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Abstract
In this article, the mechanical design and analysis of a novel three-legged, agile robot with passively compliant 4-degrees-
of-freedom legs, comprising a hybrid topology of serial, planar and spherical parallel structures, is presented. The design
aims to combine the established principle of the Spring Loaded Inverted Pendulum model for energy efficient locomotion
with the accuracy and strength of parallel mechanisms for manipulation tasks. The study involves several kinematics and
Jacobian based analyses that specifically evaluate the application of a non-overconstrained spherical parallel manipulator as
a robot hip joint, decoupling impact forces and actuation torques, suitable for the requirements of legged locomotion. The
dexterity is investigated with respect to joint limits and workspace boundary contours, showing that the mechanism stays
well conditioned and allows for a sufficient range of motion. Based on the functional redundancy of the constrained serial-
parallel architecture it is furthermore revealed that the robot allows for the exploitation of optimal leg postures, resulting in
the possible optimization of actuator load distribution and accuracy improvements. Consequently, the workspace of the robot
torso as additional end-effector is investigated for the possible application of object manipulation tasks. Results reveal the
existence of a sufficient volume applicable for spatial motion of the torso in the statically stable tripodal posture. In addition,
a critical load estimation is derived, which yields a posture dependent performance index that evaluates the risks of overload
situations for the individual actuators.

Keywords Legged robot · Spherical parallel manipulator · Kinematics · Mechanical design · Hybrid ·
Serial-parallel mechanism · Dexterity · Workspace · Performance

1 Introduction

The research on the legged locomotion of robots has given
rise to many different mechanical designs, motivated by a
wide range of specific applications and goals that should
be accomplished by the legged robot. For instance, differ-
ent objectives may involve fast running, high load-carrying
capacity, locomotion over uneven terrain or the requirement
to perform additional and accurate manipulation tasks. How-
ever, a more general distinction can be made by considering
multiple central aspects of the robot morphology and its
consequences, like the number of legs, statically or dynami-
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cally stable locomotion, the employed gait, the inclusion of
passive or active compliance inside the leg mechanism, the
type of actuation and the topological layout of the mechani-
cal assembly, which may feature a parallel, serial or hybrid
arrangement.

With this work, the novel design of a legged robot as
depicted in Fig. 1 is investigated that features the intricate
combination of several specific design concepts as a mea-
sure to exploit their respective advantages to possibly yield
a highly agile, fast and dextrous robot. Fundamentally, the
design of the robot aims to combine agility, leg compliance
and a torso centricmass distribution—as found in robots con-
structed with the Spring Loaded Inverted Pendulum (SLIP)
[1] model in mind—with the stiffness, precision and strength
of parallel mechanisms. Both domains are connected by the
hybrid behaviour of the leg spring mechanism, which acts
as a threshold between two possible task configurations of
the robot. As such, accurate object manipulation may be per-
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Fig. 1 CADmodel of the prototype robot. The robot features three legs,
a 3-DOF spherical hip joint, a 1-DOF knee joint, an additional DOF for
the passive leg compliance and a serial-parallel actuation with 12 DC-
motors, all located inside the robot torso. Both the hip mechanism and
the upper leg comprise closed-loop linkages, connected in series along
the leg

formed in the statically stable and stiff tripodal posture, while
energy efficient dynamically balanced legged locomotion can
possibly be achieved in the compliant state. Certainly, the
intricate and mechanically complex approach has drawbacks
on its own, as there are workspace limitations, several inter-
nal mechanical constraints, highly difficult kinematics and
dynamics and the requirement for a sophisticated controller
design to copewith the complexity of the robot. Still, the pro-
posed robot may benefit from its respective design choices in
such a way that it is able to sufficiently work and transitions
between both tasks.

In this regard, the primary research contribution of this
work is the analysis of the robot based on its kinematical
behaviour with respect to dexterity, workspace and perfor-
mance characteristics, being achieved with the proposed
robot design. Consequently, these properties allow to eval-
uate the three-legged robot for its target application. In the
following, the design fundamentals of the proposed robot
and its conceptual ideas with respect to existing robots in the
literature are introduced.

1.1 Robot Design Fundamentals

The design of the prototype robot, as discussed in this arti-
cle, was introduced in general in our previous works [2] and
[3]; however, the current version of the robot features some
reworked and optimized components. Importantly, the robot
design was driven by multiple aspects, which include the
primary goal of energy efficient dynamic locomotion over
uneven terrain (A), the ability to fast and responsively alter its
posture (B) and the option to perform precise object manip-
ulation (C). To accomplish these goals (A–C) in the future
research, several decisions (I–V) were made regarding the
design of the robot, as discussed in the following.

1.1.1 Three-Legged Design (I)

Many legged robots are constructed with an even number of
legs, whichmostly results in designs close to examples found
in nature. Thus, most walking, running and jumping robots
either feature two, four or six legs, as e.g. reviewed in [4].
In this regard, an even number of legs naturally yields sym-
metrical gaits due to groups of legs alternatingly performing
swing and support phases. In addition, a large number of legs
often allows for statically stable locomotion, as for example
with hexapod robots, employing the tripod gait [5]. Static
stability is possible due to the support polygon—spanned by
the foot contact surfaces and the individual feet in contact
with the ground surface—being large enough for either the
projected center of mass (COM) or the zero moment point
(ZMP) [6] to stay inside the polygon contour. Consequently,
considering locomotion over uneven terrain, a larger number
of legs thus allows for better general stability during traver-
sal and often improved load carrying capacity, [4]. Hence,
with fewer legs and increased movement speed, static sta-
bility becomes more challenging, which inevitably requires
dynamically balanced locomotion as e.g. shown with the
two-legged robots ATRIAS [7] or Cassie [8]. However, con-
sidering the vast literature of legged robots, there exist less
examples of robots that explore architectures with an uneven
number of legs, although multiple hopping robots, such as
the Raibert Hopper [9] or Salto [10] show that movement is
achievable with only one leg.

Thus, in this work, the design of a radial symmetrical
three-legged robot is examined, which is an architecture
researched in less depth than e.g. two or four legged sys-
tems. Naturally, a three-legged architecture imposes several
difficulties regarding the solution to a feasible locomotion
strategy, as walking stability and gait generation become
more abstract problems due to the absence of biological
templates. However, a three-legged system provides themin-

123

6 Page 2 of 22



Journal of Intelligent & Robotic Systems (2023) 109:6 

imum number of simultaneous ground contacts that allow for
a statically stable pose, which might be exploited later on for
accurate manipulation tasks, as targeted with goal (C). Fur-
thermore, a minimal number of legs naturally reduces the
total weight of the robot, which can benefit the goals (A) and
(B), regarding energy efficiency and agility.

For reference, other robots with such an architecture are
for example the three-legged robots in [11–19]. In particu-
lar, the robot STriDER in [11] contains four serially actuated
joints per leg and flips its entire torso with each step. Thus,
the robot is able to consecutively swing each leg to the
other side of its own body to enter the next tripodal pos-
ture. In contrast, the robot Martian III in [12] has a fixed
leg orientation, but varies the length of its legs by utilizing
a linear actuator, allowing locomotion by oscillatory actu-
ation. In [13], the static stability of the three-legged serial
architecturewas investigated by applying a predictive control
method. A three-legged walk, turning a jumping movement
was shownwith the small three-legged robot Trinibot in [14],
utilizing only three DC-motors in total with a RSSR loop
mechanism, transforming motor rotation into leg swinging
motion. The three-legged robot in [15] moves through appli-
cation of oscillatory motions, and contains two servo motors
per leg, corresponding to rotatory hip and linear leg joints.
Notably, the actuators were kept outside of the leg structure
to achieve high-speed motions. Interestingly, the robot from
[15] specifically comprises springs, serially embedded into
its legs, as required for its locomotion dynamics. Thus, the
robot targets a resemblance of the SLIP model [1], which the
proposed robot similarly constitutes through combination of
leg compliance (IV) and specific mass distribution (V). A
gait synthesis for a three-legged robot comprising three servo
motors per leg based on a learning algorithm was shown in
[16]. A parallel robot considered for machining tasks mov-
ing on a surfacewith three attachment pointswas investigated
in [17]. Recently, the three-legged robotMARM (Multi-Arm
RelocatableManipulator) [18] was presented that is intended
to use its limbs for walking, transporting payload and manip-
ulation in space exploration. A current research project of the
three-legged robot TriPed regarding novel locomotion meth-
ods is presented in [19].

However, the proposed legged robot presents several dif-
ferences regarding certain mechanical properties, which are
discussed with the additional methods (II–V). In particular,
a serial leg architecture was employed in the robots [11–14,
16, 18], which stands in contrast to the serial-parallel design
(II). Additionally, no explicit leg compliance (IV) was inte-
grated into the robots [11–14, 16]; however, Martian III [12]
allows some deformation of its legs, as required for its loco-
motion. In [17], the on-structure robot was designed with
focus on high stiffness and rigidity. In contrast, the pro-
posed robot in this article features three dedicated passive

degrees-of-freedom (DOFs) utilized for its leg compliance
(IV). Specifically, as locomotion (A, B) and object manipu-
lation (C) are key properties of the proposed robot, in addition
a certain dexterity and a reasonable workspace are required.
This however is not a specific target for several aforemen-
tioned robots, which results in different properties. This is
e.g. based on the reduced number of actuated joints in the
robots Martian III [12], Trinibot [14] and the robots from
[15, 17], or the small size of the robots from [14] and [15].
Thus, the robot presented is equipped with legs of a suitable
length, allowing for a sufficient range of motion and fea-
tures 12 active DOFs in total. The number of DOFs per leg
creates an additional functional redundancy, possibly to be
exploited for optimised motion execution, regarding dexter-
ity and accuracy.

1.1.2 Serial-Parallel Mechanism Layout (II)

Considering the concept of actuation, many robots employ a
mechanical design with the actuators being placed in serial
order along the joints of the mechanism, which can be
observed for example at the robots ANYmal [20] or MIT
Cheetah 3 [21]. As such, a serial design has several advan-
tages, which are mostly simple kinematic expressions and
larger workspaces, in comparison to the more complex and
constrained parallel architectures that often require involved
mathematical solutions to their kinematics. However, serial
designs can affect the agility of the robot, as actuators must
accelerate masses and inertias of the follower actuators in a
series arrangement, which may be a considerable drawback.
Still, optimizations can be applied in serial architectures via
the transmission of joint torques using linkages, belts or
strings to optimize the location of the actuators as a mea-
sure to achieve lightweight legs, as seen for example with
the Cheetah 2 [22] and 3 [21] robots.

On the contrary, legged robots that use parallel architec-
tures—as in [7, 23–33]—may benefit from multiple advan-
tages, such as improved accuracy, stiffness, strength and
speed in comparison to conventional serial robots [34], which
are aspects that may be exploited with respect to the design
of agile legs. However, the application of parallel actuation in
the field of legged robots ismore uncommon [29, 35, 36] than
serial actuation schemes. Still, robots with parallel actua-
tion schemes are for example ATRIAS [7], HeritageBot [23],
HexbotIV [24], Minitaur [25], Octopus [26], SpaceBok [27]
or the parallel quadruped in [28]. From the aforementioned
examples, several legged robotsmakeuse of the specific char-
acteristics of parallel mechanisms, as e.g. the high payload
capacity of the robot in [28], HexbotIV [24] and Octopus
[26]. The high stiffness and accuracy of parallel mechanisms
was put to use with the six-legged hole drilling robot in [29].
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Yet, the exploitation of high agility and speed of parallel
mechanisms can be observed at the leg design of theATRIAS
[7] robot.

Certainly, beside the requirement of elaborate control
algorithms due to their mechanical complexity, practical
drawbacks exist, as parallel robots are often compromised in
their range of motion, which is the inherent consequence due
to linkages, connected in closed loops. Interestingly, recon-
figurable robot architectures, as e.g. shown in [17, 37], try to
circumvent this disadvantage by altering their configuration
to optimally correspond to the required task. In this sense,
in [38] a legged robot with a novel single loop parallel leg
mechanism with the advantage of a larger workspace was
presented.

Aiming to combine the advantages of both domains, a
hybrid serial-parallel architecture was employed, which con-
sists of a parallel actuation for the robot hip joint and a
serially connected actuation for the knee joint. Although
being affected by an overall smaller workspace, the hybrid
design allows for low inertia legswith a strong and precise hip
actuation, while the series connection to the knee joint still
provides a suitable range of motion. Considering the initial
goals, as such, the speed of the parallel mechanism may ben-
efit goal (B) regarding agility, while accuracy and stiffness
may improve general manipulation tasks (C). In this regard,
hybrid approaches in the design of robot legs can also be
observed in the wall climbing robot from [39] and the four
legged robot in [40]. Similarly, the possible advantages of
the hybrid approach was considered in the leg design shown
in [41] and the in-pipe peristaltic robot in [42]. In [43] hybrid
mechanisms for bone surgery were investigated.

1.1.3 Non-Overconstrained Internal Load Support Structure
(III)

The mechanical layout of the parallel structure used for
the hip joints is specifically known as the spherical paral-
lel mechanism (SPM) [44], which allows to create purely
spherical motion of the end-effector relative to its base by
three rotatory actuators. A serial architecture providing a
similar motion characteristic is the RRR structure, utilized
e.g. in gimbal systems [45]. The SPM is vastly studied in the
literature [44, 46–56]. Since the manipulator provides high
accuracy, stiffness and speed, it is generally utilized as an
orientation device. Hence, it was used to develop a camera
orienting device—the Agile Eye [48, 51]—and is actively
researched in the context of medical and surgery applica-
tions, as discussed in the recent works [57–65]. Additionally,
it was investigated as a hip exoskeleton device in [66]. A
wrist exoskeleton device for force interaction was proposed
in [67]. In [68] the SPM was used for the design of a pros-

thetic wrist. A self-balancing platform was designed in [69].
However, its application as a spherical hip manipulator for
the purpose of legged locomotion of robots has received only
minor research attention in the past. Thus, examples of robots
that utilize the SPM are the two legged robot in [70, 71] and
the four-legged robot in [40, 72]. However, the distinct usage
of the SPM regarding a robot that focusses on a lightweight
and agile design was not further investigated, except the ini-
tial research in our previous works [2, 3].

In general, the linkages of a parallel mechanism must
transmit both forces and torques between base and end-
effector. Regarding its application in this work as the hip
joint in a legged robot, naturally, it is a highly stressed part
that must resist large static or dynamic forces and impacts.
Furthermore, certain postures of the parallel manipulator can
lead to a single linkage being loaded exceedingly more than
the other linkages, which might cause problems regarding
the rigidity of the mechanical parts.

Specifically, in the context of a spatially miniaturized
and lightweight manipulator as integrated into the robot
presented—which must keep a low total mass to achieve
high agility (B)—the physical size of the linkages and their
material properties are limiting factors. Fundamentally, the
linkage cannot occupy a larger space due to otherwise pos-
sible mechanical collisions with neighbouring parts. Thus, a
functional separation was employed, redirecting forces and
torques onto different mechanical structures as a measure
to reduce the load on the linkages, as the general SPM is
not suitable regarding the force transmission demands in this
specific application.

Consequently, a non-overconstrained design was used for
the hip joint, comprising an outer parallel mechanism for the
joint actuation, and an inner force absorbing central univer-
sal joint like support structure. By this measure, which alters
the general SPM structure, the load exerted on the parallel
linkages of the hip mechanism is lowered substantially, [2].
Particularly, this additionwas not present in the legged robots
utilizing the SPM from [70, 71] and [40, 72]. As a measure
to keep the mechanical system non-overconstrained—which
is required to specifically distribute forces and torques inside
the system—the typical SPM that features a 3-RRR lay-
out was replaced with the 6-DOF 3-CCC layout, which
is prevented from falling apart by the internal RRR sup-
port structure. In this regard, the non-overconstrained design
allows for a spatially small, yet robust construction.

1.1.4 Leg Compliance (IV)

With regard to efficient and dynamically balanced walking
and running, leg compliance plays a crucial role [73] in
many robotic designs, as this allows for storing and releas-
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ing energy during the locomotion cycle. Compliance can be
achieved by the integration of elastic elements, which are
often implemented independently from the chosen actuation
concept, as elasticities are typically connected in series to
the actuated joints. Alternatively, compliance is achievable
via software as part of the motor control algorithm as e.g.
employed in virtual model control (VMC) [74], mimicking
the behaviour of actual elastic components. Consequently,
a series elasticity was integrated into the leg mechanism as
important component regarding energy efficient locomotion
as targeted with goal (A).

Notably, the integration of the spring in the case of the
specific leg design of the proposed robot is more compli-
cated thanwith robots that employ amore simplemechanism.
Specifically, the integration of elasticities into the linkage
structure of the leg mechanism itself is not advisable due to
the highly nonlinear kinematic properties of the SPM. As
a solution, the mechanical combination of two closed loop
mechanisms in series with one common link was employed,
additionally incorporating the underlying internal support
structure (III). Importantly, as we demonstrated in our previ-
ous work [3], this yields a design with a reasonable linear
behaviour of the resulting virtual leg spring, which acts
between the robot feet and hip joints, and thus is a key design
component of this robot.

Importantly, due to the specific mechanical realization
of the leg compliance—involving pre-stressed springs—a
hybrid behaviour was achieved, which keeps the robot in a
stiff configuration, possibly benefiting accuratemanipulation
tasks (C). However, in motion, a threshold can be exceeded,
which allows the legs to transition into a compliant state, as
important for locomotion (A, B).

1.1.5 Concentrated Mass Distribution (V)

With the SLIP model [1]—which is studied in depth in the
literature—being a fundamentally relevant concept regarding

legged robots, a design that specifically captures a systemic
closeness to this model may allow for agile and energy effi-
cient dynamically balanced legged locomotion, as e.g. shown
with ATRIAS [7].

Hence, a torso-centred, highly condensed mass distribu-
tion with legs that correspondingly comprise relatively low
mass and inertia was a key design component of the robot
presented. Consequently, combining the overall mass distri-
bution with the compliance of the legs (IV), this may allow
the application of control laws derived from the SLIP model
and thus may benefit the realization of the goals (A) and (B).
In particular, the realization of the dense mass concentration
is directly coupled to the serial-parallel actuation (II), which
allows for the distinctive location of the actuators.

1.2 Scope and Article Structure

Since the design of the hip joint is a central component in
the proposed legged robot, this article focusses specifically
on the resulting properties of the mechanism as the robot
employs different postures. Fundamentally, the analyses in
this article require the solution to the inverse kinematics of
the robot model. However, the derivation of the extensive
mathematical solution employed for the full robot model is
beyond the scope of this paper. Nonetheless, a video of a
motion execution is included in the supplementary materi-
als, which shows the plausibility of the implementation.With
this solution, the posture of the robot is completely defined
by evaluation of the forward homogenous transformation cal-
culations. Based on the resulting posture, the workspace is
evaluated and several Jacobian based analyses are portrayed
in this article. Thereby, the application of the proposed robot
design for the tasks of legged locomotion and object manip-
ulation is assessed.

The rest of the paper is organized as follows: First, Sec. 2
brieflydiscusses themechanical structure of the robot, includ-
ing details regarding the realization of the design methods

Fig. 2 Multi-body
representation of the prototype
robot. Abbreviations: Revolute
(R), cylindrical (C), prismatic
(P), constant velocity (CV),
spherical (S), screw/helical (H),
miniature belt transmission
(TB ), helical gear transmission
(TH ), linear transmission (TL ),
proximal link (pl) and distal link
(dl). Color legend for joint
actuation: active (red), passive
spring retraction force (blue).
Green color marks axes that are
equipped with angular or linear
encoders
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(I–V). Afterwards, the analysis of the SPM in the context of
its application as a hip joint for the legged robot is performed,
which focusses on the kinematic properties in Sec. 3 and on its
performance evaluation in Sec. 4. Since this article features
multiple analyses, each of them comprises an individual part
that presents its results. Thus, Sec. 5 discusses and interprets
the individual results, findings and their interrelation. Lastly,
Sec. 6 draws a conclusion and Sec. 7 discusses future work.

2 The Prototype Robot

Fig. 1 displays the 3D model of the current legged robot pro-
totype. The internalmulti-body representation of rigid bodies
and joints is depicted in Fig. 2, including the names of parts,
joints and axes, referred to in this article. For a detailed dis-
cussion regarding themechanical design, refer to the previous
work [3]. In the figure, actively driven joints are marked with
red color and passively driven ones—due to torque exert-
ing elastic elements—are colored in blue. In addition, the
connection of the sensor devices with their respective con-
nection to the measured axes is displayed. In the following,
the design of the robot is briefly discussed, stating how the
designmethods (I–V) are incorporated mechanically into the
robot model.

2.1 Realization of the DesignMethods (I–V)

Regarding designmethod (I), the robot consists of the central
torso assembly and serial-parallel actuated legs, connected

Fig. 3 Detail view of the upper side of the torso section of the robot
model. The numbers depict the indices, used for the actuator axes in
this article

radial symmetrically. Each leg is connected with a spheri-
cal parallel hip manipulator driven by three actuators to the
torso. In the depicted posture, the torso centre tray is located
approximately 0.42 m above the ground level; hence, the
robot is of rather small size.

Importantly, the legs themselves feature a planar parallel
architecture, which both allows for the motion of the knee
joint through the serial-parallel actuation (II) and for the com-
pliant leg behaviour (IV). Specifically, each leg consists of
a four-bar closed-loop mechanism, connecting tool platform
and lower leg, with one bar being length-adjustable via a
slider mechanism, which transforms rotation into translation
through a screw joint. The slider screw axis is driven by the
knee actuator, which is located inside the robot torso, con-
nected via a constant velocity bendable transmission axis.
This torque transmission axis goes through the centre of both
the spherical parallel hip mechanism and the universal joint
support structure, occupying the inner space of the mecha-
nism. Hence, it was possible to both locate the motor inside
the robot torso (V) and yet allow for a serial actuation (II)
of the knee with respect to the hip actuation. This allows
for lightweight legs, with the masses of the actuators placed
completely outside of the moving structures.

The structural shape of the robot is built by combining
thin aluminium parts with lightweight, yet reasonable rigid
3D printed parts and stiff off-the-shelf plastic tubes and axes.
This allows for an overall functionally intricate design, result-
ing in a compact and highly interconnected construction. In
this sense, as observable in the figures, a close interlock-
ing arrangement was chosen, tightly arranging the set of 12
cylindrically shaped compact DC-motors without mechan-

Fig. 4 Detail view of the robot torso section from below, depicting the
close and collision free arrangement of the hip actuators
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ical interference. Thus, concentrated in a narrow volume
in the robot torso, the resulting centre of mass is located
closely to the geometric centre of the robot torso, realizing
design method (V). The location of the individual actuators
is depicted in the Figs. 3, 4 and 5. Each actuator is distin-
guished in the rest of the article via an index number, which
is 1-3 for the base actuators, and 4 for the knee actuator.
In addition, Fig. 5 displays the notation for the axes vectors,
referred to regularly in this article. For reference, a real-world
prototype of one leg was built in the previous work, [3].
Essentially, the total weight of the robot—calculated from
the CAD representation—measures only 3.407 kg, which is
plausible based on the weight of the single built real world
leg. Importantly, the combined weight of the 12 actuators
holds 1.29 kg, which is approximately 37.9 % of the total
robot mass. Consequently, the remaining mass taken by the
robot skeleton structure is only a comparatively minor part of
the whole assembly, and is considered as a rather important
aspect with respect to the overall design of a legged robot
[25, 75].

The hip joints are internally connected with a RRR uni-
versal joint structure in the inside of the spherical parallel

Fig. 5 Detail view of side of the torso section, showing the individual
joint axes of the robot. Yellow lines depict the actuator axes andmagenta
lines the corresponding encoder axes. The transmission of the base
actuator angular position is transferred via a helical gear connection to
the three base encoders of each hip unit. A hidden redundant encoder
marked with the red dashed line measures the axis orientation c1 via
the miniature transmission belt. The depiction of the hip joints reveals
the force absorbing central universal joint structure in the centre of the
SPMhip joints, with the axes c1, c2 and c3 beingmarked with red, green
and blue lines

actuated linkage structure, comprised of the joints c1, c2
and c3. Thus, the inner support structure captures any forces
introduced into the hip joint, which makes the universal
joint structure equivalent to a passively connected spherical
joint, while the outer spherical 3-CCC linkage structure—
mechanically decoupled from the capability to engage with
any forces introduced into the system—delivers the required
joint torque. This combination of inner serial and outer paral-
lel structure realizes the non-overconstrained hip mechanism
from design method (III).

Importantly, the universal joint structure shares one revo-
lute axis (c3)with the four-barmechanismof the leg, allowing
the connection of two parallel mechanisms in series, with
the tool platform being the common link. Crucially, this
allows for the leg elasticity to be placed in series to the
hip mechanism, circumventing the nonlinearty of the kine-
matics between the motion of the motor axes and the tool
platform. Consequently, the leg compliance is realized by a
spring that is embedded into the upper leg. The transmission
of forces between the spring and the leg linkage is realized
by a guided high strength string that specifically applies the
retracting spring force between the lower side of the upper
leg and the inner slot of the tool platform, which is equivalent
to a torque applied at the shared axis c3. Hence, with a pre-
stressed spring, the transition from stiff to elastic behaviour
requires to overcome a certain torque related, discrete thresh-
old. Thus, the relative motion around this axis allows the leg
to alter the shape of the planar four-bar linkage, changing the
distance between foot and hip centre, depending on the force
applied to the robot feet. This realizes the additional passive
DOF required for the leg compliance from design method
(IV).

Beside the actuation concept, sensors are integrated into
the model to capture the current posture of the robot, as
required for control algorithms. Each hipmechanism features
three encoders for the base actuators. Additionally, a redun-
dant encoder measures the angular position of the proximal
universal joint part; thus, it measures the actual orientation of
the knee actuator unit, which is able to rotate freely inside the
torso assembly as depicted in the topological diagram. The
slider position is measured with a miniature linear encoder
located inside the cylindrically shaped tube of the upper leg.

2.2 The HipMechanism

For reference, a brief discussion of the general SPM is given
in the following, which in addition serves as an introduction
into the nomenclature that is specifically employed in this
article.

Figure6a shows a typical spherical parallel manipulator
(SPM) with three linkages, comprised of proximal and distal
link. Proximal links are connected via the actuator axis to
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Fig. 6 (a) General layout of a spherical parallel manipulator with three
parallel linkages connecting base and tool platform. All joint axes inter-
sect in the common centre. (b) Layout of a single linkage structure,
comprised of proximal and distal link

the fixed base platform of the manipulator and distal links
are connected via the tool axis to the moving tool platform,
which may correspond to the manipulator end-effector (EE).
Proximal and distal links are joint via the link axis. All axes
represent revolute or cylindrical joint axes and intersect in the
centre of the SPM, which allows every part to rotate around
this common point. Thus, the SPM acts as a 3-DOF spherical
joint with the centre being the virtual point of rotation. By
applying torque around the base axes, the orientation of the
tool platformwith respect to the base platform can be altered.

Figure6b shows one constellation of link j = 1, 2, 3 of
the mechanism inside the reference frame that is fixed to
the base platform. In the context of the proposed prototype
robot, the fixed frame is denoted with Fhb (hib base) as it
corresponds to the part of the robot hip that is bound to the
torso. Consequently, the reference frame local to the tool
platform is denoted with Fhf (hip follower), as it has the role
as the reference frame that follows after the application of
spherical rotation. The origins of both frames intersect in the
centre of the SPM. For each linkage structure j , comprised
of the proximal link with arc length luv, j and distal link with
arc length lvw, j , the actuator/base axis û j is fixed to the base
platform, the tool axis ŵ j fixed to the moving tool platform
and the link axis v̂ j connects proximal and distal links. All
nine joint axes û j , v̂ j , ŵ j point to the origin of the base
reference frame (Fhb) and the follower reference frame (Fhf)
of the spherical hip joint, respectively, for each leg denoted
with i . In this work, we use the optimal layout of the SPM,
which is luv, j = lvw, j = π/2 andπ/2 between neighbouring
axes of base and tool platforms.

The axes are referred to as the unit vectors û j , v̂ j , ŵ j in
alphabetical order from the base to the tool platform.Notably,
the naming convention regarding parts and the order of sym-
bols û j , v̂ j , ŵ j regarding the joint axes was chosen for a

consistent and logical style, thus it differs from notations
often found in the literature regarding the general SPM.

3 Kinematics Analysis

One major aspect considering the implementation of the
spherical parallelmanipulator as the hip joint in the robot pre-
sented regards the orientation of base and tool platform of the
mechanism,which is important considering possible actuator
torque limitations, accuracy requirements and the mechan-
ical feasibility. Thus, in the following, the motivations and
consequences for selecting the specific hip configuration as
depicted in the initial CAD Fig. 1 are discussed.

3.1 Orientation of the Reference Frames

As stated earlier, the parallel hip actuator schemewas chosen
to achieve highly agile legs, with the robot mass centred and
condensed in the robot torso. In this regard, the intention is
to derive a robot design that functionally mimics the SLIP
model closely. However, due to the spatial arrangement of
the actuators and the inclusion of the leg compliance mech-
anism, a trade-off was required regarding the fundamental
orientation the hip unit base platforms, as discussed in the
following.

3.1.1 Orientation Trade-Off

As a result of the design intention, a spatially close arrange-
ment using a series–parallel scheme regarding the 4-DOF
actuation of the complete leg is only possible by orienting
the base platforms in such a way that mechanical collisions
between the cylindrically shaped actuators of neighbouring
units are prevented. However, arbitrarily reorienting the base
platforms will influence the achieved performance charac-
teristics of the SPMs themselves, as the tool platform must
compensate for the initiallymisaligned orientation. Thus, the
results discussed in the following are derived froman iterative
design process, keeping a structurally dense arrangement, yet
a manipulator posture that is reasonably close to the ideal
isotropic configuration in its intended workspace.

Furthermore, due to the series connection of both the hip
and leg parallel mechanisms, which connects universal joint,
tool platform, and upper leg through axis c3, there exists an
additional rotational freedom that the upper leg is able to
perform on top of the tool platform. This DOF around axis
c3 is expressed by the spring slot angle ϕspr and is measured
between the axis colinear with the upper leg and axis hf êz
vertical to the tool platform. The DOF is bounded mechani-
cally by ϕspr ∈ [−8◦,+8◦]. In the default robot posture, due
to the retracting spring force, the upper leg is pulled toward
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Fig. 7 Four-bar linkage of the leg mechanism, which accounts to the
elastic compression of the leg. The ϕspr DOF allows for the reshaping
of the closed-loop mechanism. Blue lines depict sides of fixed length.
The green side is length adjustable via a prismatic slider, required for a
controlled knee motion

the lower side of the tool platform slot, yielding the non-
deflected leg position with ϕspr = −8◦. Any deflection of
ϕspr from this posture constitutes to an elastic compression
of the leg, as this results in actively extending the internal
spring via a guided string mechanism. Figure7 depicts the
leg mechanism graphically.

Consequently, the orientation of the tool platform is not
only required to compensate for the specifically oriented base
platforms—which is due to the close interlocking arrange-
ment of the actuators—but it must in addition constitute for
the leg compression DOF, requiring to rotate the tool plat-
form upwards by 8◦ for the non-compressed leg state.

3.1.2 Final Structure

The final orientation of the hip units is expressed via the
ZXZ-Euler angles in Table 1—accounting for the effects of
the orientation trade-off—and is visually depicted including
the actuator axes of the torso assembly in Fig. 8. The rotation

Table 1 ZXZ-Euler angles in degree of the hip base platform (Fhb)
and tool platform (Fhf) reference frames in relation to the torso body
reference frame Fee

i hb
ee R

hf
eeR

Z0 X0 Z1 Z0 X0 Z1

1 112 115 0 120 113.36 0
2 −128 115 0 −120 113.36 0
3 −8 115 0 0 113.36 0

hf
hbRi Z0 X0 Z1

1-3 101.006 7.479 −104.288

Values for theFhf frame are based on the standing pose with feet radius
r f = 0.22 m and torso height ht = 0.38 m. TheFhf toFhb Euler values
are identical for each leg

Fig. 8 Orthographic top viewand side viewof the hip unit base platform
reference frames (Fhb) and the resulting location of actuator axes. The
viewing direction with respect to the torso centre reference frame reads
−êz (top) respectively êy (side). Bold lines represent the Fhb-frame,
thin lines the Fhf-frame

matrix built by the corresponding ZXZ-Euler angles deter-
mines the static orientation between the end-effector frame
Fee, which is located and fixed in the torso centre and the
individual hip base platform reference frames Fhb. Note that
the orientation of the Fhf frame depends on the current leg
configuration or posture of the robot. Still, the vector along
upper leg and lower leg lies alwayswithin the y-z-plane of the
Fhf frame. This means that—in the default standing pose—
theFhf frame is always misaligned from the ideal location of
the isotropicmanipulator configuration, which is the effect of
keeping the virtual leg plane vertical to the horizontal floor.
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3.1.3 Description of Orientation

The spherical motion of the tool platform against the base
platform needs a mathematical expression, tailored to the
specifics of robot model that is discussed in this article. Thus,
the workspace and the motion capability of the manipulator
can be described by three variables, namely vertical axis twist
angle φv , tilt angle φt and rotation angle φr , respectively.
Since the tool platform requires an initial orientation offset
in the home configuration that is set for the robot model in its
default pose, an additional in-between transformation matrix
∗
hbR is employed that is defined as:

hf
hbRi = ∗

hbRi , (1)

which means that in the home configuration, the orientation
defined by the three variables φv , φt and φr relates to:

hf∗ Ri = I for φv = 0, φt = 0, φr = 0. (2)

Thus, the twist angle φv is defined around the hf êz axis of the
joint follower frame, the tilt motion by angle φt around a tilt
axis ∗n̂t of the in-between frame and the rotation by angle
φr around the ∗ êy axis of the in-between frame. Therefore,
the orientation of the tool platform can be expressed by the
concatenation of the rotation matrices:

hf
hbRi = ∗

hbRi · hf∗
(
Rn(φt,i ,

∗n̂t,i ) · Rz(φv,i )
)

(3)

with the tilt axis:

∗n̂t,i = Rz(φr ,i ) · ∗ êy,i (4)

for leg i = 1, 2, 3. In contrast to other possible statements for
rotation, this expression has been chosen as being intuitive,
since—assuming the SPM being in its initial configuration
expressed by the rotation ∗

hbRi—Eq.3 can be regarded as first
twisting the tool platform around the vertical axis and after-
wards tilting the tool platform simply towards the intended
direction. The idea is that the actual twist of the SPMwill not
change significantly during locomotion of the robot model,
whereas tilting motion will be utilized more frequently. This
general trend was discovered also in the previous work [2] at
the execution of simple motions and primitive locomotion,
mainly utilizing tilt motions around an axis that is directed
mostly horizontally to the floor plane. Thus, this works as
the basic template for this analysis. Interestingly, the descrip-
tion for the orientation defined with Eq.3 shares conceptual
similarities to the Tilt-and-Torsion (T&T) expression of ori-
entation, which was introduced earlier in [76–78].

An alternative expression of the orientation can be given
by:

hf
hbRi = Rn(c1, φz)Rn(c2, φy)Rn(c3, φx + ϕspr), (5)

which resembles the actual orientation of the mechanical
rotation axes of the joints included in the central universal
joint like support construction, featuring the three axes c1,
c2, c3 with corresponding rotation angles φz , φy , φx . Refer
to Fig. 2 for the depiction of the axes c1, c2, c3 in the robot
model. The anglesφz ,φy ,φx are derived from theZYX-Euler
decomposition of the hip rotation matrix.

3.2 Dexterity and Accuracy

As the joint transformation matrix hf
hbRi maps a vector

between the follower and the base frame, so does the Jaco-
bian matrix map joint rates into end-effector velocities. The
Jacobian [79, p.149] of a mechanical system is defined in
general as a linear mapping:

ω = J(θ)θ̇ (6)

with the vector of linear and angular velocity ω of the tool-
centre-point (TCP) or end-effector (EE) and the joint rates
θ̇ = dθ/dt with the generalized joint coordinates θ . In this
case,ω equals the angular velocity vector of the tool platform
and θ equals the angular positions of the actuator shafts in
the base platform with θ = [θ1, θ2, θ3]T .

In [47, 51], it was shown that the equation:

Aω + Bθ̇ = 0 (7)

with:

A =
⎡
⎣

(v̂1 × ŵ1)
T

(v̂2 × ŵ2)
T

(v̂3 × ŵ3)
T

⎤
⎦ (8)

and with the diagonal matrix:

B =
⎡
⎣

(v̂1 × û1) · ŵ1 0 0
0 (v̂2 × û2) · ŵ2 0
0 0 (v̂3 × û3) · ŵ3

⎤
⎦ (9)

leads to the construction of the Jacobian matrix J and its
inverse J−1, regarding Eqs. 6 and 7 by:

J = −A−1B and J−1 = −B−1A. (10)
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As it was shown in our previous work [2], we will instead
utilize the matrices X and Y with:

X = [
n1 n2 n3

]
, (11)

Y = diag
(
n1 · û1, n2 · û2, n3 · û3

)
, (12)

and with the vectors:

n j = ŵ j × v̂ j , (13)

for computing the Jacobian J by:

J = X−TY and J−1 = Y−1XT . (14)

For reference, Eq. 7 can be derived by differentiating the con-
straint equation of the kinematic loop closure expressionwith
respect to the time. In contrast, the solution in Eq.14 from
our previous work was derived by observing the manipula-
tor vector-moment propagation through its linkages, which
yields a solution in the form of the torque input–output-
relationship τ = JT f of the manipulator with actuator
torque vector τ and EE-torque vector f . Thus, the equa-
tion captures the same behaviour of the manipulator, but is
derived by a geometric approach. While the equality of −A
and XT is obvious, the equality of B and Y can be proven
by the application of the vector triple product.

By relying on this solution, the problem formulation is
shortened as it reuses the n j vectors for both matrices X and
Y , in contrast to the usually cited solution, which is formu-
lated in e.g. [49]. However, since the matrices A, X and B, Y
are just mathematical reformulations of the same expression,
different notations can be found in the literature. For exam-
ple, a similar notation to Eqs. 11 and 12, which also employs
a compact form by sharing the same cross product terms in
both matrices, was e.g. used previously in [53].

As shown in [51], while originally introduced in [80], the
dexterity of a parallel manipulator can be expressed by the
conditioning index 1/κ , which is defined as the inverse of
the condition number κ(J) of the Jacobian matrix of the
manipulator. It holds 1 ≤ κ ≤ ∞ and 0 ≤ 1/κ ≤ 1. The
condition number κ(J) is computed by:

κ(J) = ‖J‖
∥∥∥J−1

∥∥∥ (15)

and expresses—in the context of a robotic manipulator—
the input–output-sensitivity of the mechanism to motion and
forces. A conditioning index 1/κ of 1 corresponds to an
isotropic configuration with ideal motion and force trans-
mission and 0 corresponds to a singular configuration. The
value of κ depends on the selected norm in Eq.15; hence, for

Fig. 9 Conditioning index 1/κ of the manipulator displayed as colored
marker at different kinematical configurations. Each marker location
corresponds to the intersection of the tilted hf êz axiswith the unit sphere.
The number is represented linear from 0 to 1 by red/small to green/big
markers. The workspace is defined by φr ∈ [−π,+π ], φt ∈ [0, π/2],
φv = 0. It holds 1/κ = 1 at the central top position, depicting the
manipulator isotropic pose

comparison reasons, the typically applied weighted Frobe-
nius norm is used:

‖M‖ =
√
tr(MTWM), (16)

with the matrix W = 1
n I and n being the dimension of the

applied matrix M. Since the Jacobian matrix J depends on
the current configuration of themanipulator, the conditioning
index is a local criteria. Figure9 shows the resulting dexterity
over different orientations of the manipulator with the twist
angle φv = 0 chosen for the best overall global conditioning
index, which was derived in [46] as an integral of the local
indexes over the manipulator workspace.

3.3 Analysis of Dexterity andWorkspace

Regarding the specific robot model presented in this article,
Fig. 10 depicts the conditioning index 1/κ for the misaligned
default pose of the hip manipulator in the mechanical assem-
bly. The conditioning index is displayed as colored dots on
the grid of a half spherical shape, whose top position crosses
the ∗ez axis. Any point on the spherical grid depicts the inter-
section with the rotated hfez-axis. Specifically, any rotation
that is performed by the hip manipulator is expressed via
Eq. 3; hence, the hemisphere is portrayed only via the vari-
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Fig. 10 Conditioning index displayed relative to the orientation in the
robot default standing pose.Magenta and grey lines depict the reachable
workspace borders. Letters A, B, C and D mark the corner points of the
contour

ables φv , φt and φr , while the initial orientation offset is
expressed via ∗

hbR. Since Fig. 10 depicts the default standing
pose of the robot, Table 1 shows the Euler angle decomposi-
tion of this initial transformation matrix.

Due to the universal joint type central support structure,
the orientation of the tool platform is limited towards a certain
workspace. Table 2 shows themechanical joint ranges for the
involved axes. Thus, Fig. 10 depicts the workspace boundary
curve presented as the three dimensional representation of
any point, that is reachable by the hfez-axis during its motion
inside the depicted hemisphere. Here, a distinction is made
regarding the workspace contour of the upper leg (grey line)
and the actual tool platform (magenta line), that is mounted
on top. Thus, Fig. 10 visualizes the additional DOF around
c3 with ϕspr based on the spring slot rotation that is present
for the tool platform with respect to the upper leg.

A different perspective on the subject is givenwith Fig. 11,
which shows the joint angles at the axes c1, c2, c3 of the uni-
versal type support structure along the workspace limit curve

Table 2 Joint ranges of the internal support structure, expressed
through the axes c1, c2 and c3 of the universal joint, defining the
workspace of the robot hip joint

Ax. Range Ax. Range Ax. Range

c1 [−45◦, 45◦] c2 [−40◦, 40◦] c3 [−40◦, 40◦]

Fig. 11 Joint angles and conditioning index along the reachable
workspace contour that is depicted as magenta line in Fig. 10. Let-
ters A, B, C, and D depict the location of the corner points, which are
marked in Fig. 10. In the diagram, the angle around axis c3 contains the
additional range due to the motion of the upper leg by the spring DOF
angle ϕspr

and the minimum values for the manipulator conditioning
index 1/κ encountered in these configurations.

3.3.1 Results

FromFig. 10, it becomesvisually apparent that theworkspace
contours are asymmetrically shaped due to the initial off-
set orientation of the tool platform. However, this distorts
the symmetry of the manipulator conditioning index along
its workspace contour, as depicted in Fig. 11. Still, as one
can observe, the hip manipulator shows a well conditioned
workspace, since the conditioning index along theworkspace
boundary—depicting the highest possible degradation from
the ideal configuration—does not dip below 0.67 and has a
median value of 0.77. In its default pose with hf

hbR = ∗
hbR,

the conditioning index reads 1/κ = 99.321 · 10−2, which is
only slightly less than its optimal value of 1 for the isotropic
pose.

In addition, due to the slightly misaligned manipu-
lator configuration, the actual workspace shows a non-
symmetrical shape with respect to both the base platform
and tool platform reference system. Thus, Fig. 11 also depicts
the tilt angle φt along the reachable workspace curve. One
should note that the workspace depicted is based on the
condition that φv = 0◦. Considering that the leg system is
broadly of type SR—as observed from a simplified mechan-
ics standpoint—the passive DOF around the axis between
SPM-centre and foot-point may be exploited in regard of
altering the workspace boundary curve that is depicted in
Fig. 11. By this measure, the actual motion capability of the
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Fig. 12 Example postures of the
robot. Pictures A and B depict
large values of ht , while pictures
C and D show small values of
ht . All four pictures show large
tilt angle values αt ; however, A
and C show negative (αt < 0),
while B and D show positive
values (αt > 0). In any case, the
feet positions are identical in
each posture, which allows the
different postures of A and B or
C and D to be functionally
redundant

leg systemmay be enhanced in certain situations. This aspect
is part of future research; however, the general capability for
posture optimization is considered in the following analysis.

3.4 Posture Dependent Conditioning

As one can observe from the Fig. 1, each leg features 4DOFs,
which results in a functional redundancy of the leg mecha-
nism, as only 3 DOFs are required for the spatial positioning
of the robot feet. This additional DOF is achieved by the tilt
motion of the leg around the virtual axis between feet and
hip centre. In the following, the possible existence of opti-
mal postures for the maximization of the SPM conditioning
index will be analyzed. This might be exploited as a kine-
matic optimization strategy to achieve better accuracy and a
more balanced actuator torque distribution.

To analyze the optimality of the robot posture, a motion
sequence characterized by two variable parameters—torso
height ht and leg tilt angle αt—is established. For reference,
in the undisturbed default robot pose with hip orientation
∗
hbR �= I , it holds ht = 0.38 m and αt = 0◦. At this
angle, the leg is in the upright orientation, meaning that
the plane defined by the direction vectors of the leg axes
is vertical to the floor plane. Thus, the conditioning index
1/κ(J) is computed, while the height ht of the torso centre
and the leg angleαt are varied between ht ∈ [0 m, 0.5 m] and
αt ∈ [−70◦,+70◦]. Fundamentally, the experiment requires
the full inverse kinematics solution for the complete robot
model, which is implemented and computed for each indi-

vidual target posture. A target is comprised of set values for
the feet positions and the desired torso position and orien-
tation. A video of the motion execution is included in the

0.66622
0.72174
0.77726

0.83278

0.83278
0.88829

0.88829

0.94381

Fig. 13 Conditioning index 1/κ(J) of the hip SPM depending on torso
height ht over floor level and redundant tilt angle αt of the leg. Dotted
lines depict different workspace limits due to joint ranges. The dashed
line shows the path of best conditioning, depicting the ideal tilt angle
αt for each height ht
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supplementary materials. For reference, Fig. 12 depicts four
extreme postures of the robot motion.

3.4.1 Results

The diagram in Fig. 13 shows kinematically feasible pos-
tures, framed by the mechanical limits of the joints, which
are displayed by the dotted contours. Notably, the workspace
is largely limited by the joint ranges of axes c1, c2 and c3 of
the support structure. In theory, c1 does not strictly obey to
a mechanical limit; however, due to electrical wiring and the
increased possibility for internal mechanical collisions of the
linkage structure itself, the axis c1 was arbitrarily limited to
an interval of [+45◦,−45◦]. The actual mechanical limits of
the other axes c2 and c3 are fixed to [+40◦,−40◦], which is in
addition displayed in Table 2. Interestingly, the lower limit
of axis c3 is not reached in any posture due to constraints
imposed by the leg parallel mechanism, which is bound to
certain joint ranges itself. In any case, the region enclosed
can be fully utilized for the optimization of the SPM condi-
tioning index. In this regard, the red dashed line depicts the
path of the most optimal posture over the variation of torso
height ht .

3.5 Robot TorsoWorkspace

The evaluation of the robot workspace is depicted in Fig. 14.
In the initial posture, the torso centre is located at the ori-
gin with respect to the x- and y-axis of the world reference
system. Identical to the previous analysis, the feet contact
points are fixed and located symmetrically with a distance

Fig. 14 Workspace in the world reference system of the robot torso
with feet positions fixed, which are located at z = 0 m and radius
r f = 0.22 m. The figure outlines the initial posture of the robot. Fee
depicts the torso centre reference frame, which defines the workspace
after dislocation

to the origin of r f = 0.22 m. The figure shows the simpli-
fied geometric markup of the robot and its legs in the initial
posture that is similar to the default one depicted in Fig. 1.
Notably, no additional change of orientation was employed;
hence Fig. 14 depicts only translational torso displacements.
For reference, the vertical distance between each slice of the
workspace depicted was selected with 2.5 cm. A planar pro-
jection is depicted in Fig. 15. In general, the workspace limit
contours were evaluated via the observation of the allowed
joint ranges, which must not be exceeded in order to avoid
mechanical collisions between parts of the robot. However,
the possible internal collision of neighbouring proximal and
distal links of the hip SPMs was not included in this anal-
ysis, as this would require the implementation of complex
intersection tests of the three-dimensional parts of the robot;
yet, no critical geometrical intersection was observed visu-
ally during the analysis.

3.5.1 Results

As one can observe in the figure, the volume that depicts the
robot workspace is essentially of ellipsoidal shape. In more
detail, the horizontal layers of the workspace are shaped tri-
angular with arched edges on the upper half, and shift to
a hexagonal outer shape at the lower half. In addition, the
workspace has spherically shaped cut-outs on the lower side,
which is the result of the complicated joint range restrictions
of each leg. However, the diagrams considering the condi-
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horizontal x-y-plane. The red annotations depict the slice hight levels
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tioning of the individual hip joints from Figs. 11 and 13 are
still valid for the depicted workspace.

4 Performance Analysis

Beside expressing the configuration in terms of a single
value 1/κ for accuracy, dexterity and distance to singu-
larities, the implications on the torque requirements for
the individual actuators is of practical interest. Due to the
usage in a hip mechanism as part of a highly dynamic sys-
tem, occurring external torques can vary highly in direction
and amount, which requires sufficient torque capabilities of
the actuators to cope with these demands. Since the maxi-
mum torque capability of the actuators is limited due to the
lightweight overall robot design, which causes a trade-off
between power and weight of the actuators, these limitations
have to be considered as they may limit the performance of
the robot at certain kinematic configurations. For reference,
the employed actuators—consideringmotor and gear head—
feature a maximum continuos torque of 1.6 Nm.

In the following, a Jacobian based performancemeasure is
derived, evaluating the risk for overload situations of the actu-
ators. For reference, many manipulator performance metrics
andmeasureswere proposed in the literature, as e.g. reviewed
in [81, 82].

4.1 Critical Load Estimation

Supposing there exists an external load f defined in the hip
base reference frame:

f = fmax f̂ , (17)

with an arbitrary, yet normalized direction f̂ and amount
fmax , that is applied to the manipulator end-effector, then
for the static case, the torque τ j at the actuators j = 1, 2, 3
required to compensate this load can be calculated by:

τ = J(θ)T f , (18)

with τ = [τ1 τ2 τ3]T . Considering a worst case situation,
an estimation of the necessary torques of the actuators for
a given manipulator configuration is of interest. Since each
rowof JT multiplied by the load torque vector f corresponds
to an individual actuator torque τ j , the maximum required
actuator torque can be calculated by considering the 2-norm
of the j-th row of JT multiplied by the maximum external
load | f |, yielding the inequality:

τ j,max =
∥∥∥J Tj∗

∥∥∥ · | f | ≥
∥∥∥J Tj∗ · f

∥∥∥ = |τ j | (19)

that is based on the submultiplicative property of the 2-norm.
For the application, the relative notation is used, giving the
worst case amplification of the external absolute end-effector
torque in contrast to the demanded actuator torques:

λ j,rel = τ j,max

| f | =
∥∥∥JT

j∗
∥∥∥ = ∥∥[J1k J2k J3k]

∥∥ . (20)

The elements of J are denoted for row j and column k by
J = (J jk). The maximum value is then considered as the
critical design parameter:

λmax = max (λ1,rel , λ2,rel , λ3,rel) (21)

and is visualized in Fig. 16 for different configurations of the
manipulator tool platform.

Apparently, with the matrix 2-norm being defined as
‖·‖ = σmax (·) [83, p. 128] with σmax denoting the max-
imum singular value, yet the restriction to only single rows
j of the Jacobian transpose JT in Eq.20, the calculation of
λmax becomes:

λmax = max
j

(
σ(JT

j∗)
)

. (22)

However, this yields ameasure that isconceptually very similar
to the minimum singular value (MSV) σmin of the Jacobian
matrix J . The MSV is a performance index [81] introduced
in [84] and represents the maximum force transmission [85]
of a manipulator configuration, which is defined as:

σmin = min
j

(σ j ), (23)

with σ j being the singular values of themanipulator Jacobian
matrix J . Notably, the MSV is a measure of the com-
bined transmission ratio of all joint axes, while the index
from Eq.22 depicts each actuator axis separately. More
specifically, the MSV σmin expresses the maximum force
transmission of the mechanism at its current configuration
with bound joint torques |τ | = 1. Consequently, this mea-
sure constitutes the combined work of all actuators to deliver
the highest possible end effector torque | f |, without denoting
any specific direction. Hence, one may express the relation-
ship as:

max|τ |=1
| f | =

∥∥∥∥
(
JT

)−1
∥∥∥∥ · |τ | = 1

σmin(JT )
· |τ | . (24)

On the contrary, the value from Eq.22 depicts the max-
imum torque of each actuator that can be observed due to
the application of the bound end effector force | f | = 1.
Importantly, with Eq.22 the direction of f is not specified
and—in contrast to the MSV—may differ for each of the
individual actuator torques. Thus, λmax shows the maximum
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force transmission for each joint axis, which is evaluated
with | f | = fmax = 1, yet independent directions f̂ for
each actuator j and can be expressed by the relationship:

max
| f |=1

|τ j | =
∥∥∥JT

j∗
∥∥∥ · | f | = max

j

(
σ

(
JT
j∗

))
· | f | . (25)

One should note that the conceptual basis of the approach
taken considers each of the Jacobian transpose rows on its
own, which is equivalent of observing the individual legs of
a parallel manipulator. In this regard, a related idea based
on screw theory was discussed in [86, 87], which describes
the motion/force transmissibility of parallel manipulators. In
[88] the application of the transmissibility index was per-
formed for a spherical robot hand mechanism. Notably, due
to its Jacobian based nature, the derived performance mea-
sure from Eq.22 is related to the scaling factor from [89]
that shows the maximum possible end-effector wrench for a
given direction within the actuator limits. Similarly, the mea-
sure is related to the payload capability index [90, 91] that
determines weather amanipulator is able to withstand a force
applied to the end-effector.

Finally, Fig. 16 serves as an estimation of the worst case
situation that a single actuator of the hip unit may encounter;
thus, it is expressed with regard to the orientation of the base
platform reference system in the robot assembly. This means
that any orientation of the manipulator depicted in the figure
is expressed via Eq.3 with the home configuration hf

hbR =
∗
hbR �= I for the values φv = 0, φt = 0 and φr = 0.

Consequently, Fig. 16 shows both the critical torque and
the dexterity index for different initial twists, while tilting the
manipulator by φt . Thus, Fig. 16 basically projects the spatial
depiction of Fig. 9 onto a polar-surface representation. In this
regard, in the default posture at φv = 0, φt = 0 and φr = 0,
the hf êx -axis points at the polar angle 0◦ and the hf êy-axis at
the polar angle 90◦, while the hf êz-axis is aligned vertically
to the paper plane in the centre point. Thus, the actuator at û1
is located at the polar angle 0◦ due to projection. Noticeably,
the inclusion of the misaligned orientation ∗

hbRi of the SPM
in the default posture yields the asymmetrical results that are
depicted in the figure.

One important note to make here is the commitment
towards the right-branch-configuration as it is called by the
author of this paper, which expresses the general direction
of the proximal link, if viewed along the base vector û j to
the SPM centre. The mirrored left-branch-configuration has
no disadvantage, but is not considered in the data depicted in
the figures.

4.1.1 Results

As can be seen in Fig. 16, the actuator load varies signif-
icantly in dependence to the manipulator twist φv , which
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Fig. 16 Maximum worst-case amplification λmax of the actuators and
corresponding dexterity index 1/κ for different twists φv of the end-
effector. Values along the radius depict the tilt angle φt . The function
for the nonlinear scaling of the color map for the left side plots reads
f (x) = 100x−0.799 + 0.975

becomes increasingly problematic at higher tilting angles φt

of the tool platform. However, the figure shows that there
exist regions in which the accuracy of the manipulator is still
sufficient, but the worst case load amplification on the actua-
tors becomes unmanageable large. This must be considered
with caution as a measure to prevent individual actuators
from overload situations. Notably, due to visualization pur-
poses and the depiction of a reasonable range, the maximum
load amplification is capped at amaximum value of 3.5 in the
figure, which in reality increases exponentially close to the
regions of singularities. Considering that the manipulator is
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indented to perform motion and locomotion tasks that even-
tually require to cope with high impacts and large torques,
the accuracy that is achieved in these situations is considered
to be of lesser importance. In addition, due to the support
structure that restricts the workspace of the hip manipula-
tor to fixed maximum tilt angles, it is not possible for the
SPM in this robot to come close to postures with either very
low dexterity values or unreasonably high critical load values
for individual actuators. The variability between the critical
load amplification λmax and the dexterity 1/κ is expressed
in Fig. 17 that shows the corresponding curvatures at the
default twist angle φv = 0◦ over the full rotational range
φr ∈ [−π,+π ] for different tilt angles φt . However, accord-
ing to Fig. 16, problematic configurations may be reached
at tilt angles of more than 60◦, which is mechanically not
possible with the current robot model.

5 Discussion

Regarding the overall concept of the robot, several points
of interest must be discussed, considering the significance
of the proposed design stemming from the combination of
the fundamental design methods (I–V) and their mechanical
realization from Sec. 2 with respect to the results from Secs.
3 and 4.

5.1 Dexterity Considerations

Fundamentally, due to the design of the robot requiring a
dense interlocking assembly of the hip units, a general asym-
metrical mechanical layout is the result. Consequently, this
dictates the specific orientation of the hip base and tool plat-
forms in the default robot posture.

Fig. 17 Curvatures, depicting the relationship between load amplifica-
tion λmax and dexterity 1/κ for φv = 0◦ over φr ∈ [−π,+π ]

Still, it was possible to find an orientation avoiding
mechanical collisions of the platforms that enables a natural
and stable tripodal pose in a nearly isotropic configuration.
This can be deduced from the results of Sec. 3.3, which show
a promising characteristic of the SPM regarding its utiliza-
tion as a hip joint in the legged robot. Specifically, the results
reveal that the condition of the SPM stays at a configuration
balanced reasonably well over its entire workspace.

As a remark, evaluating the global performance of the
robot concerning accuracy, dexterity and actuator load ampli-
fication may require a different approach, as the analysis of
the properties regarding the whole robot model involves the
inclusion of all 12 DC-motors. Thus, the global accuracy of
the robot may be limited to a certain degree based on the pos-
ture and kinematic properties of the leg closed-loop structure
related to the knee motion, which must be evaluated in future
works. Fundamentally, to evaluate the overall performance
of the robot in its tripodal posture, it must be considered how
the joint errors will be amplified through the system towards
the torso end-effector, which thus results in a combination of
both rotational and translationalmotion. However, this yields
a Jacobian matrix with heterogeneous units; thus, the appli-
cation of the condition number is considered problematic
[34, p.166]. Furthermore, as a consequence of the func-
tional redundancy of the robot 4-DOF leg design, the robot
instantaneous velocity mapping is represented by a Jacobian
of non-square dimension. Still, joint error propagation may
become an important consideration when transitioning to a
real world system, as manufacturing inaccuracies, material
imperfections and model parameter uncertainties will influ-
ence the systemic behaviour to some degree.

However, a small overall workspace of the hip units as
a result of mechanical limitations imposed by the central
support structure might limit the range of motion to a degree
that this possibly prevents the robot from adopting certain
postures; yet this might be improved by a future redesign
regarding the geometry of involvedmechanical parts. Notably,
the linkage structure itself uses complex three-dimensional
shapes, which makes it difficult to strictly prevent collisions
at larger motions of the tool platform. However, with the
workspace limited by the universal joint, this prevents the
SPM linkage structure to enter postures that aremechanically
not feasible or could potentially damage the mechanism.

A crucial aspect that directly stems from the design of the
robot topology considers the placement of the knee actuator
itself as a part fixed to the universal joint structure. Conse-
quently, this allows for a free rotation of the knee actuator
around the DOF of axis c1 inside the robot torso. By this
measure, torque exerted by this actuator cannot contradict
the motion of the tool platform, as the actuator is technically
part of the upper leg due to its series placement with respect
to the hip mechanism. Thus, the series–parallel layout inher-
ently allows for the knee actuator to work independently of
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the hip actuators, as it must not actively compensate for any
motion of the tool platform, which would be the case if the
actuator had been fixed to the torso. As a result, which is
important regarding any manipulation tasks, the knee actua-
tion therefore does not influence the conditioning of the hip
mechanisms that was revealed by Sec. 3.3.

Furthermore, the results from Sec. 3.4 reveal that the addi-
tional DOF of the leg construction offers the possibility to
further exploit the functional redundancy of the mechanism,
which benefits dexterity and load distribution. Crucially, the
4-DOF layout of the robot legs specifically allows for the
optimization of the hip mechanism conditioning index for
different target postures via small tilt motions of the leg.
Consequently, this can increase the overall accuracy of the
robot regarding manipulation tasks and can situational lower
the individual torque requirements for the actuators.

5.2 Workspace Considerations

As noted in the analysis of the robot workspace in Sec. 3.5,
using the torso as a general end-effector, only translational
motionwas considered. Thus, it might be possible to increase
the reachable workspace via the optimization of torso orien-
tation and improved feet placement. Still, without additional
optimizations, the analysis shows that the resultingworkspace
is large enough to allow for general manipulation tasks.

Notably, the specific mechanical realization of the leg
compliance possess practical implications on the applicabil-
ity of the robot regardingmanipulation tasks and locomotion.
Specifically, by altering the spring stiffness and pre-stressed
state of the internal leg spring, the leg behaviour can be
adjusted for either no compliance, full compliance or a mix-
ture of both.

In this regard, the specific behaviour of the series elastic-
ity contained in the robot legs allows that slow motion may
be performed in a stiff and statically stable pose, while fast
motion translates into a compliant reaction of the legs. This is
important, as the workspace revealed in Sec. 3.5 can only be
utilized for accurate manipulations tasks if the robot obeys
to a stiff configuration.

Consequently, the robot may be suitable for both accurate
object manipulation and agile legged locomotion, which is a
combination with interesting potential.

5.3 Performance Considerations

As examined in Sec. 4.1, one important aspect that was
encountered as a consequence of the specific parallel mech-
anism concerns the required actuator torques that will rise
under large deviations from the manipulator isotropic pose.

As revealed by the results, the worst-case load amplifica-
tion stays at a small number, which is crucial to the feasibility

of the robot for the desired task of legged locomotion. Fun-
damentally, exceeding the physical performance limitations
of a single actuator may result in the loss of general con-
trollability. In certain conditions, this might yield the robot
to lose stability and may potentially result in the robot col-
lapsing. However, as the results show, regarding the intended
workspace of the manipulator, both the actual dexterity and
the actuator load amplification torques do not reach values
that might be considered as critical. Thus, the final configu-
ration shows great potential for proving itself sufficient for
the task of legged locomotion. Notably, if future work will
investigate possible improvements to the limited workspace
of the SPM, this might allow the system to enter less well
conditioned postures.

In this regard, a design component directly connected to
the applicability of the analysis is the non-overconstrained
general mechanical realization of the hip joints. Due to the
functional separation of hip torques and forces, as realized
through the integration of the hip universal joint, the proper-
ties of parallel mechanisms can be exploited while relying on
the structural stiffness of the internal joint. This functional
separation solves the problem of overly stressed linkages,
which might bent otherwise and allows for a generally more
compact robot. Hence, the linkage rigidity must only com-
pensate for the transmitted torque, which consequently can
be physically considered by observing the worst-case load
amplification indicator from Sec. 4.1.

6 Conclusion

In this article, the concept and design for a novel three-legged
robot was presented. The robot involves a serial-parallel
actuation layout, leg compliance, a functional separation of
impact forces and actuation torques, a close interlocking
arrangement of the actuators, a dense mass concentration
and a lightweight, interconnected mechanical design.

Crucially, the integration of the parallel hip actuation
equips the robot with the theoretical capability for precise
and fast motion, which in combination with the three-legged
layout, gives the robot the option to perform accurate manip-
ulation tasks in a statically stable pose. Furthermore, the
analysis of the hip mechanism revealed a restricted, yet rea-
sonable sufficient workspace for the robot torso motion. In
addition, the analysis showed that the posture of the hip
mechanism was always well-conditioned as the manipula-
tor is mechanically limited to enter critical regions. In this
regard, the robot allows for kinematic optimizations due its
functionally redundant 4-DOF leg design. Noticeably, due
to the utilization of the serial-parallel layout the condition-
ing of the hip manipulators was not affected by the knee
actuation.Additionally, the internal support structure relieves
the linkages themselves from coping with additional forces.
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Combined with the dense mass concentration in the robot
torso and its lightweight and agile, yet compliant legs, the
robot may be highly suitable for dynamically balanced loco-
motion, as the overall robot design conceptually resembles
the SLIP model. Finally, a performance index was derived
for the evaluation of overload situations of individual actu-
ators, which—due to the current workspace—revealed that
the actuators are not prone to experience critical states.

7 FutureWork

The main objective—considering future work—of the pro-
posed robot can be divided into the capability to perform
legged locomotion and manipulation tasks using its torso as
a general end-effector.

Regarding manipulation tasks in its tripodal standing pos-
ture, possible control strategies may involve the application
of simple task space PID control schemes for the motion
of the robot torso. This might be sufficient regarding the
condensed mass distribution of the mechanical system, pos-
sibly allowing for these more kinematically driven control
approaches to work.

However, considering legged locomotion, the overall
complexity required from the controller design to cope with
the inherently fragile stability of the robot—based on its
untypical three-legged design—naturally requires some form
of dynamically stable balancing due to the underactuated
systemic state if one or more legs are not in contact with
the ground surface. Notably, as a mechanical solution, sym-
metrically extending the number of legs connected to the
robot torso obviously lowers the complexity of the required
control task, as increasing the number of legs will allow for
a wider range of statically stable postures and more varied
gaits. However, this would compromise the concept of an
agile and lightweight design and requires to alter the orienta-
tion of the hip manipulators, possibly degrading the general
closeness to the ideal isotropic posture.

Consequently, dynamic locomotion requires more sophis-
ticated approaches of the controller design. Possible research
might investigate existing SLIP control schemes due to the
similarity of the overall robot topology to this fundamental
model. This extends for example to the application of robust
nonlinear model predictive control, as the complexity and
posture redundancy of the system might benefit from these
approaches. To some extend, the design of the robot may
generally allow for the effective application of model-based
control solutions, possibly based on the reliance on a reduced
order dynamics representation of the robot that still closely
resembles the real system. Alternatively, model-free rein-
forcement learning algorithms might yield feasible motion
policies.

In this regard, future work will explore both the imple-
mentation of control strategies in simulation and real-time
hardware, as well as the transition from simulations of the
robot to actual real world performances.
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