
https://doi.org/10.1007/s10846-022-01768-0

SHORT PAPER

Mathematical Modeling and Stability Analysis of an Effective
Design of Biomimetic AUV

M. V. Aruna1

Received: 23 August 2022 / Accepted: 7 November 2022
© The Author(s), under exclusive licence to Springer Nature B.V. 2022

Abstract
The research on autonomous underwater vehicles (AUVs) has accomplished enormous attention during the last few decades
because of its applications in many marine systems fields. A significant number of AUVs have been developed to solve the
wide range of scientific and applied tasks of ocean research and development worldwide. Thus the main aim of this research
is to provide an effective mathematical model of Biomimetic AUV dynamics. For instance, to develop high-fidelity AUV
simulation and control algorithms, we need to know the overall mathematical model of AUV dynamics. In order to endorse
the ability of the proposed model, stability analysis has been performed, and the model is validated by designing a coupled
velocity tracking control using a PID controller.
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1 Introduction

Autonomous underwater vehicles are robots that operate
without the intervention of human beings. In the last few
decades, a large amount of research has been conducted in
this area due to its applications in numerous marine systems
domains. Since the beginning of civilization, nature has
inspired the human imagination. Evolution has fine-tuned
the features of living organisms over millions of years to
perform tasks with extraordinary [1] efficiency. Thus an
advancement in the underwater vehicle study is focused on
biomimetic or biologically inspired AUVs.

The first AUV was evolved by the Applied Physics Lab-
oratory of the University of Washington by Stan Murphy,
Bob Francois in 1957, and later Terry Ewart. This “Special
Purpose Underwater Research Vehicle” or SPURV [2] was
utilized to investigate diffusion, acoustic transmission, and
undersea [3] wakes. Other early AUVs were created in the
1970s at the Massachusetts Institute of Technology [3]. The
biomimetic propulsion system is a well-suited alternative to
conventional propeller system. The well known biomimetic
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AUVs are Robo tuna, Robo pike, Essex robotic fish, Bio
swimmers, Robo slamon, Vorticity Controlled Unmanned
Underwater vehicle etc.

At the request of the United States Navy, Gertler pub-
lished the standard equations of motion for submarines
in [4] in 1967. Feldman subsequently refined these equa-
tions in 1979 [5]. Due to the comprehensive treatment of
hydrodynamic coefficients [6], the standard equations of
motion for submarines are incredibly accurate. The inher-
ent nature of human-crewed submarines necessitates such
precise models and state-of-the-art hydrodynamic model-
ing, particularly regarding test facilities and personnel. AUV
development costs are not comparable to human-operated
submarines [6]. In contrast to submarines, AUVs operate
autonomously, making robust and precise control essen-
tial. In this context, evaluating the mathematical modeling
and stability analysis of the AUVs is of the utmost impor-
tance. The most popular methods for modeling AUVs are
Humphrey’s [7], Nahon’s [8] and Fossen’s [9, 10] models.

Statement of Contributions The present work contributes a
practical design of the virtual model of Biomimetic AUV,
which mimics a fish. The vehicle consists of a Gertler
geometric shaped hull, caudal fin-like tail, pectoral fins, and
dorsal fins [11] like a fish. The dynamic model of each part
of the vehicle has been taken and coupled with appropriate
methods to get an adequate model. The stability analysis has
been performed to check the control quality of the proposed
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system. A PID controller with genetic algorithm tuning is
implemented for the velocity tracking, roll and pitch control
applications with the presence of disturbance cases (ocean
current and wave disturbance) for the coupled biomimetic
AUV system to substantiate the vehicle behavior. In order
to check the capability of the vehicle, a stress assessment
method is also added.

This paper is organized into seven sections. In Section 2,
the description of the proposed Biomimetic AUV model
is presented. The complete mathematical modeling and
representation of AUV system is explained in Section 3. In
Section 4, stability analysis of the coupled system has been
performed, and Section 5 illustrates the stress assessment
of the system. Coupled vehicle system control for different
tracking systems are explained in Section 6. The stability
analysis outcomes with coupled velocity, roll and pitch
control system responses are explained in Section 7, results
and discussion, and the conclusions based on the obtained
results are followed in Section 8.

2 System Description

The Biomimetic AUV model used in this research consists
of a Gertler geometric shaped hull [12] with a caudal fin
which is fitted at the back side of the body, a pair of
horizontally mounted pectoral fins and a pair of vertically
connected dorsal fins as shown in Fig. 1. The caudal fin can
produce the required thrust for the forward/surge motion of
the vehicle.

The four fundamental forces acting on an underwater
vehicle are thrust (τ ), drag (D), lift (L) and weight (W).
The force that moves an AUV in the forward direction is
called thrust, and it is produced by the caudal fin of the
vehicle. Suppose a fluid flowing around an object exerts
a force on it. The part of this force perpendicular to the
direction of the incoming flow is called lift. In contrast,
the drag force, or portion of the force parallel to the flow
direction, is the opposite. Weight is the downward force
acting on the underwater vehicle. The vehicle responds to

Fig. 1 Pictorial representation of proposed Biomimetic AUV model

Fig. 2 Proposed biomimetic AUV model with fundamental forces

the entire weight force (W) as if it were focused at the center
of gravity or the balancing point (G). The combined force
of all hydro-static pressures acting on the hull is buoyancy.
All these forces are plays an important role in the analysis
of proposed underwater vehicle. Figure 2 illustrates all these
forces of the proposed biomimetic AUV.

The hull geometry of the vehicle is Gertler 4154 shaped,
[12, 13] and it is possible to add modules at the mid section
for batteries or other equipment [12, 14] (Fig. 3).

All the hydrodynamic coefficients are determined using
commercial CFD package STAR-CCM+ (PMM test) and
the total drag produced by the bare hull is 26.14N [15].
The optimum length to diameter (L/D ratio) is an essential
parameter for an AUV to get an efficient hydrodynamic
structure for underwater vehicles. In the proposed AUV, the
length and diameter were chosen (L/D = 4) in such a way
that the drag is very low. The Fig. 4 shows the L/D ratio vs
drag plot of the biomimetic AUV.

It is clear from the first plot, Fig. 4 that the chosen
L/D ratio is optimum for the underwater vehicle. Similarly,
buoyancy also an important parameter which depends on the
L/D ratio. The Fig. 5 illustrates the changes in the L/D ratio
with magnitude of buoyant force for the gertler geometric
shaped (Gertler 4154) underwater vehicle.

The L/D ratio vs buoyant force plot, states that the magni-
tude of buoyant force is increases for the changes in L/D
ratio. In the current biomimetic AUV model, a depth con-
troller is developed [16] to maintain the AUV at a particular
depth using H∞ controller [16], which indirectly controls
the buoyancy [16] of the vehicle. The design parameters of
the hull is given in Table 1.

Since the all the foils are undergo lateral and rotational
motion, and motors are used to actuate [17] the foil system.

Dmax = 0.53 m

L = 2.14 m

Fig. 3 Representation of basic Gertler geometric profile [12]
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Fig. 4 L/D ratio vs drag plot (Gertler 4154 profile)

The caudal fin undergoes forward (lateral) and rotational
motion (roll), so that it can produce the required thrust for
the vehicle movement. The roll position of the foil [18] is
defined as,

φ(t) = φ0cos(ωt) (1)

where φ0 is the roll amplitude in radians, and ω is the
frequency of the foil motion [18] in radians per second. The
maximum thrust produced by the caudal fin is τX = 100N

with a propulsive efficiency of 78.74% [15].
The pectoral fin undergo heave and pitch motion [18],

described as;

h(t) = h0sin(ωht)

p(t) = p0sin(ωpt + a) (2)

where: h0 and p0 corresponds to the heave amplitude and
pitch angle, a is the phase difference between the heaving
and pitching motions, and ωh is the flapping frequency. The

Fig. 5 L/D ratio vs magnitude of buoyant force for AUV (Gertler 4154
profile)

Table 1 Design parameters of the vehicle hull

Design parameters of hull

Length (m) 2.14

Major Diameter (m) 0.53

Design speed (m/s) 2.57

value of a is pi/2 in all experiments. Therefore the heave
equation will be,

h(t) = h0cos(ωht) (3)

In the similar way dorsal fin undergo sway-yaw motion,
described as:

s(t) = s0sin(ωst)

y(t) = y0sin(ωst + a) (4)

where where s0 and y0 correspond to the sway and yaw
angle of the pectoral fin,a is the phase difference between
the yawing and swaying motions, [29] and ωs is the flapping
frequency. The angle a is taken as π/2 in all experiments,
thus:

y(t) = y0cos(ωst) (5)

The foil NACA63-015A is taken for all the fin models.

3 Mathematical Modeling of Biomimetic
AUV System

The coupled mathematical modeling of proposed AUV
includes the following such as dynamic modeling of hull
and fins.

3.1 Hull Dynamics

The dynamics of the main hull or body of the biomimetic
vehicle are modeled by using well-known theories of Fossen
[9, 10]. A six-degrees-of-freedom (6DOF) marine vehicle
has independent linear and angular motions. Generally, it is
used to determine the position and orientation of the vehicle.
Linear motions of the system are surge, sway, heave, and
angular motions are roll, pitch, yaw. Two coordinate frames
are used to describe or analyze the motion of the vehicle,
which are Earth fixed frame and body-fixed [10] frame. A
body-fixed frame is a moving frame fixed with the vehicle
[10]. The general motion of AUV can be given for a system
by SNAME (1950) in which η is the position and orientation
vector concerning Earth fixed frame,ν is the linear, and
angular velocity coordinates concerning body-fixed frame
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[9, 10], g(η) is the gravitational and buoyancy matrix, and
τ is the thrust generated [9, 10] for body-fixed frame.

η = [
η1 η2

] = [
x y z φ ψ θ

]T

V = [
ν1 ν2

] = [
u v w p q r

]T

τ = [
τ1 τ2

] = [
τX τY τZ τK τM τN

]T
(6)

The dynamic model of the vehicle on the horizontal plane is
as given below:

Mv̇ + C(v)v + D(v)v + g(η) = τ (7)

where, M is the inertia matrix, C(v) is the Coriolis and
centripetal matrix, D(v) is the damping matrix and τ -input
vector [9–11]. The above equation is is derived from the
Newton-Euler equation of a rigid body in fluid.

τ =

⎡

⎢⎢⎢⎢⎢⎢
⎣

τX

τY

τZ

τK

τM

τN

⎤

⎥⎥⎥⎥⎥⎥
⎦

(8)

From the dynamic Eq. 7,

v̇ = M−1[−C(v) − D(v)]v + M−1τ (9)

Let A = M−1[−C(v) − D(v)] and B = M−1. Hence the
Eq. 9 will be

v̇ = Av + Bτ (10)

and

y = Cv (11)

where v̇ = [
u̇ v̇ ẇ ṗ q̇ ṙ

]T
and v = [

u v w p q r
]T

is
the state space representation of the vehicle hull system.

3.1.1 Surge and roll hull Subsystem Dynamics

The caudal fin is connected series/cascade to the hull
subsystem of AUV, in which forward motion dynamic
equation explained as:

[
m − Xu̇ 0

0 Ix − Kṗ

] [
u̇

ṗ

]
+

[−Xu 0
0 −Mp

] [
u

p

]
=

[
τX

τK

]

(12)

From Eq. 12 equation,
[
u̇

ṗ

]
= −

[
m − Xu̇ 0

0 Ix − Kṗ

]−1 [−Xu 0
0 −Mp

] [
u

p

]

+
[
m − Xu̇ 0

0 Ix − Kṗ

]−1 [
τX

τK

]
(13)

The Eq. 13 of the form ;

˙̂u = Aû + Bτ (14)

and

y = Cû (15)

where ˙̂u = [
u̇ ṗ

]T
and û = [

u p
]T

is the state space
representation of the vehicle forward motion hull system.

3.2 Caudal fin Dynamics

The approach is inspired and borrowed by Lighthill [19].
Lighthill has modeled the thunniform tail, which produces
lateral and rotational motions. This approach is based on
von Karman model [20–23]. The forces and moments pro-
duced by the foils are complicated, which is derived by
using unsteady aerodynamic theory [24, 25]. The proposed
system is a motor-driven oscillating foil system. It experi-
ences lateral displacement angular rotation. Theodorsen [21,
25] derived the expression for the moment and lift, which
act on the foil at the constant velocity free-stream where the
foil is harmonically oscillating. Let Fa and τa are the driving
force and torque applied, and L and M are the hydrody-
namic lift and moment acting on the foil [26], respectively.
According to the unsteady aerodynamic theory [24],

m(Z̈ + α̈b) = L + Fa (16)

where Z is the vertical position and m is the mass.

J α̈ = M + τa − Fab (17)

where α is the angular position (pitch angle), J is the
moment of inertia and b is the position of axis of rotation
[27] along the chord. A complete derivation of lift and
moment [27]. A complete derivation of lift and moment has
been done by Harper et al. [26] including added mass, wake
effect, quasi-steady lift and moment, and thrust and drag
based on unsteady aerodynamic theory [25]. Therefore;

L = 2πρaU(−Ż + Uα + (
a

2
− b)α)C(iω)

+πρa2(−Z̈ + Uα̇ − bα̈) (18)

M = −2πρaU
(a

2

)2
α̇ + πρa2U

×
(

− Ż + Uα +
(a

2
− b

)
α̇
)
C(iω) − π

8
ρa4α̈ (19)

where a is half chord length of tail, ρ is density, U is
free stream velocity and C(iω) is Theodorsen function
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[25]. A third order transfer function obtained for the good
approximation of Theodorsen function [25], in this study is

C(iω) = a3(iσ )3 + a2(iσ )2 + a1(iσ ) + a0

(iσ )3 + b2(iσ )2 + b1(iσ ) + b0
(20)

where σ = ωa
U

which is a non dimensional reduced
frequency.
State-space representation of the caudal fin system
Consider the dynamic equations of the fin Eqs. 16 and 17.
Substitute the lift and moment Eqs. 18, 19 in Eqs. 16 and 17.

m(Z̈ + α̈b) = 2πρaU
(

− Ż + Uα +
(a

2
− b

)
α
)
C(iω)

+πρa2(−Z̈ + Uα̇ − bα̈) + Fa (21)

J α̈ = −2πρaU
(a

2

)2
α̇ + πρa2U

(
− Ż + Uα +

(a

2
− b

)
α̇
)

C(iω) − π

8
ρa4α̈ + τa − Fab (22)

In this model the forces (Fa = 127N , τa = 10.16N) are
directly transmit from the actuators to the foil. Collecting
coefficients of Eqs. 21, 22 and written as;

E1

[
Z̈

α̈

]
= E2

[
Ż

α̇

]
+ E3Tf + B0

[
Fa

τa

]
(23)

Th coefficient matrix of the Eq. 23 obtained as,

E1 =
[
m + πρa2 mb + πρa2b

0 J + π
8 ρa4

]
(24)

E2 =
[

0 πρa2U

0 −2πρ a3

4 U

]

(25)

E3 =
[

2πρaU

πρa2U

]
(26)

B0 =
[

127 0
−127b 10.16

]
(27)

where Fa and τa are the control inputs. The common term
in both the Eqs. 21 and 22 is [(Ż + Uα̇ + ( a

2 b)α̇)C(iω)],
which taken for the analysis as;

Tf (s) = Cf (s)C(s) (28)

in which C(s) is the Laplace transform of theodorsen
function Eq. 20 by substituting iσ as as

U
. The Theodorsen

function treated here as a linear filter in time domain.

C(s) = ac + a2s
2 + a1s + a0

s3 + b2s2 + b1s + b0
(29)

where ac = a3. From the equation, system is realized to
controllable canonical form.

⎡

⎣
φ̇t1

φ̇t2

φ̇t3

⎤

⎦ =
⎡

⎣
0 1 0
0 0 1

−b0 −b1 −b2

⎤

⎦

⎡

⎣
φt1

φt2

φt3

⎤

⎦ +
⎡

⎣
0
0
1

⎤

⎦ψt

γ = [
a2 − a3b2 a1 − a3b1 a3 − a3b0

]
⎡

⎣
φt1

φt2

φt3

⎤

⎦ + a3ψt

(30)

The term in Cf is;

Cf = Ż + Uα̇ + (
a

2
b)α̇ (31)

Cf = Cf k

[
Z

α

]
+ Cf d

[
Ż

α̇

]
(32)

where Cf k = [
0 U

]
and Cf d = [

a
b

−1
]
.

Let φt = [
φt1 φt2 φt3

]T
, Ṫf = φ̇t = [

φ̇t1 φ̇t2 φ̇t3
]T

, the
Eq. 28 will be;

Ṫf =
⎡

⎣
0 1 0
0 0 1

−b0 −b1 −b2

⎤

⎦φt +
⎡

⎣
0
0
1

⎤

⎦Cf

= �f 1

[
Z

α

]
+ �f 2

[
Ż

α̇

]
+ �f 3φt

(33)

where �f 1 = [
0 0 1

]T
Cf k and �f 2 = [

0 0 1
]T

Cf d .
Substituting realization of Tf in Eq. 23 and solving for
[
Z̈ α̈

]T
;

[
Z̈

α̈

]
= F1

[
Ż

α̇

]
+ F2

[
Z

α

]
+ F3φt + B1Uc (34)

where F1 = E−1
1 (E2 + Kf φf 2), F2 = E−1

1 φf 1, F3 =
E−1

1 E3φf 3, B1 = E−1
1 B0 and Uc = [

Fa τa

]T
. Thus the

state space representation of the caudal fin system is,

ẋ =
⎡

⎣
02x2 I2x2 02x3

F1 F2 F3

�f 1 �f 2 �f 3

⎤

⎦ x +
⎡

⎣
02x2

B1

03x2

⎤

⎦Uc

ẋ = Ax + BUc (35)

where the system coefficient matrices are A ε : R7×7 and B
ε : R7×2. The output equation:

Y =
[

100 0 0 0 0 0 0
0 2 0 0 0 0 0

]
x

y = Cx (36)

where the values in the C matrix are the output thrust values
(τX = 100N and τP = 2N )
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3.3 Dorsal fin Dynamics

The hull with dorsal fin vehicle moving in x-y plane, and
the coordinates of the center of gravity of the vehicle

[xg, yg, zg] = [0.075, 0, 0]. The sway and yaw equation of
the neutrally buoyant vehicle with dorsal fin is described
[28] below:

Izṙ + m[xg(v̇ + ur) + ygvr] = ρ

2
l5(Nṙ ṙ + Nr|r|r|r|) + ρ

2
l4(Nv̇v̇ + Nurur)

+ρ

2
l3(Nuvuv + Nv|v|v|v|) + Nf

m(v̇ + ur + xgṙ + ygr62) = ρ

2
l4(Yṙ ṙ + Yr|r|r|r|) + ρ

2
l3(Yv̇v̇ + Yurur)

+ρ

2
l2(Yuvuv + NYv|v|v|v|) + Ff ψ̇ = r

(37)

Here v is the sway velocity, ψ is the yaw angle, Ff = τY

and Nf = τN are the net force (sway force) and moment
(yaw moment) produced by the dorsal fin. The forward
velocity is kept constant by a control mechanism and heave
is taken as zero. Nonlinear coefficients are eliminated from
the analysis, then the system will be;
[

(m − ρ
2 l3Yv̇) (mxg − ρ

2 l4Yṙ )

(mxg − ρ
2 l4Nv̇) (Iz − ρ

2 l5Nṙ)

] [
v̇
ṙ

]
+

[
mur
mxgu

] [
v
r

]
=

[
τY

τN

]

(38)

The Eq. 38 written as,

[
v̇
ṙ

]
= −

[
(m − ρ

2 l3Yv̇) (mxg − ρ
2 l4Yṙ )

(mxg − ρ
2 l4Nv̇) (Iz − ρ

2 l5Nṙ)

]−1 [
mur
mxgu

] [
v
r

]

+
[

(m − ρ
2 l3Yv̇) (mxg − ρ

2 l4Yṙ )

(mxg − ρ
2 l4Nv̇) (Iz − ρ

2 l5Nṙ)

]−1 [
τY

τN

] (39)

This equation of the form of state space representation,
ẋ = Ax + Bu and the output equation will be,

y = [
40 0.4

] [
v

r

]
(40)

3.4 Pectoral fin Dynamics

The hull with pectoral fin vehicle moving in x-z plane, and the
coordinates of the center of gravity of the vehicle [xg, yg,

zg] = [0.075, 0, 0]. The heave and pitch equation of the
neutrally buoyant vehicle with dorsal fin is described [28]
below:

m[ẇ − uq − xgq̇ − zgq
2] = Zq̇q̇ + Zẇẇ + Zuquq

+ Zuwuw + Fp

Iyq̇ − m[xg(ẇ − uq) − zgwq] = Mq̇q̇ + Mẇẇ + Muquq

+ Mp − xgbWcosθ

− zgbWsinθ ]
θ̇ = q

ż = w − uθ

(41)

Here w is the heave velocity, θ is the pitch angle, Fp = τZ

and Mp = τM are the net force (heave thrust) and moment
(pitch moment) produced by the pectoral fin. The forward
velocity is kept constant by a control mechanism and for
simplicity nonlinear coefficients are eliminated, then the
system will be;

[
(m−Zẇ) (mxg −Zq̇)

(−mxg −Mẇ) (Iy −Mq̇)

] [
ẇ

q̇

]
=

[
ZwU Zq +mU

MwU Mq −mxgU

] [
w

q

]
+

[
τZ

τM

]

(42)

Re-writing the Eq. 41,

[
ẇ

q̇

]
=

[
(m − Zẇ) (mxg − Zq̇)

(−mxg − Mẇ) (Iy − Mq̇)

]−1 [
ZwU Zq + mU

MwU Mq − mxgU

] [
w

q

]

+
[

(m − Zẇ) (mxg − Zq̇)

(−mxg − Mẇ) (Iy − Mq̇)

]−1 [
τZ

τM

]

(43)

This equation of the form of state space representation,
ẋ = Ax + Bu and the output equation will be,

y = [
50 1

] [
w

q

]
(44)

3.5 Representation of Biomimetic AUV System

The inputs given to the caudal fin are force and torque,
from the motor actuator. Due to the motions of the fin
it can produce the forward thrust (τX = 100N) and the
angular moment which are used as the input to the AUV
hull subsystem. Caudal fin and hull subsystem are taken
as a cascade connection, and the pectoral fin subsystem
and dorsal fin subsystem are connected parallel to this. The
inputs to the pectoral fin are heave thrust and pitch moment
where as output from this system are heave and pitch
velocities. Similarly, the inputs to the dorsal fin are sway
thrust and yaw moment where as output from this system are
sway and heave velocities. The whole system is subjected
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Fig. 6 Block diagram model of the Biomimetic AUV system

to the control applications such as velocity control, depth
-pitch control, heading, roll, and trajectory tracking. The
Fig. 6 shows the block diagram representation of the
coupled Biomimetic AUV system and Fig. 7 illustrated the
MATLAB/Simulink model of the system.

The thrust values of the proposed system is illustrated in
the Table 2.

3.6 Disturbance Effect

Two different disturbance effects are taken for the system
analysis: ocean current and wave disturbance.

Fig. 7 Simulink model of the
Biomimetic AUV system

Table 2 Thrust values of Biomimetic AUV system

Forces/ Moments Values

τX 100 N

τY (Ff ) 40 N

τZ (Fp) 50 N

τK 2 Nm

τM (MP ) 1 Nm

τN (Nf ) 0.4 Nm

Ocean current disturbance The ocean currents can be
assumed to be the primary disturbance for the AUVs. These
effects are horizontal and vertical circulation systems of
ocean waters created by gravity, wind friction, and water
density change in different ocean areas [10]. The equation
of motion of ocean currents can be represented in in terms
of relative velocity vr [10] as,

vr = V − Vc (45)

where Vc = [
uc vc wc 0 0 0

]�
is the ocean current

velocity vector, considering that the current does not
generate rotational movement on the vehicle. In the present
assessment, velocity of the ocean current ranges from (0 −
4m/s) has been taken (Table 3).
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Table 3 Disturbance wave parameters [29]

Wave height 4.1 m

Wave length 77 m

ω0 0.7302 rad/s

σ 1639.98 W/m2

Wave disturbance When an AUV approaches the sea
surface, it also experiences wave disturbance. In this study,
the following Wave transfer function [9, 29] is defined:

h(s) = Kω

s2 + 2λω0s + ω2
0

(46)

where λ is damping coefficient and ω0 is dominating wave
frequency, and Kω = 2λω0σ with σ as the wave intensity.
Here the wave is considering with following parameters
such as;

Due to the large waves, heavy rolling and pitching may
occur to the underwater vehicle. That causes damage to
the hull and equipment inside. So heave and roll control
are also introduced [29] for the coupled biomimetic AUV
system, which eliminates these effects, thus avoiding breach
impairment.

4 Stability Analysis of the Coupled System

Stability analysis for the underwater vehicle is defined
as its ability to restore to the equilibrium state after
being disrupted without requiring any corrective action.
Nevertheless, stability and adequate performance cannot be
assured since the systems are effectively [30] coupled. In
order to verify the suggested model, an underwater stability
investigation is performed which posses the following steps
in Fig. 8.

4.1 Stability Analysis of Caudal fin sub System

The caudal fin subsystem of proposed AUV is a Multi -
Input - Multi - Output (MIMO) system with two inputs
and outputs. For the caudal fin system, linear time-invariant
continuous-time MIMO systems with proper square transfer
matrix Gcf in(s) ∈ Rm×m(s) is considered. Alternatively,
the systems defined in state-space representation as:

ẋ = Ax + BUc

y = Cx + DUc

(47)

where x ∈ R
n, u ∈ R

m, y ∈ R
m, A ∈ R

n×n, B ∈ R
n×m,

C ∈ R
m×n, D ∈ R

m×m, and the transfer matrix is given

Fig. 8 Flow chart of the stability analysis

by Gcf in(s) = C(sI − A)−1B + D (D = 0). The system
Gcf in(s) will be;

Gcf in(s) =
[
Gcf in1(s) Gcf in2(s)

Gcf in3(s) Gcf in4(s)

]
(48)

The Bode plot of system is shown in Fig. 9.
The phase margin (PM) in the bode plot for Gcf in4(s)

is −180◦, and some poles of the system lies in right half
of s-plane. Hence it is clear that the caudal fin system is
unstable.

4.2 Controllability of Caudal fin Subsystem

A system is considered entirely controllable if, upon
receiving a controlled input, it can transition from its
original state to any desired state in a finite amount of time.
The subsystem of the caudal fin is represented by the Eq. 47,
where x ∈ R

n is the internal state of the system and Uc

is an input signal applied to one of the system’s units. The
dimensions of the factors A and B are 7 × 7 and 7 × 2,
respectively. The matrices A and B vary in time, the concept
of controllability is tied to a specific, finite time interval
denoted [t0, tf ] with tf > t0. The linear state Eq. 52 is
controllable on [t0, tf ] if given any initial state x(t0) = x0

there exists a continuous input signal u(t) such that the
corresponding solution of Eq. 47 satisfies x(tf ) = 0. The
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Fig. 9 MIMO Bode plot of
caudal fin subsystem
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caudal fin subsystem Eq. 47 is controllable, if and only if
controllability matrix has full rank.

Co = [
B AB A2B A3B A4B A5B A6B

]
(49)

In this proposed system,

rank(Co) = 7 (50)

From the Eq. 50 found that the system is completely state
controllable.

4.2.1 Design Using Pole Placement

The pole placement is a technique used in the theory of
feedback control systems to position the closed-loop poles
of a plant at predetermined positions in the s-plane. The
placement of poles is beneficial because the location of the
poles corresponds directly to the system eigenvalues, which
govern the system response characteristics. The system
must be considered controllable for this method to be
implemented. Full state feedback is utilized by commanding
the input vector Eq. 47 Uc. Consider an input proportional
(in the matrix sense) to the state vector,

Uc = Kx (51)

Substituting this into Eq. 47;

ẋ = (A − BK)x

y = (C − DK)x
(52)

The poles of the system are given by the characteristic
equation of the matrix A − BK , det[sI − (A − BK)] =
0. Comparing the elements of this equation to those of
the desired characteristic equation produces the feedback
matrix K values that drive the closed-loop eigenvalues to

the pole positions indicated by the desired characteristic
equation(Fig. 10).

4.3 Biomimetic AUV Coupled System Stability
Analysis

The coupled Biomimetic AUV system is a MIMO system
with seven inputs and outputs, and the state space
representation is;

˙xBAUV = ABAUV x + BBAUV u

yBAUV = CBAUV x + DBAUV u
(53)

The coupled system is linear and Lyapunov direct method is
used for the stability analysis. Consider a linear autonomous
system

Ẋ = AX (54)

The system is stable when;

Theorem 1 For A ∈ R
n×n the following statements [31]

are equivalent:

1. A is Hurwitz
2. For all Q = QT > 0 there exists a unique P = P T > 0

satisfying the Lyapunov equation

AT P + PA = −Q (55)

where P and Q matrices are determined by using LMI
(Linear Matrix Inequalities) method. So the proposed
system will be stable with the conditions such that;

AT
BAUV P + PABAUV = −Q (56)
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Fig. 10 MIMO bode plot for
stable caudal fin subsystem
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5 Stress Assessment of Biomimetic AUV
System

Stress test of the submerged structures, especially for AUVs,
is a crucial step to building a design of an underwater
vehicle. It can be done by using different methods such as
analytical calculation, finite element analysis etc. The shape
and material of the vehicle play an important role in stress
analysis. Aluminum and Titanium alloy are widely used in
AUVs because they possess light weight, high strength, and
high corrosion resistance [32].

Static and dynamic loading are two types of loads that
typically affect remotely driven vehicles. Due to the weight
of the water column above the vehicle and adherence to the
well-known rule:

Ps = ρgh (57)

where Ps is the static pressure, g is the acceleration due to
gravity, h is the height of the water column above vehicle
and ρ is the water density. Let h assumed to be as 40m

[16], Ps = 1000 × 9.81 × 40 = 0.392MPa. The dynamic
loading causes dynamic stress, which is due to the speed of
the vehicle. This stress obeys Bernoulli’s equation,

Pd = 1

2
ρv2 (58)

where Pd is the dynamic pressure, v is the velocity and ρ

is the water density. The velocity of the vehicle is taken as
2.57m/s [16]. Therefore the calculated Pd will be, Pd =
1
2 × 1000 × 2.57 = 3.302KPa.

5.1 Stress Calculation of Different Parts

In the present issue, analytical calculation method is used
for the stress analysis of AUV structure. The dynamic
pressure is lower for the vehicle than the static pressure, so
the dynamic load due to vehicle velocity can be neglected.

• AUV hull : The dimensional parameters of the hull
already defined in Table 1. The total stress obtained for
this geometry is 47.62MPa.

• Caudal fin : The dimensional parameters of the caudal
fin is illustrated in Table 4.

The stress obtained for the caudal fin is 3.15MPa.
• Dorsal fin: The design parameters for the dorsal fin is

described in Table 5 and the stress calculated for this is
0.63MPa.

• Pectoral fin: The stress calculation of pectoral fin
also like the similar way of the other fins. All the
dimensional parameters are delineated in Table 6 and
the stress procured is 0.68MPa.

Table 4 Dimension parameters of the caudal fin

Flapping foil specifications

Chord 0.16m

Breadth 0.2285m

Maximum thickness 0.03427m

Area 0.0757 m2

Maximum frequency 5.27 Hz
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Table 5 Dimension parameters of the Dorsal fin

Dorsal fin specifications

Chord 0.0796m

Breadth 0.1592m

Maximum thickness 9.5588 × 10−3m

Maximum frequency 6 Hz

6 Coupled Biomimetic AUV System Control

The coupled model of Biomimetic AUV is validated by
designing a velocity, roll and pitch controller using PID
control. A proportional – integral – derivative controller
(PID controller or three-term controller) is a control loop
mechanism employing feedback that is widely used in
industrial control systems and a variety of other applications
requiring continuously modulated control [33]. The time
domain output of a PID controller y(t), is calculated from
the feedback error denoted as e(t) as follows;

y(t) = Kpe(t) + Ki

∫
e(t)dt + Kd

de(t)

dt
(59)

where Kp, Ki and Kd are the controller gains. Different
tuning methods such as manual tuning, zieglar - nichols
method, cohen - coon method, genetic algorithm, PSO, etc,
can be used to find out these controller gains.

6.1 PID Controller Based Velocity Tracking

PID controller based system can track the desired surge
velocity [11] of the proposed AUV. A genetic algorithm
based tuning method is used here to find out the
controller gains of proposed system. Genetic algorithm is
a heuristically designed evolutionary algorithm (EA) [16],
[11] inspired by natural selection [34]. The input to the
system is applied force (Fa) / torque (τa) and output is surge
velocity (u). Figure 11 shows the coupled velocity tracking
system of Biomimetic AUV.

Here, the procured equation from Eq. 59 for the velocity
tracking controller will be:

y(t) = 2.8879e(t)+3.0501
∫

e(t)dt +10.0419
de(t)

dt
(60)

Table 6 Dimension parameters of the pectoral fin

Pectoral fin specifications

Chord 0.0718m

Breadth 0.0976m

Maximum thickness 0.01197m

Maximum frequency 8 Hz

When the vehicle is subjected to an ocean current distur-
bance, the output equation for the velocity tracking control-
ler will be:

y(t) = 5.789e(t) + 0.161
∫

e(t)dt + 17.516
de(t)

dt
(61)

6.2 PID Controller Based roll and Pitch Tracking

Roll is a tilting motion of an underwater vehicle from side
to side, so that it is an unwanted motion. Similarly, pitch is
a rotational up-down motion along the Y axis. The effect
of these two motions is taken into account only when the
vehicle subjected to wave. The obtained PID controller
equations for roll and pitch control is given below:

• Case I: Roll system with wave disturbance

y(t) = 78.35e(t)+0.249
∫

e(t)dt +131.53
de(t)

dt
(62)

• Case II: Pitch system with wave disturbance

y(t) = 11.789e(t) + 4.04
∫

e(t)dt + 23.83
de(t)

dt
(63)

7 Results and Discussion

The proposed dynamic model of the Biomimetic AUV has
been designed using state space formulation method. The
dynamic equation of each part of the vehicle is modeled
separately and coupled all these parts (virtual) together to
get the final model.

One of the most critical aspects of the control quality
of an autonomous underwater vehicle is the stability of
the motion control system. The stability analysis has been
performed using Lyapunov direct method. The proposed
system is satisfying Lyapunov Eq. 56. Figure 12 shows the
bode plot of the Biomimetic AUV system.

The gain margin and phase margin of the system are
positive. So it is clear from this plot that the system is stable.

7.1 Stress Analysis of Biomimetic AUV

The stresses of the individual part of the vehicle have
been calculated, and the total stress attained is 52.08MPa.
Aluminum or titanium alloy are commonly used to build
underwater vehicles. The present value is computed for the
vehicle composed of aluminum alloy, which will also come
under the range of titanium alloy. The maximum permissible
stress values range from (240MPa to 1400MPa), and
titanium alloy will be (240MPa - 1400MPa). The
premeditated underwater vehicle stress value is less than the
maximum stress range of the construction materials.
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Fig. 11 Block diagram of
coupled velocity tracking control

Fig. 12 Bode plot for stable
Biomimetic AUV system
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Fig. 13 Velocity tracking
response of biomimetic AUV
without disturbance
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Fig. 14 Coupled velocity tracking system with ocean current
disturbance

Effect of disturbances on the vehicle stress Since the ocean
current is nothing but a relative velocity, as speed rises,
so does the stress on the vehicle. The ocean wave effects
include modifying the underwater vehicle structural force,
dynamics, and movement. Thus it leads to a rise in the
total stress of the vehicle. However, the maximum change
in stress is (30MPa − 50MPa) for both disturbance cases.
This rise in stress is still within the tolerance range.

Constraints of BAUV stress testing The factors that affect
the stress analysis of AUV are material selection, depth
at which the vehicle is below the sea surface, shape,
and wall thickness. Since most AUVs are made of metal
or metal alloy, they can withstand a certain amount of
stress before buckling or collapsing. So the selection of
material acts as a constraint in the stress analysis. Similarly,
increasing the hydrostatic pressure upsurge the depth of the

Fig. 15 Roll system response of
biomimetic AUV with ocean
current disturbance

Fig. 16 Pitch system response
of biomimetic AUV with ocean
current disturbance
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submarine and thus increases stress. This stress then strains
the hull. Wall thickness also depends on the stress; the
radial stress decreases as the thickness increases. However,
thickness ought to be considered appropriate. Otherwise,
the jumboized equipment would not have sufficient room
inside the hull. Thus, the appropriate selection of all these
limiting factors is needed to develop a practical biomimetic
underwater vehicle design.

7.2 Coupled System Responses

The designed mathematical model of the biomimetic
AUV is validated by taking different controlled response
conditions such as velocity control response without
disturbance, with ocean current disturbance, roll response
and heave response.

For the velocity tracking without disturbance case, the
system is implemented based on the change of speed, which
prompts identical movement conditions. Figure 13a shows
the open-loop velocity response and Fig. 13b describes
the coupled system velocity tracking response (controlled
response) using PID controller.

The ocean current disturbance (velocity in between
(0.1m/s - 4m/s) is added to the controlled response at a
particular time (say 150s) and modeled the controller to
remove this. The system reached to steady state (after 70s)
by rejecting the disturbance shown in Fig. 14.

The influence of rolling and pitching can be neglected
when the AUV is under water. As mentioned earlier, the
ocean current does not produce any rotational movements to
the vehicle. In the case of roll and pitch controller;

• Case I : Roll system with ocean current disturbance.

The open-loop response and the controlled response of roll
system with presence of wave disturbance shown in Fig. 15a
and b.

• Case II : Pitch system with ocean current disturbance.

The open-loop response and the controlled response of
pitch system with presence of wave disturbance shown in
Fig. 16a and b.

8 Conclusion

This study has described the development of dynamic
model of the Biomimetic underwater vehicle. State space
formulation method is used here to create the appropriate
model. The vehicle is modeled with conventional dynamic
equations of Fossen ([9, 10]) with several modifications.
The stability analysis has been performed to endorse the
model for and found that the system is completely state
controllable and stable. In order to validate the model

capability, a coupled velocity tracking system, roll and pitch
control system with disturbance effect is designed.
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