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Abstract
We study the computational complexity of the universal theory of residuated ordered
groupoids, which are algebraic structures corresponding to Nonassociative Lambek
Calculus.We prove that the universal theory is coNP-completewhich, aswe observe, is
the lowest possible complexity for a universal theory of a non-trivial class of structures.
The universal theories of the classes of unital and integral residuated ordered groupoids
are also shown to be coNP-complete. We also prove the coNP-completeness of the
universal theory of classes of residuated algebras, algebraic structures corresponding
to Generalized Lambek Calculus.

Keywords Residuated ordered groupoid · Universal theory · Partial algebra ·
Residuated algebra

1 Introduction

Residuated ordered groupoids1 (Fuchs, 1963; Blyth & Janowitz, 1972), for short rogs,
are algebraic models of the Nonassociative Lambek Calculus NL (Lambek, 1961), a
version of the Lambek Calculus (Lambek, 1958) obtained by dropping the implicit
rule of associativity. The atomic theory of rogs, that is, the set of sentences of the form
∀x1 . . . ∀xn(s � t) valid on every rog, is, in essence, a notational variant of NL, with
atomic sentences corresponding to sequents s � t . Similarly, the Horn theory of rogs,
which is the set of Horn sentences ∀x1 . . . ∀xn(u1 � v1& . . .& um � vm ⇒ s � t)
valid on every rog, is a notational variant of NL with nonlogical axioms (Buszkowski,

1 In alternative terminology, residuated groupoids (Buszkowski, 2005).
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2005). In this modification of NL, proofs are allowed that commence not only with
identity sequents, but also with nonlogical assumptions u � v, where u and v are
arbitrary formulas. These assumptions correspond to the algebraic inequalities u � v

that are premisses of the corresponding Horn sentence. It is worth noting that, in
contrast with NL, the cut-rule is, in general, not eliminable in NL with nonlogical
axioms.

The universal theory of rogs is the set of sentences of the form ∀x1 . . . ∀xnϕ, where
ϕ is a Boolean combination of algebraic inequalities, valid on every rog. The univer-
sal theory is a natural extension of the Horn theory; a proof-theoretic analog thereof
would be a deductive system allowing deductions of a disjunctively interpreted set of
sequents from a conjunctively interpreted set of sequents. Such deductive formalisms,
in the guise of multi-conclusion systems (Sambin et al., 2000; Jeřábek, 2009; Iemhoff,
2015, 2016; Bezhanishvili et al., 2016; Jalali, 2021) and hypersequents (Avron, 1996;
Lellmann, 2016), have recently received considerable attention, even though no such
system capturing the universal theory of rogs has, as far as we know, yet been con-
structed.

Both the atomic andHorn theory of rogs are decidable in polynomial time, as shown
by Aarts and Trautwein (1995) and Buszkowski (2005), respectively. The universal
theory of rogs is shown to be decidable by Farulewski (2008), however, the complexity
has, to date, not been established. In the present paper we fill this gap by showing that
the universal theory of rogs is coNP-complete which, as we observe, is the lowest
possible complexity for a universal theory of a non-trivial class of structures.

In addition to rogs we consider two variations of rogs that have attracted attention,
namely unital and integral rogs. By a unital residuated ordered groupoid, or urog, we
mean a rog that has an identity for the groupoid operation. The class of urogs is an
algebraic semantics for NL with unit. It is shown by Bulińska (2009) that the Horn
and, hence, atomic theory of urogs is decidable in polynomial time. By an integral
residuated ordered groupoid, or irog, we mean a urog in which the identity is the
greatest element with respect to the order. The class of irogs is considered by Blok
and Van Alten (2005), where it is shown to have the ‘finite embeddability property’,
or fep, meaning that every finite partial substructure of an irog is embeddable into a
finite irog. The fep, together with finite axiomatizability, implies decidability of the
universal theory of irogs. In the present paper, we show that the universal theory of
both urogs and irogs is coNP-complete. We note that decidability of the universal
theory of rogs was established by Farulewski (2008) by proving the fep for the class
of rogs. It is shown there that NL has the strong finite model property, from which the
fep for the class of rogs then follows by Blok and Van Alten (2002).

We shall also consider classes of residuated algebras. These algebras were intro-
duced by Buszkowski (1989) as algebraic semantics for the Generalized Lambek
Calculus [see also (Buszkowski, 1998; Kołowska-Gawiejnowicz, 1997; Kandulski,
1997; Jäger, 2004)]. It is shown by Buszkowski (2005) that the Horn and, hence,
atomic theory of each class of residuated algebras is decidable in polynomial time.
The fep, and hence decidability of the universal theory, for each class of residuated
algebras is proved by Buszkowski (2011). In this paper, we extend the methods used
for residuated ordered groupoids to show that the universal theory of each class of
residuated algebras is coNP-complete.
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The upper complexity bounds obtained herein are established using a technique of
partial structures described by Van Alten (2013). For rogs, for example, the technique
requires an intrinsic characterization of partial substructures of rogs, or ‘partial rogs’.
A universal sentence fails to hold in some rog if, and only if, it fails to hold in some
partial rog of size not greater than the size of the given universal sentence. The char-
acterization of partial rogs presented in Theorem 1 can be checked in polynomial
time for a given partial structure; hence, if an arbitrary partial structure is guessed, it
can be decided in polynomial time if it is a partial rog. In this way we obtain a non-
deterministic polynomial-time algorithm for deciding if a partial structure is a partial
rog, from which it follows that the universal theory of rogs is in coNP—the full details
are given in Sect. 4. For the lower complexity bounds we use the observation, stated in
Theorem 4, that the universal theory of any non-trivial class of structures is coNP-hard.

2 Residuated Ordered Groupoids

We consider structures corresponding to the signature σ containing binary operation
symbols ◦, \ and /, as well as a binary relation symbol �; we call such structures
σ -structures. We assume throughout the paper that terms are built out of a fixed count-
able set Var of variables, whose members are typically denoted by x, y, z, x1, y1, . . . .

A residuated ordered groupoid, or rog, is a σ -structure A = 〈A, ◦, \, /,�〉, where
〈A,�〉 is a partially ordered set and ◦, \ and / are binary operations on A such that,
for all a, b, c ∈ A,

a ◦ b � c ⇐⇒ b � a\c ⇐⇒ a � c/b. (1)

The class of all rogs is denoted byROG. It follows from (1) that ◦ is order-preserving
in both coordinates, \ is order-reversing in the first coordinate and order-preserving
in the second, while / is order-preserving in the first coordinate and order-reversing
in the second.

If A = 〈A, ◦A, \A, /A,�A〉 and B = 〈B, ◦B, \B, /B,�B〉 are rogs, then by an
embedding of B into A we mean a map α : B → A such that a �B b if, and only if,
α(a) �A α(b), and α(a�Bb) = α(a)�Aα(b) for every � ∈ {◦, \, /} and all a, b ∈ B.
Observe that every embedding is injective since, for all a, b ∈ B, if a �= b then either
a �B b or b �B a, so α(a) �A α(b) or α(b) �A α(a); in particular, α(a) �= α(b).

We shall use the following terminology and notation. Let 〈Q,�〉 be a partially
ordered set. A subset X of Q is called an upset of 〈Q,�〉 if a ∈ X and a � b imply
b ∈ X , for all a, b ∈ Q. If the order relation on Q is clear from the context, we shall
use U (Q) to denote the set of all upsets of 〈Q,�〉 and, for a ∈ Q, by the principal
upset of a, we shall mean the set [a) := {b ∈ Q | a � b}.

We shall rely on the frame representation theory for rogs due to Dunn (1993).
A rog-frame is a structure F = 〈P,�, R〉, where 〈P,�〉 is a partially ordered set and
R is a ternary relation on P that is monotone in the last coordinate and antitone in the
first two coordinates, i.e., such that, for all f , f ′, g, g′, h, h′ ∈ P ,

R( f , g, h) & f ′ � f & g′ � g & h � h′ ⇒ R( f ′, g′, h′). (2)
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Starting from a rog-frame F = 〈P,�, R〉, we obtain a rog that has as its universe
the set U (P), as follows. Define, for all X ,Y ∈ U (P),

X ◦ Y := {h ∈ P | (∃ f , g ∈ P) [ f ∈ X & g ∈ Y & R( f , g, h)]}; (3)

X\Y := {g ∈ P | (∀ f , h ∈ P) [ f ∈ X & R( f , g, h) ⇒ h ∈ Y ]}; (4)

Y/X := { f ∈ P | (∀g, h ∈ P) [g ∈ X & R( f , g, h) ⇒ h ∈ Y ]}. (5)

Since F satisfies (2), so defined ◦, \ and / are operations on U (P). The definitions
(3–5) ensure that (1) is satisfied with respect to the partial order ⊆ on U (P). Thus,
AF = 〈U (P), ◦, \, /,⊆〉 is a rog, which we call the rog associated with F.

Conversely, starting from a rog A = 〈A, ◦, \, /,�〉, we can obtain a rog-frame, as
follows. Define a ternary relation R on U (A) by

R( f , g, h) ⇐⇒ (∀a, b ∈ A) [a ∈ f & b ∈ g ⇒ a ◦ b ∈ h]. (6)

Then R and ⊆ satisfy condition (2), hence FA = 〈U (A),⊆, R〉 is a rog-frame.
Thus, we may obtain AFA , the rog associated with FA. It is straightforward to check
that the map μ : A → U (U (A)) defined by μ(a) = { f ∈ U (A) | a ∈ f } is an
embedding of A into AFA .

3 Partial �-Structures and Partial rogs

In this section, we introduce partial rogs and obtain an intrinsic characterization
thereof; this characterizationwill play a key role in establishing our complexity results.

A partial σ -structure is a structure B = 〈B, ◦B, \B, /B,�B〉, where �B is a binary
relation on B and ◦B, \B and /B are partial binary operations on B, i.e., partial functions
from B × B into B. The domains of ◦B, \B and /B are denoted by, respectively,
dom(◦B), dom(\B) and dom(/B). For clarity, we note that for each � ∈ {◦, \, /},
dom(�B) ⊆ B × B.

A partial rog is a partial σ -structure B = 〈B, ◦B, \B, /B,�B〉 which is a partial
substructure of a rog, that is, for which there exists a rog A = 〈A, ◦A, \A, /A,�A〉
such that B ⊆ A, �B= �A�B and a�Bb = a�Ab for each � ∈ {◦, \, /} and 〈a, b〉 ∈
dom(�B).

We note that ifB is a partial rog that is a partial substructure of a rogA, then �B is not
necessarily the restriction of �A to B; that is, there may exist a, b ∈ B and � ∈ {◦, \, /}
for which a�Ab ∈ B but 〈a, b〉 /∈ dom(�B). This definition is consistent with that of
partial substructure used by Van Alten (2013), but contrasts with the closely related
notion of partial subalgebra used, for example, by Blok and Van Alten (2002).

By an embeddingof a partialσ -structureB = 〈B, ◦B, \B, /B,�B〉 into aσ -structure
A = 〈A, ◦A, \A, /A,�A〉 we mean a map α : B → A such that a �B b if, and
only if, α(a) �A α(b), and α(a�Bb) = α(a)�Aα(b) for each � ∈ {◦, \, /} and
〈a, b〉 ∈ dom(�B).

Observe that if B is a partial σ -structure and there exists an embedding of B into
a rog A, then B is isomorphic to a partial substructure of A, that is, B is (isomorphic

123



Complexity of the Universal Theory of Residuated... 493

to) a partial rog. Using this observation, in the following theorem we give an intrinsic
characterization of partial rogs. The construction used in the proof of the theorem
resembles the construction of the rog associated with FA, i.e., AFA , from a rog A.

Theorem 1 A partial σ -structureB = 〈B, ◦B, \B, /B,�B〉 is a partial rog if, and only
if, it satisfies the following conditions:

(i) 〈B,�B〉 is a partially ordered set;
(ii) (∀〈a, b〉, 〈c, d〉 ∈ dom(◦B)) [a �B c & b �B d ⇒ a ◦B b �B c ◦B d];
(iii) (∀〈a, b〉 ∈ dom(◦B))(∀〈c, d〉 ∈ dom(\B))

[a �B c& b �B c\Bd ⇒ a ◦B b �B d];
(iv) (∀〈a, b〉 ∈ dom(◦B))(∀〈c, d〉 ∈ dom(/B))

[a �B c/Bd&b �B d ⇒ a ◦B b �B c];
(v) (∀〈a, b〉 ∈ dom(\B))(∀〈c, d〉 ∈ dom(◦B))

[a �B c&c ◦B d �B b ⇒ d �B a\Bb];
(vi) (∀〈a, b〉, 〈c, d〉 ∈ dom(\B)) [a �B c & d �B b ⇒ c\Bd �B a\Bb];
(vii) (∀〈a, b〉 ∈ dom(\B))(∀〈c, d〉 ∈ dom(/B))

[a �B c/Bd & c �B b ⇒ d �B a\Bb];
(viii) (∀〈a, b〉 ∈ dom(/B))(∀〈c, d〉 ∈ dom(◦B))

[b �B d & c◦B d �B a ⇒ c �B a/Bb];
(ix) (∀〈a, b〉 ∈ dom(/B))(∀〈c, d〉 ∈ dom(\B))

[d �B a & b �B c\Bd ⇒ c �B a/Bb];
(x) (∀〈a, b〉, 〈c, d〉 ∈ dom(/B)) [c �B a & b �B d ⇒ c/Bd �B a/Bb].

Proof It is straightforward to check that conditions (i–x) hold in every rog. Since these
conditions are universal sentences with quantifiers relativized by the domains of the
partial operations, it follows that (i–x) hold in every partial rog.

Conversely, suppose B = 〈B, ◦B, \B, /B,�B〉 is a partial σ -structure satisfying
(i–x). We construct a rog into which B is embeddable. Define a ternary relation RB on
the set U (B) of all upsets of 〈B,�B〉 by:

RB( f , g, h) ⇐⇒ (∀〈a, b〉 ∈ dom(◦B)) [a ∈ f & b ∈ g ⇒ a ◦B b ∈ h]
& (∀〈a, b〉 ∈ dom(\B)) [a ∈ f & a\Bb ∈ g ⇒ b ∈ h]
& (∀〈a, b〉 ∈ dom(/B)) [a/Bb ∈ f & b ∈ g ⇒ a ∈ h].

It is straightforward to check that the structure F = 〈U (B),⊆, RB〉 is a rog-frame. Let
AF = 〈U (U (B)), ◦, \, /,⊆〉 be the rog associated with F and let μ : B → U (U (B))

be the map defined by μ(a) = { f ∈ U (B) | a ∈ f }. We show that μ is an embedding
of B into AF.

If a, b ∈ B with a �B b, then every element of μ(a) contains b; hence, μ(a) ⊆
μ(b). If a �B b, then the principal upset [a) belongs to μ(a) but not to μ(b); hence
μ(a) �⊆ μ(b). Thus, a �B b if, and only if, μ(a) ⊆ μ(b).

Let 〈a, b〉 ∈ dom(◦B). We show that μ(a ◦B b) = μ(a) ◦ μ(b), where

μ(a ◦B b) = {h ∈ U (B) | a ◦B b ∈ h}
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and

μ(a) ◦ μ(b) = {h ∈ U (B) | (∃ f , g ∈ U (B)) [a ∈ f & b ∈ g & RB( f , g, h)]}.

Assume h ∈ μ(a)◦μ(b). Then there exist f , g ∈ U (B) such that a ∈ f , b ∈ g and
RB( f , g, h). It follows from the definition of RB that a ◦B b ∈ h, hence h ∈ μ(a ◦B b).
Thus, μ(a) ◦ μ(b) ⊆ μ(a ◦B b).

Next, assume h ∈ μ(a ◦B b), i.e., a ◦B b ∈ h. Let f := [a) and g := [b). Clearly,
f , g ∈ U (B), a ∈ f and b ∈ g. We show that RB( f , g, h). Suppose that c and d
are arbitrary elements of B for which 〈c, d〉 ∈ dom(◦B), c ∈ f and d ∈ g. Then,
a �B c and b �B d, hence, by (ii), a ◦B b �B c ◦B d. Since a ◦B b ∈ h and h is
an upset, c ◦B d ∈ h. Suppose that c and d are arbitrary elements of B for which
〈c, d〉 ∈ dom(\B), c ∈ f and c\Bd ∈ g. Then, a �B c and b �B c\Bd, hence, by (iii),
a ◦B b �B d, whence d ∈ h. Lastly, suppose that c and d are arbitrary elements of B
for which 〈c, d〉 ∈ dom(/B), c/Bd ∈ f and d ∈ g. Then, a �B c/Bd and b �B d,
hence, by (iv), a ◦B b �B c, whence c ∈ h. Thus, RB( f , g, h). Since a ∈ f and b ∈ g,
we obtain h ∈ μ(a) ◦ μ(b), hence μ(a ◦B b) ⊆ μ(a) ◦ μ(b).

Let 〈a, b〉 ∈ dom(\B). We show that μ(a\Bb) = μ(a)\μ(b), where

μ(a\Bb) = {g ∈ U (B) | a\Bb ∈ g}

and

μ(a)\μ(b) = {g ∈ U (B) | (∀ f , h ∈ U (B)) [a ∈ f & RB( f , g, h) ⇒ b ∈ h]}.

Assume g ∈ μ(a\Bb), i.e., a\Bb ∈ g. Suppose that, for some f , h ∈ U (B), both
a ∈ f and RB( f , g, h). Since a\Bb ∈ g, by definition of RB, we obtain b ∈ h and so
g ∈ μ(a)\μ(b). Thus, μ(a\Bb) ⊆ μ(a)\μ(b).

Next, assume g /∈ μ(a\Bb), i.e., a\Bb /∈ g. To prove that g /∈ μ(a)\μ(b), we
show that there exist f , h ∈ U (B) such that a ∈ f and RB( f , g, h), but b /∈ h.
Let f := [a) and h := {e ∈ B | e �B b}. Clearly, f , h ∈ U (B), a ∈ f and
b /∈ h. We show that RB( f , g, h). Suppose that c and d are arbitrary elements of B
for which 〈c, d〉 ∈ dom(◦B), c ∈ f and d ∈ g. Then, a �B c. Since g is an upset
and a\Bb /∈ g, surely d �B a\Bb, hence, by (v), c ◦B d �B b, and so c ◦B d ∈ h.
Suppose that c and d are arbitrary elements of B for which 〈c, d〉 ∈ dom(\B), c ∈ f
and c\Bd ∈ g. Then a �B c and c\Bd �B a\Bb, hence, by (vi), d �B b, and so d ∈ h.
Lastly, suppose that c and d are arbitrary elements of B for which 〈c, d〉 ∈ dom(/B),
c/Bd ∈ f and d ∈ g. Then, a �B c/Bd and d �B a/Bb, hence, by (vii), c �B b, and
so c ∈ h. Thus, RB( f , g, h). Since a ∈ f and b /∈ h, we obtain g /∈ μ(a)\μ(b) hence
μ(a)\μ(b) ⊆ μ(a\Bb).

For 〈a, b〉 ∈ dom(/B), the proof that μ(a/Bb) = μ(a)/μ(b), which relies on
conditions (viii–x), is analogous.

Thus, μ is an embedding of B into AF. It follows that B is a partial rog, which
completes the proof. ��
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4 Complexity of the Universal Theory ofROG
In this section, we consider the universal theory of ROG and prove its
coNP-completeness.

We recall that universal σ -sentences are formulas of the form ∀x1 . . . ∀xnϕ, where
ϕ is a quantifier-free (first-order) σ -formula, i.e., a formula defined by the BNF expres-
sion

ϕ := (t � t) | notϕ | (ϕ & ϕ) | (ϕ or ϕ),

with t ranging over σ -terms, and containing no variables other than x1, . . . , xn .
We omit parentheses around formulaswhere this does not lead to ambiguity. Hence-

forth, given a quantifier-free σ -formula ϕ, we write ϕ(x1, . . . , xn) to indicate that ϕ

contains no variables except x1, . . . , xn . We denote by Var(ϕ) and Ter(ϕ) the sets of,
respectively, variables and terms occurring in ϕ.

An assignment on a rog A is a map v : Var → A. The definition of the satisfaction
relation A |v ϕ between rogs A, assignments v and quantifier-free σ -formulas ϕ

is standard—see, e.g., Chang and Keisler (1990). A quantifier-free σ -formula ϕ is
satisfiable in ROG if A |v ϕ for some rog A and some assignment v on A; ϕ is
valid on ROG if A |v ϕ for every rog A and every assignment v on A. A univer-
sal σ -sentence ∀x1 . . . ∀xnϕ is valid on ROG if ϕ is valid on ROG. The universal
theory of ROG is the set of all universal σ -sentences valid on ROG. Clearly, a uni-
versal sentence ∀x1 . . . ∀xnϕ is valid on ROG if, and only if, notϕ is not satisfiable
in ROG. Thus, satisfiability of quantifier-free σ -formulas in ROG and validity of
universal σ -sentences onROG (i.e., membership in the universal theory ofROG) are
complementary computational problems.

We shall also need the notion of satisfaction of a quantifier-free σ -formula in a
partial rog under a partial assignment, i.e., a partial function from Var into the universe
of a partial rog.

For a partial assignment v on a partial rogB, we recursively define, for every σ -term
t , the relation B↓ v(t) (“the value of t in B is defined under v”) as follows:

B↓ v(xi ) ⇐⇒ xi ∈ dom(v);
B↓ v(t1�t2) ⇐⇒ B↓ v(t1),B↓ v(t2)and〈v(t1), v(t2)〉 ∈ dom(�B),

where � ∈ {◦, \, /}.

Next, for a partial assignment v on a partial rog B, we recursively define, for every
quantifier-free σ -formula ϕ, the relations B |v ϕ (“ϕ is satisfied in B under v”),
B �|v ϕ (“ϕ is not satisfied in B under v”) and B �≈v

ϕ (“the truth value of ϕ in B
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under v is undefined”) as follows:

B |v (t1 � t2) ⇐⇒ B↓ v(t1),B↓ v(t2) and v(t1) �B v(t2);
B �|v (t1 � t2) ⇐⇒ B↓ v(t1),B↓ v(t2) and v(t1) �B v(t2);
B �≈v

(t1 � t2) otherwise;

B |v notϕ ⇐⇒ B �|v ϕ;
B �|v notϕ ⇐⇒ B |v ϕ;
B �≈v

notϕ otherwise;

B |v (ϕ1 & ϕ2) ⇐⇒ B |v ϕ1 andB |v ϕ2;
B �|v (ϕ1 & ϕ2) ⇐⇒ B �|v ϕ1 orB �|v ϕ2;
B �≈v

(ϕ1 & ϕ2) otherwise;

B |v (ϕ1 orϕ2) ⇐⇒ B |v ϕ1 orB |v ϕ2;
B �|v (ϕ1 orϕ2) ⇐⇒ B �|v ϕ1 andB �|v ϕ2;
B �≈v

(ϕ1 orϕ2) otherwise.

We say that a quantifier-free σ -formula ϕ is satisfiable in a partial rog B if there exists
a partial assignment v on B such that B |v ϕ.

Intuitively, B |v ϕ (respectively, B �|v ϕ) means that the relation B↓ v(t) holds
for enough terms t ∈ Ter(ϕ) for us to be able to compute the ‘truth value’ of ϕ in B
under v as true (respectively, false).

More precisely, we use, in metalanguage, a 3-valued logic with the values ‘true’,
‘false’ and ‘undefined’ (for short, u). The 3-valued logic we use agrees with the
3-valued Łukasiewicz logic in the definitions of not, & and or, but differs in the
definition of implication: u → u is u in the logic we use, but true in the Łukasiewicz
logic. In our earlier papers (Shkatov & Van Alten, 2019, 2020, 2021), satisfaction in
partial structureswas defined slightly differently, in effect using a 3-valued logicwhere
the result of a logical operation is undefined whenever at least one of the operands is
undefined. The difference between the two approaches has no impact on any of our
results.

We shall use the following observation in the proof of Theorem 2 below. Let B be a
partial rog, ϕ a quantifier-free σ -formula and v be a partial assignment on B such that
B |v ϕ. Let v′ be a (full) assignment on B extending v. Observe that, if x /∈ Var(ϕ),
then the value of x under v′ is irrelevant to the satisfaction of ϕ in B under v′. Also
observe that, if x ∈ Var(ϕ), but x /∈ dom(v), then the value of x under v′ is, again,
irrelevant to the satisfaction of ϕ in B under v′. Formally, it can be shown by induction
that if B |v ϕ (respectively, B �|v ϕ), then B |v′

ϕ (respectively, B �|v′
ϕ).

Wenow relate satisfiability in rogs and partial rogs.Wedefine the sizeof a quantifier-
free σ -formula ϕ, denoted si ze(ϕ), to be the number of variables in ϕ plus the total
number of occurrences of operation symbols in ϕ. To be consistent with the literature,
we use the standardmeasure of the complexity of an input formulaϕ, its length, defined
in the standard way as the number of occurrences of symbols in ϕ, and denoted by
len(ϕ). The running time of our algorithms is, however, more appropriately measured
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by the size of a formula. Since, evidently, si ze(ϕ) � len(ϕ), whenever we prove
the existence of an algorithm running in O( f (si ze(ϕ))) we, thereby, establish the
existence an algorithm running in O( f (len(ϕ))), whatever function f is.

The following theorem is a special case of Van Alten (2013, Theorem 2.1); we
include a proof of this special case for the reader’s convenience.

Theorem 2 A quantifier-free σ -formula ϕ is satisfiable in ROG if, and only if, it is
satisfiable in a partial rog whose cardinality does not exceed si ze(ϕ).

Proof Assume A |v ϕ for some rog A = 〈A, ◦A, \A, /A,�A〉 and some assignment
v on A. Let B = {v(t) | t ∈ Ter(ϕ)}. Observe that |B| � si ze(ϕ). For all a, b ∈ B
and � ∈ {◦, \, /}, let 〈a, b〉 ∈ dom(�B) if there exists t1�t2 ∈ Ter(ϕ) with a = v(t1)
and b = v(t2). Then, for every � ∈ {◦, \, /} and all 〈a, b〉 ∈ dom(�B), set a�Bb :=
a�Ab. Lastly, set �B= �A �B . Then B := 〈B, ◦B, \B, /B,�B〉 is a partial rog. Let
w := v �Var(ϕ). It should be clear that B |w ϕ. Thus, ϕ is satisfiable in a partial rog
of the required cardinality.

Conversely, assume B |v ϕ for some partial rog B and some partial assignment v
on B. Then B is a partial substructure of some rog, sayA. Let v′ be a (full) assignment
on B extending v. Then, as observed above, B |v′

ϕ. Since B is a partial substructure
of A, it follows that A |v′

ϕ. ��
Using the above theorem, together with the characterization of partial rogs given

in Theorem 1, we obtain the upper bound for complexity of satisfiability inROG and
hence also of the universal theory of ROG.
Theorem 3 Satisfiability of quantifier-free σ -formulas inROG is inNP. The universal
theory of ROG is in coNP.

Proof Let ϕ be a quantifier-free σ -formula. Due to Theorem 2, to determine whether ϕ
is satisfiable inROG it suffices to check if it is satisfiable in a partial rog of cardinality
not exceeding si ze(ϕ). To that end, we use the following nondeterministic algorithm.

Guess a partial σ -structure B = 〈B, ◦B, \B, /B,�B〉 with |B| � si ze(ϕ) and a
partial assignment v on B. Check whether B is a partial rog and whether B |v ϕ. If
both checks succeed, return “yes”; otherwise, return “no.”

In view of Theorem 1, to check whether B is a partial rog it suffices to check
properties (i–x), which can be done in time polynomial in |B| and, hence, si ze(ϕ).
Checking whether B |v ϕ can be done in time polynomial in si ze(ϕ). Thus, the
outlined algorithm runs in time polynomial in si ze(ϕ).

Satisfiability of quantifier-free σ -formulas in ROG is, therefore, in NP. Since, as
we have observed, membership of universal σ -sentences in the universal theory of
ROG is a complementary problem, the universal theory of ROG is in coNP. This
completes the proof. ��

For the lower bound, we use the following observation stating a simple condition
under which the universal theory of a class of structures is coNP-hard. We say that a
k-ary predicate P on a structure with domain A is non-trivial if P �= ∅ and P �= Ak ;
we say that a structure is non-trivial if it has a non-trivial predicate definable in its
signature.
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Theorem 4 Let K be a class of structures that contains a non-trivial structure. Then,
satisfiability of quantifier-free first-order formulas in K is NP-hard and the universal
theory of K is coNP-hard.

Proof The proof is by reduction from the NP-hard satisfiability problem for Boolean
formulas (Cook, 1971).

Let A be a non-trivial structure in K with non-trivial k-ary predicate P . Then
there exist a1, . . . , ak, b1, . . . , bk in the domain of A with 〈a1, . . . , ak〉 ∈ P and
〈b1, . . . , bk〉 /∈ P , that is, P(a1, . . . , ak) is true and P(b1, . . . , bk) is false.

Let β(p1, . . . , pn) be a Boolean formula. For every i ∈ {1, . . . , n} and every
j ∈ {1, . . . , k}, let qij be a new variable. Recursively define the translation ·∗:

p∗
i := P(qi1, . . . , q

i
k), for every i ∈ {1, . . . , n};

(¬γ1)
∗ := not γ ∗

1 ;
(γ1 ∧ γ2)

∗ := γ ∗
1 & γ ∗

2 ;
(γ1 ∨ γ2)

∗ := γ ∗
1 or γ ∗

2 .

Then β∗ is a quantifier-free formula in the signature ofK. We show that β is satisfiable
in the two-element Boolean algebra if, and only if, β∗ is satisfiable in K.

Assume β is satisfiable in the two-element Boolean algebra 2 with universe {0, 1}
under assignment v. Let w be an assignment on A such that, for all i ∈ {1, . . . , n} and
j ∈ {1, . . . , k},

w(qij ) :=
{
a j if v(pi ) = 1;
b j if v(pi ) = 0.

Then, A |w p∗
i if v(pi ) = 1, and A �|w p∗

i if v(pi ) = 0. It follows, recursively,
that A |w β∗.

Conversely, suppose β∗ is satisfiable in K. Then, B |w β∗ for some B ∈ K and
assignment w on B. Let v be an assignment on the Boolean algebra 2 such that

v(pi ) :=
{
1 if B |w P(qi1, . . . , q

i
k);

0 if B �|w P(qi1, . . . , q
i
k).

It follows that 2 |v β, as required. ��

From Theorems 3 and 4, which is applicable since the signature σ contains the
relation symbol �, we obtain the following:

Theorem 5 Satisfiability of quantifier-free σ -formulas in ROG is NP-complete. The
universal theory of ROG is coNP-complete.
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5 Unital and Integral Residuated Ordered Groupoids

In this sectionwe extend themethods of the previous sections to show that the universal
theories of the classes of unital and integral rogs are coNP-complete.

We denote by σ ′ the signature that extends the signature σ by a constant 1. A unital
residuated ordered grouopid, or urog, is a σ ′-structure A = 〈A, ◦, \, /, 1,�〉, where
〈A, ◦, \, /,�〉 is a rog and 1 is an identity for ◦, i.e.,A satisfies x ◦1 = x = 1◦ x . The
class of all urogs is denoted by UROG. An integral residuated ordered grouopid, or
irog, is a urog satisfying x � 1. The class of all irogs is denoted by IROG.

An embedding of a urog (respectively, irog) into another urog (respectively, irog)
is an embedding of an underlying rog that, additionally, preserves the identity.

We extend the frame representation theory for rogs given in Sect. 2 to urogs and
irogs.

First, we consider urogs. A urog-frame is a structure F = 〈P, e,�, R〉, where
〈P,�, R〉 is a rog-frame and e ∈ P such that the following hold:

(∀ f ∈ P)[R( f , e, f ) & R(e, f , f )]; (7)

(∀ f , h ∈ P)[R( f , e, h) ⇒ f � h]; (8)

(∀g, h ∈ P)[R(e, g, h) ⇒ g � h]. (9)

Let 〈P, e,�, R〉 be a urog-frame. Since 〈P,�, R〉 is a rog-framewemay construct,
as in Sect. 3, the rog associated with it, that is, 〈U (P), ◦, \, /,⊆〉, where the operations
◦, \ and / are as defined in (3–5). We observe the following result.

Lemma 1 If 〈P, e,�, R〉 be a urog-frame, then [e) is the identity for the operation ◦
on U (P) defined in (3).

Proof Let X ∈ U (P); then by (3),

X ◦ [e) = {h ∈ P | (∃ f ∈ X)(∃g ∈ [e)) R( f , g, h)}.

If h ∈ X ◦ [e), then there exists f ∈ X and g ∈ [e) such that R( f , g, h). Since
e � g we have R( f , e, h), by (2), hence f � h, by (8). Thus, h ∈ X , so X ◦ [e) ⊆ X .
Conversely, if h ∈ X , then, since e ∈ [e) and R(h, e, h), by (7), we get that h ∈ X ◦[e).
Thus, X ⊆ X ◦ [e). Therefore, X ◦ [e) = X . We can show, similarly, that [e)◦ X = X ,
so [e) is an identity for ◦. By standard algebraic methods it follows that [e) is the
unique identity for ◦. ��

Thus, if F = 〈P, e,�, R〉 is a urog-frame, then AF := 〈U (P), ◦, \, /, [e),⊆〉 is a
urog (with [e) = 1); we call it the urog associated with F.

IfA = 〈A, ◦, \, /, 1,�〉 is a urog, then we can obtain a urog-frame, as follows. Let
R be the ternary relation on U (A) defined as in (6). Then the structure 〈U (A),⊆, R〉
is a rog-frame. It is straightforward to check that FA := 〈U (A), [1),⊆, R〉 satisfies
(7–9); hence, it is a urog-frame.

We next consider the class of irogs. An irog-frame is a urog-frameF = 〈P, e,�, R〉
satisfying

(∀ f ∈ P)[e � f ]. (10)
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For any irog-frame F = 〈P, e,�, R〉, the urog associated with F, namely,
AF = 〈U (P), ◦, \, /, [e),⊆〉, has [e) = P , by (10), which is clearly the greatest
element of U (P). Thus, AF is an irog, which we call the irog associated with F.

Let A = 〈A, ◦, \, /, 1,�〉 be an irog. Let U ′(A) be the set of all nonempty
elements of U (A) and R the ternary relation on U ′(A) defined as in (6). Then
F′
A = 〈U ′(A), {1},⊆, R〉 is a urog-frame. As for urogs, the constant element e of

F′
A is [1), which is just {1} in this case. In addition, every non-empty upset of A con-

tains 1, so {1} is the smallest element of U ′(A). Thus, F′
A satisfies (10), hence it is an

irog-frame.
A partial σ ′-structure is a structure B = 〈B, ◦B, \B, /B, 1B,�B〉, where �B is

a binary relation on B, while ◦B, \B and /B are partial binary operations on B and
1B ∈ B. (Note that the partiality of the binary operations on B does not apply to
the constant 1B which is always assumed to be an element of B.) A partial urog is
a partial σ ′-structure B = 〈B, ◦B, \B, /B, 1B,�B〉 that is a partial substructure of a
urog, i.e., for which there exists a urogA = 〈A, ◦A, \A, /A, 1A,�A〉 such that B ⊆ A,
�B= �A �B , 1B = 1A and a�Bb = a�Ab for each � ∈ {◦, \, /} and 〈a, b〉 ∈ dom(�B).
Partial irogs are defined analogously.

An embedding of a partial σ ′-structure B = 〈B, ◦B, \B, /B,�B〉 into a σ ′-structure
A = 〈A, ◦A, \A, /A,�A〉 is a map α : B → A such that: a �B b if, and only if,
α(a) �A α(b), α(1B) = 1A and α(a�Bb) = α(a)�Aα(b) for each � ∈ {◦, \, /} and
〈a, b〉 ∈ dom(�B). As in the case of rogs, embeddings can easily be shown to be
injective. In addition, if B is a partial σ ′-structure and there exists an embedding of B
into a urog (respectively, irog) A, then B is isomorphic to a partial substructure of A,
that is, B is a partial urog (respectively, irog).

In the following two theorems we give intrinsic characterizations of, respectively,
partial urogs and partial irogs.

Theorem 6 A partial σ ′-structure B = 〈B, ◦B, \B, /B, 1B,�B〉 is a partial urog if,
and only if, it satisfies conditions (i–x) of Theorem 1 and

(xi) (∀a ∈ B)[〈a, 1B〉 ∈ dom(◦B) ⇒ a ◦B 1B = a];
(xii) (∀a ∈ B)[〈1B, a〉 ∈ dom(◦B) ⇒ 1B ◦B a = a].
Proof As observed in the proof of Theorem 1, conditions (i–x) hold in every partial
rog, hence also in every partial urog. Conditions (xi) and (xii) hold in every urog; since
they are universal sentences with quantifiers relativized by the domains of the partial
operations, it follows that they hold in every partial urog.

Conversely, supposeB = 〈B, ◦B, \B, /B, 1B,�B〉 is a partialσ ′-structure satisfying
the requirements of the theorem. For every a ∈ B, if 〈1B, a〉 /∈ dom(◦B), then we
extend the domain of ◦B to include 〈1B, a〉 and set 1B ◦B a = a. We deal similarly
with every a ∈ B for which 〈a, 1B〉 /∈ dom(◦B). Then, by (xi) and (xii), a ◦B 1B =
a = 1B ◦B a for every a ∈ B.

As in Theorem 1, we define a ternary relation RB on U (B) as follows:

RB( f , g, h) ⇐⇒ (∀〈a, b〉 ∈ dom(◦B)) [a ∈ f & b ∈ g ⇒ a ◦B b ∈ h]
& (∀〈a, b〉 ∈ dom(\B)) [a ∈ f & a\Bb ∈ g ⇒ b ∈ h]
& (∀〈a, b〉 ∈ dom(/B)) [a/Bb ∈ f & b ∈ g ⇒ a ∈ h].
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Let F := 〈U (B), [1B),⊆, RB〉; we show that F is a urog-frame. As noted in the proof
of Theorem 1, 〈U (B),⊆, RB〉 is a rog-frame. We next show that F is a urog-frame,
that is, it satisfies (7–9).

To see that F satisfies (7), let f ∈ U (B); we must show that RB( f , [1B), f ) and
RB([1B), f , f ). Suppose that 〈a, b〉 ∈ dom(◦B) for some a ∈ f and b ∈ [1B). Then,
1B �B b, so a ◦B 1B �B a ◦B b, by (ii), hence a �B a ◦B b, so a ◦B b ∈ f . Next,
suppose that 〈a, b〉 ∈ dom(\B), where a ∈ f and a\Bb ∈ [1B). By an application
of (iii), since a �B a and 1B �B a\Bb, we obtain that a ◦B 1B �B b, i.e., a �B b.
Thus, b ∈ f , as required. Lastly, suppose that 〈a, b〉 ∈ dom(/B), where a/Bb ∈ f
and b ∈ [1B). By an application of (iv) , since a/Bb �B a/Bb and 1B �B b, we obtain
that (a/Bb) ◦B 1B �B a, i.e., a/Bb �B a. Thus, a ∈ f , as required. This show shows
that RB( f , [1B), f ); a similar proof shows that RB([1B), f , f ).

To see that F satisfies (8), let f , h ∈ U (B) such that RB( f , [1B), h); we must
show that f ⊆ h. Let a ∈ f . Since 1B ∈ [1B) and 〈a, 1B〉 ∈ dom(◦B), we get that
a ◦B 1B ∈ h. Since a ◦B 1B = a, it follows that a ∈ h, as required. A similar argument
shows that F satisfies (9).

Let AF = 〈U (U (B)), ◦, \, /, [[1B)),⊆〉 be the urog associated with F. It can be
shown, as in the proof of Theorem 1, that the map μ : B → U (U (B)) defined by
μ(a) = { f ∈ U (B) | a ∈ f } is an embedding of B into AF; we need only check
additionally that μ(1B) = [[1B)), which is immediate. This completes the proof. ��
Theorem 7 A partial σ ′-structureB = 〈B, ◦B, \B, /B, 1B,�B〉 is a partial irog if, and
only if, it satisfies conditions (i–x) of Theorem 1, conditions (xi) and (xii) of Theorem 6
and

(xiii) (∀a ∈ B)[a �B 1B].
Proof Conditions (i–xiii) hold in any irog, hence also in every partial irog.

Conversely, supposeB = 〈B, ◦B, \B, /B, 1B,�B〉 is a partialσ ′-structure satisfying
the requirements of the theorem. For every a ∈ B, if 〈1B, a〉 /∈ dom(◦B), then we
extend the domain of ◦B to include 〈1B, a〉 and set 1B ◦B a = a. We deal similarly
with every a ∈ B for which 〈a, 1B〉 /∈ dom(◦B).

Let U ′(B) be the set of all nonempty upsets of 〈B,�B〉. Define a ternary relation
RB on U ′(B) as in Theorems 1 and 6. It can be shown, as in the proof of Theorem 6,
that F′ = 〈U ′(B), {1B},⊆, RB〉 is a urog-frame. By (xiii), every element of U ′(B)

contains 1B, hence {1B} is the smallest set in U ′(P), that is, F′ satisfies (10); hence,
F′ is an irog-frame.

Let AF′ = 〈U (U ′(B)), ◦, \, /, [{1B}),⊆〉 be the irog associated with F′. Then
the map μ : B → U (U ′(B)) defined by μ(a) = { f ∈ U ′(B) | a ∈ f }
is an embedding of B into A′

F. This follows as in the proofs of Theorems 1
and 6; we need only check additionally that the upsets utilised in the proofs are
nonempty. In the proof of Theorem 1, where it is shown that g /∈ μ(a\Bb) implies
g /∈ μ(a)\μ(b), the set h = {e ∈ B | e �B b} is used. This set is empty
in the case that b = 1B, however, we show that it will never be the case that
g /∈ μ(a\B1B). Using property (v), since a ≤B a and a ◦B 1B �B 1B, we get
1B �B a\B1B. Thus, a\B1B = 1B, so a\B1B ∈ g for every nonempty upset g, and so
g ∈ μ(a\B1B). A similar situation exists for /B. ��
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Quantifier-free σ ′-formulas and universal σ ′-sentences are defined analogously to
quantifier-free σ -formulas and universal σ -sentences; these may contain the constant
1. The notations and conventions used in this section agree with those introduced in
Sect. 4.

Assignments on urogs and irogs, as well as partial assignments on partial urogs
and irogs, are required to assign the identity of the structure to the constant 1. The
definitions of satisfaction of quantifier-free σ ′-formulas in urogs and irogs, as well as
in partial urogs and irogs, are analogous to those given in Sect. 4 for rogs.

The size of a quantifier-free σ ′-formula ϕ, denoted si ze(ϕ), is the number of vari-
ables in ϕ plus the total number of occurrences of operation symbols in ϕ, plus one
(for the constant). The following result is an analogue of Theorem 2.

Theorem 8 A quantifier-free σ ′-formula ϕ is satisfiable in UROG (respectively,
IROG) if, and only if, it is satisfiable in a partial urog (respectively, irog) whose
cardinality does not exceed si ze(ϕ).

Relying on the characterizations of partial urogs and partial irogs from Theorems 6
and 7, we obtain the NP-upper bound for satisfiability in UROG and IROG using an
argument analogous to the proof of Theorem 5. The NP-lower bound for satisfiability
in UROG and IROG follows from Theorem 4.

Theorem 9 Satisfiability of quantifier-free σ ′-formulas in both UROG and IROG is
NP-complete. The universal theory of both UROG and IROG is coNP-complete.

6 Residuated k-Algebras

In this section and the next,we consider generalizations of rogs inwhich the◦operation
is replaced by an operation t of arity k, where k � 1, and \, / are replaced by k
operations r1, . . . , rk of arity k, such that k-ary versions of the residuation property
(1) hold. We shall refer to such a t as a (k-ary) ‘fusion’ operation and r1, . . . , rk as its
‘residuals’. In Sect. 8 we shall consider ‘residuated algebras’ that may contain finitely
many fusion operations of varying arities together with their residuals. Such algebras
were originally defined by Buszkowski (1989) [see also (Buszkowski, 1998, 2011;
Kołowska-Gawiejnowicz, 1997; Kandulski, 1997; Jäger, 2004)].

Let k be an integer with k � 1. We use σk to denote the signature consisting of
k + 1 operation symbols t, r1, . . . , rk , each of arity k, together with a binary relation
symbol�. A residuated k-algebra, or rak , is a σk-structureA = 〈A, t, r1, . . . , rk,�〉,
where 〈A,�〉 is a partially ordered set and A satisfies the following k-ary residuation
property: for all a1, . . . , ak, c ∈ A and every j ∈ {1, . . . , k},

t(a1, . . . , ak) � c ⇐⇒ a j � r j (a1, . . . , a j−1, c, a j+1, . . . , ak). (11)

To make the representation of the properties of raks briefer, we use the following
notation: given a non-empty set A, a tuple a ∈ Ak , as well as i ∈ {1, . . . , k} and c ∈ A,
we denote by a [i := c] the k-tuple obtained from a by replacing its i th component ai
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by c, i.e., the k-tuple 〈a1, . . . , ai−1, c, ai+1, . . . , ak〉. Then (11) can be written as

t(a) � c ⇐⇒ a j � r j (a [ j := c]).

First, we prove some properties of residuated k-algebras.

Lemma 2 Let A = 〈A, t, r1, . . . , rk,�〉 be a rak. Then the following hold.

(a) t is monotone in each coordinate, i.e., for any b ∈ A, a ∈ Ak and i ∈ {1, . . . , k},

b � ai ⇒ t(a [i := b]) � t(a).

(b) For every j ∈ {1, . . . , k}, r j is monotone in the j th coordinate, i.e., for any b ∈ A
and a ∈ Ak,

a j � b ⇒ r j (a) � r j (a [ j := b]).

(c) For every j ∈ {1, . . . , k} and a ∈ Ak,

t(a [ j := r j (a)]) � a j .

(d) For every j ∈ {1, . . . , k} and i ∈ {1, . . . , k} − { j}, r j is antitone in the i th

coordinate, i.e., for any b ∈ A and a ∈ Ak,

b � ai ⇒ r j (a) � r j (a [i := b]).

Proof (a) Observe that t(a) � t(a) implies, by (11), ai � ri (a [i := t(a)]), whence
b � ri (a [i := t(a)]), and so, by (11), t(a [i := b]) � t(a).

(b) Observe that r j (a) � r j (a) implies, by (11), t(a [ j := r j (a)]) � a j , whence
t(a [ j := r j (a)]) � b, and so, by (11), r j (a) � r j (a [ j := b]).

(c) Observe that r j (a) � r j (a) implies, by (11), t(a [ j := r j (a)]) � a j .
(d) If b � ai then, by (a), t(a [ j := r j (a)][i := b]) � t(a [ j := r j (a)]), hence, by

(c), t(a [ j := r j (a)][i := b]) � a j . Thus, by (11), r j (a) � r j (a [i := b]). ��
Henceforth, given i, j, � ∈ {1, . . . , k}, we often write, for brevity, i �= j instead of

i ∈ {1, . . . , k} − { j} and i �= j, i �= � instead of i ∈ {1, . . . , k} − { j, �}.
Lemma 3 Let k be an integer with k � 1 and A = 〈A, t, r1, . . . , rk,�〉 a rak. Then,
for all a, c ∈ Ak and j, � ∈ {1, . . . , k},
(a)

k
&
i=1

ai � ci ⇒ t(a) � t(c);

(b) &
i �= j

ai � ci & a j � r j (c) ⇒ t(a) � c j ;

(c) &
i �= j

ai � ci & t(c) � a j ⇒ c j � r j (a);

(d) &
i �= j

ai � ci & c j � a j ⇒ r j (c) � r j (a);

(e) &
i �= j,i �=�

ai � ci & a� � r�(c) & c� � a j ⇒ c j � r j (a).
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Proof (a) This follows by repeated applications of Lemma 2(a).
(b) By the assumptions and Lemma 2(a), t(a) � t(c [ j := r j (c)]). Since, by
Lemma 2(c), t(c [ j := r j (c)]) � c j , it follows that t(a) � c j .
(c) By the assumptions and Lemma 2(a), t(a [ j := c j ]) � t(c). Thus, by (11),
c j � r j (a [ j := t(c)]). By the assumption that t(c) � a j and Lemma 2(b),
r j (a [ j := t(c)]) � r j (a). Thus, c j � r j (a).
(d) This follows by applications of Lemma 2(b) and Lemma 2(d).
(e) From the assumption that ci � ai , for every i ∈ {1, . . . , k} − { j, �}, we obtain, by
Lemma 2(b), r�(c) � r�(a [ j := c j ][� := c�]). Since, by assumption, a� � r�(c), we
obtain a� � r�(a [ j := c j ][� := c�]), hence, by (11), t(a [ j := c j ]) � c�. Since, by
assumption c� � a j , we obtain t(a [ j := c j ]) � a j , hence, by (11), c j � r j (a). ��

We extend to raks the frame representation theory for rogs outlined in Sect. 2. A
rak-frame is a structure F = 〈P,�, R〉, where 〈P,�〉 is a partially ordered set and
R is a (k + 1)-ary relation on P monotone in the last coordinate and antitone in the
other coordinates, i.e., such that, for all f1, f ′

1, . . . , fk, f ′
k, h, h′ ∈ P ,

R( f1, . . . , fk, h) &
k
&
i=1

f ′
i � fi & h � h′ ⇒ R( f ′

1, . . . , f ′
k, h

′). (12)

Let F = 〈P,�, R〉 be a rak-frame and define, for all X1, . . . , Xk ∈ U (P) and
j ∈ {1, . . . , k},

t(X1, . . . , Xk) := {h ∈ P | (∃ f1, . . . , fk ∈ P) [ k
&
i=1

fi ∈ Xi & R( f1, . . . , fk, h)]};

and

r j (X1, . . . , Xk) := { f j ∈ P | (∀ fi �= j , h ∈ P)

&
i �= j

fi ∈ Xi & R( f1, . . . , fk, h) ⇒ h ∈ X j ]}.

Since F satisfies (12), so defined t, r1, . . . , rk are operations onU (P). The definitions
of t, r1, . . . , rk ensure that (11) is satisfied with respect to the partial order⊆ onU (P).
Thus, AF = 〈U (P), t, r1, . . . , rk,⊆〉 is a rak , which we call the rak associated with
F.

If A = 〈A, t, r1, . . . , rk,�〉 is a rak , then we may obtain a rak-frame as follows.
Define a (k + 1)-ary relation R on U (A) by

R( f1, . . . , fk, h) ⇐⇒ (∀a ∈ Ak)

[
k
&
i=1

ai ∈ fi ⇒ t(a) ∈ h

]
.

Then FA = 〈U (A),⊆, R〉 is a rak-frame.
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7 Partial �k-Structures and Partial raks

Let k be an integer with k � 1. A partial σk-structure is a structure
B = 〈B, tB, rB1 , . . . , rBk ,�B〉, where �B is a binary relation on B and tB and
rBj , for every j ∈ {1, . . . , k}, are partial k-ary operations on B, i.e., partial func-

tions from Bk into B. The domains of tB and rBj , for every j ∈ {1, . . . , k}, are
denoted by, respectively, dom(tB) and dom(rBj ). A partial rak is a partial σk-structure

B = 〈B, tB, rB1 , . . . , rBk ,�B〉 that is a partial substructure of a rak , i.e., for which there
exists a rak A = 〈A, tA, rA1 , . . . , rAk ,�A〉 such that B ⊆ A, �B= �A �B and

tB(a) = tA(a) for all a ∈ dom(tB);
rBj (a) = rAj (a) for every j ∈ {1, . . . , k} and all a ∈ dom(rBj ).

By an embedding of a partial σk-structure B = 〈B, tB, rB1 , . . . , rBk ,�B〉 into a
σk-structure A = 〈A, tA, rA1 , . . . , rAk ,�A〉 we mean a map α : B → A such that
a �B b if, and only if, α(a) �A α(b), and

α(tB(a)) = tA(α(a)) for all a ∈ dom(tB);
α(rBj (a)) = rAj (α(a)) for every j ∈ {1, . . . , k} and all a ∈ dom(rBj ),
where α(a) denotes 〈α(a1), . . . , α(ak)〉.

For clarity we note that the last condition in the above definition of an embedding is
necessary as it does not follow from the other conditions.

We now give an intrinsic characterization of partial raks, similar to the characteri-
zation of partial rogs given in Theorem 1.

Theorem 10 Let k be an integer with k � 1. A partial σk-structure
B = 〈B, tB, rB1 , . . . , rBk ,�B〉 is a partial rak if, and only if, it satisfies the follow-
ing conditions, for all j, � ∈ {1, . . . , k}:
(i ′) 〈B,�B〉 is a partially ordered set;

(i i ′) (∀a, c ∈ dom(tB)) [ k
&
i=1

ai �B ci ⇒ tB(a) �B tB(c)];
(i i i ′) (∀a ∈ dom(tB))(∀c ∈ dom(rBj ))

[ &
i �= j

ai �B ci & a j �B rBj (c) ⇒ tB(a) �B c j ];
(iv′) (∀c ∈ dom(tB))(∀a ∈ dom(rBj ))

[ &
i �= j

ai �B ci & tB(c) �B a j ⇒ c j �B rBj (a)];
(v′) (∀c ∈ dom(rBj ))(∀a ∈ dom(rBj ))

[ &
i �= j

ai �B ci & c j �B a j ⇒ rBj (c) �B rBj (a)];
(vi ′) (∀c ∈ dom(rB� ))(∀a ∈ dom(rBj ))(∀c ∈ dom(rB� ))

[ &
i �= j,i �=�

ai �B ci & a� �B rB� (c) & c� �B a j ⇒ c j �B rBj (a)].

Proof By Lemma 3, conditions (i’–vi’) hold in every rak , hence also in every partial
rak .
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Conversely, suppose B = 〈B, rB1 , . . . , rBk ,�B〉 is a partial σk-structure satisfying
(i’–vi’). Define a (k + 1)-ary relation RB on U (B) by

RB( f1, . . . , fk, h) ⇐⇒ (∀a ∈ dom(tB))[ k
&
i=1

ai ∈ fi ⇒ tB(a) ∈ h] &

k
&
j=1

(∀a ∈ dom(rBj ))[ &
i �= j

ai ∈ fi & rBj (a) ∈ f j ⇒ a j ∈ h].

It is straightforward to check that F = 〈U (B),⊆, RB〉 is a rak-frame. Let
A = 〈U (U (B)), t, r1, . . . , rk〉 be the rak associatedwithF, and letμ : B → U (U (B))

be the map defined by μ(a) = { f ∈ U (B) | a ∈ f }. We show that μ is an embedding
of B into A. For brevity, for a ∈ Bk , we write μ(a) instead of 〈μ(a1), . . . , μ(ak)〉.

The proof that a �B b if, and only if, μ(a) ⊆ μ(b) is as in the proof of Theorem 1.
Let a ∈ dom(tB). We show that μ(tB(a)) = t(μ(a)), where

μ(tB(a)) = {h ∈ U (B) | tB(a) ∈ h}

and

t(μ(a)) = {h ∈ U (B) | (∃ f1, . . . , fk ∈ U (B)) [ k
&
i=1

ai ∈ fi & RB( f1, . . . , fk, h)]}.

First, assume h ∈ t(μ(a)). Then there exist f1, . . . , fk ∈ U (B) such that ai ∈ fi ,
for every i ∈ {1, . . . , k}, and RB( f1, . . . , fk, h). Thus, by definition of RB, we obtain
tB(a) ∈ h and so h ∈ μ(tB(a)). Therefore, t(μ(a)) ⊆ μ(tB(a)).

Conversely, assume h ∈ μ(tB(a)), i.e., tB(a) ∈ h. Let fi := [ai ), for every
i ∈ {1, . . . , k}; these sets are clearly in U (B). We show that RB( f1, . . . , fk, h).
Suppose c ∈ dom(tB) and ci ∈ fi , for every i ∈ {1, . . . , k}. Then, ai �B ci , for every
i ∈ {1, . . . , k}; hence, by (ii’), tB(a) �B t(c). Since tB(a) ∈ h and h ∈ U (B), we
obtain tB(c) ∈ h. Suppose j ∈ {1, . . . , k}, c ∈ dom(rBj ), as well as ci ∈ fi , for every

i �= j , and rBj (c) ∈ f j . Then, ai � ci , for every i �= j , and a j � rBj (c), hence, by

(iii’), tB(a) � c j , whence c j ∈ h. Thus, RB( f1, . . . , fk, h). Since ai ∈ fi , for every
i ∈ {1, . . . , k}, we obtain h ∈ t(μ(a)). Therefore, μ(tB(a)) ⊆ t(μ(a)).

Let j ∈ {1, . . . , k} be fixed and let a ∈ dom(rBj ). We show that μ(rBj (a)) =
r j (μ(a)), where

μ(rBj (a)) = { f j ∈ U (B) | rBj (a) ∈ f j }

and

r j (μ(a)) = { f j ∈ U (B) |
(∀ fi �= j , h ∈ U (B)) [ &

i �= j
ai ∈ fi & RB( f1, . . . , fk, h)] ⇒ a j ∈ h}.
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First, assume f j ∈ μ(rBj (a)), i.e., r
B
j (a) ∈ f j . Suppose ai ∈ fi , for all i �= j , and

RB( f1, . . . , fk, h). Then, a j ∈ h, by definition of RB, hence f j ∈ r j (μ(a)).
Conversely, assume f j /∈ μ(rBj (a)), i.e., r

B
j (a) /∈ f j . To prove that f j /∈ r j (μ(a)),

we show that there exist fi ∈ U (B), where i ∈ {1, . . . , k} − { j}, and h ∈ U (B) such
that ai ∈ fi , for every i �= j , as well as RB( f1, . . . , fk, h) and a j /∈ h. Let fi := [ai ),
for all i ∈ {1, . . . , k} − { j}, and let h := {b ∈ B | b �B a j }; these sets are clearly
in U (B). It should also be clear that ai ∈ fi , for all i �= j , and that a j /∈ h. We next
show that RB( f1, . . . , fk, h).

Suppose that c ∈ dom(tB) and ci ∈ fi , for every i ∈ {1, . . . , k}. Then, ai �B ci ,
for every i �= j . Since, by assumption, rBj (a) /∈ f j and f j ∈ U (B), it follows that

c j �B rBj (a). Then, by (iv’), tB(c) �B a j . Thus, tB(c) ∈ h, as required.

We show, next, that the second clause of the definition of RB holds for the j we
fixed. Suppose c ∈ dom(rBj ), as well as ci ∈ fi , for all i �= j , and rBj (c) ∈ f j . Then

ai �B ci , for all i �= j . Since rBj (a) /∈ f j , we also obtain rBj (c) �B rBj (a); hence, by

(v’), c j �B a j . Thus, c j ∈ h, as required.
We show, last, that the same clause holds for every � ∈ {1, . . . , k} − { j}. Fix such

an � and suppose that c ∈ dom(rB� ), as well as ci ∈ fi , for all i �= �, and rB� (c) ∈ f�.
Then, ai �B ci for every i distinct from � and j , and a� � rB� (c). Since rBj (a) /∈ f j ,

we also obtain c j �B rBj (a), hence, by (vi’), c� �B a j . Thus, c� ∈ h, as required.

Thus, RB( f1, . . . , fk, h), which implies that f j /∈ r j (μ(a)) and, hence, that
r j (μ(a)) ⊆ μ(rBj (a)).

Thus, μ is an embedding of B into A. It follows that B is a partial rak , which
completes the proof. ��

In the case k = 2, the conditions (i’–vi’) of Theorem 10 are equivalent to conditions
(i–x) of Theorem 1. In the case k = 1, the conditions (i’–vi’) may be presented in a
simpler form, as given in the following corollary.

Corollary 1 A partial σ1-structure B = 〈B, tB, rB,�B〉 is a partial ra1 if, and only if,
it satisfies the following conditions:

(i ′′) 〈B,�B〉 is a partially ordered set;
(i i ′′) (∀a, c ∈ dom(tB)) [a �B c ⇒ tB(a) � tB(c)];
(i i i ′′) (∀a, c ∈ dom(rB)) [a �B c ⇒ rB(a) �B rB(c)];
(vi ′′) (∀a ∈ dom(tB))(∀c ∈ dom(rB)) [tB(a) �B c ⇐⇒ a �B rB(c)].

8 Complexity of the Universal Theory of Residuated Algebras

In this section we consider classes of residuated algebras over fixed signatures that
may contain finitely many fusion operations and their residuals. We prove that the
universal theory of each such class is coNP-complete.

Let k be an integer with k � 1. By a k-residuation tuple, we mean a tuple
〈t, r1, . . . , rk〉 of k + 1 operation symbols, each of arity k. By a residuation sig-
nature we mean a signature consisting of a binary relation symbol � and a finite set
of residuation tuples.
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Let ρ be a residuation signature. A residuated ρ-algebra, or raρ , is a ρ-structure
A, with universe A and binary relation �A such that 〈A,�A〉 is a partially ordered
set and, for each k � 1 and each k-residuation tuple 〈t, r1, . . . , rk〉 in ρ, A has k-ary
operations tA, rA1 , . . . , rAk such that the structure 〈A, tA, rA1 , . . . , rAk ,�A〉 is a rak , that
is, it satisfies (11). The class of all residuated ρ-algebras in denoted by RAρ .

Let ρ be a residuation signature. A partial ρ-structure is a structure B that has
universe B, a binary relation �B on B and, for each k � 1 and each k-residuation
tuple 〈t, r1, . . . , rk〉 in ρ,B has corresponding partial k-ary operations tB, rB1 , . . . , rBk .
The domain of each operation fB inB is denoted by dom(fB). A partial raρ is a partial
ρ-structure B that is a partial substructure of a raρ , that is, there exists a raρ A with
B ⊆ A, �B= �A �B and, for each k � 1 and each k-residuation tuple 〈t, r1, . . . , rk〉
in ρ,

tB(a) = tA(a) for all a ∈ dom(tB);
rBj (a) = rAj (a) for every j ∈ {1, . . . , k} and all a ∈ dom(rBj ).

We next give an intrinsic characterization of partial raρ’s.

Theorem 11 Let ρ be a residuation signature. A partial ρ-structure B is a partial
raρ if, and only if, condition (i’) of Theorem 10 holds and, for each k � 1 and each
k-residuation tuple 〈t, r1, . . . , rk〉 in ρ, conditions (ii’–vi’) of Theorem 10 hold.

Proof The proof is an adaptation of the proof of Theorem 10. If B is a partial raρ ,
then the required conditions hold. Conversely, suppose that B is a partial ρ-structure
satisfying the conditions of the theorem. For each residuation tuple in ρ, we define a
corresponding relation RB onU (B) as in the proof of Theorem 10. Next, construct raρ

A with universeU (U (B)) and operations, corresponding to each relation RB, defined
as in Sect. 6. Then the map μ : B → U (U (B)) defined by μ(a) = { f ∈ U (B) |
a ∈ f } can be shown to be an embedding of B into A, completing the proof. ��

For each residuation signature ρ, quantifier-free ρ-formulas and universal
ρ-sentences are defined as in Sect. 4 for the signature σ . The definition of satisfaction
of quantifier-free ρ-formulas in raρs and partial raρs is analogous to that given in
Sect. 4 for rogs. The size of a quantifier-free ρ-formula ϕ, denoted si ze(ϕ), is defined
as the number of variables in ϕ plus the total number of occurrences of operation
symbols in ϕ.

The following result is an analogue of Theorem 2.

Theorem 12 Let ρ be a residuation signature. A quantifier-free ρ-formula ϕ is satis-
fiable in RAρ if, and only if, it is satisfiable in a partial raρ whose cardinality does
not exceed si ze(ϕ).

By the above results, following the methods used for rogs, we obtain the following
result.

Theorem 13 Let ρ be a residuation signature. Satisfiability of quantifier-free
ρ-formulas inRAρ is NP-complete. The universal theory ofRAρ is coNP-complete.
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9 Conclusion

Weconclude by offering some future research directions related to the results presented
here. Firstly, it is common in the study of substructural logics—such as NL—that var-
ious structural rules are considered alongside the existing set of rules. Structural rules
typically correspond to familiar algebraic properties of the related classes of algebras.
For example, the exchange rule corresponds to commutativity of the ◦ operation in
rogs, while the weakening rule corresponds to the integrality property of irogs. The
computational complexity of the universal theory for such extensions of rogs may be
an interesting research direction. For residuated k-algebras, with k � 3, there may
be scope for investigation of structural rules in general, as well as related complexity
questions. Classes of residuated 1-algebras have been investigated in the context of
ordered sets with a pair of residuated unary operations, or Galois operators, where
the ordered set is usually a poset, as in the case here, or a lattice. There seems to be
scope for investigating computational complexity questions for various classes of such
algebras.
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Jeřábek, E. (2009). Canonical rules. The Journal of Symbolic Logic, 74(4), 1171–1205.
Kandulski, M. (1997). On generalized Ajdukiewicz and Lambek calculi and grammars. Fundamenta Infor-

maticae, 30(2), 169–181.
Kołowska-Gawiejnowicz,M. (1997). Powerset residuated algebras and generalizedLambek calculus.Math-

ematical Logic Quarterly, 43(1), 60–72.
Lambek, J. (1958). The mathematics of sentence structure. American Mathematical Monthly, 65, 154–170.
Lambek, J. (1961). On the calculus of syntactic types. In: Jacobson, R. (Ed.), Structure of language and its

mathematical aspects, proceedings of symposia in applied mathematics (Vol. XII). American Mathe-
matical Society.

Lellmann, B. (2016). Hypersequent ruleswith restricted contexts for propositionalmodal logics.Theoretical
Computer Science, 656, 76–105.

Sambin, G., Battilotti, G., & Faggian, C. (2000). Basic logic: Reflection, symmetry, visibility. The Journal
of Symbolic Logic, 65(3), 979–1013.

Shkatov,D.,&VanAlten, C. J. (2019). Complexity of the universal theory of bounded residuated distributive
lattice-ordered groupoids. Algebra Universalis, 80(3), 36.

Shkatov, D., &VanAlten, C. J. (2020). Complexity of the universal theory ofmodal algebras. Studia Logica,
108(2), 221–237.

Shkatov, D., & Van Alten, C. J. (2021). Computational complexity for bounded distributive lattices with
negation. Annals of Pure and Applied Logic, 172(7), 102962.

Van Alten, C. J. (2013). Partial algebras and complexity of satisfiability and universal theory for distributive
lattices, Boolean algebras and Heyting algebras. Theoretical Computer Science, 501, 82–92.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

123


	Complexity of the Universal Theory of Residuated Ordered Groupoids
	Abstract
	1 Introduction
	2 Residuated Ordered Groupoids
	3 Partial σ-Structures and Partial rogs
	4 Complexity of the Universal Theory of mathcalROG
	5 Unital and Integral Residuated Ordered Groupoids
	6 Residuated k-Algebras
	7 Partial σk-Structures and Partial raks
	8 Complexity of the Universal Theory of Residuated Algebras
	9 Conclusion
	Acknowledgements
	References




