let a1, p €10, 1].
(i) It holds that:
Y € E(Ag. B
& T,B'™)C A4,
<  (Vx €T,(dp))
(Bo(x —y)>1—a;= A1(x) 2 ay)
<  (Vx eT,(dp))
(Ba(x —y) <1 —ajorAj(x)>ar)
<  (Vx€T,(dp))
(1 =Ba(x —y) = ajor Aj(x) > o)
& (Yx eTy(dp))
(max(1 — Ba(x — y), A1(x)) = a1)

inf max(1— By(x —y),A1(x)) > o
XET,\*WB)

inf T B(x—y),A >
xe%"?(dg) min V; (B(x — ), A(xX))1 = oy

& ENZnnn 1A, B () >
& yeENZunn (A, B)g,.

Thus E/[Znin A2 1(A, B)g, = E(Ag,, B17).
(ii) Analogous. [l
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Proposition 14 Let A, B € IVFS(R") and let T be an up-
per border implicator on L', then it holds for respectively
all 1 €]0, 1] and all ar €10, 1] that:

(i) E'[ZI(A, B)a 2 E(Aq,, B'™),

(i) E'[ZI(A, B)*> 2 E(A®, Bi—,).

Proof (i) The proof is completely analogous to the one from
Proposition 13(i). We only have that due to Lemma 2

inf  Zyin A, (Ba(x — ), A1(x))1 = g
x€Ty(dp)

)

inf  Z(By(x —y), A1(x))1 >
xeT,(dp)

only holds in one direction for an arbitrary upper border im-
plicator Z on L'.
(ii) Analogous. U

The reverse inclusion does not hold in general.

Example 8 Let A(x) =1[0.3,0.5] for all x € [0, 1], B(x) =
[0.5,0.7] for all x € [0,1] and A(x) = B(x) = 0;: for
all x € R\[0, 1]. Let Z be the following generalisation
of the Lukasiewicz implicator: 7y (x,y) = [min(l,1 —
x2 + y1), min(1, 1 — x1 4+ y2)1, V(x,y) € (L1)%. It can be
verified that this implicator is an upper border implicator.

It then holds that EZ[Z;](A, B)(0) = [0.6, 1] and thus
0e E'[ZL1(A, B)oaand 0 € E'[Z.](A, B)"S.

On the other hand, E(Ag4, B®%) = E(A%®, Byp) =
E@,[0,1]) = @ and thus 0 & E(Ag4, B%%) and 0 ¢
E(A%S, By7), from which it follows that E/[Z](A, B)o4 &

E(Aoa, B and E'[T1(A, B)*® & E(A"®, Byy).

Further, Proposition 14 is also restricted to upper border
implicator as the following example shows.

Example 9 Let [o1,22] =[0.3,0.4], A(x) =[0.4,0.5] for
all x € [0, 0.5], A(x) = [0.2,0.3] forall x €]0.5, 1], B(x) =
[0.7,0.8] for all x € [0,0.5], B(x) =[0.4,0.5] for all x €
10.5,1] and A(x) = B(x) = 0y for all x € R\[0, 1]. Let Z
be the lower border implicator from Example 7.

It then holds that E’[Z](A, B)(0) = [0.2,0.3], which
means that 0 ¢ E'[Z](A, B)o3 and 0 ¢ E'[T](A, B)"4.

On the other hand, E(Ag3, B®7) = E(A%, Byg) =
E([0,0.5], [0, 0.5]) = {0}. Consequently E'[ZI(A, B)y3 )
E(Ao3, B®7) and E'[Z](A, B)** 2 E(A**, Byp).

Remark that the above decomposition properties for
weak sub- and supercuts remain valid in the discrete frame-
work.
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3.3.2 Decomposition by Weak [a1, o]-Cuts

In general, for an arbitrary upper border implicator Z, there

is no relation between the weak [, az]-cut E[Z](A, B)gf

and the binary erosion E(Aal, Bll_z‘ ). This is illustrated in
—u2

the following example.

Example 10 To illustrate that it does not always hold that
E'[TI(A, B)} € E(AZ, Bll:gzl), we can use Example 8
again. For [a1, ap] =[0.4, 0.6], the weak [0.4, 0.6]-cut and
the weak 0.4-subcut and 0.6-supercut coincide and the re-
sults remain valid for the weak [0.4, 0.6]-cut.

In general also E'[Z](A, B)g® 2 E(AawB]l:Z;)- Let
Z be Iyin N> Lo, a2] =1[0.3,0.4], A(x) =1[0.4,0.5] for
all x € [0,0.5] and A(x) = [0.2,0.3] for all x €]0.5, 1],
B(x) =[0.7,0.8] for all x € [0,0.5] and B(x) = [0.4, 0.8]
for all x €]0.5, 1]. -

For the binary erosion we find that £ (Aal, Bll:—gzl) =
E([0,0.5],[0,0.5]) = {0}. Further, it also holds that
EI[Zmin,NS](A, B)(0) =10.2,0.5] #1 [a1, o2]. As a con-
sequence, EI[Imin,Nx](A, B) ) E(AO{I , B:%Z;).

For the upper border implicator Z =
ing partial result holds.

ZLin, N, » the follow-

Proposition 15 Let A, B e IZVFS(R"), then it holds for all
[a1, 0] € LI\{0,/} that:
E'[Znin A (A, B)2 € E(A%, BL=),

[

Proof Let A, B € ITVFS(R") and [a, ap] € LI\{0,/}. Tt
holds that:

ye E(AZ, B )

ay?

& Ty(B::(‘:) C A%
<  (Vx eT,(dp))
((Bi(x —y)>1—azand Ba(x —y) > 1 —ay)
= (A1(x) 2 aj and Az(x) > a2))
& (Vx € Ty(dp))
(Bix—y)<l—ogorBy(x —y)<1—aj)or
(A1(x) > a1 and Az(x) > a2))
< (Vx eTy(dp))
(I=Bi(x —y)=aporl—Br(x —y)>aj)or
(A1(x) > aj and Az(x) > a2))
& (YxeTy(dp))

(max(1 — Ba(x —y), A1(x)) > o1 and
max(l — Bi(x —y), A2(x)) = a2)

< (YxeTy(dp))
Emin,N; (B(x —y), A(x)) =1 [a1, o2])

& inf  Zin A, (B(x — ), A(x)) =1 [ag, az]
xeTy(dp)

& E'NTninn)(A, BYY) >0 [1, a2]
& yeETnnn 1A, B2

This proves that E? [Zyin A7 1(A, B)a? € E(Ag?, Bll:sz') O

The reverse inclusion does not hold as illustrated in Ex-
ample 10.

The weak [a, ap]-cut of the interval-valued fuzzy ero-
sion based on the implicator Zyin A7, can however always be
constructed by binary erosions as follows.

Proposition 16 Let A, B € IV FS(R™), then it holds for all
[a1, az] € LI\{0,/} that:

E'[Tyin A, 1(A. B)Z

= E(Ag,, B'"™) N E(A™, Bi—;). (16)

Proof Follows from Proposition 13 and the fact that
E'[Zyin A, 1(A, BYE
= E'NTnin A, 1A, B)ay N E [Znin A, 1(A, BY2. (17)
O

Analogously, an interval-valued fuzzy erosion based an
upper-border implicator Z can be approximated by binary
erosions.

Proposition 17 Let A, B € IV FS(R™), then it holds for all
[a1, az] € LI\{0,/} that:

E'[TI(A, B)y? 2 E(Ag,, B'™) N E(A™, By

).

Proof Follows from Proposition 14 and the fact that
E'[Z1(A, B)a; = E'[ZI(A, B)o, N E'[TI(A, B)*™. U

Remark that the above decomposition properties for
weak [«], ap]-cuts remain valid in the discrete framework.

3.3.3 Decomposition by Strict Sub- and Supercuts

In general, there is no relation between the strict sub- and
supercuts E'[Z](A, B)ay and E'[Z](A, B)®* and the binary
erosions E (Agy, Bl_o") and E (A%, B, —ay) for an arbitrary
upper border implicator Z. This is illustrated in the follow-
ing example.
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Example 11 To show that the inclusions E/[Z](A, B)ar €
E(Ag, B! and E'[T](A, B)* C E(A®, B|_y,) do
not always hold for an arbitrary upper border implicator Z,
we can use Example 8 again, where working with strict sub-
and supercuts instead of weak sub- and supercuts does not
affect the results.

In general also E![Z](A, B)ar 2 E(Ag, Bl=1) and
E'[TI(A, B)Y*2 2 E(A®, Bi_y,). Let T be Iyin N, 01 =
0.5, Ax) = [z%x, 1] for all x €]0, 1], B(x) =[0.7,0.8] for
all x €]0, 1] and A(x) = B(x) =0, for all x € R\]0, 1].

For the binary erosion we find E (Agy, B'~1) = E(]0, 1],
10, 1]) = {0}.

Further, it also holds that E![Zy, Az1(A, B)(0) =
[0.5, 1], which means that 0 & EI[Imin’NS](A, B)gs-

Consequently, E/[Zin A2 1(A, B)ar 2 E(Agr, B179).

An analogous example can be found for strict op-
supercuts.

For the upper border implicator Z = Zyin A7, , the follow-
ing partial result holds.

Proposition 18 For A, B € ZVFS(R") it holds for respec-
tively all ay € [0, 1[ and all a» € [0, 1] that:

() E'[Zmin; (A, B)ay € E(Aar, B'™),

(i)  E'[Zmina;1(A, B)® S E(A™, Bl _q,).

Proof Let A, B IVFS(R"), and let a1, ap € [0, 1[.

(i) Analogous to the proof of Proposition 13. However,
now we only have that for all y € R:

inf max(1— Ba(x —y), A1 (%)) > ay
xeTy(dp)

4
(Vx € Ty(dp))(max(l — Ba(x — y), A1 (x)) > ay)

(ii) Analogous. O

The reverse inclusion does not hold as illustrated in Ex-
ample 11.

Proposition 18 remains valid in the discrete framework.
Moreover, in the discrete framework, the result also holds
for arbitrary lower border implicators and for Zpp A7, also
the reverse inclusion holds.

Proposition 19 For A, B € IVFS, s(Z") it holds for re-
spectively all a1 €10, 11N I and all oy €10, 11N I that:

() E'Zminn,)(A, B)ar = E(Agy, BT,
(i) E'[Zmin N 1(A, B)*? = E(A™, Bi_y,).

Proof Analogous to the proof of Proposition 18, where now
in the discrete case also
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(Vx € Ty(dp))(max(l — Ba(x — y), A1(x)) > ay)

¢

inf 1-B —vy),A .
xegl(dB)max( 2(x —y), A1(x)) >y 0

Proposition 20 For A, B € IVFS, ((Z") it holds for re-
spectively all o1 €10, 11N I, and all oy €10, 11N I that:

(1) EI[I](A, B)WQ E(Am7 Bl—otl)7
Gi) E'[TI(A, B)” 2 E(A™, B_q,).

Proof Analogous to the proof of Proposition 19, but for an
arbitrary upper border implicator Z, so that

E'NToin N )(A, B)1(») > @
i)
E'[TI(A, B)1(y) > oy

¢
y e E'[TI(A, B)ar. 0

3.3.4 Decomposition by Strict [a1, aa]-Cuts

In general, for an arbitrary upper border implicator Z, there
is no relation between the strict [, 2 ]-cut E[Z](A, B)Z_f
and the binary erosion E (Ag_f, Bll:;‘zl ). To illustrate this, we
can use Examples 8 and 10 again, where working with strict
[a1, an]-cuts instead of respectively weak sub- and super-
cuts and weak [«], ap]-cuts does not effect the results.

For the upper border implicator Z = Zpin, A/, , the follow-
ing partial result holds.

Proposition 21 Let A, B € IV FS(R"), then it holds that
forall [a, 0] € LI\ULI that:
E'[Tminn;)(A, B2 C E(AZZ, B|~2)).

Proof Analogous to the proof of Proposition 15. Only, now
it holds for all y € R that:

inf =~ Zin A, (B(x — y), A(x)) > 1 [a1, a2])
x€eTy(dp)

(3
(Vx € Ty (dB)) Tmin, N, (B(x — y), A(x)) > 1 [ag, @2])

This however does not change the result. (]

To illustrate that the reverse inclusion does not hold, we
refer to Example 10, where using strict [a], oz ]-cuts instead
of the weak [«, ap]-cuts does not affect the results.

Remark that the above decomposition properties for strict
[er1, cp]-cuts remain valid in the discrete framework. More-
over, the strict [o1, ap]-cut of the discrete interval-valued
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fuzzy erosion based on the implicator Zyin A7, (respectively
upper-border implicator 7) can always be constructed from
(respectively approximated by) binary erosion as follows.

Proposition 22 For A, B € IVFS, ((Z") it holds for all
a1, an] € Lf,x \ U1 and every upper border implicator T
that:

@) E'[Zin s 1(A, BYZ
= E‘(Am7 Blial) n E(A@, Bl—(xz)s
(i) E'[Znminaz1(A, BYZ

D E(Agy, B'™) N E(A%, Bi—q,).
Proof Follows from Propositions 19 and 20. U

3.3.5 Decomposition by Weak-Strict and Strict-Weak
o, ap]-Cuts

In general, for an arbitrary upper border implicator Z, there
is no relation between the weak-strict and the strict-weak
[a1, az]-cuts E'[T](A, B)g? and E'[Z](A, B)g2 and the re-

spective binary erosions E(Ag%, B1 al) and E(AO‘2 B1 al)
respectively. To illustrate this, we can use Examples 8
and 10 again, where working with weak-strict and strict-
weak [«1, ap]-cuts instead of respectively weak sub- and su-
percuts and weak [o1, a2 ]-cuts does not effect the results.

For the upper border implicator Z = Zyin A/, » the follow-
ing partial result holds.

Proposition 23 Let A, B € ZVFS(R"), then it holds for re-
spectively all [a1, an] € LI\UL1 andall [ay, an] € LI\{ILI}
that:

C E(A 1 Dtl)

ap? l —a

) E' [ZmlnN](A B)

.. 1—
i) E' [Znin A, (A, BYZ C E(AZ, B2,

Proof (i) Analogous to the proof of Proposition 15. Only,
now it holds for all y € R that:

1nf Imln./\f (B(x—y),A(x))1 > a1 and

XETy B

inf 7, B(x — A >
veTy(dn) mmN( (x—y),Ax))2 >

U
(Vx € Ty (dB)) Lmin, N, (B(x —y), A(X))1 Z 1 and

Tin, N (B(x — y), A(x))2 > a2)

This however does not change the result.
(ii) Analogous. [l

To illustrate that the reverse inclusion does not hold, we
refer to Example 10 again, where working with weak-strict
or strict-weak [c1, ap]-cuts instead of weak [«], ap]-cuts
does not affect the results.

Remark that the above decomposition properties for
weak-strict and strict-weak [o1, op ]-cuts remain valid in the
discrete framework. Moreover, the weak-strict and strict-
weak [, az]-cut of the discrete interval-valued fuzzy ero-
sion based on the implicator Zyin A7, (respectively upper-
border implicator 7) can always be constructed from (re-
spectively approximated by) binary erosion as follows.

Proposition 24 Let A, B € IVFS, (Z") and let T be an
upper border implicator. For all [a1, 2] € Lis \Upr it
holds that:

(i) E'[Zminn; (A, BYY

= E(Aq,, B N E(A™, Bi_a,),
(i) E'[ZI(A, B)Z 2 E(Aq,, B'™) N E(A™, Bi_y,).
For all a1, o] € Lf’s \ 11 it holds that:

() E'Zmina;1(A, B)Z2
= E(Agr, B/ N E(A*, B— &)

(i) E'[ZI(A, B)g2 2 E(Agy, B' ) NE(A®, Bi—).

Proof Follows from Propositions 13, 14, 19 and 20. O

3.4 Decomposition of the Interval-Valued Fuzzy Closing
and Opening

We first prove the following lemma:

Lemma 3 Letr A € ZVFSR"Y) and let (a1, an] € LY, then
it holds that:

(i) @€]0,0.5] = A®DA%DA

1—ay?
(i) a1 €051 = Az cA™@caAl™,
(i) a2 €[0,0.5] = A" DA,

(iv) @1€l0.5,1] = A, CA7Y,

Proof (1) a2 €]0,0.5]

XEAT— & Aix)>1—-m

1—an
= AX)ZAI)>1-ay>ar
(i.e. x € A%)

= Ayx)>ar (e xe€A®).
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(i) a1 € [0.5, 1]
XeAz & Ai(x)>a
= A=A >a1>1-a
(ie.x € Al-o)
= Ayx)>1-—a; (e.xeA ™),
(iii) oz € [0, 0.5[
X€EAI_qy, & Alx)=21—-0m
= A=A >21l-a>m
(ie. x € A%).
(iv) a1 €]0.5,1]
X€Ay & A=
= Ax) = A1) a1 >1—ao

(ie.x e Al7o), O
3.4.1 Decomposition by Weak Sub- and Supercuts

Proposition 25 Let T be an upper border implicator on L'
and let A, B € IVFSR"), then it holds for all a; €10, 1]
that:

(i) C'[Cin.Z)(A, B)g, 2 E(D(Aq,, Ba,). —B'™),

(i)  O'[Cmin. T1(A, B)a; 2 D(E(Aq,, B'™*"), —Ba,),
and for all a> €10, 1] that:

(iii) C'[Crmin. ZI(A, B)*™® 2 E(D(A®2, B®), — Bi—,).
(iv)  O'[Crin, TI(A, B)* 2 D(E(A™, Bi=5;). —B®).

1—ap
Proof As an example we prove (i). Let Z be an upper border
implicator on L, let A, B € ZVFS(R") and let a1, a; €
10, 1]. From respectively Propositions 13, 6, and because the
binary erosion is increasing in its first argument, we have
that:

C'[Ciin, Z)(A, B)a, = E'[Z)(D! [Ciin](A, B), —B)g,
D E(D'[Coxin](A, B)g, . —B' 1)
D E(D(Ag,. Bay). —BN).

(ii), (iii) and (iv) follow analogously from Propositions 6,
13, and because the binary dilation and the binary erosion
are increasing in their first argument. (]

The previous result allows us to derive, under the restric-
tion of oy €0, 0.5], a lower bound for the weak «;-supercut
of the interval-valued fuzzy closing and opening in terms of
the binary closing and opening.
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Proposition 26 Let T be an upper border implicator on L'
andlet A, B € IVFSR"), then it holds for all a; €10, 0.5]
that:

() C'[Cmin, ZI(A, B)™ 2 C(A*2, B®?),
(i) C'[Comin, ZI(A, B)*> 2 C(A*, B

1—0{2)’
and:

(iii)  O'[Cmin, Z1(A, B)* 2 O(A*2, B*),
(iv)  O'[Cmin, T1(A, B)*™* 2 O(A®, Br—).

Proof As an example, we prove (i). Let Z be an upper
border implicator on L/, let A, B € TVFS(R") and let
ap €]0,0.5]. From Proposition 25, Lemma 3 and the fact
that the binary erosion is decreasing in its second argument,
it follows that:

C[Cmin, TI(A, B)*> 2 E(D(A®, B*?), —Bi—)
2 E(D(ADQ’ BUZ)’ _BQ’Z)
= C(A*?, B®?).
(ii), (iii) and (iv) follow in an analogous way from Propo-
sition 25, Lemma 3 and the fact that the binary dilation is
increasing in both its arguments and the binary erosion is

increasing in its first argument and decreasing in its second
argument. (]

The above results for weak sub- and supercuts remain
valid in the discrete framework. Since we had found a new
relationship for the decomposition by weak sub- and su-
percuts of the interval-valued fuzzy dilation in the discrete
framework compared to the continuous framework, also a
new relationship can be found for the interval-valued fuzzy
closing and opening.

Proposition 27 Let C be a semi-norm on L f s and T an up-
per border implicator on Lf’s andlet A, B e IVFS, ((Z"),
then it holds for all oy €10, 11N I, that:

() C'[Crin. Zmin N, 1(A, B)a,
— E(D(Aq;, Bay), —B' 1),
(i) C'[Crmins T)(A, B)ay 2 E(D(Aq,, Bay), —B'™),
(iii) C'[C. Tmin A, J(A. B)a,
C E(D(Aq;, Bay), —B' 1),
(iv)  O'[Cmin. Zmin N, [(A, B)a,

= D(E(Ag,, B'™"), —By,),
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V) O'[Cuin, TI(A, B)gy 2 D(E(Aq,, B, —Bq,),
(vi)  O'[C. Zyin N, 1(A, B)g,

C D(E(Ag,, B'™), —Bq)),
and for all ar €10, 11N I, that:

(i) C'[Comins Zmin A 1(A, B)®

= E(D(A™, B*®), —B

o)
(i) C'[Cmin. ZI(A, B)*> 2 E(D(A®?, B*), —Bi—,).
(iii) C'[C, TminN.1(A, B)*

C E(D(A*®, B*), —Br—.),

(V) O [Comins Zmin. N, 1(A, B)*

ZD(E(ADQ’B )7_Ba2)a

1—ar

(v)  O'[Cmin, Z1(A, B)*> D D(E(A®, Bj—-), —B*),

1—an
i) O'[C, Tmin N, 1(A, B)*®
ED(E(Aasz )7_Ba2)'

1—ar

Proof Follows in an analogous way as in the proof of Propo-
sition 25 from Propositions 7, 8, 13, 14 and the fact that the
binary dilation is increasing in its first and second argument
and that the binary erosion is increasing in its first argument
and decreasing in its second argument. (]

The previous result allows us to derive, under the restric-
tion of @1 € ]0.5, 11N I, an upper bound for the weak subcut
of the interval-valued fuzzy closing and opening in terms of
the binary closing and opening.

Proposition 28 Let C be a semi-norm on L f,s andlet A, B €
IVFS, s(Z"), then it holds for all a1 €10.5, 11N I, that:

®  C'[Crin Zmin A, 1A, B)ay € C(Agy . Bay),
(i)  C'[Comins Zmin N 1(A, B)g, C(Am’Bm)’
(i)  C'[C. Toin A; 1A B)ay S C(Agy, Bay),

@) C'C. Tin A N(A. B)ay € C(Aq). B™),
V) O [Crnin, Zmin A, )(A. B)ay € O(Aa,. Bay),
) O [Conins Tmin A, 1(A, By € O(Agy, B,
(vii)  O[C. Zmin Az [(A, B)ay € O(Ag,, Bay),

viii)  O'[C, Zmin A, 1(A, B)a, € O(Ag,, BI™1),

Proof Follows in an analogous way as in the proof of Propo-
sition 26 from Proposition 27 and Lemma 3 and the fact that

the binary dilation is increasing in its first and second ar-
gument and that the binary erosion is increasing in its first
argument and decreasing in its second argument. (I

The result also allows us to derive, under the restriction
of oy €]0,0.5] N I, a lower bound for the weak supercut
of the interval-valued fuzzy closing and opening in terms of
the binary closing and opening.

Proposition 29 Let T be an upper border implicator on
L}{,s and let A, B € IVFS, (Z"), then it holds for all
ap €10,0.5]1N I that:

(i) C'[Cuin, Zmin A, (A, B)*> 2 C(A®2, B*),
(i)  C'[Comin: Zmin.\; (A, B)™? 2 C(A®, B—),
(iii)  C'[Cmin, ZI(A, B)*> 2 C(A®, B®?),

(V) C[Cmin, T1(A, B)*> 2 C(A®, Bi—),

V) O [Cosin: Tmin A, 1(A, B)*? 2 O(A®2, B*),
(vi)  O'[Conin, Tmin Az 1(A, B)*™> 2 O(A®, B
(vii)

(viii)

1—0[2)’
O'[Crnin, Z1(A, B)*™> 2 O(A*, B*®),
O [Cmin, T1(A, BY2 2 O(A™, B

1—0{2)'

Proof Follows in an analogous way as in the proof of Propo-
sition 26 from Proposition 27 and Lemma 3 and the fact that
the binary dilation is increasing in its first and second ar-
gument and that the binary erosion is increasing in its first
argument and decreasing in its second argument. (]

3.4.2 Decomposition by Weak a1, oz ]-Cuts

For the conjunctor Cpin and the implicator Zyin, A/, , the weak
[a1, aa]-cuts of the discrete interval-valued fuzzy closing
and opening can be found as a combination of binary di-
lations and erosions. For an arbitrary semi-norm C and an
arbitrary upper border implicator Z analogous approxima-
tions exist.

Proposition 30 Let C be a semi-norm on L r{,s and 1 an up-
per border implicator on L}{,s andlet A, B € IVFS, (Z"),
then it holds for all a1, op] € Lf,s \{0,1} that:

(i) C'[Crin: Imin A, 1(A, B)E?
= E(D(Aq,. Byy). —B"™)
N E(D(A%, B*?), —B@),
(i)  C'[Crmin. Z1(A, B
2 E(D(Aq,, Bay), —B'™)
NE(D(A*, B*), —B

l—otz)’
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(iii) C'[C. Tminn;](A, B)2
C E(D(Ag,, Boy), —B' 1)
N E(D(A™, B*), —Bi—),
(iv)  O'[Cunins Zmin, v 1(A, B)?
= D(E(Aqg,, B™), —Bq,)
N D(E(A®, B

)7 _Ba2)7

T—an
) O'[Cuin. TI(A, B)?

2 D(E(Ag,, B'™9), —By))

N D(E(A*, B

]70(2)’ _Ba’Z)’

(i) O'[C, Tyin Az 1(A, B

C D(E(Aq,, B'™1), —By,)

N D(E(A*?, B ), —B%?).

1—or

Proof Follows from Proposition 27. (|
3.4.3 Decomposition by Strict Sub- and Supercuts

Proposition 31 Let C be a semi-norm on L' andlet A, B €
IVFSR™), then it holds for all oy € [0, 1] that:

(i) C'C, Tonin N 1(A, B)ay € E(D(Agr, Bay), —B'™1),
(i)  O'[C. Tmin N, 1(A, B)ay € D(E(Agy, B'™), —Bap),

and for all as € [0, 1] that:

(iii) C'[C, Tmin A, 1(A, B)® C E(D(A, B2), —Bj_g,),
(iv) O'[C, Zminn,1(A, B2 C D(E(A®2, Bi_y,), —B®).

Proof Follows in an analogous way as in the proof of Propo-
sition 25 from Propositions 18 and 2 and the fact that the
binary dilation is increasing in its first and second argument
and that the binary erosion is increasing in its first argument
and decreasing in its second argument. O

The previous result allows us to derive, under the restric-
tion of o1 € [0.5, 1[, an upper bound for the strict o1 -subcut
of the interval-valued fuzzy closing and opening in terms of
the binary closing and opening.

Proposition 32 Let C be a semi-norm on L' andlet A, B €
IVFSR™), then it holds for all oy € [0.5, 1] that:

@) C'IC, Zmin A, (A, B)ar S C(Agr, Bap),
(i) C'[C, TminN,1(A, B)ar C C(Agr, BT,
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and:

(ili) O'[C, Tmin N, 1(A, B)ar € O(Agr, Bap),
(iv) O'[C, TminN1(A, B)ar € O(Agr, B'™1).

Proof Follows in an analogous way as in the proof of Propo-
sition 26 from Proposition 31 and Lemma 3 and the fact that
the binary dilation is increasing in its first and second ar-
gument and that the binary erosion is increasing in its first
argument and decreasing in its second argument. (]

The above results for strict sub- and supercuts remain
valid in the discrete framework. Since we had found a new
relationship for the decomposition by strict sub- and su-
percuts of the interval-valued fuzzy erosion in the discrete
framework compared to the continuous framework, also a
new relationship can be found for the interval-valued fuzzy
closing and opening.

Proposition 33 Let C be a semi-norm on L r{,s and 1 an up-
per border implicator on Lf,s andlet A, Be IVFS, (Z"),
then it holds for all a1 € [0, 1[ N I, that:

(i) C'[Crin: Zmin A, 1(A, B)ar
= E(D(Ag;, Bap). —B'™),

(i) C'[Cmin. Z1(A, B)ar 2 E(D(Agy, Bay), —B'™"),
(i) C'[C, TminN, (A, B)ar

C E(D(Agy, Bay), —B'™),
(iv)  O'[Cumin. Zmin N, 1(A, B)ar

= D(E(Agp, BI™%), —Bgp),
V) O'[Cuin, TI(A, B)ar 2 D(E (Aar, B'™"), —Bap),
(vi)  O'[C. Imin N (A, B)gy

C D(E(Agy, B'™"), = Bay),
and for all ap € [0, 1[ N I that:
(i) C'[Crin: Imin A, 1(A, B)

= E(D(A™, B®), —B|_y,),

(i) C'[Cmin. Z1(A, B)*> 2 E(D(A®, B®), —Bi_a,).
(i) C'[C, TminN,1(A, B)*

C E(D(A™, B®?), —Bi_a,).
(iv) O [Crmin. Zmin, A (A, BY®

= D(E(A™, B|_y,), —B®),
() O'[Crin. Z1(A, B)*> 2 D(E(A™, B\_ay), —B™),
(vi)  O'[C, Ipin 1A, BY?

C D(E(A®, Bi_q,), —B™).
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Proof Follows in an analogous way as in the proof of Propo-
sition 25 from Propositions 1, 2, 19, 20 and the fact that the
binary dilation is increasing in its first and second argument
and that the binary erosion is increasing in its first argument
and decreasing in its second argument. U

The previous result allows us to derive, under the restric-
tion of oy € [0.5, 1[N -, an upper bound for the strict subcut
of the interval-valued fuzzy closing and opening in terms of
the binary closing and opening.

Proposition 34 Let C be a semi-norm on L,I’ sandletA, B e
IVFS, s(Z"), then it holds for all ay € [0.5, 1[ N I, that:

@ €' [Cunins Zmin. A, 1(A, BYar S C(Agr, Bap),

(i) C'[Cunin, Zmin A 1(A, B)ay S C(Agy, B'™),

(iii) C'[C, Zmin;J(A, BYar S C(Aar, Bay).

(V) C[C. Imin A, (A, BYay S C(Agy, BI™),

V) O'[Coiin, Znin A, ) (A, B)ar € O(Aa, Bay),

Vi) O [Cunin, Zomin A, 1(A, BYay € O(Agy, B'™1),

(Vi) O'[C, Zunin N, (A, B)ar € O(Agr, Ba),

(viii)  O'[C, Zmin A, 1(A, B)ay € O(Agy, BI™1),

Proof Follows in an analogous way as in the proof of Propo-
sition 26 from Proposition 33 and Lemma 3 and the fact that
the binary dilation is increasing in its first and second ar-

gument and that the binary erosion is increasing in its first
argument and decreasing in its second argument. O

The result also allows us to derive, under the restriction
of 0 <&y < 0.5, alower bound for the strict supercut of the
interval-valued fuzzy closing and opening in terms of the
binary closing and opening.

Proposition 35 Let 7 be an upper border implicator on

LY and let A,B € IVFS, (Z"), then it holds for all
r,s B}

ap €[0,0.5[ N I that:

(i) C'[Cmin, Zmin A, 1(A, B)*> D C(A®2, B®?),

(i)  C'[Crmin, Zmin. N, 1(A, B)™ 2 C(A™2, Bi_g,),

(iii) C'[Cmin, Z)(A, B)*™> D C(A™2, B®),

(iv)  C'[Cmin, ZI(A, B)* 2 C(A™, Bi_q,),

) O [Cumins Zmin N, 1(A, B 2 O(A®2, B*®),

i) O'[Comins Zmin A, 1(A, BY2 2 O(A®, Bi_y,),

(vii)  O'[Cuin, TI(A, B> 2 O(A®, B®),

(viii)  O'[Cuin, Z1(A, B)*™> 2 O(A™, By _q,).

Proof Follows in an analogous way as in the proof of Propo-
sition 26 from Proposition 33 and Lemma 3 and the fact that
the binary dilation is increasing in its first and second ar-
gument and that the binary erosion is increasing in its first
argument and decreasing in its second argument. (]

3.4.4 Decomposition by Strict [a1, ay]-Cuts

For the conjunctor Cyin and the implicator Zmin, A/, , the strict
[a1, az]-cuts of the discrete interval-valued fuzzy closing
and opening can be found as a combination of binary di-
lations and erosions. For an arbitrary semi-norm C and an
arbitrary upper border implicator Z analogous approxima-
tions exist.

Proposition 36 Let C be a semi-norm on L;{,s and T an up-
per border implicator on Lf,s andlet A, Be IVFS, (Z"),
then it holds for all [a1, ap] € Lf’s \ Upr that:

@) C'[Crmin: Tmin.A; (A, B)Z
= E(D(Aqy, Bp), —B'~*1)
NE(D(A™, B®), —Bi_q,),
(i) € [Cmin, T1(A, B)2
D E(D(Agr, Bzy), —B'™1)
NE(D(A™, B®), =B _,),
(i)  C'[C. IminA; 1A, BYS
€ E(D(Agy, Bzp), —B' ™)
NE(D(A™, B®), —Bi_y,),
(iv) O [Cin. Zmin, N, 1(A. BYS
= D(E(Agy, B'™*"), - Bgy)
ND(E(A™, B|_y,), —B™),
V) O [Crin, TN(A, BYZ
D D(E(Agr, B'™), —Bap)
ND(E(A™, B_y,), —B®),
Vi) O'[C. Tninn; (A, BYE
C D(E(Agy, B'™"), = Bay)
N D(E(A®2, Bi_q,), —B®).
Proof Follows from Proposition 33. ]

3.4.5 Decomposition by Weak-Strict and Strict-Weak
[eeq, an]-Cuts

For the conjunctor Cyyiy and the implicator Zyi,, A, the strict
[a1, ap]-cuts of the discrete interval-valued fuzzy closing
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and opening can be found as a combination of binary di-
lations and erosions. For an arbitrary semi-norm C and an
arbitrary upper border implicator Z analogous approxima-
tions exist.

Proposition 37 Let C be a semi-norm on Lf‘ s and T an up-
per border implicator on LI andlet A, Be IVFS, (Z").
For all [ay, 0] € LI o\ ULI lt holds that:
() C'[Crin: Zmin A 1(A, BYZ?
= E(D(Aq,, Bay), —B' 1)
NE(D(A®, B®), —B|_q,),
(i)  C'[Crin, Z1(A, BYY
> E(D(Agy, By), —B' =)
NE(D(A*2, B?), —Bj_4,),
(i) C'[C. Zminn,J(A. BT
C E(D(Ag,, Boy), —B' 1)
NE(D(A®, B®), —B|_q,),
(iv)  O'[Cmin. Zmin N 1(A, B)S?
= D(E(Aq,. B"™"), —By))
N D(E(A®, Bi_y,), —B™),
) O'[Cmin. TI(A, B)Z
D D(E(Ag,, B™™1), =By,
N D(E(A™, Bi_g,), —B™),
vi)  O'[C, Tyin 1A, BT
C D(E(Agy, B'™1), —By,)
N D(E(A*™, B|_q,), —B™).
Forall (a1, 2] € LI s \ 171 it holds that:
(i) C'[Crin, ZminA; (A, B3
= E(D(Agy, Bay), —B'™")
N E(D(A*?, B*?), —B@),
(i)  C[Cumin, TI(A, B)g2
D> E(D(Agy, Bap), —B' ™)
N E(D(A*, B*?), —B;

)
(i)  C'IC, TminA;1(A, B2
C E(D(Aar. Byy), —B'™)
N E(D(A*, B*?), —B;

_az)’
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(V) O'[Crin, Zmin A, 1(A, B2
= D(E(Ag;, B'™%1), —Bgp)
N D(E(A®?, B—;), —B*),
(V) O'[Conin, TI(A, B)2
2 D(E(Agy, B'™), —Bay)
N D(E(A*?, Bi—;), —B%),
(VD) O[C, Znin Az (A, BYZ2
C D(E(Agy, B'™*"), —Bay)
ﬂD(E(A”‘Z,Bl_az),—B“Z).

Proof Follows from Propositions 27 and 33. t

4 Discussion

The conversion of the [«q, ap]-cut of an interval-valued
fuzzy morphological operator into binary operations on the
[a1, aa]-cuts of the image and structuring element may re-
sult in a reduction of the time needed to compute such
[a1, ap]-cut. For example, in the calculation of the binary
dilation of a binary image A by a binary structuring ele-
ment B, an element y € R"” can be considered to belong
to this dilation as soon as one element in Ty (—B) also be-
longs to A. The other elements in Ty (—B) don’t need to be
checked anymore. For the calculation of the interval-valued
fuzzy dilation, all elements in 7y (—dp) need to be consid-
ered to find the supremum over those elements. Addition-
ally, the binary dilation (respectively erosion) of an image
can be further sped up by a decomposition of the structur-
ing element [24, 25], which is especially useful for image
processing systems. An analogous reasoning holds for the
erosion.

As was shown in the previous sections, we only had
equalities for the conjunctor Cpin and the implicator Zpyin A7, -
For arbitrary semi-norms and upper border implicators only
approximations that are not necessarily equalities could be
found. As an example, we will illustrate the approximation
in Proposition 10 on the camera image. In Fig. 2, three dif-
ferent takes of this scene are given: a cloudy, a sunny and
a slightly shifted take. Due to different recording circum-
stances and a shift in position of the objects in the image,
there is uncertainty concerning the grey values in the image.
To take this uncertainty into account, an image pixel is not
mapped onto one specific grey value, but onto an interval of
grey values to which its grey value is expected to belong.
The lower bound (respectively the upper bound) of such in-
terval is chosen as the lowest (respectively the highest) grey
level over the three takes. These lower bound and upper
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Fig. 2 Three different takes on the camera image: cloudy (upper),
sunny (middle) and shifted (lower)

bound image are given in Fig. 3 together with a represen-
tation of the difference between the two. The larger this dif-
ference (more white in the difference image), the wider the
corresponding interval and the larger the uncertainty at the
considered pixel position. Consider e.g. the interval-valued
structuring element

[0.6,0.8] [0.7,0.9] [0.6,0.8]
B=10.7,0.9] [1,1] [0.7,0.9] |, (18)
[0.6,0.8] [0.7,0.9] [0.6,0.8]

where the underlined element corresponds to the origin. For
this structuring element, we are certain that the central pixel
should get the weight 1. On the other hand, the importance

Fig. 3 Lower bound image (upper), upper bound image (middle) and
difference image (lower) of the interval-valued camera image

of e.g. the pixel above the central pixel is thought to lie
somewhere between 0.7 and 0.9, but there exists some un-
certainty.

The lower bound image, the upper bound image and
the difference image of the interval-valued fuzzy dila-
tion (based on the conjunctor C(x,y) = [max(0,x; +
y1 — 1), max(0, x2 + y» — 1)],Vx,y € Z") of the camera
image by the above structuring element are then given in
Fig. 4. The weak [0.4, 0.6]-cut of this dilation and the bi-
nary approximation determined in Proposition 10(ii) are fi-
nally given in Fig. 5. We see that we get a rather rough
approximation.
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Fig. 4 Lower bound image (upper), upper bound image (middle) and
difference image (lower) of the dilated interval-valued camera image

5 Conclusion

In this paper we have revealed the relationships between the
different [o1, a2 ]-cuts of the interval-valued fuzzy morpho-
logical operators and the corresponding binary operators.
We investigated both the general continuous case and the
discrete case, which is the practical case. Indeed, in practice,
we deal with a sampled image domain and a sampled range
of grey values, resulting in interval-valued fuzzy sets from
IVFS,s(Z"). In the discrete case, the [o1, az]-cuts of the
interval-valued fuzzy dilation based on the conjunctor Cp;y,
the erosion based on the implicator Zy;, A/, and the open-
ing and closing based on those two can always be written
in terms of binary operators. For other semi-norms and up-

@ Springer

Fig.5 Weak [0.4, 0.6]-cut of the dilated interval-valued camera image
(upper) and binary approximation (lower)

per border implicators, we found an approximation in terms
of binary operators. Such conversion into binary operators
provides us a link between interval-valued fuzzy and binary
morphology and may be useful to reduce the computation
time.
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