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Abstract. We investigate several numerical schemes for estimating parameters in computer vision problems:
HEIV, FNS, renormalization method, and others. We prove mathematically that these algorithms converge rapidly,
provided the noise is small. In fact, in just 1-2 iterations they achieve maximum possible statistical accuracy. Our
results are supported by a numerical experiment. We also discuss the performance of these algorithms when the

noise increases and/or outliers are present.
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1. Introduction

Fitting parametric models to digitized images is a cen-
tral task in computer vision. Algebraic curve fitting,
matching projections of stereo images, estimating co-
efficients of the epipolar equations [2—4, 6, 8, 10] fall
into this category. In many cases, including the above,
the principal equation describing the model takes form

OTux) =0. e))

Here ® = [6;,...,6;]7 is a vector representing un-
known parameters; X = [x, ... , x¢]7 is a vector rep-
resenting an element of the data (for example, a point
in the image); and u(x) = [u(x), ... , u;(x)]” is a vec-
tor with the data transformed in a problem-dependent
manner.

For example, fitting conics to scattered points on the
xy plane falls into this scheme. In that case the conic
is described by a quadratic equation

Ax> + Bxy+Cy’ +Dx+Ey+F=0, (2

hence ® = [A,B,C, D, E, F]" is our parameter
vector; X = [x, y]” is an element of the data; and
ux) = [x2, xy, y%, x, y, 117 is the transformed data
vector.

The estimation problem associated with (1) can be
stated as follows. Given a collection {xi, ... ,X,} of
image data find the value of ® # 0 that minimizes
a certain cost function. It is commonly assumed that
the experimental data {xj, ... ,X,} is a random per-
turbation of some true (but unknown) position vectors
{X1,...,X,},1e.

Xi:ii—i_sxiv l=],,n (3)

The true points X; satisfy (:)Tu(i[) = 0 fori =
1,...,n, where © is the unknown parameter vec-
tor. For example, in the conic fitting problem, X; =
[X;, ¥;17 are some ‘true’ points on the unknown conic.
Since the observed data x; are corrupted by noise, we
can only solve Eq. (1) approximately.

The noise vector [8X1, ... , §x,]7 isusually assumed
to have independent normal components §x; with zero
mean. For simplicity, we let §x; = N(0, o21), where I
is the k x k identity matrix (generalization to arbitrary
covariance matrices is straightforward). Then the max-
imum likelihood (ML) method consists of minimizing

Fue =Y lIx; — %> — min @

i=1

subject to the constraint @’ u(x) = 0. Thus the true
vector {Xi,...,X,} needs to be treated as an extra
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parameter vector (these are nuisance parameters). The
ML method (4) is equivalent to the minimization of the
sum of the orthogonal distances from the data points
x; € R¥ to the parametric surface

Yo ={y e R*: ©"u(y) =0},

i.e. the maximum likelihood estimate, @ML, can be ob-
tained by solving the orthogonal least squares problem

n

FuL = Y _[dist(x;, Te)]* — min, Q)

i=1

which allows us to eliminate the nuisance parameters
from the picture.

The maximum likelihood method is rather imprac-
tical, and the following approximation is commonly
used instead. The distances in (5) are of order o, thus
when the noise is small (o ~ 0) we have

1©"u(x;)|

dist(x;, Xg) = ———
1O Vyu(x;)||

+ O([dist(x;, Ze)?),
(6)

where Vyu(y) denotes the / x k matrix of the partial
derivatives of the function x +— u(x) evaluated at y.
Thus, to the leading order in o, the ML is equivalent
to the minimization problem

n @T ; ; T@
Fap = o MOG) — min, (7)
= ©" [Vxu(x)][Vsu(x;)1"©
which is referred to as approximate maximum likeli-
hood (AML) method.
The ! x [ matrices
Ai = ux)ux)’, B = [Vxu)][Vxux)]l”
do not depend on the parameter ®, they can be eval-

uated in advance, so the minimization problem can be
written as

n @TAi@
fAML = — min (8)
; ©'B;©

Note that both numerator and denominator are homo-
geneous quadratic polynomials in ©, hence Famy is
unaffected by rescaling ® — ¢®, so the minimization
can be restricted to the unit sphere |®] = 1. Several
efficient numerical algorithms have been developed in
the last decade for solving the minimization problem
(8), see Section 3.

In general statistics, maximum likelihood estimates
are asymptotically efficient (optimal) asn — oo, in the
sense that their variance approaches the Rao-Cramer
lower bound. In computer vision, however, it is more
appropriate to assume that n stays fixed and character-
ize estimates in the small noise limit o — 0, see exten-
sive discussions in [8—10]. Under these conditions all
reasonable estimates (including all mentioned in this
paper) satisfy ©@ = @ + O(0), hence their variance-
covariance matrix satisfies Cov(®) = O(c2). Our esti-
mates are usually biased, but their bias is of the second
order E(®) — ® = O(c?), where E denotes the ex-
pectation, see a proof in [1]. Therefore the mean square
error

E[(© — ©)© — )]
= Cov(©) + [bias(©)][ bias(®)]”

is primarily determined by the covariance matrix, and
the bias only has a second order effect. For the covari-
ance matrix, a lower bound (an analogue of Cramer-
Rao lower bound) is obtained by Kanatani [6, 7] for
unbiased estimates and extended to all consistent esti-
mates (including all mentioned here) by Chernov and
Lesort [1]. Kanatani-Cramer-Rao lower bound (KCR
bound) can be stated as

O'_ZCOV(@) Z COVmin + 0(0,2)’ (9)

where Covp, is a positive semidefinite matrix, for
which explicit formulas, in terms of ® and u(x;), are
available [1,6,7].

Both ML (4) and AML (8) estimates are statistically
optimal in the sense that they satisfy the KCR bound
(9). In fact, they are statistically equivalent as their
covariance matrices coincide, to the leading order:

Cov(Opmr) = Cov(Oamr) + O(c).

In this paper we investigate practical aspects of nu-
merical schemes for solving the minimization problem
(8). We investigate their rates of convergence at small
noise (o &~ 0) and their stability at large noise.

2. Robust Versions of the AML

First, the approximation (6) is only good at small
noise and becomes dangerously inaccurate when
dist(x;, X@) is of order one. This may happen when
either the noise is large or the data are contaminated
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by a few outliers. To see the danger, let us examine the
matrices A; and B; in (8).

Both A; and B; are symmetric and positive semi-
definite matrices, but they are usually singular. In fact,
rank A; = 1 and rankB; < min{k, /}. For example,
in the conic fitting problem rank B; < 2, while B; is a
6 x 6 matrix. More precisely, the denominator ®” B;®
in (8) vanishes when the point x; lies at the center of the
conic ®Tu(x) = 0 (because the quadratic function (2)
has either an extremum or a saddle at the conic center).

Practically, a data point X; may occur near the conic
center if either the noise is large or an outlier is present.
Then the corresponding term in (8) ‘blows up’ and
becomes dominant, which distracts the minimization
procedure. Moreover, it is possible, even at small noise
and without outliers, that during an iterative minimiza-
tion of Famr a conic comes up whose center happens
to be near one of the data points (we observed such
phenomena experimentally), then a similar breakdown
occurs.

As aremedy, we propose to modify the function (8)
as follows:

! 0'A,0 _
= Z ———— — min (10)

FaML,
7 = 0B +yA)O

where y > 0is a properly chosen constant. It is easy to
see that this modification gives an estimate, Oamr,,,
statistically equivalent to the AML at small noise, to

the leading order. Indeed, as ©7 A, © = [®Tu(x;)]*> =
O(c'?), we obtain
07A,0 0"A,0
+0(®)

@T(Bi + )/A,)@ - @TB,'G

thus ®AML y = ®AML + 0(02) and COV(@AM]_ y)
Cov(O amr) + O(c*). In particular, © ou, is also sta-
tistically optimal (it attains the KCR lower bound), to
the leading order in o.

On the other hand, the modified terms in (10) are
uniformly bounded:

O7TA,0 1

©"(B; + yA; )® Y

for all ® # 0, thus the danger of exploding is elimi-
nated.

Our modification can be viewed from a different
perspective. The problem (10) is, in fact, a weighted

orthogonal least squares procedure

Z w; [ dist(x;, E@)]2 — min
i=1

with weights

B 07A,0
 [dist(x;, Te) 2O (B, + yA)O

We know, due to (6), that w; = 1 whenever dist
(x;, @) ~ 0, but the behavior of w; for points X;
farther away from X g is more complicated.

We will illustrate the behavior of w by a simple
example. Consider a circle x> + y?> = R2. The dis-
tance from a point x = (x, y) to the circle is d =
VX% 4+ y2 — R (note that it is positive outside and neg-
ative inside). Then, after some elementary calculations,
we arrive at

_ (R +d/2)
T (R4+d)?+yd*(R +d/2)?

Figure 1 shows the graph of w(d) for three different
values of y. We see that for the original AML (8), cor-
responding to y = 0, the function w(d) monotonically
decreases. It somewhat suppresses points outside the
circle (as w < 1) and favors those inside it (as w > 1).
Far away points (d — o00) are given small but pos-
itive weights w = 1/4. Points near the circle center
(d =~ —R) are given weights approaching infinity (this
is the singularity observed earlier).

On the contrary, for the modified AML the weight
function is bounded and has no singularities. It sup-
presses distant points both inside and outside the cir-
cle. For outside points, the weight function w(d) drops
rapidly with d and even vanishes as d — o0. Points
near the circle center also get small weights w =
1/(y R?).

Thus the modified AML (10) has features of a robust
fit that is able to suppress (filter out) faraway points.
This is an unexpected benefit of our attempt to elimi-
nate the dangerous singularity of the original AML.

In the next section we discuss numerical algorithms
for computing the AML (8). Here we note that all of
them can be used to compute the modified AML (10)
as well, since all we need is to redefine the matrix B;
(which is independent of ®).
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weight

Figure 1. Weight w(d) fory =0, 1, 5. Here we set R = 1.

3. Popular Numerical Schemes

Several efficient numerical algorithms have been de-
veloped in the last decade for computing the AML (8).
All of them attempt to solve the variational equation
Ve FamL = 0; and direct differentiation of (8) gives

Me® — Lo® =0 (11)

where

A ", ©TA;0
Mo = ; o'Be ; CE X
Since the Eq. (11) has no closed form solution, all
algorithms are necessarily iterative: given ©,,, they
compute ©,,,; until the procedure stabilizes (i.e.,
until ®,,; gets sufficiently close to ®,,). We present
three most popular algorithms below.

1. Heteroscedastic errors-in-variables (HEIV)
method by Leedan and others [13, 14]. In its basic form
(see [3,4]), it computes ©,, | as the unit eigenvector
of the generalized eigenvalue problem

Mg, ® = A,Le,© (12)

corresponding to the smallest (closest to zero) eigen-
value.!

2. Fundamental numerical scheme (FNS) by Choj-
nacki et al [2-4] computes ©,,. 1 as the unit eigenvector
of the eigenvalue problem

Me,, —Le, )0 = 1,0 13)

corresponding to the smallest (closest to zero) eigen-
value.

3. Renormalization procedure by Kanatani [5, 6, 10],
see also [2], computes ©,,, 1 as the unit eigenvector of
the eigenvalue problem

n B[
Mo, — umNe,)® =1,®, Ng = ——
Me,, — umNe,) ) Z o'B,6

i=1
(14)

corresponding to the smallest (closest to zero) eigen-
value. Here i, is an additional parameter that must be
updated at every iteration by

Am

Uil = P + —F———-
@;JANGW, G)m+1
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All these methods require an initial guess &, which
is usually supplied by a simple algebraic fit

" O ux;)ux,)"O®
Fae =) ——F—
; e’e
", ©TA©
e’e

— min (15)

i=1

The solution of (15) is the unit eigenvector of the matrix
Y A; corresponding to its smallest eigenvalue. A
slightly more accurate initial guess can be obtained by
Taubin’s fit [16]

I, 0TAe

i=

== 5 min. 16
>, 07B6 1o

Frau =

Note that this is a modification of (8). Taubin’s fit
is invariant under Euclidean transformations (parallel
translations and rotations) while the algebraic fit (15)
is not. The solution of (16) is the unit eigenvector of
the generalized eigenvalue problem

($a)on(Ea)e
i=1 i=1

corresponding to the smallest (closest to zero) eigen-
value. Kanatani’s renormalization procedure also re-
quires setting po = 0.

A very clear exposition of Algorithms 1-3 and their
variations, including background ideas and compari-
son, is given in [2—4].

Lately a new competing method emerged [10]:

4. Reduced scheme computes ©,,| as the unit eigen-
vector of the eigenvalue problem

Mg, ® = 1,0 (18)
corresponding to the smallest eigenvalue. Note that the

matrices Le and Ng are not used at all and need not
be computed.

Technically, the methods 3 and 4 do not solve the
variational Eq. (11). The renormalization procedure 3
computes an approximate solution to (11) that nonethe-
less satisfies the KCR lower bound [10, Section 15].
The reduced scheme 4 solves the ‘reduced’ equation

Me® =0 19)

whose solution differs from that of (11) by O(c?).
Indeed, when © is near either solution, then, as we

noted earlier, ®7A;© = [@Tu(x,)]? = O(c?), hence
Le = O(c?) while Mg = O(1). Thus Algorithm 4
is statistically equivalent to the AML and satisfies the
KCR bound, see also [1, Section 3].

All the above estimates—the ML, AML, and the so-
lution of (19)—are known to have a small bias O(c?).
While such small bias cannot affect the statistical ef-
ficiency of these estimates, certain steps can be taken
to reduce it. The full version of Algorithm 1 includes
such steps [13, 15], see also [4]. Similar steps can be
added to Algorithm 2, see [4]. Algorithm 3 already
incorporates the bias removal, and recently Kanatani
proposed [10, 11] corrections to Algorithms 2 and 4
that reduce the bias to O(c©).

4. Convergence of Numerical Schemes

The algorithms described in the previous section have
been tested by various authors and their excellent per-
formance is well documented [2-6,13]. However, there
seem to be no attempts made to determine their con-
vergence rates theoretically. One reason for that omis-
sion is, probably, a very intricate matrix-type rela-
tion between ©,, and ®,,; that obscures the process.
Nonetheless, a sort of theoretical analysis is possible
and we do it below.

It is not hard to see, to begin with, that all the algo-
rithms in the previous section are variants of the fixed-
point scheme. In general, the fixed-point scheme only
converge linearly, if at all. However, at small noise all
our algorithms converge extremely fast for the reasons
explained below.

We first analyze the simplest Algorithm 4. Denote by
© the solution of Eq. (19) and put ®,, = © + §O,,.
Then Algorithm 4 consists of solving the eigenvalue
problem

Mo s, (© +80,,41) = 1, (O + 8O, 11).

Taylor expansion of the matrix Mgs5o, gives

m

(M® + 8Mm)(® + 8®m+1) = )\m(@ + 5®m+1),
(20)

where

A;(®TB; 50, 5
SMm = —ZZ W + O(”(S@m” )

i
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To the leading order, we get

Mg 80O, — K é®,, = 1,0,
Z A;00"B;

Ke =2 R ——
© (©7B,0)?

2n

i

Recall that |®Tu(x;)| = O(o), hence ||A; O] = O(0).
This implies Kg = O(c). Denote by IT; = ©©7 the
projection onto the line span{®} and by IT;, =1 —
®O7 the projection onto the orthogonal hyperplane.
Then (21) can be rewritten as

Me 8®m+1 - HLKQ(‘S@m) - HHK@ Sem = )‘mg‘

The first two vectors are orthogonal to ®, while the last
two are parallel to ®. Therefore —I1Kg §©,, = 1,,©
and Mg 60,,11 = I, Kg §®,,, thus

8®m+1 = Mg)KQ 5@ms (22)

where Mg denotes the generalized (Moore-Penrose)
inverse of Mg (we can omit the matrix IT, because it
is absorbed by Mg).2

Now Eq. (22) implies a striking fact:

18@u+1ll = O(c118©l1). (23)

That is, at every iteration the error gets smaller by a
factor of O(o). This is consistent with the linear con-
vergence pattern, of course, but the small factor here
makes the convergence remarkably swift.

Some further conclusions can be drawn. Since
I@TA;®| = O(c?), the simple algebraic fit (15)
supplies a value @ satisfying @) A;®y = O(c?),
therefore §@, = O(c). Consequently, §®; = O(c?),
thus the first iteration @ already produces an estimate
statistically equivalent to the AML and hence statis-
tically optimal (i.e. attaining Kanatani-Cramer-Rao
lower bound, to the leading order).

Furthermore, if one aims at the removal of a small
bias to achieve a ‘hyperaccurate’ estimate, see the pre-
vious section, then one needs just one more iteration,
because §©@, = O(c?).

The analysis of Algorithms 1 and 2 goes along the
same lines, only a few extra terms appear in some for-
mulas.

In the case of Algorithm 2, the Kg matrix takes form

A;©0TB; +B,00T A,
Ko = 2Z ©'B.07
A Z B,©0OTA,007B;
(OTB,®)3

(24)

i

This is a longer expression than (21), but the key prop-
erty Kg = O(o) remains valid. So the main conclusion
(23) holds.

In Algorithm 1, the eigenvalue 1, is actually close
to 1, rather than 0, and we replace it by A, = 1 + ¢,
Then we obtain, to the leading order,

Me —Le)§O,41 = Ked®,, +e,Le®, (25)

where Kg is again given by (24). Let V, denote
the hyperplane in R’ orthogonal to ©. Let IT; =
Le®O7 /©TLeg® denote the projection onto the line
span{Lg®} parallel to V| and IT, = I — II; the pro-
jection onto V, parallel to Lg®. Then (25) can be
rewritten as

Mg —Lg) 80,1 =11, Ke §0,,
+ H”K@ 80, + £,Le0O.

The first two vectors here lie in V, and the other two
are parallel to Lg®. Therefore, Mg — L) §®,,11 =
II, Kg 6©,,, hence

8Oy41 = (Mo — Le) 11, Kg 80,

We again arrive at the main formula (23).

Algorithm 3 is somewhat more involved, because of
the extra parameter u,,, so we leave it out.

Our analysis demonstrates that all the practical algo-
rithms for computing the AML (or its modified version
(18)) enjoy ‘ballistic’ convergence, provided the noise
is small; in fact, after just one or two iterations they
achieve maximal possible statistical accuracy. This per-
haps explains phenomenal success of these numerical
schemes.

Lastly we make a remark on the global aspects of our
numerical algorithms. Suppose the noise is still small
(o ~ 0), but the initial guess is chosen poorly, so that
16©y]| > o (this may happen due to an outlier, for
example). In some extreme cases, the initial guess may
be picked randomly, resulting in ||§@ || = O(1).

Recall that ®7 A;® = O(c'?). Thus for any choice
of ®, we have @TMeo@ = (O(c?), hence the sym-
metric positive definite matrix Mg, always has a small
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eigenvalue (of order o'2), and the corresponding eigen-
vector must be within the distance O(o’) from ©. But
the matrix Lg, need not be small, all its eigenvalues
may be of order one.

Our algorithms react to this new challenge quite dif-
ferently. Algorithm 4 will surely find the eigenvector of
Mg, corresponding to the smallest eigenvalue, result-
ing in ||§0] = O(o) (and subsequently it will con-
verge in 1-2 iterations). Algorithms 1 and 3 will also
find that vector, approximately, as choosing A small
will allow them to suppress the ‘bad’ matrix Lg, (we
also remind the reader that ;o = O in Algorithm 3).

On the contrary, Algorithm 2 may be distracted, as
it does not suppress the ‘bad’ matrix Le,; in fact sub-
tracting it from the ‘good’ matrix Mg, may destroy
the latter. We indeed observed, experimentally, that
Algorithm 2 tends to wander aimlessly for 50-100 it-
erations or more when seeded with a random vector
©y. Algorithms 1 and 4, on the other hand, always
converge within 3-4 iterations, for whatever choice
of @0.

For a similar reason, Algorithm 2 becomes some-
what unreliable when the noise is not-so-small. While
both matrices Mg and Lg are positive semi-definite,
the difference Mg — Le may have negative eigenval-
ues. It may happen that the smallest eigenvalue of Mg
(representing the correct fit) may be transformed into
a negative eigenvalue of Mg — Lg, while some larger
positive eigenvalue of Mg (which is of no significance
for the fit) may be transformed into a small positive
eigenvalue of Mg — Lg. Then Algorithm 2 will pick
the latter and miss the former.

To fix this problem, the authors of Algorithm 2 re-
cently proposed [4, Section 5.6] a stable version of
FNS, where at every iteration the smallest eigenvalue
is chosen, instead of the one closest to zero. This
modification significantly improves the performance
of Algorithm 2 at a not-so-small noise, see the next
section.

5. Experiment

To compare the performance of different numerical al-
gorithms we test them on a conic fitting problem (2).
As a ‘true’ curve, we chose an ellipse, ()c/S)2 + y2 =1.
The ‘true’ n = 20 points were equally spaced on the
right upper quarter (x > 0, y > 0) of this ellipse.

To test the numerical schemes, we added a random
2D gaussian noise N(0, o’I) to the true points, and
varied o from O to 0.005. For each value of o, we
generated M = 10000 random samples and for each

algorithm we computed the root-mean-square error

LM 1/2
RMSE = [ﬁ > 16, - ®IIZ]
t=1

where @, denotes the estimate obtained in the ¢th re-
alization of the noise. Since RMSE is asymptotically
proportional to o, we plot the ratio RMSE /o in Fig. 2.
Labels are assigned as follows:

A — Algebraic fit, Eq. (15)

T — Taubin’s fit, Eq. (16)

H — HEIV method, Eq. (12)

F-FNS, Eq. (13)

S — Stable version of the FNS, see Section 4
N — Renormalization scheme, Eq. (14)

R — Reduced scheme, Eq. (18)

We observed that all the iterative schemes H, F, S,
N, R stabilize after 1-2 iterations, and further iterations
do not change their mean errors in any significant way
(this is in perfect agreement with our conclusions in
the previous section).

Now we comment on the graphs shown in Fig. 2.
Asymptotically, as o — 0, all the iterative schemes
converge the the same value 0.40, which corresponds
to the Kanatani-Cramer-Rao lower bound. The alge-
braic methods A and T converge to a higher value 0.53,
demonstrating their consistent inefficiency.

As the noise increases, Taubin’s fit and the HEIV
algorithm display a remarkable durability, while other
methods slacken sooner or later. The advantage of the
stable version of the FNS over its original version is
obvious.

We seeded the iterative algorithms H, F, S, N, R
with the estimate obtained by the algebraic fit A, as
it is common in such experiments and recommended
in other papers [2—4, 10]. However, when we seeded
them with the more reliable Taubin’s fit, then all of
them performed almost identically to the HEIV (the
flat line H in Fig. 2), deviating from it by 10% at most.
Since Taubin’s fit is just as easily computable as the
algebraic fit, we believe it should be used as a seed.

We have not used the ‘robust’ modification of the B;
matrices, which was described Section 2. There was no
need for that, indeed, as our samples were not contam-
inated by outliers. When we tried the robust version of
the B; matrices (with y = 5), the improvement was
insignificant (except the stable version of the FNS be-
came 5-10% more accurate at large noise).

Overall, our experimental results agreed well with
our theoretical conclusions. A rather unexpected (and
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Figure 2. The root-mean-square error RMSE (normalized by o) versus the noise level o.

unexplained) phenomenon was a somewhat poor per-
formance of the renormalization and reduced schemes,
(14) and (18), at large noise. Interestingly, both meth-
ods avoid using the matrix Lg and their first iteration
O, is identical (indeed, recall that oy = 0 in (14)).
To investigate their failures, we looked closely at sev-
eral examples and observed that the matrix Mg, had
two nearly equal small eigenvalues, one correspond-
ing to the correct fit and the other totally wrong. In
these cases the reduced and renormalization methods
were confused and often picked the wrong one, while
the HEIV algorithm and the FNS managed to pick the
right one. Perhaps the matrix Lg serves as a ‘guide’ in
such ambiguous cases.
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Notes

1. Ttis known that A, — 1 provided the algorithm converges at all,
see [12], and for this reason some authors suggest to choose the

eigenvector ®,,; corresponding to the eigenvalue closets to one
(rather than zero); but this may cause divergence, see [12].

2. Kanatani informed me that (22) may also be derived from a gen-
eral perturbation theorem, see [6, Section 2.2.6],.
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