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Abstract
In this paper, the formulation of a block-backstepping control approach is presented to address the trajectory tracking
problem for a general class of nonlinear n degrees of freedom (n-DOF) underactuated mechanical systems (UMSs) in
nontriangular normal form. First, the Euler-Lagrange model of the general form of UMSs is transformed into block-strict
feedback form. Then, control input for the n-DOF UMS will be obtainable by synthesis of the backstepping approach.
Additionally, an integral action is incorporated to the proposed controller to enhance the steady state performance of the
overall system and also to improve the trajectory tracking precision of the control system. Lyapunov theory is utilizable to
prove the stability and convergence of the overall system. To demonstrate the effectiveness of the designed controller, the
proposed control algorithm is applied through numerical simulation for the trajectory tracking of a single-link flexible-link
flexible-joint manipulator (SFLFJM) as an UMS with the nontriangular normal form.

Keywords Underactuated mechanical system · Trajectory tracking · Block-backstepping control · Flexible-link
flexible-joint manipulator

1 Introduction

An underactuated mechanical system (UMS) is referred
to a mechanical system with n degrees of freedom (n-
DOF) with configuration variables q ∈ R

n and conjugate
momenta p := ∂L/∂q̇ ∈ R

n (where L is Lagrangian),
if the generalised forces, τ ∈ R

m, be such that m < n

[1]. For the UMS, the degree of underactuation is equal
to (n − m) [2]. In last decades, some researchers showed
strong interests in the control aspects of UMSs because of
their broad applications in robots of flexible-link, mobile
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and walking types for example, aerospace vehicles such
as helicopters, aircrafts, spacecrafts and satellites, marine
vehicles, underwater vehicles, etc [3–5].

In the UMSs, the absence of actuation in some
configuration variables causes a challenging topic to
achieve the desired control objectives with only output
information available. The underactuated configuration
variables can only be driven by the coupling movement
of actuated variables. Hence, their internal dynamics is
very complicated and generally is not feedback linearizable.
Collocated partial feedback linearization and also an
additional change of coordinates have been proposed to
transform the UMSs into the cascaded normal forms
with a useful classification of UMSs [3]. On the other
hand, based on actuation/passivation of shape variables, i.e.
configuration variables that appear in the inertia matrix,
UMSs have been classified into two classes [3]. The first
class called Class-I has actuated shape variables and is in
lower triangular normal form, i.e. strict feedback form or
semi strict feedback form, and the second class called Class-
II has unactuated shape variables and is in nontriangular
normal form. A restriction of Class-II UMSs is that they
have equal number of external and shape variables. This
is in fact not necessary, if a collocated partially linearizing
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feedback is used which linearizes the dynamics of external
variables, or a non-collocated nonlinear combination of
external and shape variables. In order to extend the
application of Class-II systems to systems with non-equal
number of external and shape variables, a global normal
form for a class of UMSs with unactuated shape variables
has been presented in [3]. This so-called Class-IIb of UMSs
is important particularly due to its application in tracking
control of flexible-link manipulators [6]. Therefore, in this
classification, flexible-link manipulators are UMSs with
unactuated shape variables that are classified in Class-IIb
and also have nontriangular normal form [3].

On the other hand, the design of controller for
UMSs is more complicated than that of a fully-actuated
mechanical systems. Many of well-known control methods
and also nonlinear control methods proposed for fully-
actuated mechanical systems cannot be directly applied
for the UMSs. Therefore, the control issue of UMSs is a
challenging task and open problem to be solved and has
attracted a lot of interest over the past decades [4]. Various
control techniques have been developed to stabilize and
design of controllers for UMSs in order to tackle with their
difficulties and to control them more effectively. Most of
these techniques are based on nonlinear control methods due
to the lack of control input to the unactuated configuration
variables [5, 7].

In last few decades, many researches have been
carried out to enrich the findings in nonlinear control,
and backstepping method has emerged as one of the
most efficient feedback control methods for nonlinear
systems [8]. Backstepping is a Lyapunov-based control
design approach for nonlinear systems that guarantees the
convergence of the tracking error variables to zero [9, 10].
To apply the ordinary integrator backstepping technique
for a system, it is essential that the system be in the
strict feedback form [11]. In general, Class-I UMSs are
in lower triangular normal form i.e. strict feedback form
or semi-strict feedback form and thereby, the integrator
backstepping can easily be applied. However, owing to
the nontriangular normal structure of Class-II UMSs, the
ordinary integrator backstepping is not directly applicable
in design of control system for the Class-II UMSs.

Recently, several modified backstepping algorithms have
been proposed to extend the advantageous features of
backstepping technique that can effectively address the
control problems of more generalized class of nonlinear
systems [12, 13]. Block backstepping-based algorithm
as an effective backstepping technique has addressed
the stabilization problem of nonlinear systems [12, 14];
however, the trajectory tracking problem of the Class-II
UMSs is still an open research problem. Chang proposed a
block backstepping control for a class of multi-input multi-
output (MIMO) systems to solve the tracking problem [15].

Rudra et al have developed a block-backstepping based
tracking control for nonholonomic wheeled mobile robot
[16]. A modified block backstepping approach for trajectory
tracking control of underactuated unmanned surface vessel
is also applicable [17]. However, the studied methods are
not directly applicable for tracking control problem of more
generalized nonlinear systems.

The tracking control problem of robotic manipulators
considering both the link flexibility and joint flexibility
concurrently, i.e. flexible-link flexible-joint manipulators
(FLFJMs), have not been investigated yet to the best of
our knowledge. Hence, the control system of FLFJM, as
an example of Class-IIb UMSs, is still an open problem is
investigated in this research work.

Motivated by the above discussed subjects, in this paper,
we introduce a novel block-backstepping method to address
the trajectory tracking control of a class of n-DOF UMSs
with nontriangular normal form. The main contributions
of this paper are summarized as follows: (i) The class
of UMSs with nontriangular normal form is distinguished
which is called Class-II UMSs, (ii) Based on the constructed
formulation for the UMSs, a block backstepping control
algorithm is proposed for trajectory tracking problem and
its stability is proved by means of Lyapunov theory, (iii)
Eventually, the proposed control algorithm is successfully
applied for the end-point tracking of the SFLFJM as
an UMS of Class-IIb with 4 degrees of freedom and 3
underactuation degrees. The simulation results verify the
performance of the proposed control scheme.

The remainder sections of this paper are organized as
follows. Section 2 describes the problem formulation and
dynamics of the UMSs with nontriangular normal form in
detail. Section 3 presents the trajectory tracking control
design for the class of n-DOF UMSs. In this Section, first,
the procedure of the control law design for the UMSs is
described. Next, the proof of stability for the proposed
control scheme is given. In Section 4, the dynamics of
a SFLFJM as a case study for the UMSs of Class-IIb is
described. Section 5 presents the software simulation results
of the proposed control algorithm on the SFLFJM. Finally,
the concluding remarks are released in Section 6.

2 Problem Formulation

In this section, we first describe the dynamics of the n-DOF
UMSs and then the transformation of its Lagrangian form
to a cascade suitable form for the control system design.

We consider the general form of n-DOF UMSs whose
dynamics can be formulated as

mxx(qs)q̈x + mxs(qs)q̈s + hx(q, q̇) = B(q)τ

msx(qs)q̈x + mss(qs)q̈s + hs(q, q̇) = 0 (1)
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where qx ∈ R
m and qs ∈ R

n−m show external variable
and shape variable vectors, respectively. q = [ qx qs ]T ∈
R

n is the configuration vector of n-DOF UMS. The time
derivative of the configuration vector q is expressed as,
p = [ px ps ]T ∈ R

n. τ ∈ R
m stands for the control input

(m < n) of applicable torques or forces on the system, and
hx(q, p), hs(q, p) for the centrifugal, Coriolis and gravity
terms. mxx , mxs , msx and mss represent the components of
the n × n inertia matrix, and B(q) ∈ R

m×m denotes input
matrix which is of full rank.

In this paper, we will consider the control problem of the
most difficult class of UMSs in their control design which
are called Class-IIb UMSs. The following properties are
distinguished this class of UMSs:

Assumption 1: The shape variables qs are unactuated.
Assumption 2: There exists kinetic symmetry w.r.t ex-
ternal variables qx .
Assumption 3. q̇x does not appear in the centrifugal,
Coriolis and gravity terms, i.e. hx and hs .

This class has a nontriangular normal form which has
attracted attentions particularly due to its application in
tracking control of flexible-link manipulators.

For this class of UMSs, there exists a noncollocated
partially linearizing invertible change of the control input τ
as follows [1]

τ = α(q)u + β(q, q̇)

= (BT B)−1BT
[(

mxx(qs) − mxs(qs)m
−1
ss (qs)msx(qs)

)
u

+
(
hx(q, q̇) − mxs(qs)m

−1
ss (qs)hs(q, q̇)

)]
(2)

which transforms the dynamics of the Lagrangian model
of Eq. 1 into a cascade combination of two reduced order
nonlinear systems in the following form

q̇s = ps

ṗs = f (q, p) + g(q)u

q̇x = px

ṗx = u (3)

where, f (q, p) : R2n → R
n−m, g(q) ∈ R

(n−m)×m are as
follows

f (q, p) = −m−1
ss (q)hs(q, p)

g(q) = −m−1
ss (q)msx(q) (4)

Now, we can express the state vector X as X =[
qs ps qx px

]T ∈ R
2n. The control objective is to design

block backstepping algorithm for the trajectory tracking of
the UMS shown in Eq. 3 such that the closed loop stability
and asymptotic tracking are achieved.

3 Block Backstepping Control for the Class
of UMSs

In this section, we present the design procedure of the block
backstepping control method for the class of n-DOF UMS
described in Section 2. We first devise the control algorithm
to address the tracking control problem of the n-DOF UMS
and then the stability of the proposed control approach is
analysed.

3.1 The Controller Design

Since the Lagrangian model of the UMS under consider-
ation in Eq. 1 is not in strict-feedback form and it may
contain nonlinear coupling terms, so the integrator back-
stepping control algorithm is not directly applicable [11].
Therefore, we first transform the model of the UMS in Eq. 1
into a reduced order model with block-strict feedback form.
Afterwards, the expression of the control input u is obtain-
able such that the reduced order system can track the desired
trajectory.

The detailed procedure of designing the block backstep-
ping approach is described in the following five steps:

Step 1: We consider the desired trajectory as:

Xd = [
qsd psd qxd pxd

]T
(5)

The desired trajectory can be substituted in Eq. 3
in the following form:

q̇sd = psd

ṗsd = f (qd, pd) + g(qd)ud

q̇xd = pxd

ṗxd = ud

(6)

So the tracking errors can be defined as follows:

e = X − Xd = [
e1 e2 e3 e4

]T
(7)

By differentiating both sides of Eq. 7, we have:
⎧⎪⎪⎨
⎪⎪⎩

ė1 = e2
ė2 = (f (q, p) + g(q)u) − (f (qd, pd) + g(qd)ud)

ė3 = e4
ė4 = u − ud

(8)

Step 2: We define the following new control variable z1 ∈
R

m by inspiring from [13] as:

z1 = e3 − K(e1 + e2 − ge4) (9)

where K ∈ R
m×(n−m) is a positive gain matrix

with Kij = k when i = j , otherwise Kij = 0.
In Eq. 9, we denoted g(q) by g. Henceforth, for
concise, we will show f (q, p), g(q), f (qd, pd),
g(qd) by f , g, fd , gd , respectively.
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The dynamics of z1 is derivable by differentiat-
ing both sides of Eq. 9 as follows

ż1 = e4 − K(e2 + (f + gu) − (fd + gdud)

−gu − D(g)e4)

= e4 − K� (10)

where � = e2 + f − fd − gdud − D(g)e4.
In Eq. 10, D(g) ∈ R

(n−m)×m denotes the time
derivative of matrix g(q). The elements of D(g)

can be expressed as D(gij ) =
n∑

k=1

(
∂gij /∂qk

)
pk .

Step 3: We define integral error variable as:

χ1 =
∫ t

0
z1dt (11)

Then we can choose the following virtual control
to stabilize z1 subsystem:

α1 = −c1z1 − λχ1 + K� (12)

where λ and c1 are arbitrary positive gains which
should be designed. Considering the integral
action in Eq. 12 may improve the tracking control
performance

Step 4: We define the second control variable z2 ∈ R
m as:

z2 = e4 − α1 (13)

By substituting Eqs. 12 and 13 into Eq. 10, the
dynamics of first control variable becomes:

ż1 = z2 − c1z1 − λχ1 (14)

Consequently, by differentiating both sides of
Eq. 13, the dynamics of the second control
variable z2 is obtainable as:

ż2 = ė4 − α̇1

= u − ud + c1ż1 + λχ̇1 − K�̇

= u − ud + c1ż1 + λχ̇1

−K

(
∂�

∂e1
ė1 + ∂�

∂e2
ė2 + ∂�

∂e3
ė3 + ∂�

∂e4
ė4

+ ∂�

∂qsd

q̇sd + ∂�

∂psd

ṗsd + ∂�

∂qxd

q̇xd + ∂�

∂pxd

ṗxd

)
(15)

where the expressions of the partial derivatives of
vector�with respect to different sub-components
of error vector and the desired trajectory vector
can be written as

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂�
∂e1

= − ∂
[
m−1

ss (e1+qsd )hs (e+qd ,ė+q̇d )
]

∂e1
− ∂[D(g(e+qd )]

∂e1
e4

∂�
∂e2

= 1 − ∂
[
m−1

ss (e1+qsd )hs (e+qd ,ė+q̇d )
]

∂e2
− ∂[D(g(e+qd )]

∂e2
e4

∂�
∂e3

= − ∂
[
m−1

ss (e1+qsd )hs (e+qd ,ė+q̇d )
]

∂e3
− ∂[D(g(e+qd )]

∂e3
e4

∂�
∂e4

= − ∂
[
m−1

ss (e1+qsd )hs (e+qd ,ė+q̇d )
]

∂e4
− ∂[D(g(e+qd )]

∂e4
e4 − D(g)

(16)

and

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂�
∂qsd

= − ∂
[
m−1

ss (e1+qsd )hs (e+qd ,ė+pd )
]

∂qsd
+ ∂

[
m−1

ss (qsd )hs (qd ,pd )
]

∂qsd

+ ∂
[
m−1

ss (qsd )msx (qd )
]

∂qsd
ud − ∂[D(g(e+qd ))]

∂qsd
e4

∂�
∂psd

= − ∂[hs (e+qd ,ė+pd )]
∂psd

m−1
ss (e1 + qsd) + ∂[hs (qd ,pd )]

∂psd
m−1

ss (qsd )
∂�

∂qxd
= − ∂[hs (e+qd ,ė+pd )]

∂qxd
m−1

ss (e1 + qsd) + ∂[hs (qd ,pd )]
∂qxd

m−1
ss (qsd )

+ ∂[msx(qd )]
∂qxd

m−1
ss (qsd )ud − ∂[D(g(e+qd ))]

∂qxd
e4

∂�
∂pxd

= − ∂[hs (e+qd ,ė+pd )]
∂pxd

m−1
ss (e1 + qsd) + ∂[hs (qd ,pd )]

∂pxd
m−1

ss (qsd )

(17)

Therefore the dynamics of the second control
variable becomes

ż2 = u − ud + c1 (z2 − c1z1 − λχ1) + λz1 − K�̇

(18)

In the steps above the cascade nonlinear form of
n-DOF UMS of Eq. 3 was transformed into the
block-strict feedback form.

Step 5: The desired dynamics for z2 can be written as:

ż2 = −z1 − c2z2 (19)

where c2 is an arbitrary positive gain which should
be designed.

Eventually, the control law u is designable to establish
the desired dynamics in Eq. 19. By combining Eqs. 18 and
19, we obtain the control law u for the UMS as follows:

u = −(1−c21+λ)z1−(c1+c2)z2+λc1χ1+ud +K�̇ (20)

Now, by substituting the above control law Eq. 20 into
Eq. 18, the following error dynamics is resulted
{

ż1 = z2 − c1z1 − λχ1

ż2 = −z1 − c2z2
(21)

3.2 Stability and Convergence Analysis

Theorem 1 By applying the control law of Eq. 20 for
the UMS under dynamics of Eq. 1, the trajectory tracking
onto continuous desired trajectories is achievable which are
differentiable of order 2 with respect to time.

Proof To this end, we prove that the closed-loop system
obtained in Eq. 21 is asymptotically stable and the trajectory
tracking is achievable by employing the control law u in
Eq. 20.

We define a candidate for Lyapunov function as:

V = 1

2
λχ2

1 + 1

2
z21 + 1

2
z22 (22)
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By differentiating both sides of Eq. 22 and substituting by
Eq. 21, we obtain:

V̇ = λχ1χ̇1 + z1ż1 + z2ż2

= λχ1z1 + z1(z2 − c1z1 − λχ1) + z2(−z1 − c2z2)

= −c1z
2
1 − c2z

2
2 ≤ 0 (23)

The inequality V̇ ≤ 0 resulted in Eq. 23 implies the fact that
V (t) < V (0), thus, χ1, z1, and z2 all are bounded together
with ż1 and ż2, since the expressions in Eq. 21 are fulfilled.

The second time-derivative of V is obtainable as:

V̈ = −2c1z1ż1 − 2c2z2ż2 (24)

Since z1, z2, ż1, and ż2 all are bounded, Eq. 24 implies that
V̈ is bounded, too. Therefore, the convergence of z1 and z2
to zero is achieved as t → ∞ according to Barbalat Lemma
[10].

Theorem 2 By applying the control law in Eq. 20
and considering the initial conditions X(0) =[
qs(0) ps(0) qx(0) px(0)

]T
, the trajectory tracking

errors in Eq. 7 asymptotically converge to zero in a finite
time.

Proof Since the convergence of z1 to zero point has been
proved and K is a positive gain, Eq. 9 yields:

lim
t→∞ e3 = lim

t→∞ [K(e1 + e2 − ge4)] = 0 (25)

By convergence of z2 to zero and considering Eqs. 12 and
13, one can conclude that:

lim
t→∞ e4 = lim

t→∞ α1 = lim
t→∞ � = 0 (26)

Therefore, Eqs. 25 and 26 result in:

lim
t→∞ e1 = lim

t→∞ e2 = 0 (27)

Hence, the four components of the tracking errors in Eq. 7
asymptotically converge to zero.

4 Dynamics of the SFLFJM

The schematic diagram of the planar SFLFJM with
coordinate system is given in Fig. 1. It consists a link of
length L, Young modules E, mass per unit length ρ and
second moment of area I , a joint with flexibility kjo, an
actuator with a hub mass of mh and hub mass moment of
inertia of Ih, and a rotor mass of mr and rotor mass moment
of inertia of Ir . Since the actuator of the link is attached to
the ground, mh, Ih and mr do not affect the dynamics [18].
Finally, the mass and mass moment of inertia for the payload
are represented by mtip and Itip, respectively.

Dynamics of the planar SFLFJM is presentable as
follows [18].

Mq̈ + Cq̇ + Kq + G = Bτ (28)

where q = [ qJ︷︸︸︷
θJ

qL︷ ︸︸ ︷
θL δ1 δ2

]T includes the first two mode

shapes, δ1 and δ2 are flexible modes or mode amplitudes, qJ

is the vector of states related to the joint and qL is the vector

of states related to the link,B = [
1 0 0 0

]T
, τ is the torque

of the actuator and M , C, K and G are given in Appendix.
For SFLFJM, we have B ∈ R

4×1 with m = rank(B) = 1,
which is not of full rank n = 4 (m < n), therefore the
underactuation degree is n − m = 3.

We define the tip position for the SFLFJM as

y(L, t) = LθJ (t) + LθL(t) + ξ(L, t) (29)

where

ξ(L, t) = φ1(L)δ1(t) + φ2(L)δ2(t) (30)

stands for tip deflection of the flexible-link.
We consider the following output qr by dividing both

sides of Eq. 29 by L as follows

qr = θJ + θL + 1

L
(φ1(L)δ1 + φ2(L)δ2) (31)

The first and the second time derivatives of Eq. 31 yield

q̇r = θ̇J + θ̇L + 1

L

(
φ1(L)δ̇1 + φ2(L)δ̇2

)
(32)

q̈r = θ̈J + θ̈L + 1

L

(
φ1(L)δ̈1 + φ2(L)δ̈2

)
(33)

We can rewrite Eq. 28 in the following form

[
Mrr 0
0 Mff

] [
q̈J

q̈L

]
+

[
0 0
0 Cff

] [
q̇J

q̇L

]
+

[
Krr Krf

Kf r Kff

] [
qJ

qL

]

+
[

Gr

Gf

]
=

[
1
0

]
τ (34)

where subscriptions r and f refer to rigid and flexible
deformations, respectively.

By defining the new coordinates q̄ = [qr qL]T , the
dynamics of the planar SFLFJM in horizontal plane (G = 0)
is obtainable by Eq. 34 in the new coordinates as:

M̄ ¨̄q + C̄ ˙̄q + K̄q̄ = Bτ (35)

where the new mass, damping and stiffness matrices are
obtainable as follows.

M̄ =
[

Mrr −Mrr�

0 Mff

]
(36)

C̄ =
[
0 0
0 Cff

]
(37)

K̄ =
[

Krr

(
Krf − Krr�

)
Kf r

(
Kff − Kf r�

)
]

(38)
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Fig. 1 Schematic of the planar
SFLFJM

B =
[

1
031

]
(39)

where � = [
1 φ1/L φ2/L

]
.

Now, we can define the conjugate momentum in the new
coordinates as:

p = M̄ ˙̄q (40)

5 Simulation Results

In this section, the proposed control system compared with
some related control systems are applied to control the
SFLFJM as a case study for the UMSs. To this end, through
simulation tests carried out by usingMATLAB software, the
effectiveness and performance of the proposed controller is
investigated.

We employ the model of the flexible-link flexible-joint
manipulator presented in [18] whose parameter values are
listed in Table 1. Also, we use a quasi-static tracking error
system along desired trajectory of the end-point of the

SFLFJM as qd = [
π/2 π/4 0 0

]T
, with q̇d = q̈d =

0 and pd = ṗd = 0. The objective is to track the
trajectory of the end-effector of the SFLFJM to the desired
position with vibration suppression. To this purpose, the

initial state vector is selected as x(0) = [
e(0) pe(0)

]T =[
π/2 π/4 01×6

]T
in accordance with the defined desired

trajectory.

In the following, a brief description of the applied four
control systems comprising PD control, SMC, LQR and the
proposed control on the SFLFJM are given.

5.1 PD Control

First, the following PD control law like that proposed in [19]
is imposed to the SFLFJM.

u = kpxe + kd ẋe (41)

The PD gains applied in our simulation study are
set as: kp = [

0.2 0.16 0.08 0.05
]

and kd =[
0.25 0.20 0.12 0.08

]
.

Table 1 Physical parameters of the SFLFJM used for the simulation
study [18]

Physical parameters Value

L (Length of the link) 0.3 (m)

E (Young’s modulus of the link) 20 (GPa)

I (Second moment of area of the link) 833.3 × 10−12 (m4)

ρ (Mass per unit length of the link) 0.0549 (kg/m)

Ih (Mass moment of inertia of the link) 1.2 × 10−4 (kg.m2)

Ir (Mass moment of inertia of rotor at the joint) 1.2 × 10−6 (kg.m2)

kjo (Spring stiffness at the joint) 100 (N.m/rad)

h (Gear ratio at the joint) 10

mtip (Mass of the payload) 0.19 (kg)

Itip (Mass moment of inertia of the payload) 0.01 (kg.m2)
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Fig. 2 The tracking error of qr

through LQR, PD, SMC and
proposed control systems

5.2 Conventional SlidingMode Control with PD
Sliding Surface

The second simulated controller for the SFLFJM is a
conventional SMC with a PD sliding surface similar to that
proposed by [20]:

s(t) = ẋe − Cxe (42)

where, C = diag (c1, c2, c3, ..., c8) with ci > 0. The system
will operate in the sliding mode while satisfying: s(t) = 0
and ṡ(t) = 0.

In order to get a suitable sliding surface, we must design
the SMC in such a way that it can drive the states of the

SFLFJM into the sliding surface s(t) = 0. We obtain the
SMC law as:

uc = (Cg)−1C[(J − R)
(∇xeHe

)T ] − ηsat(s/μ) (43)

where η > 0, and the saturation function, sat(s/μ) is
a replacement for the discontinuous term sgn(s). In our
simulations, we set the values of these parameters as: η =
300, μ = 0.02, C = diag

([
10 10 1.5 1.5 2 2 2 2

])
.

5.3 Linear Quadratic Regulator (LQR)

In order to design the well-known LQR controller, a linear
state space dynamic model of the SFLFJM should be

Fig. 3 The tracking error of θL

through LQR, PD, SMC and
proposed control systems
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Fig. 4 The tracking error of δ1
through LQR, PD, SMC and
proposed control systems

obtained by linearization of the equations of motion of the
system in Eq. 35. We consider the tracking errors,xe =
x − xd as our states in which,

x = [
qr q̇r θL θ̇L δ1 δ̇1 δ2 δ̇2

]T
(44)

and

xd = [
π/2 0 π/4 0 0 0 0 0

]T
(45)

By linearizing Eq. 35, we obtain the LTI system as

ẋe = Axe + Bu (46)

with A and B being as:

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 0 0 0 0
−832825.4 0 1665650.8 0 5471327.5 0 −6498914.9 0

0 0 0 1 0 0 0 0
47803.9 0 −95607.9 0 279071.5 0 2528899.4 0

0 0 0 0 0 1 0 0
−7832.2 0 15664.4 0 −65394.8 0 −673431.3 0

0 0 0 0 0 0 0 1
−737 0 1474.1 0 −10896 0 −153211.6 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
8333.3

0
0
0
0
0
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(47)

Fig. 5 The tracking error of δ2
through LQR, PD, SMC and
proposed control systems
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Fig. 6 The momentum error of
pe1 through LQR, PD, SMC and
proposed control systems

The LQR control system is simulated based on the following
cost function and design weighting matrices therein.

J =
∫ ∞

0
(xT Qx+uT Ru)dt (48)

Q = diag
([
1 0.1 0.5 0.05 100 2 2000 20

])

R = 0.1 (49)

The LQR control law is applied as

u = −Kxe

K = R−1BT X (50)

where X is the solution of the following algebraic Riccati
equation

AT X + XA − XBR−1BT X + Q = 0 (51)

For the aforementioned system in Eq. 46, the LQR gain
matrix is computed as

K =[
106.1 1.013 −205.45 0.1959 604.7 −0.5164 5999.7 −0.4846

]
(52)

5.4 The Proposed Block-Backstepping Approach

In this subsection, we consider the SFLFJM in Eq. 35 as an
UMS which its dynamics was shown in Eq. 1 with qx =

Fig. 7 The momentum error of
pe2 through LQR, PD, SMC and
proposed control systems
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Fig. 8 The momentum error of
pe3 through LQR, PD, SMC and
proposed control systems

[ qr qL]T and qs = [ δ1 δ2]T . Hence, the state vector can
be expressed as

X = [
δ1 δ2 δ̇1 δ̇2 qr qL q̇r q̇L

]T
(53)

Now, z1 is defined as

z1 = e3 − K(e1 + e2 − ge4) (54)

where e1 = qs − qsd , e2 = q̇s − q̇sd , e3 = qx − qxd ,
and e4 = q̇x − q̇xd . The matrix K is a diagonal matrix as
K = diag {k, k}. For the defined regulation problem of the
SFLFJM in this section, the desired control input is zero, i.e.
ud = 0. Therefore, the control input u is resulted according
to Eq. 20 as follows

u = −(1 − c21 + λ)z1 − (c1 + c2)z2 + λc1χ1 + K�̇ (55)

Then, the control torque τ required to drive the SFLFJM
in Eq. 35 is computed using Eq. 2. The control design
parameters c1, c2, λ, and k should be chosen such that
the conditions c1, c2, k, λ > 0 are satisfied. The control
parameters values are chosen as c1 = 300, c2 = 0.9,
k = 10, and λ = 0.3.

Now, the simulation results for the tracking errors and
resultant momentum errors (pe = M̄ė) of the three LQR,
PD and conventional SMC control systems are compared
with respect to the proposed block backstepping control in
Figs. 2, 3, 4, 5, 6, 7, 8, 9 and 10.

In Figs. 2–10, the simulation results show the superiority
of the proposed control method compared with the LQR,
PD controller, and the conventional SMC. The dynamic
responses of the SFLFJM for the tracking errors of the tip

Fig. 9 The momentum error of
pe4 through LQR, PD, SMC and
proposed control systems
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Fig. 10 The control torque τ of
LQR, PD, SMC and proposed
control systems

position and the first two flexible modes in horizontal plane
are shown in Figs. 2–5. Figures 6–9 show the simulation
results for the resultant momentum errors corresponding to
the four tracking errors whereas all the tracking errors and
the resultant momentum errors converge to zero, i.e. to the
equilibrium point, xe = 0 without any residual vibrations.
Furthermore, the applied control torques by the application
of the four control systems are depicted in Fig. 10. It is
observable from the results of the four controllers, under
the proposed controller the SFLFJM is moving faster to its
desired tip position and the vibrations are alleviated in a
faster manner. From the torque results, it can be seen that the
variations of the control torque applied to the system are in
a practically applicable range. Hence, the simulation results
show that the proposed block backstepping approach has
an excellent performance and a very rapidly convergence
to the desired trajectory during the motion control of the
SFLFJM. From the simulation tests, we found that although
higher control torques can cause faster convergence to the
desired trajectory, however, they may also lead to residual
vibrations, concurrently.

6 Conclusions

In this paper, a novel trajectory tracking control was
proposed for the upmost general class of UMSs called as
Class-II UMSs from the control point of view. The reduced-
order block backstepping method was used to address
the tracking and stabilization problems associated with
the UMSs with nontriangular normal form. The designed
control system can ensure the global asymptotic stability

and convergence of the UMSs according to the Lyapunov
theory and Barbalat Lemma. The proposed algorithm was
employed to address the end-effector trajectory tracking of
the SFLFJM in horizontal plane as a case study for Class-
IIb UMSs to demonstrate the performance of the control
scheme. The simulation results of the proposed control
system were compared with three conventional controllers
comprising LQR, PD, and SMC and thus verified the
superiority of the proposed control scheme in terms of fast
converging and low tracking errors.

Appendix: Dynamic Model of the SFLFJM

Mass matrix:

M = MFI + MFR

where

MFI =

⎡
⎢⎢⎣

h2Ir 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ , MFR =

⎡
⎢⎢⎣

0 0 0 0
0 M11 M12 M13

0 M21 M22 M23

0 M31 M32 M33

⎤
⎥⎥⎦

where

M11 = (ρL3)/3 + ρ(�11δ
2
1 + 2�12δ1δ2 + �22δ

2
2)

+Ih + Itip + mtipL2 + mtip(φ2
1
(L)δ21

+2φ1(L)φ2(L)δ1δ2 + φ2
2
(L)δ22)

M12 = ρ�1x + mtipLφ1(L) + Itipφ′
1(L)

M21 = M12
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M13 = ρ�2x + mtipLφ2(L) + Itipφ′
2(L)

M31 = M13

M22 = ρ�11 + mtipφ2
1(L) + Itipφ′2

1 (L)

M23 = ρ�11 + mtipφ1(L)φ2(L) + Itipφ′
1(L)φ′

2(L)

M32 = M23

M33 = ρ�22 + mtipφ2
2(L) + Itipφ′2

2 (L)

Stiffness matrix:

K = KFI + KFR

where

KFI =

⎡
⎢⎢⎣

kjo −kjo 0 0
−kjo kjo 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ , KFR =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 K11 K12

0 0 K21 K22

⎤
⎥⎥⎦

where

K11 = EI�11xx

K12 = EI�12xx

K21 = K12

K22 = EI�22xx

Dissipation matrix:

C =

⎡
⎢⎢⎣

0 0 0 0
0 C11 C12 C13

0 C21 C22 C23

0 C31 C32 C33

⎤
⎥⎥⎦

where

C11 = ρ(δ̇1(δ1�11 + δ2�12) + δ̇2(δ2�22 + δ1�12))

+mtip(φ2
1(L)δ̇1δ1 + φ1(L)φ2(L)δ̇1δ2

+φ1(L)φ2(L)δ̇2δ1 + δ2δ̇2φ
2
2(L));

C12 = ρθ̇L(δ1�11 + δ2�12) + mtipθ̇L(δ1φ
2
1(L)

+φ1(L)φ2(L)δ2);
C21 = −C12

C13 = ρθ̇L(δ2�22 + δ1�12) + mtipθ̇L(δ1φ1(L)φ2(L)

+δ2φ
2
2(L));

C31 = −C13

C23 = 0

C32 = 0

C22 = 0

C33 = 0

Gravity vector:

G =

⎡
⎢⎢⎣

G1

G2

G3

G4

⎤
⎥⎥⎦

where

G1 = 0;
G2 = ρg(L2/2)cos(θL) − ρg(δ1�10 + δ2�20)sin(θL);
G3 = ρg�10cos(θL);
G4 = ρg�20cos(θL);
where

�10 =
∫ L

0
φ1(x)dx

�20 =
∫ L

0
φ2(x)dx

�11 =
∫ L

0
φ2
1(x)dx

�12 =
∫ L

0
φ1(x)φ2(x)dx

�22 =
∫ L

0
φ2
2(x)dx

�1x =
∫ L

0
xφ1(x)dx

�2x =
∫ L

0
xφ2(x)dx�11xx =

∫ L

0

(
d2φ1(x)

dx2

)2

dx

�12xx =
∫ L

0

(
d2φ1(x)

dx2

)(
d2φ2(x)

dx2

)
dx

�22xx =
∫ L

0

(
d2φ2(x)

dx2

)2

dx

where

φ1(x) = cosh(μ1x) − cos(μ1x) − γ1(sinh(μ1x) − sin(μ1x))

φ2(x) = cosh(μ2x) − cos(μ2x) − γ2(sinh(μ2x) − sin(μ2x))

where

μ1 = β1

L
, μ2 = β2

L
β1 = 1.8751 , β2 = 4.6941 , γ1 = 0.7341 , γ2 = 1.0185

Publisher’s Note Springer Nature remains neutral with regard to
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