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Abstract
This article presents a design of a novel swimming mechanism based on a linkage mechanism. The generated motions of the
proposedmechanismmimic the purely aquatic locomotion of frogs such asXenopus laevis (X. laevis), including both the motions
of the hind legs and the webbed foot. A six-bar linkage mechanism is employed in this study combing with a spatial linkage
mechanism to simplify the overall mechanism. Attributes to the optimal design, the number of Degrees of Actuations (DoA)
reduces to two in each hindlimb, which realizes miniaturization in the current study. Kinematic analysis is conducted to analyze
the locomotion of the spatial mechanism. The hydrodynamic model based on the blade element theory is established to estimate
the swimming performance of the designed mechanism. The peak thrust (approximately 0.2 N) is dramatically larger than the
minimum drag (−0.023 N) observed in the experiment which increases the efficiency of the prototype’s swimming.

Keywords Frog-inspired swimmingmechanism . Hybrid linkagemechanism . Kinematic analysis . Hydrodynamicmodel

1 Introduction

Implementing biomimetics or bioinspired features into
robotic systems has become a new solution to solve
the problems of kinematics, dynamics, and control [1,
2]. No matter what is employed, bioinspired mechanical
structure or mimicking the locomotion of natural crea-
tures, they make the specially designed robots acquire
the ability to complete difficult tasks. The vertical wall
climbing based on gecko-inspired toes is presented in
[3] while high efficient underwater swimming is
achieved by combining a compliant tail design with
proper undulatory locomotion in [4]. Flying ability is
acquired by morphologically mimicking the wing struc-
tures of bats [4–6], amphibious locomotion by utilizing

specially designed structures inspired by basilisk lizards
[7–9], salamanders [10, 11], et al.

Frogs are one of the most wonderful animals which mostly
use their hindlimbs to acquire the capabilities of jumping and
swimming. The reactive force propelled the body of the frog
in both terrestrial and aquatic environments when the hind-
limb contacts the ground and the water [12]. The strategy of
frogs’ locomotion by mainly using their hindlimbs helps the
design of bio-inspired robots to reduce the number of actua-
tors. The swimming locomotion of frogs is dominantly on
account of their hindlimbs as their forelimbs are used for sup-
port and steering [13]. The swimming locomotion with dual-
limb cooperation is more stable and more maneuverable com-
pared to the locomotion of fish’s tail oscillation which pro-
duces the lateral force during swimming. The swimming gaits
of frogs are divided into synchronous swimming and asyn-
chronous swimming attributed to the cooperation of the pow-
erful hindlimbs. With synchronous swimming, frogs can have
a faster speed to escape from their predators when the asyn-
chronous swimming gait works more efficiently [14]. Apart
from the hind legs, the webbed foot plays a significant role in
frogs’ swimming as well. The fully expanded area of the
webbed foot helps the hindlimb produce maximized
thrust when the legs extend. The drag produced on the
foot is minimized as the frogs shrink their foot with the
flexion of the hindlimbs.
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These interesting characteristics of the frog’s swimming
attract more researchers to design bioinspired swimming ro-
bots and analyze the propulsionmechanism. Jyotsna et al. [13]
proposed a cam follower mechanism with a tendon-pulley
mechanism to mimic the joint behaviors of the limbs.
Multiple types of locomotion such as terrestrial and aquatic
locomotion are assumed to be obtained from the additional
degree of freedom (DoF) for the transformation of the
hindlimbs. The complex mechanism troubles the manufactur-
ing of robots. Fan et al. [15] designed a swimming robot
inspired by frogs. Each leg of the robot is composed of two
groups of pneumatic muscles with an antagonistic configura-
tion. By controlling the three-DoF leg, the robot can mimic the
swimming gaits of swimming frogs. The webbed foot is de-
signed by assembling a water-proof motor at the end of the
foot. The control is complex as many pneumatic actuators are
integrated. The size of the robot is limited by the pneumatic
muscles. An improved swimming robot based on pneumatic
technology is reported in [16]. The most significant improve-
ment is the articulated pneumatic soft actuators, which mini-
mize the size of the frog-inspired swimming robot. Although
the size is decreased with the customized soft actuator, the
joints of the hindlimb are still actuated separately. The mas-
sive actuators make the robot structure bulky and it causes
difficulties in controlling the robot. Based on the study of
Richards [17], the thrust of the aquatic frogs is mostly induced
by feet rotation compared to their translational motion, we
previously designed a swimming robot based on dielectric
elastomer with only one rotation degree of freedom in each
limb [18]. Although the dielectric elastomer actuator can help
the leg structure achieve large angular deformation, the output
force is normally small due to the properties of the dielectric
elastomer minimum energy structure [19–21]. Consequently,
the thrust is not sufficient to drive the robot when the robot is
fully submerged in water. Hereby, we concentrate on the
structure design of the hindlimb of the swimming robot in-
stead of the actuator which is capable to help the robot achieve
sufficient thrust. Motors are used as the candidates to drive the
designed leg structure for robustness and simple employment
in the robot system.

The frogs benefit from the complex biological structures
composed of multiple ball-and-socket-like joints of abundant
degrees of freedom (DOFs) such as flexion/extension, abduc-
tion/adduction, and exterior/interior rotation which results in a
flexible workspace [22–24]. To employ the biological charac-
teristics in robots, further reduction of the actuating compo-
nent is needed. Biological kinematic synergies are selected as
the proper solution to design the robot inspired by creatures
from abundant DOFs. Applying principal component analysis
(PCA), Bat-Bot (B2) [6] is designed employing the combina-
tion of a spatial flapping mechanism and a folding and
unfolding mechanism based on a planar four-bar crank-rock-
er. Another representative case where biological synergy is

employed is the jumping robot Salto, where an optimized
planar eight-bar linkage of merely revolute joints is designed
to mimic the hindlimb of Galago senegalensis [25]. These
outstanding cases reveal that the design of bio-inspired robots
with synergy technology can minimize the number of DoAs.

This study aims to design a novel mechanism learning from
the amphibious frogs with a focus on their hindlimbs to reduce
the complexity of the swimming robot design. The locomo-
tion analysis of frogs o aquatic environments is conducted to
discover the swimming mechanism in the frontal and the
transverse plane. Synthesis design is employed to reduce the
number of actuators to provide rotational actuation. A novel
optimal design method is employed for the six-bar linkage
synergistic design to mimic the locomotion of frogs’ feet.
The spatial mechanism is employed in the hybrid mechanism
design to acquire the spatial motion of the footpad where a
minimum quantity of input is needed. To validate the adapt-
ability of the design in aquatic environments, a hydrodynamic
analysis based on the blade element theory is built to estimate
the thrust generated in the power swimming phase.

This paper is structured as follows: locomotion analysis of
aquatic frogs using a footpad is discussed in Section 2. The
biological mechanism design including the planar mechanism
optimization and the hybrid mechanism design is mentioned
in Section 3. Section 4 presents the kinematic and the hydro-
dynamic analysis of the designedmechanism. The experimen-
tal validation is included in Section 4 as well. The conclusion
is in the final section.

2 Locomotion Analysis of Aquatic Frogs

Figure 1 shows the schematic of the skeletal mechanism of an
amphibious frog using the half body of a frog isolated by the
sagittal plane. The posture of a swimming frog’s footpad that
is parallel to the transverse plane is changed at the beginning
of each stroke as presented in Fig. 1(A). Although the foot
motion is composed of translational and rotational compo-
nents, the motion of each joint of the hindlimb can be treated
as 2D pivot joints as reported by Richards [17, 26, 27] in
which the translational motion contributes much less than
the rotational motion. Separated actuation in each group of
hindlimbs is needed as the swimming locomotion reveals that
both synchronous and asynchronous locomotion exist, gener-
ating perspective swimming performance [26]. As paddle
swimmers, frogs use the deformable projected area on the
webbed feet to improve their swimming efficiency. Both syn-
chronous and asynchronous locomotion can be divided into
three cyclic phases. At the beginning of the propulsion phase,
the hindlimb “folded” and the webbed feet fully expanded for
maximizing the thrust force when the hindlimb extends.
Attributing to a streamlined body, the legs are fully extended,
and the webbed feet are fixed in the direction parallel to the
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moving direction in the glide phase. To be ready for the next
propulsion phase, the hindlimb flexes to the initial position
with the contracted webbed feet to minimize the drag pro-
duced on the feet during the recovery phase [18]. By
decomposing the foot motion of different species of frogs into
translational and rotational motion, Richards reported that the
thrust of aquatic species, for example, X. laevis, is mostly
induced by foot rotation whereas foot translation contributes
much less significantly [17]. His later study proved this hy-
pothesis that the propulsive strategy of X. laevis is mostly
rotation-powered swimming [26]. Based on his theory, the
multiple joints-based extension for propulsion can be simpli-
fied as a single rotation in each leg of aquatic frogs. The
morphing of the projected area in webbed feet can generate
propulsive swimming motion by making the thrust generated
in the propulsion phase larger than the drag encountered in the
recovery phase.

From the analysis above, two principal motions are extract-
ed in the transverse and the frontal plane. In the frontal plane, a
mechanism is needed to generate the planar motion such as
extension and flexion of the hindlimb, led by the rotation in
the hip joint, knee joint, ankle joint, and tarsometatarsal joint.
Apart from the planar mechanism in the frontal plane, the
webbed foot of the robot is needed to morph the projected
area using another DoA. To mimic the strategy of the aquatic
frogs used in swimming, in the power swimming phase, the
area of the webbed foot needs to keep maximized whereas, in
the recovery phase, it keeps minimized to reduce the drag on
their feet. Hence, the whole mechanism design can be split
into the planar motion part and the part for the posture switch
of the footpad. Figure 2 presents the prototype of the designed
swimming mechanism, the hindlimbs are made up of a planar

six-bar linkage to mimic the hindlimb locomotion of an aquat-
ic frog. The six-bar linkage is merely composed of revolute
joints which are easy to configure and the motion of the link-
age is actuated by one joint by Actuator 1. All links are 3D
printed and they are made of polylactic acid (PLA). The pure-
ly aquatic frog X. laevis is selected and the linkage parameters
are optimized to track the trajectory of X. laevis’s foot. The
webbed foot mechanism is slightly different from the real
frogs by connecting the six-bar linkage with a spatial linkage
mechanism actuated by Actuator 2 which is a fixed-axis rota-
tion. The design procedure is detailed in Section 3.

3 Mechanical Design

3.1 Hindlimb Design Based on Six-Bar Linkage

According to the analysis in Section 2, the motion of the frog’s
foot is generated by the cooperation of the hip, knee, and ankle
joints of the hindlimbs. In the conventional design of bio-
inspired robots, each joint is connected serially and actuated
each joint individually to mimic the locomotion of the real
animal. Despite the intuitionistic and simple design procedure,
the control of the numerous actuators is typically complex and
when the redundant workspace is wasted.

Planar linkage mechanisms including Four-bar, six-bar,
and eight-bar linkage constrained with Revolute-Revolute
(RR) chain have been widely researched [28–31], for which
the focus is on the output of a specific point or link with one
DoF actuation instead of the actuation of each joint. Inspired
from these successful designs, we employ a six-bar linkage
mechanism to explore the design to mimic the leg motion of

Fig. 1 Skeletal schematic of an amphibious frog in aquatic mode. In (A),
the normal vector n is parallel to the moving direction along the y axis in

water. (B) shows the view of the hindlimb skeleton system in the
Transverse Plane while the view of the Frontal plane is shown in (C)
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swimming frogs. Four-bar linkage is not utilized as the design
candidate due to its limited number of design parameters
while eight-bar linkage is not considered it needs massive
computational cost in its design. A six-bar linkage mechanism
is proposed from the skeletal structure of a frog’s hindlimb,
which consists of the femur, tibiofibula, tarsus, and phalanx.
As shown in Fig. 3(A), the femur of X. laevis is connected to
the body with the hip joint while the knee joint connects the

tibiofibula and femur. The ankle joint connects the tarsus and
the tibiofibula while the tarsometatarsal joint connects the
phalanx and tarsus [32]. The output motion of the foot is
generated by the corporative actuations in these four joints
as demonstrated in Fig. 3(B). Two ternary links such as link
J1J4J6 and link J3J6J7 are added to close the topology loop of
the linkagemechanism. The tarsus and phalanx are considered
as a rigid body without relative movement to reduce the

Fig. 2 The prototype of the
spatial mechanism to mimic the
hindlimbs of aquatic frogs

Fig. 3 Six-bar linkage design schematic from the skeleton of hindlimbs.
(A). The hindlimb physiology of X. laevis. (B). Serial configuration of the
RR linkage design (C). Six-bar linkage design with one-DOA
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complexity of the whole structure. The link J7J8 works as the
foot where the joint J7 mimics the tarsometatarsal and joint J8
mimics the end of the longest phalange. Thus, a six-bar link-
age of one DoA is formed as revealed in Fig. 3(C). As dem-
onstrated in Fig. 3, the circular shapes filled with blue denote
the joints in the initial position while the hollow-circular
shapes show the relevant positions when actuation input is
revealed as the red arc. The dash lines represent the current
position of the links while the solid ones are in the initial
position. It is possible to trace the approximately same output
trajectories of the foot composed of phalanx in the two differ-
ent configurations despite the different number of DoAs.

3.1.1 Forward Kinematic Analysis of the Planar Six-Bar
Linkage

The forward kinematic analysis is conducted to acquire the
relationship between the input (one DoF rotation) and the
output of the foot. The coordinate system of the center of mass
(CoM) {OCoM} is built as shown in Fig. 4(A) where OCoM

XCoM is parallel to the symmetrical axis of the body. {OJ 1 } is
translated from {OCoM} without rotation. It is obvious that the
formed six-bar linkage is composed of a four-bar linkage loop
J1- J2- J3- J4 and two bar linkage J5- J6 and J5- J7. In the four-
bar loop, the position of J4i in {OJ 1 } with the input rotation
about the z-axis in J1 can be written as

J 4i½ �OJ1
¼ Rotz uið Þ J 4½ �OJ1

ð1Þ

In Eq. (1), Rotz is the rotation matrix about the z-axis and

Rotz θð Þ ¼ cos θð Þ −sin θð Þ
sin θð Þ cos θð Þ
� �

. The arrow of the rotation in

the figures of this work starts at the reference position and
ends at the current position and the counterclockwise direction
is the positive direction.

The Cartesian coordinates of J 3i½ �OJ1
is

J 3i½ �OJ1
¼ Rotz wið Þ J 3½ �OJ1

− J 2½ �OJ1

� �
þ J 2½ �OJ1

ð2Þ

The length of the link J3J4 keeps constant as

J 3i½ �OJ1
− J 4i½ �OJ1

��� ��� ¼ J 3½ �OJ1
− J 4½ �OJ1

��� ��� ¼ l J 3 J 4 ð3Þ

Instead of directly solving the equations constituted by (1),
(2), and (3), J3ican be derived from the geometry point of view
according to the four-bar loop extracted in Fig. 4(B). The point
J3i is the intersection of two circles shown circled in red.
Another intersection point J3i

′ is neglected as with the solu-
tion, the configuration of the four-bar loop is not practical.
These two solutions are symmetrical about J2J4i. Hence,
J 3i½ �OJ1

can be calculated as

J 3i½ �OJ1
¼ l J 2 J 3

l J 2 J 4 i
Rotz mið Þ J 4i½ �OJ1

− J 2½ �OJ1

� �
þ J 2½ �OJ1

ð4Þ

In Eq. (4), mi ¼ arccos
l J2 J4 i

2þl J2 J3
2−l J3 J4

2

2 J 2 J 4 i l J2 J3
as l23 and l34

keep constant with the input rotation.
According to (4), J 7i½ �OJ1

is written as below,

J 7i½ �OJ1
¼ l J 3 J 4

l J 3 J 7
Rotz eð Þ J 4i½ �OJ1

− J 3i½ �OJ1

� �
þ J 3i½ �OJ1

ð5Þ

The strategy for finding J5i and avoiding the multiplicity is
close to which used in finding J3i. Consequently, J 5i½ �OJ1

is

Fig. 4 Kinematic schematic of
the six-bar linkage. (A).
Movement of the six-bar linkage
(B) Solutions of J3i in four-bar
loop J1- J2- J3- J4
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calculated as

J 5i½ �OJ1
¼ l J 5 J 6

l J 6 i J 7 i
Rotz −nið Þ J 7i½ �OJ1

− J 6i½ �OJ1

� �
þ J 6i½ �OJ1

ð6Þ

I n E q . ( 6 ) , ni ¼ arccos
l J6 i J7 i

2þl J5 J6
2−l J5 J7

2

2l J6 i J7 i l J5 J6
a n d

J 6i½ �OJ1
¼ Rotz uið Þ J 6½ �OJ1

.

The rotation of J7J8 can be calculated from Eq. (7).

qi ¼ k � arccos
J 7i½ �OJ1

− J 5i½ �OJ1

� �
� J 7½ �OJ1

− J 5½ �OJ1

� �
l J 5 J 7

2

ð7Þ

Where k ¼
J 7½ �O J1

− J 5½ �O J1

� �
� J 7 i½ �O J1

− J 5 i½ �O J1

� �� �
z

J 7½ �O J1
− J 5½ �O J1

� �
� J 7 i½ �O J1

− J 5 i½ �O J1

� �� �
z

��� ��� de-
notes the direction of the rotation when −1 and 1 represent
clockwise and counterclockwise, respectively.

3.1.2 Optimization of the Six-Bar Linkage Parameters

The hindlimbmorphology of X. laevis has been acquired from
[26] as well as the joint kinematics. The length of each bone in
the hindlimb is presented in Table 1. The joint kinematics of
X. laevis’s hindlimb is demonstrated in Fig. 5. The foot posi-
tion in {OHip} is predominated by the position of Tmt and
θTmt. The coordinates of Tmt in {OHip} are given by

Knee½ �OHip
¼ LFemurRotz −θHip

� 	 0
1

� �

Ankle½ �OHip
¼ LTibio f ibula

LFemur
Rotz θKneeð Þ − Knee½ �OHip

� �
þ Knee½ �OHip

Tmt½ �OHip
¼ LTarsus

LTibiofibula
Rotz −θAnkleð Þ Knee½ �OHip

− Ankle½ �OHip

� �
þ Ankle½ �OHip

8>>>>>><
>>>>>>:

ð8Þ

Thus, the trajectory of the foot in {OHip} can be calculated
with Eq. (7) and θTmt. The foot motion is planar as the foot is
considered as a rigid part and therefore the relationship be-
tween θTmt and the coordinates of Tmt in {OHip} drawn in
Fig. 6 can represent the position of the foot. The parameters
of the six-bar linkage including the length and the shape of the
links need to be optimized to trace the trajectory of the
X. laevis’s foot. As Fig. 4 indicates, the input rotation is ui in
joint J1 and the relevant output rotation is qi, J7 is set as the
Tmt joint. The optimal design should make the relationship

between qi and J 7i½ �OJ1
approach the relationship shown in

Fig. 6 as close as possible when J1J2 is the ground link.
As shown in the revised Fig. 3(C), the link formed by J7

and J8 works as the foot in the six-bar linkage. The optimiza-
tion is designed to approach the output trajectories of qi and J7
to the foot of the trajectory of the foot of X. laevis as shown in
Fig. 6. The loop equations are derived as

l1 : ui J 6−J 1ð Þ þ vi J 5−J 6ð Þ þ qi J 7−J 5ð Þ ¼ J 7i−J 1
l2 : ui J 4−J 1ð Þ þ pi J 7−J 4ð Þ ¼ J 7i−J 1
l3 : wi J 3−J 2ð Þ þ pi J 7−J 3ð Þ ¼ J 7i−J 1

8<
: ð9Þ

where l1 represents the loop J1-J6-J5-J7-J1 while l2 and l3
represents the J1-J4-J7-J1 and J2-J3-J7-J2, respectively. Thus,
the polynomial system of the six-bar linkage is

Table 1 Hindlimb morphology of X. laevis

LFemur (mm) LTibiofibula (mm) LTarsus (mm) LFoot (mm)

26 22 11 29

Fig. 5 Joint kinematics of X. laevis’s hindlimb

Fig. 6 The relationship between θTmt and the coordinates of Tmt in
{OHip}
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ui J 6−J 1ð Þ þ vi J 5−J 6ð Þ þ qi J 7−J 5ð Þ ¼ J 7i−J 1
ui J 6−J 1ð Þ þ vi J 5−J 6ð Þ þ qi J 7−J 5ð Þ ¼ J 7i−J 1

ui J 4−J 1ð Þ þ pi J 7−J 4ð Þ ¼ J 7i−J 1
ui J 4−J 1ð Þ þ pi J 7−J 4ð Þ ¼ J 7i−J 1
wi J 3−J 2ð Þ þ pi J 7−J 3ð Þ ¼ J 7i−J 1
wi J 3−J 2ð Þ þ pi J 7−J 3ð Þ ¼ J 7i−J 1

uiui ¼ 1

vivi ¼ 1

pipi ¼ 1

wiwi ¼ 1
i ¼ 1; 2;…;N

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

ð10Þ

where qi and J7i,(i = 1, 2,…, N) and the desired points which
are acquired from the trajectory of the foot of X. laevis.

The design parameters are J1 − J6, ui, vi, pi, wi and their con-
jugates.Thus, thenumberof equations in thepolynomial systems
is10Nwhile thenumberofvariables is (6 + 4N) ∗ 2.Tomake the
polynomial systems square so that a finite set of isolated solution
points can be solved computationally, 10N = (6 + 4N) ∗ 2.
Hence N = 6 which indicates that six pairs of qi and J7i can be
tracked tomake thepolynomial systemsquare.Althoughui,vi,pi,
wi and their conjugates can be eliminated, the direct computation
costs a lot as the total degree of the polynomial system is 260.

We propose a novel method to design the six-bar linkage
mechanism which minimized the difference between the

desired trajectories and the output trajectories of qi and J7i.
To keep the units consistent, the objective parameters are con-
verted from qi and J7i to J7i and J8i where J8i is derived as

J 8i ¼ qi J 8−J 7ð Þ þ J 7i ð11Þ

In this method, the six pairs of points in the desired trajec-
tories ofX. laevis’s foot are selected and they are tracked by J7i
and J8i when the length of the link J4iJ7i and link J2iJ3i and
changeable which are drawn in yellow in Fig. 7(B). The ob-
jective function of the six-bar linkage is written as

obj : minimize ∑
6

i¼1
l J 4 J 7 xð Þ−l J 4i J 7i x; J 7iobj ; J 8iobj

� 	� 	2 þ l J 2 J 3 xð Þ−l J 2i J 3i x; J 7iobj ; J 8iobj
� 	� 	2
 �

ð12Þ

where x is the design parameters and x = [J1x, J1y, J2x, J2y,
J3x, J3y, J4x, J4y, J5x, J5y, J6x, J6y], x ∈ R12 and J7i _ obj and
J8i _ obj are selected from the desired trajectories and shown in
Table 2.

The position of J2i − J6i are derived reversely as J7i and J8i
are set to match the position of J7i _ obj and J8i _ obj. J5i is
directly calculated according to the configuration of the terna-
ry link J5J7J8.

J 5i ¼ l57
l78

Rotz φ875ð Þ J 8i−J 7ið Þ þ J 7i ð13Þ

J6i can be derived according to the triangle formed by J1, J5i
and J6i, the derivation is similar to J3i processed in
Section 3.1.1).

J 6i ¼ l56
l15i

Rotz φ156i

� 	
J 1−J 5ið Þ þ J 5i ð14Þ

Hence, J3i and J4i can be acquired according to the config-
uration of the ternary link J3J4J7 the ternary link J1J4J6, re-
spectively.

J 4i ¼ l46
l16

Rotz φ164ð Þ J 1−J 6ið Þ þ J 6i ð15Þ

J 3i ¼ l37
l47

Rotz φ473ð Þ J 4i−J 7ið Þ þ J 7i ð16Þ

The nonlinear constraints are set to make the designed six-
bar linkage mechanically practical.

f 1i :
l67i

2 þ l472−l462
� 	

2 l67i*l47ð Þ ≥−0:9; i ¼ 1; 2;…; 6

f 2i :
l13i

2 þ l122−l232
� 	

2 l13i*l12ð Þ ≥−0:9; i ¼ 1; 2;…; 6

f 3 : 0:9≥
J 26−J 36

l23
� J 46−J 36

l34
≥−0:9

f 4 : 0:9≥
J 66−J 56

l56
� J 76−J 56

l57
≥−0:9

f 5i : uj−1deg > ujdeg; j ¼ 2; 3;…; 6
g1 : l56≥20
g2 : l57≥5
g3 : l23≥10

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

ð17Þ

Table 2 The desired J7i
_ obj and J8i _ obj

x (mm) y (mm)

J71_obj 26.3790 −30.2501
J81_obj 51.2323 −15.3064
J72_obj 23.6551 −36.1669
J82_obj 51.4878 −28.0220
J73_obj 20.3848 −42.6389
J83_obj 49.1197 −46.5509
J74_obj 16.2638 −48.9087
J84_obj 37.6439 −68.5019
J75_obj 13.3235 −51.4199
J85_obj 25.7142 −77.6395
J76_obj 9.3118 −52.1835
J86_obj 14.3160 −80.7484
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where f1i and f2i are designed to guarantee the triangular shapes
which are used in the forward kinematic calculation of the
optimized six-bar linkage mechanism as mentioned in
Section 3.1.1. f3 and f4 are set to avoid the dead point where
−0.9 and 0.9 are the minimum threshold and the maximum
threshold. f5i set to guarantee the monotonicity of uj. g1 − g3
are used to make the fabrication of the related links convenient.

The optimal solution is searched using fmincon with an
interior-point algorithm in MATLAB when the coordi-
nates of J1 − J6 are limited within [−80, 80] mm. The
output J7i and J8i are shown in Table 3 with the optimal

solution presented in Table 4 with the value of the objec-
tive function is 0.254088 when all the constraints are sat-
isfied. ΔJ7i, the difference in the coordinates between J7i
and J7i _ obj and ΔJ8i, the difference between J8i and J8i _

obj are shown in Table 5 as the performance index. The
smaller value of the performance index means the better
match of the desired points and the output points. Most of
the values of the performance are smaller than 1 mm while
ΔJ 83 , ΔJ 84 , ΔJ 85 and ΔJ 76 are larger than 1 mm but
smaller than 2.5 mm.

ΔJ 7i ¼ J 7i−J 7iobj
�� ��

2

ΔJ 8i ¼ J 8i−J 8iobj
�� ��

2

(
ð18Þ

The trajectories of the designed six-bar linkage are pre-
sented in Fig. 8, where Fig. 8(A) shows the differences
between the desired points in red and the output points in
blue. The output trajectories in blue match the desired
trajectories from X. laevis’s foot in red well as shown in
Fig. 8(B).

3.2 Design of a Spatial Swimming Mechanism to
Mimic the Webbed Foot

Apart from the extension of the legs in the power swimming
phase, frogs also utilize their webbed foot to minimize the
drag force in the recovery phase. The swimming efficiency
is improved with the strategy of using the webbed foot.
Inspired from this swimming locomotion of frogs, the mech-
anism to mimic the actuation of the webbed foot is important
to improve the swimming performance of the designed
mechanism.

Instead of directly assembling an actuator on foot
which can be found in [13, 15, 33, 34] which will cause

Table 3 The output J7i
and J8i x (mm) y (mm)

J71 26.5160 −30.1864
J81 51.0489 −14.7223
J72 24.0506 −36.4160
J82 52.0251 −28.7725
J73 20.3670 −42.8932
J83 48.9453 −47.8207
J74 15.6914 −48.3601
J84 38.2139 −66.6286
J75 12.8208 −50.8972
J85 27.4920 −75.9123
J76 10.7771 −52.4403
J86 14.3873 −81.2147

Fig. 7 Demonstration of the parameters in the optimization

Table 4 The optimal solutions

value (mm)

J 1x 17.5962

J 1y 28.8298

J 2x 27.5962

J 2y 41.9765

J 3x 67.8052

J 3y 79.9999

J 4x 48.6976

J 4y 54.2711

J 5x 22.3051

J 5y −30.6493
J 6x 38.6975

J 6y 20.1265
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the problem of waterproofing and add the inertia of the
foot, a spatial swimming mechanism is proposed in Fig. 9.
The hybrid mechanism is formed by connecting the de-
signed six-bar linkage with a spatial four-bar linkage
mechanism. The projected area of the foot is morphed
by changing the rotation of the foot, therefore the thrust
and drag force is tunable in the swimming locomotion.
The schematic of the mechanism is shown in Fig. 9 where
Fig. 9(A) shows the 3D model of the hybrid mechanism.
The spatial four-bar linkage mechanism is composed of
the link HB1, the linkB1B2, the foot which contains joints
B2 J7_fJ8_f and the planar six-bar linkage. The joints H,
J7_f, and J8_f is the revolute joints while the joint B2 is a
universal joint. B2 is the spherical joint as shown in Fig.

9(B). Actuator 1 drives the six-bar linkage to mimic the
leg motion of X. laevis while Actuator 2 actuates the joint
H to make B2 rotate about J7 _ f and J8 _ f.

Dynamixel XL-320 is selected as the actuator as the motor
is fully integrated with position control with PID control by
using the control board OpenCM and the motor is compact
and light as the size is 24x36x27 mm when the weight is only
16.7 g. It is convenient to conduct the fast validation of the
prototype with the integrated position control. As shown in
Fig. 10, the error between the input position and the measured
position is acceptable and the delay of the response is negli-
gible when the designed mechanism works in water.

Assuming the direction of the swimming is in the direction
of the y-axis and the plane B2J7 _ fJ8 _ f is parallel to plane x-o-

Table 5 The performance index

ΔJ 71 ΔJ 81 ΔJ 72 ΔJ 82 ΔJ 73 ΔJ 83 ΔJ 74 ΔJ 84 ΔJ 75 ΔJ 85 ΔJ 76 ΔJ 86

value
(mm)

0.1511 0.6122 0.4674 0.9230 0.2549 1.2817 0.7928 1.9581 0.7252 2.4787 1.4876 0.4717

Fig. 8 Optimal design of the six-
bar linkage. (A) shows the
differences between the desired
points in red and the output points
in blue. The output trajectories in
bule match the desired trajectories
from X. laevis’s foot in red well as
shown in (B)

Fig. 9 (A) 3D model of the two-
DOF hybrid mechanism. (B)
Schematic of the two-DOF
mechanism
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z, the area of the foot projected in the y-direction is written as

Sy ¼ S0cos βið Þ ð19Þ
where S0 is the area of the foot simplified as an orthogon in this
study.

αi denotes the rotation starting from the y-axis can be
solved with a given βi from the equations below

B2i ¼ RJ 7 f J8 f βið Þ
B1i ¼ Rotx αið Þ B1−Hð Þ þ H

B2i−B1ik k ¼ B2−B1k k

8<
: ð20Þ

where RJ7 f J8 f βið Þ is transformation represent the rotation βi

about J 7 f J 8 f
*

and B2i in {OJ 1 } can be written as

B2i½ �OJ1
¼ d nx ny nz½ �

cos βið Þ
sin βið Þ

0

2
4

3
5þ J 7 f

� 

OJ1

nx¼−o J 1z J 1

nz¼ J7 f J8 f

l78
ny¼nz� nx

8>>>>>>><
>>>>>>>:

ð21Þ

In Eq. (21), d = 42mm is the distance between B2 and J7 _

fJ8 _ f. J7 _ f and J8 _ f can be calculated from Eqs. (1)–(6)
from the six-bar loop. The length of the link HB1 and B1B2 is
56 mm and 145 mm, respectively.

αi is solved in one swimming cycle which includes the
power swimming phase and the recovery phase. The
numerical solutions are presented in Fig. 11(A). In the
period p1 : t0(0.5s) − t1(0.75s) the foot rotates

backward with the maximized foot area (shown in
Fig. 11(B)) with βi = 0. The recovery phase starts from
t1 − t4 where in the period p2 : t1(0.75s) − t2(1.5s), ui
keeps constant and βi increased slowly to 90° to de-
crease the drag in this period. βi stays as 90° to de-
crease the drag in p3 : t2(1.5s) − t3(2.25s) when the
leg rotates to the initial state. The foot rotates slowly

about J 7 f J 8 f
*

in p4: t3(2.25s) − t4(3.0s) when the
mechanism recovers to the initial configuration. The
configuration of the designed mechanism in one swim-
ming cycle is demonstrated in Fig. 11(B).

4 Hydrodynamic Estimation Based
on the Blade Element Model
and the Experimental Validation

4.1 Hydrodynamic Estimation Based on Blade
Element Model

Researchers proposed the hypothesis that the propulsion gen-
erated in frog’s swimming is mainly based on drag force and
the swimming mechanism is not dominantly the lift-based
mechanism [35] The hypothesis is supported by the data from
Christoffer’s research [14]. Based on the blade element model,
the hydrodynamics such as the thrust and drag are estimated
and validated in [17]. The basic blade element model for esti-
mating the drag force is written as

D ¼ 1

2
ρApCdV2 ð22Þ

where, Ap and Cd are the fluid density, the projected area
in the direction of movement, and the drag coefficient,
respectively. The variation of Cd from 1.1 to 2.0 results
in a negligible variation in the net drag generated in the
power swimming phase as discussed in [17]. We set Cd =
1.35 with which the estimated model matches the exper-
imental data well. The direction of the drag force D op-
poses the relative velocity V.

From Eq. (22), the force works as the thrust in the
power swimming phase when in the recovery phase, it
impedes the propulsion aside from the drag generated
from the shape of the frog’s body. The velocity of the
hindlimbs affects V as the movement of the foot is the
cooperation of each joint in the hindlimb. Besides, the
webbed foot is used to change Ap to improve the swim-
ming performance. In the proposed design of the spatial
mechanism, the velocity of the foot is pertinent to the
kinematics of the planar six-bar linkage mechanism with

Fig. 10 Rotation measured as the motor driving the foot which
submerged in water
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Fig. 11 The hybrid mechanism
mimicking the webbed foot. (A)
The solutions of αi with the ui for
one swimming cycle. (B). The
configuration of the designed
mechanism in one swimming
cycle
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one DoA, and the projected area is controlled by the other
DoA from the spatial four-bar linkage.

We focus on the estimation of the thrust in the power
swimming phase in which the projected area retains max-
imum. The body connected to the designed mechanism is
fixed. In the recovery phase, the projected area can be
controlled theoretically as 0 according to the calculation
in Eq. (20), but due to the existence of the width of the
link J5J7J8, the projected is not 0. Thus, a small force is
produced as the drag when the foot rotates back and keeps

the projected area minimized. The force in the direction of
the movement is demonstrated in Fig. 12 and modeled
based on (22) and the mathematical model is expressed as

Fy ¼ ∫RoρhCdcos θFootð Þ rωFootcos θfoot
� 	þ vFooty

� 	� 	2dr
ð23Þ

where vFoot = v7 and R = l78.

J̇ 3ι
h i

OJ1

¼ −
l23
l24i

2 l̇24ι Rotz mið Þ J 4i½ �OJ1
− J 2½ �OJ1

� �
þ l23

l24i
Ṙotz mιð Þ J 4i½ �OJ1

− J 2½ �OJ1

� �
þ l23

l24i
Rotz mið Þ J̇ 4ι

h i
OJ1

J̇ 4ι
h i

OJ1

¼ Ṙotz uιð Þ J 4½ �OJ1

J̇ 5ι
h i

OJ1

¼ l56
l6i7i

2 l̇6ι7ιRotz nið Þ J 7i½ �OJ1
− J 6i½ �OJ1

� �
−
l56
l6i7i

Ṙotz nιð Þ J 7i½ �OJ1
− J 6i½ �OJ1

� �

−
l56
l6i7i

Rotz nið Þ J̇ 7ι
h i

OJ1

− J̇ 6ι
h i

OJ1


 �
þ J̇ 6ι
h i

OJ1

J̇ 6ι
h i

OJ1

¼ Ṙotz uιð Þ J 6½ �OJ1

J̇ 7ι
h i

OJ1

¼ l34
l37

Rotz eð Þ J̇ 4ι
h i

OJ1

− J̇ 3ι
h i

OJ1


 �
þ J̇ 3ι
h i

OJ1

ωfoot ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J̇ 7ι
h i

OJ1 x
− J̇ 5ι
h i

OJ1 x


 �2

þ J̇ 7ι
h i

OJ1 y
− J̇ 5ι
h i

OJ1 y

 !2
vuut

l57

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð24Þ

ωfoot and J̇ 7i
h i

OJ1

are presented in Fig. 13(B) and (C) accord-
ing to Eq. (24).

4.2 The Experimental Validation

The prototype is attached to the force sensor (KunWei KWR75)
with the foot submerged in water as shown in Fig. 14. The thrust
is generated in the y-direction as shown in Fig. 12 ismeasured by
the force sensor assembled in the sensor mounting bracket. The
output motion of the designed prototype is actuated by the motor
control board (OpenCM) and powered by the 7.4V battery. Both
the control board and the battery are placed in the 3D printed
prototype connector and they are isolated from the water. Two
prototypes are assembled when one works for the experiment
and the other is used as the backup in case of malfunction. The

input actuation is presented in Fig. 11(A) and the communication
between the motor control board and the computer is tethered.

Although the size of the water tank is as large as 1.2 × 0.5
× 0.5 m, the generated force by the actuation of the designed
prototype makes the water oscillate. The oscillation produced
the force on the foot when the water contacts the foot. The
force is observed in the experiment as shown in Fig. 15(A)
after the period p1 when the actuation shown in Fig. 11(A) is
applied to the prototype. To minimize the effect of the oscil-
lation of water, we measure the generated force separately as
the input actuation in p1, p2, p3 and p4. The reactive force
works as the thrust in the period p1 and p4 while it works as
the drag in the p2 and p3. The measurement conducts 5 times
in each period. Each experiment starts when the water be-
comes stable to avoid oscillation. The measurement of the
generated force qualitatively matches the estimated thrust
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and drag matches calculated from Eq. (23). The peak thrust is
around 0.2 N input the actuation corresponding to the period
p1 and the minimum drag is observed as -0.023N in period p3.
The drag and thrust with respect to the period p2 and period p4
are negligible as shown in Fig. 16(A) and (B), respectively.
Although the hydrodynamic analysis based on the blade ele-
ment theory is qualitative as the difference between the simu-
lation result and the experimental data, it is convenient for the
fast validation of the mechanism design.

5 Conclusions and Future Work

In this paper, a novel design of a hybrid mechanism that
realizes a miniaturization number of DoAs for swimming
robots is the major contribution. The design of the mech-
anism is inspired by the aquatic frog X. laevis. To mimic
the spatial movement of the footpad of the frog, the hy-
brid mechanism is composed of a six-bar linkage and a
spatial four-bar linkage. The performance of the prototype
is estimated based on the blade element theory. The reac-
tive force measured in the experiment validates the effi-

cient performance of the prototype by mimicking the lo-
comotion of X. laevis in the power swimming phase and
the recovery phase.

A novel optimization of the six-bar linkage for mimicking
the locomotion X. laevis.’s foot in the frontal plane is pro-
posed. Six pairs of the points from the two desired trajectories
are selected according to the analysis of the polynomial sys-
tem. The two trajectories are tracked well as most of the values
in the performance are less than 1 mm with one DoA input.
The implementation of the spatial four-bar linkage used to
mimic the webbed foot simplifies the mechanism with the
other DoA input.

Fig. 12 Demonstration of the thrust generated on the foot

Fig. 13 The kinematic solutions of the foot θfoot, ωfoot and v7 with input
actuation of one swimming cycle. (A). θfoot with input actuation of one
swimming cycle. (B). ωfoot with input actuation of one swimming cycle.
(C). v7 with input actuation of one swimming cycle
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The hybrid mechanism is analyzed to mimic the locomo-
tion of both the legs and webbed foot of X. laevis. The
inversed kinematic analysis is conducted to find the two input
actuations when the output motion is desired to mimic the
locomotion of X. laevis.

Hydrodynamic analysis of the designed spatial mech-
anism is conducted based on blade element theory de-
spite its inaccuracy. The generated thrust is similar to
which generated in the power swimming phase of aquat-
ic frogs. As measured from the experiment, the peak
force in the power swimming phase is approximately

0.2 N which is dramatically larger than the drag gener-
ated in the recovery phase around 0.023 N. The huge
difference between the reactive force generated in the
two phases makes the swimming efficient which attri-
butes to the swimming locomotion inspired from
X. laevis.

In the future, actuation patterns will be optimized for
generating suitable gaits to enhance the highly efficient
motion of the robot by applying the motor control method
with higher precession. The untethered robot will be de-
signed and fabricated after solving the waterproof

Fig. 14 Experiment setup

Fig. 15 The measured force in p1 and p3 as well as the estimated force are presented in dotted curve in black. (A). The measured and estimated thrust in
period p1. (B). The measured and estimated thrust in period p3
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problem. The different swimming gaits including syn-
chronous and asynchronous swimming are needed to gen-
erate with the design to explore their swimming efficiency
of them. The more precise hydrodynamic analysis will be
conducted by using CFD tools to explain the difference
between the result from the current estimated model and
the experimental data.
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