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Abstract An active fault-tolerant control scheme for
a quadrotor with velocity sensor faults is presented in
this paper. A two-level control scheme is designed to
guarantee the quadrotor to track the given trajectory
in case of no faults. The control scheme consists of an
external-loop Proportion Differentiation (PD) control
law and an internal-loop Proportion Integration Dif-
ferentiation (PID) control law. A fault diagnosis unit is
designed to detect and estimate sensor faults. The fault
detection is achieved by using a Luenberger observer
based residual generator and the fault estimation prob-
lem is solved by utilizing a new proposed augment
variable observer. A sufficient condition on the exis-
tence of the augment variable observer is given based
on Linear Matrix Inequalities (LMIs). The uniformly
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ultimately bounded property of state and fault estima-
tion errors is proved. By combining the external-loop
PD control law and the result of fault estimation,
a fault-tolerant control law is proposed. Finally, the
effectiveness of the scheme is demonstrated by the
simulation and experimental results.

Keywords Active fault-tolerant control · Fault
diagnosis · Quadrotor · Sensor faults

1 Introduction

In recent years, there has been a surge of interest in
the study of unmanned aerial vehicles (UAVs) since
UAVs have a wide application in the areas of geolog-
ical surveying, fire monitoring, rescue mission, etc.
Various UAVs such as fixed and rotary wing UAVs
have been developed in recent years. Compared with
other types of UAVs, quadrotor helicopters have bet-
ter performance in the aspects such as large payload,
great maneuverability and simple manufacture [19].

Recently, researchers have shown an increasing
interest in quadrotors. In [4, 6, 17], various mathe-
matical models of a quadrotor such as kinematic and
dynamic models were built. Moreover, many con-
trol schemes have been proposed which can be used
to quadrotors such as Proportion Integration Differ-
entiation (PID) control [9], adaptive control [3, 24],
backstepping control [8, 11] and fuzzy control [20].
However, most of the aforementioned literatures have
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only considered the case where there is no faults in
quadrotros without taking account of faults occurring
in quadrotors. In the case that actuator or sensor faults
occur, those controllers can not guarantee the normal
operation of quadrotors.

In the last decades, researchers have shown an
increasing interest in the field of fault diagnosis and
fault-tolerant control for quadrotors which play pivot
roles in the area of reliability and safety of dynamic
systems. The studies on fault diagnosis and fault-
tolerant control for quadrotors was reviewed in [27]. It
is shown in [27] that these works can be divided into
different types according to faults, testbeds, frame-
works, problems considered and tools employed. In
[5], a robust fault diagnosis problem for a quadro-
tor with actuator faults was addressed by using an
adaptive Thau’s observer. The robustness of the fault
estimation scheme to magnitude order unbalances,
modeling uncertainties, and noise is achieved by solv-
ing a presented synthetic robust optimization problem.
[16] presented a fault recovery scheme for a quadro-
tor with actuator faults. The actuator fault was esti-
mated by a parameter estimation algorithm and a
nonlinear adaptive controller was developed to guaran-
tee the stability of the closed-loop system based on the
fault estimation.

Although some research has been carried out on
fault diagnosis and fault-tolerant control for quadro-
tors with actuator faults, there is a relative paucity of
studies considering the case of sensor faults. In some
literature such as [18, 23, 25], the fault diagnosis of
sensor faults was converted into that of actuator faults.
However, the actuator fault diagnosis methods are not
feasible for sensor faults in some cases, for instance,
when the frequency of the sensor fault is larger than
the bandwidth of fault diagnosis observers and when
the dynamic system is nonlinear.

Very little research has been carried out on direct
fault diagnosis for quadrotors in the presence of sensor
faults. In [7], a quadrotor was described as a Lipschitz
nonlinear model and a fault diagnosis scheme was
designed based on a Thau’s observer for the quadro-
tor with actuator and sensor faults. A fault diagnosis
problem for quadrotors with various sensor faults was
considered in [1]. A nonlinear identity observer and a
generalized observer scheme were used to detect and
isolate faults, respectively. In [12], faults in a triaxis
accelerometer and a triaxis magnetometer of a quadro-

tor were detected by the presented two techniques.
The first approach was developed based on param-
eter estimation and the second one was proposed
by utilizing set membership estimation theory. Time-
varying observers are used to diagnosis sensor faults
in quadrotors in some literature. In [10], a robust fault
diagnosis scheme was proposed for quadrotors with
sensor faults. The quadrotor was modeled as a lin-
ear parameter varying system and the fault detection
observer is developed based on H∞ performance. In
[15], the fault diagnosis problem for quadrotors with
angular accelerator sensor faults was addressed by
using a bank of reduced order time-varying observers.

The control performance of quadrotors decreases
heavily if there are sensor faults occurring. Fortu-
nately, fault-tolerant control is able to guarantee the
flying performance of a quadrotor even if sensor faults
occur in the quadrotor. In [2], a fault-tolerant attitude
control scheme was designed for quadrotors with sen-
sor faults by using a multi-observer switching strategy.
The attitude of the quadrotor was estimated by a bank
of nonlinear observers. The results of the observer
which has the smallest error were selected to compen-
sate sensor faults. To date, the fault-tolerant control
problem for quadrotors with sensor faults has not yet
been systematically studied. Moreover, most of the
aforementioned works were carried out in a simula-
tion framework, and seldom experimental results on
quadrotors with sensor faults have been reported.

In this paper, fault diagnosis and fault-tolerant con-
trol problems are investigated for a quadrotor with
velocity sensor faults. When there is no fault, a two-
level control scheme is developed to guarantee that
quadrotors are able to track the given trajectory. The
first level is an external-loop Proportion Differen-
tiation (PD) control law while the second one is
an internal-loop Proportion Integration Differentiation
(PID) control law. Then, a residual generator based
on Luenberger observers is designed to detect sen-
sor faults and a novel augment variable observer is
proposed to estimate sensor faults. Furthermore, the
uniformly ultimately bounded property of estimation
errors is proved by using Linear Matrix Inequalities
(LMIs). Finally, a fault-tolerant control law is devel-
oped by combining the external PD control law and
the results of fault estimation.

This paper is an extension of the conference paper
[14]. Different from the paper [14], the design of the
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parameters of the external-loop PD control law and the
internal-loop PID control law is provided in the paper
when there is no fault. Moreover, model uncertainties
and sensor disturbances are considered during the sen-
sor fault estimation in the paper, which increases the
difficulties of fault estimation.

The remaining part of the paper proceeds in the
following way. Section 2 presents the fault-tolerant
control problem and develops the two-level control
scheme. Section 3 proposes the fault diagnosis scheme
and the fault-tolerant control law. In Section 4, simula-
tion and experimental results show the effectiveness of
the scheme. Finally, conclusions are given in Section 5.

Notation Throughout this paper, R represents the sets
of real numbers. Rn stands for the sets of real vec-
tors with n dimensions. ‖x‖ is the Euclidean norm of
the vector x. ‖A‖2 is the spectral norm of the matrix
A. In stands for the n by n identity matrix. 0 denotes
the zero matrix or zero vector with appropriate dimen-
sions. W > 0 represents that the symmetric matrix W

is positive definite.

2 Problem Formulation

According to [4] and [26], the following model can be
used to describe a quadrotor unmanned helicopter.

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

mp̈x(t) = (sinψsinφ + cosψsinθcosφ)uz,

mp̈y(t) = (−cosψsinφ + sinψsinθcosφ)uz,

mp̈z(t) = −mg + (cosθcosφ)uz,

Jxθ̈(t) = uθ (t),

Jyφ̈(t) = uφ(t),

Jzψ̈(t) = uψ(t),

(1)

where px ∈ R, py ∈ R and pz ∈ R are position coor-
dinates along the x axis, y axis and z axis of the earth
inertial frame, respectively. θ ∈ R, φ ∈ R and ψ ∈ R

are the pitch, roll and yaw angles of the quadrotor,
respectively. m is the mass of the quadrotor and g is
the acceleration of gravity. Jx ∈ R, Jy ∈ R and Jz ∈ R

are the rotation inertial. uz ∈ R, uθ ∈ R, uφ ∈ R and
uψ ∈ R are control inputs of the quadrotor.

Under the assumption that the quadrotor moves
in a hovering state and the rotation angles are close

to zeros, the quadrotor unmanned helicopter can be
described as

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

p̈x(t) = θ(t)g,

p̈y(t) = −φ(t)g,

p̈z(t) = uz(t)/m − g,

Jxθ̈(t) = uθ (t),

Jyφ̈(t) = uφ(t),

Jzψ̈(t) = uψ(t).

(2)

It is noted that the rotation angles of a quadrotor
are decoupled in Eq. 2. Therefore, the control schemes
and the fault diagnosis schemes can be easily designed
along x axis, y axis and z axis, respectively. For sim-
plicity, the fault-tolerant control scheme along x axis
is considered in the paper, and the schemes along y

and z axes can be derived in a similar manner.
According to the Eq. 2, the dynamic model of the

quadrotor along x axis is

{
p̈x(t) = θ(t)g,

Jxθ̈(t) = uθ (t).
(3)

Define pxset (t) ∈ R as the reference trajectory of a
quadrotor. Before developing the control scheme, the
following assumption is required.

Assumption 1 The given reference trajectory of the
quadrotor pxset (t) satisfies that ∀t ≥ 0, ṗxset (t) and
p̈xset (t) exist, where ṗxset (t) ∈ R and p̈xset (t) ∈
R are the first and second derivatives of pxset (t),
respectively.

Remark 1 Assumption 1 requires the existence of
the first and second derivatives of the reference tra-
jectory. In practice, the trajectory of a quadrotor is
limited by its maneuverability. Therefore, it is reason-
able to impose restrictions on the reference trajectory
of quadrotors.

Figure 1 shows the framework of control scheme
when there is no sensor fault. The control scheme con-
sists of two levels. The internal-loop controller is a
PID controller which is used to control the rotation
angles, and the external-loop controller is a PD con-
troller which is used to control the trajectory of the
quadrotor.
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Fig. 1 The framework of control when there are no faults

Under Assumption 1, when there are no sensor
faults occurring in quadrotors, the formulation of the
external-loop PD controller is as follows.

ux(t) = k
p

1 [pxset (t) − px(t)]
+kd

1 [ṗxset (t) − vx(t)] + p̈xset (t),
(4)

where vx ∈ R is the velocity of the quadrotor along x

axis. kp

1 ∈ R and kd
1 ∈ R are controller parameters to

be designed.
According to Eq. 4, the tracking signal of the

internal-loop controller can be obtained as the follow-
ing equation.

θset (t) = ux(t)/g, (5)

where θset ∈ R is the pitch angle that the quadrotor
should track.

Then, the internal-loop PID controller is derived as

uθ (t) = k
p

2 [θset (t) − θ(t)] + ki
2

∫ t

0
[θset (t) − θ(t)]dt

+kd
2
d[θset (t) − θ(t)]

dt
, (6)

where k
p

2 ∈ R, ki
2 ∈ R and kd

2 ∈ R are the internal-
loop controller parameters to be determined.

Define the position tracking error and angle control
error as ex = pxset −px and eθ = θset−θ , respectively.
The following two propositions provide the design of
the parameters of the external-loop and internal-loop
controllers.

Proposition 1 Given the model (3) and the external-
loop PD controller (4), the position tracking error, ex ,
reaches to zero asymptotically if kp

1 > 0 and kd
1 > 0.

Proof Since ex(t) = pxset (t) − px(t), it follows that

ėx(t) = ṗxset (t) − vx(t),

ëx(t) = p̈xset (t) − ux(t) = −k
p

1 ex(t) − kd
1 ėx(t).

(7)

Then it can be gained that
[

ėx(t)

ëx(t)

]

=
[

0 1
−k

p

1 −kd
1

] [
ex(t)

ėx(t)

]

. (8)

The characteristic equation of the Eq. 8 is as

s2 + kd
1 s + k

p

1 = 0. (9)

Since k
p

1 > 0 and kd
1 > 0, the real parts of the roots of

the Eq. 9 are both negative, which means that the Eq.
8 is stable and ex(t) reaches to zero asymptotically.

This ends the proof.

Proposition 2 Given the model (3) and the internal-
loop PID controller (6), the angle control error, eθ ,
reaches to zero asymptotically if

...
θ set (t) = 0, kp

2 > 0,
kd
2 > 0, ki

2 > 0 and k
p

2 kd
2 > ki

2Jx .

Proof Since
...
θ set (t) = 0 and eθ (t) = θset (t)− θ(t), it

follows that

ėθ (t) = θ̇set (t) − θ̇ (t),

ëθ (t) = θ̈set (t) − θ̈ (t),
...
e θ (t) = ...

θ set (t) − ...
θ (t) = ...

θ set (t) − u̇θ (t)
Jx

= − kd
2 ëθ (t)

Jx
− k

p

2 ėθ (t)

Jx
− ki

2eθ (t)

Jx
.

(10)

Then it can be gained that

⎡

⎣
ėθ (t)

ëθ (t)...
e θ (t)

⎤

⎦ =
⎡

⎢
⎣

0 1 0
0 0 1

− ki
2

Jx
− k

p

2
Jx

− kd
2

Jx

⎤

⎥
⎦

⎡

⎣
eθ (t)

ėθ (t)

ëθ (t)

⎤

⎦ . (11)
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The characteristic equation of the system (11) is as
follows.

s3 + kd
2

Jx

s2 + k
p

2

Jx

s + ki
2

Jx

= 0. (12)

According to the Roth-Hurwitz stability criterion, if
k
p

2 > 0, kd
2 > 0, ki

2 > 0 and k
p

2 kd
2 > ki

2Jx , the
real parts of the roots of Eq. 12 are all less than zeros,
which means that the system (11) is stable and eθ (t)

reaches to zero asymptotically.
This completes the proof.

Remark 2 Since we assume that the quadrotor moves
in a hovering state and the rotation angles are close
to zeros, it is reasonable to assume that

...
θ set (t) = 0

in Proposition 2. In practice, the parameters of the
external-loop controller and the internal-loop con-
troller should be determined according to the condi-
tions in Propositions 1 and 2 as well as the real situ-
ation of quadrotors since there are nonlinear dynam-
ics, noise and uncertainties disturbing the flying of
quadrotors.

In practice, the response time of the internal-loop
controller is much smaller than that of the external-
loop controller which means that the control of the
rotation angles is faster than that of the displacement.
Therefore, the response time of the control of rota-
tion angles can be neglected and the model from θset

to θ in Fig. 1 can be seen as a proportion. It follows
that the model from ux to px can be considered as a
second-order integrator. By taking model uncertainties
and sensor disturbances into account, the model of a
quadrotor is derived as the following equation.
⎧
⎪⎪⎨

⎪⎪⎩

ṗx(t) = vx(t),

v̇x(t) = ux(t) + d(t),

y1(t) = px(t) + w1(t),

y2(t) = vx(t) + fs(t) + w2(t),

(13)

where y1 ∈ R and y2 ∈ R are the outputs of dis-
placement and velocity sensors, respectively. fs ∈ R

is the velocity sensor fault. d ∈ R represents the model
uncertainty or the actuator fault. w1 ∈ R and w2 ∈ R

are sensor disturbances.
The state space model of the quadrotor is as fol-

lows.

{
ẋ(t) = Ax(t) + Bu(t) + Ef (t),

y(t) = Cx(t) + �f (t) + w(t),
(14)

where x = [pxvx]T , u = ux , y = [y1y2]T , f =
[dfs]T , w = [w1w2]T . The values of parameters in
Eq. 14 are as follows.

A =
[
0 1
0 0

]

, B =
[
0
1

]

, C =
[
1 0
0 1

]

,

E =
[
0 0
1 0

]

, � =
[
0 0
0 1

]

.

The objective of the paper is to find an active fault-
tolerant control law like the following equation such
that the quadrotor is able to track the given trajectory
no matter whether there are sensor faults or not.

ux(t) =
{

un
x(t) in fault free case,

u
f
x (t) in fault case.

(15)

Before designing the fault-tolerant control law,
some assumptions are required.

Assumption 2 The norm of the uncertainty and sen-
sor disturbances satisfy ‖ḋ(t)‖ ≤ ρ, ‖ẇ2(t)‖ ≤ δ1,
and ‖w(t)‖ ≤ δ2, where ρ, δ1 and δ2 are known
positive real numbers.

Assumption 3 The formulation of the sensor fault
fs(t) is assumed to be fs(t) = γ (t − T )ξ(t), where T

is the time instant when the fault occurs and γ (t − T )

is the sensor fault profile whose formulation is as

γ (t − T ) =
{
0 t < T ,

1 t ≥ T .
(16)

ξ(t) is the signal representing the amplitude of the
velocity sensor fault.

Remark 3 In Eq. 13, the model from ux to px in Fig.
1 is regarded as a second-order integrator. Such pro-
cessing still results in model uncertainties even if the
rotation angles of the quadrotor are small. Therefore,
d(t) is introduced to represent the model uncertainties.
Moreover, d(t) can also be used to denote actuator
faults of a quadrotor as described in literature [21, 22].

Remark 4 The velocity used in the paper is gained
by fusing data from the Global Positioning System
(GPS) and the Inertial Navigation System (INS) of the
quadrotor. As shown in Fig. 2, the velocity fault in
the paper is described as an offset of the velocity. It is
noted that such kind of description is able to represent
faults in GPS or INS.
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Fig. 2 The framework of the fault-tolerant control

Remark 5 Since only velocity sensor faults are con-
sidered and there is no direct feedback from the veloc-
ity sensor to the internal-loop controller, sensor faults
cannot directly disturb the control of the attitudes of
quadrotors. The effect of velocity sensor faults can
be neutralized by the fault-tolerant control law of the
external-loop controller. Hence, in the paper, we only
consider the design of the fault-tolerant control law for
the external-loop controller.

Remark 6 The amplitude of the sensor fault signal
considered in the paper cannot be arbitrarily large
because the linear model (2) of the quadrotor is rea-
sonable only if the rotation angles of the quadrotor are
small. Moreover, in the experiments in Section 4.2,
the range of rotation angles measured in radians is
[− π

18 ,
π
18 ].

3 Design of Fault-Tolerant Control

This section presents the design of the fault-tolerant
control law for quadrotors with sensor faults. Figure
2 illustrates the framework of the fault-tolerant con-
trol scheme. In the scheme, a fault diagnosis unit is
developed to detect and estimate the velocity sensor
fault by using the input and output information of
the quadrotor. A new control law is designed to tol-
erate the velocity sensor fault by combining the fault
estimation and the control law in fault free case.

3.1 Fault Detection

The fault detection of the quadrotor is achieved by a
residual generator developed based on a Lunenberger
observer. The formulation of the generator is as

{ ˙̂xr(t) = Ax̂r(t) + Bu(t) + L[y(t) − Cx̂r(t)],
r(t) = y(t) − Cx̂r(t),

(17)

where x̂r ∈ R
2 is the state estimation of the quadrotor.

r ∈ R
2 is the residual vector of the generator. L is

the parameter to be designed. Since the pair (A, C) is
observable, it is obvious that there exists a matrix L

such that the matrix A − LC is stable.
Define Jdet ∈ R as the residual evaluation function

and the formulation of Jdet is

Jdet (t) = ‖r(t)‖. (18)

The fault detection scheme is
{

Jdet (t) ≤ Jth ⇒ normal,
Jdet (t) > Jth ⇒ a fault occurs,

(19)

where Jth ∈ R is the threshold of the fault detec-
tion scheme and the value of Jth can be designed in
experiments according to the experience of experts,
disturbances and uncertainties of a quadrotor.

Remark 7 Since the model of a quadrotor is decoupled
along x, y, and z axes, velocity sensor faults along
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different axes are also decoupled. The fault isolation
of different velocity sensor faults along different axes
can be achieved by the fault detection along each axis.
In a more complex case where the sensor faults are
not decoupled, the fault isolation can be achieved by
fault matching estimators. The detailed algorithm can
be found in the literature [13], and is omitted here for
simplicity.

3.2 Fault Estimation

The fault estimation is achieved by an augment vari-
able observer. The formulation of the observer is as
follows.

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

˙̂x(t) = Ax̂(t) + Bu(t) + Ef̂ (t)

+G[y(t) − Cx̂(t) − �f̂ (t)],
v̇(t) = M1[CAx̂(t) + CBu(t) + CE ˆf (t)]

+M2[y(t) − Cx̂(t) − �f̂ (t)],
f̂ (t) = v(t) − M1y(t),

(20)

where x̂ ∈ R
2 is the state estimation of the quadrotor.

v ∈ R
2 is the augment variable. f̂ ∈ R

2 is the estima-
tion of the uncertainty and the sensor fault. G and M2

are parameters to be determined. M1 satisfies

M1� = −
[
0 0
0 1

]

. (21)

Therefore, we can design M1 = −�.
Define the state estimation error and the fault esti-

mation error as the following equations.

e(t) = x(t) − x̂(t),

η(t) = f (t) − f̂ (t).
(22)

Define the error vector ζ = [eT ηT ]T . Define
matrices Ā, C̄, Ḡ, D1, D2 as follows:

Ā =
[

A E

M1CA M1CE

]

, C̄ =[
C �

]
, Ḡ=

[
G

M2

]

,

D1 = [
0 0 1 0

]T
, D2 = [

0 0 0 1
]T

.

(23)

The following theorem presents a sufficient condi-
tion on the existence of the augment observer and the
algorithm to design the parameters.

Theorem 1 Given scalars ε1 > 0, ε2 > 0, ε3 > 0
and a symmetric positive definite matrix Q > 0, if
there exist a matrix K and a symmetric positive def-
inite matrix P > 0 such that the following condition
holds

⎡

⎢
⎢
⎢
⎣

P Ā + ĀT P − KC̄ − C̄T K + Q PD1 PD2 K

DT
1 P − 1

ε1
0 0

DT
2 P 0 − 1

ε2
0

KT 0 0 − I2
ε3

⎤

⎥
⎥
⎥
⎦

< 0,

(24)

then the fault estimation scheme (20) is able to real-
ize that e and η are uniformly ultimately bounded.
Moreover, the boundaries of e and η satisfy

lim
t→∞ ‖ζ‖ ≤ β

λmin{P }α , (25)

where α = λmin{Q}
λmax {P } , β = ρ

ε1
+ δ1

ε2
+ δ2

ε3
. λmin{P } and

λmin{Q} are the minimum eigenvalues of the matrix P

and Q, respectively. λmax{P } is the maximum eigen-
value of the matrix P . Furthermore, the parameters Ḡ

can be designed as Ḡ = P −1K .

Proof According to Eqs. 14 and 20, it can be gained
that

ė(t) = ẋ − ˙̂x(t)

= (A − GC)e(t) + (E − G�)η(t) − Gw(t),

η̇(t) = ḟ (t) − ˙̂
f (t) = ḟ (t) − v̇(t) + M1ẏ(t)

= M1[CAx(t) + CBu(t) + CEf (t) + ẇ(t)]
−v̇(t) + [10]T ḋ(t)

= (M1CA − M2C)e(t) + (M1CE − M2�)η(t)

−[01]T ẇ2(t) − M2w(t) + [10]T ḋ(t).

It follows that

[
ė(t)
η̇(t)

]

=
[

A − GC E − G�
M1CA − M2C M1CE − M2�

] [
e(t)
η(t)

]

+ D1ḋ(t) − D2ẇ2(t) − Ḡw(t).

(26)

Then we can gain

ζ̇ = (Ā − ḠC̄)ζ + D1ḋ(t) − D2ẇ2(t) − Ḡw(t). (27)
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Given a symmetric positive matrix P > 0, define a
function V (t) = ζ T (t)P ζ(t). It can be gained that

V̇ (t) = ζ T (t)[P(Ā − ḠC̄) + (Ā − ḠC̄)T P ]ζ(t)

+2ζ T (t)PD1ḋ(t) − 2ζ T (t)PD2ẇ(t)

−2ζ T (t)P Ḡw(t)

≤ ζ T (t)[P(Ā − ḠC̄) + (Ā − ḠC̄)T P ]ζ(t)

+ε1ζ
T (t)PD1D

T
1 Pζ(t) + ρ1

ε1

+ε2ζ
T (t)PD2D

T
2 Pζ(t) + δ1

ε2

+ε3ζ
T (t)P ḠḠT P ζ(t) + δ2

ε3
.

(28)

According to Eq. 24 and Schur Complementary
Lemma, we can gain that

P(Ā − ḠC̄) + (Ā − ḠC̄)T P + ε1PD1D
T
1 P

+ε2PD2D
T
2 P + ε3PḠḠT P ≤ −Q.

(29)

Then, it is obvious that

V̇ (t) ≤ −ζ T (t)Qζ(t) + ρ
ε1

+ δ1
ε2

+ δ2
ε3≤ −αV (t) + β,

(30)

According to Eq. 30, it follows that

lim
t→∞ V (t) ≤ β

α
. (31)

Moreover, we can get

lim
t→∞ ‖ζ(t)‖ ≤ β

λmin{P }α . (32)

Therefore, e(t) and η(t) are uniformly ultimately
bounded. This ends the proof.

Corollary 1 If ρ = δ1 = δ2 = 0, the fault estima-
tion scheme (20) can estimate states, sensor faults and
uncertainties asymptotically, i.e., limt→∞ e(t) = 0
and limt→∞ η(t) = 0.

Proof If ρ = δ1 = δ2 = 0, according to Eq. 27, it
follows that

ζ̇ = (Ā − ḠC̄)ζ. (33)

According to Eq. 23, we can gain that the pair (Ā, C̄)

is observable. Therefore, there exist a matrix Ḡ such
that the matrix Ā− ḠC̄ is stable. It is easy to gain that

lim
t→∞ ζ(t) = 0.

This ends the proof.

Remark 8 In some literature such as [18, 23, 25], sen-
sor faults are estimated by means of changing the
sensor faults into actuator faults through linear trans-
formation. However, the weakness of the idea is that
the high-frequency information in the sensor fault sig-
nals will be filtered since the linear transformation is a
kind of low-pass filter processing. The presented fault
estimation scheme is able to reconstruct time-varying
high-frequency sensor fault signals through direct esti-
mation for the sensor faults by introducing an augment
variable.

Remark 9 In fact, the fault estimation scheme (20) not
only is applicable to 2-dimension systems but also can
be extended to a general linear system. Results in The-
orem 1 and Corollary 1 are also feasible to general
linear systems.

3.3 Fault-Tolerant Control

When there is no sensor fault, the fault-tolerant control
law can be designed as follows.

un
x(t) = k

p

1 [pxset (t) − y1(t)] + kd
1 [ṗxset (t) − y2(t)]

+p̈xset (t). (34)

When the sensor fault is detected, the fault-tolerant
control law is changed into the following equation.

u
f
x (t) = k

p

1 [pxset (t) − y1(t)]
+kd

1 [ṗxset (t) − y2(t) + f̂s(t)] + p̈xset (t).

(35)

Remark 10 If the amplitude of the sensor fault sig-
nal is small, the sensor fault cannot be detected by the
fault detect scheme presented in the paper. In this case,
the control law (34) can still guarantee the stability of
the quadrotor though the tracking error of the quadro-
tor is not able to converge to zero asymptotically.

4 Simulation and Experimental Result

In this section, simulations and experiments are car-
ried out to demonstrate the effectiveness of the pre-
sented active fault-tolerant control scheme.
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Fig. 3 Sensor outputs in
case 1 of the simulation
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4.1 Simulation

In the simulation, the dynamic of a quadrotor along x

axis described as Eq. 13 is considered. The fault detec-
tion, fault estimation and fault-tolerant schemes are
designed according to Eqs. 17, 20 and 15, respectively.

The given trajectory of the quadrotor along x

axis is pxset (t) = 8sin( 18 t − π
2 ). The values of

parameters of control law are k
p

1 = 2, kd
1 = 1.2.

The model uncertainty is d(t) = 0.1sin(0.1t). The
sensor disturbances are w1(t) = 0.1sin(5t − π

2 ),
w2(t) = 0.05sin(5t). The boundary of the uncertainty
and disturbances are ρ = 0.01, δ1 = 0.25, δ2 =
0.12.

The fault detection threshold is Jth = 0.2. Let ε1 =
ε2 = ε3 = 0.1. Let Q = 0.1 × I4. The parameters

Fig. 4 State estimation in
the residual generator in
case 1 of the simulation
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of fault detection scheme and fault estimation scheme
are as follows.

L =
[
10 1
0 11

]

, E =
[
0 0
1 0

]

, � =
[
0 0
0 1

]

,

M1 = −
[
0 0
0 1

]

,

P =
⎡

⎢
⎣

14.9544 −14.7069 7.0455 −0.1323
−14.7069 27.2297 −15.2675 5.8591
7.0455 −15.2675 15.6383 −0.5515

−0.1323 5.8591 −0.5515 5.4304

⎤

⎥
⎦ ,

K =
⎡

⎢
⎣

9.4406 0.0326
−0.0058 9.4267
0.0071 0.0073
0.0042 9.4365

⎤

⎥
⎦ ,

G =
[
3.2726 −0.0001
3.6645 0.0217

]

,

M2 =
[

1.9742 0.0824
−3.6729 1.7227

]

. (36)

We considered two kinds of sensor faults. In case 1,
a constant sensor fault is considered and the formula-
tion of the fault is

fs(t) =
{
0m/s t < 40s,
2m/s t ≥ 40s.

(37)

In case 2, a sine function sensor fault is taken into
account. The formulation of the sine sensor fault is

fs(t)=
{
0m/s t < 50s,
2.5sin[0.5(t − 50)]m/s t ≥ 50s.

(38)

In each case, the simulation time is 100s. To show
the impact of the sensor fault on the normal control

law, the time instant when we adopt the fault-tolerant
control law is 20s later than the time instant when the
fault is detected. In the following figures, the first blue
vertical line stands for the time instant when the sensor
fault occurs, and the second blue vertical line denotes
the time instant at which the fault-tolerant control law
is adopted.

Figure 3 shows the output of sensors in the first
case of the simulation. In the first subgraph of Fig.
3, the red solid line shows the given reference trajec-
tory and the blue dash dot line illustrates the position
sensor output. In the second subgraph, the red solid
line illustrates the given velocity and the blue dash
dot line demonstrates the velocity sensor output. The
third subgraph shows the tracking error along x axis.
It can be seen that the fault can be tolerated after the
fault-tolerant control law is adopted.

Figure 4 illustrates the state estimation of the
observer in the fault detection residual generator in
case 1 of the simulation. Figure 5 shows the values of
residuals and residual evaluation function in case 1 of
the simulation. From the second subgraph of the Fig.
5, it can be seen that the sensor fault can be detected
after it occurs.

Figure 6 demonstrates the state estimation of fault
estimator in case 1 of the simulation. The state
and fault cannot be estimated accurately since the
uncertainty and disturbances. However, the state esti-
mate errors and fault estimate errors are obviously
bounded.

Figures 7, 8, 9, 10 show the similiar results in case
2 of the simulation.

Fig. 5 Residuals and the
residual evaluation function
in case 1 of the simulation
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Fig. 6 States and fault
estimation in the fault
estimator in case 1 of the
simulation
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4.2 Experimental Results

In the section, an experiment is carried out to demon-
strate the effectiveness of the presented fault-tolerant

control law by using a real quadrotor which is shown
in Fig. 11.

In the experiment, the quadrotor flys along a circle
in the x − O − y plane and the position coordinate

Fig. 7 Sensor outputs in
case 2 of the simulation
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Fig. 8 State estimation in
the residual generator in
case 2 of the simulation

0 10 20 30 40 50 60 70 80 90 100
−10

−5

0

5

10

Time(s)

m

0 10 20 30 40 50 60 70 80 90 100
−4

−2

0

2

4

Time(s)

m
/s

along z axis is a constant. The given trajectory and the
given velocity of the quadrotor in the x −O − y plane
is as follows.

pxset = 6sin( 16 t − π
2 )(m), ṗxset = sin( 16 t)(m/s),

pyset = 6sin( 16 t)(m), ṗyset = sin( 16 t + π
2 )(m/s).

The parameters in the external-loop controller are
k
p

1 = 3, kd
1 = 3. Let ε1 = 10, ε2 = 1, ε3 = 0.001. Let

Q = 0.1 × I4. The value of parameters in Eq. 17 and
Eq. 20 are as follows.

L =
[
1 1
0 2

]

, E =
[
0 0
1 0

]

, � =
[
0 0
0 1

]

,

M1 = −
[
0 0
0 1

]

,

P =

⎡

⎢
⎢
⎣

309.2073 −54.6997 4.9237 −0.4887
−54.6997 32.6595 −1.9012 17.8380
4.9237 −1.9012 0.3501 −0.0157

−0.4887 17.8380 −0.0157 17.7194

⎤

⎥
⎥
⎦ ,

K =

⎡

⎢
⎢
⎣

998.5008 −2.4853
0.7489 1001.2238

−0.06389 −0.1107
0.2237 1000.3135

⎤

⎥
⎥
⎦ ,

G =
[
14.0269 0.0616
85.4555 0.0206

]

,

M2 =
[
262.8002 1.4575
−85.3953 56.4353

]

. (39)

We also consider two kinds of sensor faults in the
experiment. In case 1, the experiment time is 397s.

Fig. 9 Residuals and the
residual evaluation function
in case 2 of the simulation
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Fig. 10 States and fault
estimation in the fault
estimator in case 2 of the
simulation
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The sensor fault is a constant offset and occurs at
322.8975s. The formulation of the sensor fault in case
1 is as

f (t) =
{
0m/s t < 322.8975s,
2m/s t ≥ 322.8975s.

To show the impact of the velocity sensor fault, we
adopt the fault-tolerant control several seconds later
than the fault detect time instant. In all the following
figures, the first blue vertical line illustrates the time
instant when the sensor fault occurs, and the second
blue vertical line demonstrates the time instant when
the fault-tolerant control law is adopted.

The given trajectory and sensor outputs of the
quadrotor are shown in Fig. 12. In the first subgraph
of Fig. 12, the given trajectory of the quadrotor is rep-
resented by the red solid line, and the position sensor
output is illustrated by the blue dash dot line. Look-
ing at the Fig. 12, it is apparent that after the sensor
fault occurs, the trajectory of the quadrotor deviates
from the given trajectory. After the fault-tolerant con-
trol law is adopted at 357.8975s, the trajectory return
back to the given trajectory. The second subgraph of
Fig. 12 displays the velocity sensor output and the

given velocity. The tracking error of the quadrotor is
presented in the third subgraph of Fig. 12.

The results of the position estimation and velocity
estimation of the residual generator in the first case of
the experiment are illustrated in Fig. 13. It can be seen
that the state estimations cannot track true value of
the state after sensor fault occurs. Figure 14 provides
the values of the residual and the residual evaluation

Fig. 11 The picture of a quadrotor unmanned helicopter
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Fig. 12 Outputs of sensors
in case 1 of the experiment
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function. The fault detection threshold is Jth = 1.5. It
is obvious that after the fault occurs, Jdet is larger than
Jth, which means that the fault detection is achieved.

Figure 15 displays the results of state estimation
and fault estimation in the augment variable observer.
As can be seen from the first and second subgraphs of
Fig. 15, the values of state estimation are close to that

of the states. The fault estimation results are shown
in the third subgraph of Fig. 15. Since there are dis-
turbances and model uncertainties in the experiment,
the error of fault estimation cannot accurately con-
verge to zero. The video of the experiment in case
1 of the experiment can be found at https://youtu.be/
c4R3ovWWdCk.

Fig. 13 State estimation in
the residual generator in
case 1 of the experiment
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Fig. 14 Residuals and the
residual evaluation function
in case 1 of the experiment
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In case 2, the total experimental time is 260s. The
sensor fault is a sine function and occurs at 184.3350s.
The formulation of the sensor fault in this case is as

f (t) =
{
0m/s t < 184.3350s,
2sin[0.2π(t − 184.3350)]m/s t ≥ 184.3350s.

The sensor outputs of the quadrotor are shown in
Fig. 16. It is apparent from the figure that the quadro-
tor is not able to track the given trajectory under the
normal control law when the sensor fault occurs, and
the fault is tolerated after the fault-tolerant control
law is adopted at 221.3400s. The tracking error of the
quadrotor is illustrated in the third subgraph of Fig. 16.

Fig. 15 States and fault
estimation in the fault
estimator in case 1 of the
experiment
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Fig. 16 Outputs of sensors
in case 2 of the experiment
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The results of state estimation of residual generator
and fault detection are displayed in Figs. 17 and 18,
respectively. As shown in the second subgraph of Fig.
18, the velocity sensor fault can be detected after the
sensor fault occurs.

Figure 19 presents the results of state and fault esti-
mation. The video of the experiment in case 2 can be
found at https://youtu.be/-cl8Td-xoGI.

Remark 11 In the simulation results and experimen-
tal results, time-delays are introduced to illustrate the
influence of the velocity sensor faults on the control
of a quadrotor. However, in practical application of
the fault-tolerant control law, there is no need to intro-
duce any time-delays. The fault-tolerant control law
can be activated as soon as the fault is detected when
the value of Jdet exceeds the value of Jth.

Fig. 17 State estimation in
the residual generator in
case 2 of the experiment
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Fig. 18 Residuals and the
residual evaluation function
in case 2 of the experiment
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Remark 12 In the simulation, since a second-order
integrator is used to develop the model of the quadro-
tor, the fault estimation and fault-tolerant control
scheme in the paper is valid even though the magni-
tude of the velocity sensor fault is very large. Different
from the simulation, in practical experiments, the
amplitude of the velocity sensor fault will influence
the model of a quadrotor. Hence, the effective appli-
cation of the fault estimation and fault-tolerant control

law in the paper requires that the magnitude of the
velocity sensor fault is limited.

In our experiments, when the velocity sensor fault
is a constant signal, the maximum fault magnitude is
3m/s. When the velocity sensor fault is a time-varying
signal, the maximum fault magnitude has a relation-
ship with the frequency of the fault signal. In general,
the larger the frequency is, the less the maximum
magnitude of the velocity sensor fault is.

Fig. 19 States and fault
estimation in the fault
estimator in case 2 of the
experiment
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5 Conclusion

In the paper, the problems of fault diagnosis and active
fault-tolerant control for a quadrotor with velocity sen-
sor faults have been addressed. In free fault cases, a
two-level controller composed of a PD controller and
a PID controller have been developed to warrant that
the quadrotor is able to track the given trajectory. Fault
detection has been achieved by using an observer-
based residual generator, and fault estimation has been
achieved by utilizing an augment variable observer.
The uniformly ultimately bounded property of the
augment variable observer has also been proved by
means of LMIs. By combining the external-loop PD
controller and the fault estimation results, the fault-
tolerant control law has been proposed. The effective-
ness of the scheme has been illustrated by simulations
and experiments.
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