
J Intell Robot Syst (2017) 86:277–289
DOI 10.1007/s10846-016-0421-5

Distributed Time-Varying Formation Tracking Analysis
and Design for Second-Order Multi-Agent Systems

Xiwang Dong · Jie Xiang ·Liang Han ·
Qingdong Li ·Zhang Ren

Received: 4 November 2015 / Accepted: 7 September 2016 / Published online: 20 September 2016
© Springer Science+Business Media Dordrecht 2016

Abstract Distributed time-varying formation track-
ing analysis and design problems for second-order
multi-agent systems with one leader are studied
respectively, where the states of followers form a
predefined time-varying formation while tracking the
state of the leader. Different from the previous results
on formation tracking control, the formation for the
followers can be described by specified time-varying
vectors and the trajectory of the leader can also be
time-varying. A distributed formation tracking protocol
is constructed using only neighboring relative infor-
mation. Necessary and sufficient conditions for second-
order multi-agent systems with one leader to achieve
time-varying formation tracking are proposed by uti-
lizing the properties of the Laplacian matrix, where the
formation tracking feasibility constraint is also given.
An approach to design the formation tracking protocol
is proposed by solving an algebraic Riccati equation.
The presented results can be applied to deal with
the target enclosing problems and consensus tracking
problems for second-order multi-agent systems with
one target/leader. An application in the target enclos-
ing of multiple vehicles is provided to demonstrate the
effectiveness of the theoretical results.
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1 Introduction

Formation control of multi-agent systems has attracted
considerable research interest during the past decades,
and has found applications in a variety of areas, such
as cooperative localization [1, 2], source seeking [3,
4], drag reduction [5], target enclosing [6, 7], and load
transportation [8], etc. Although several approaches
which include leader-follower, virtual structure and
behavior-based ones have been proposed to propel the
states of all agents to form the desired configuration in
the state space, increasing attention is being devoted
to designing the formation control protocol using local
neighboring information [9, 10].

Based on the consensus strategy, Ren [11] con-
structed a series of distributed formation control
protocols using local neighboring information for
second-order multi-agent systems, and showed that
leader-follower, virtual structure and behavior-based
formation control approaches can be unified in the
framework of consensus-based ones. Oh and Ahn [12]
proposed a formation control strategy using neighbor-
ing displacements for first-order multi-agent systems
to achieve formation under time-varying topologies.
Necessary and sufficient conditions for first-order
multi-agent systems with undirected and fixed topolo-
gies to achieve the rigid formation were proposed in
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[13] using the tool of complex Laplacian. Circular
formation control problems for first-order multi-agent
systems in one-dimensional and three-dimensional
space were addressed in [14] and [15], respectively.
A distributed controller observer strategy for tracking
control of the centroid and of the relative forma-
tion of a multi-robot system with first-order dynam-
ics was presented in [16]. Xie and Wang [17] pro-
posed sufficient conditions for second-order multi-
agent systems with undirected topologies to achieve
time-invariant formations. Formation control prob-
lems for second-order multi-agent systems with het-
erogeneous communication delays were investigated
in [18]. In [19], formation stabilization problems for
second-order multi-agent systems with undirected and
connected topologies were dealt with by incorporat-
ing the relative motion constraints into the navigation
functions. Decentralized robust formation controllers
for multi-robot systems with uncertainties and time
delays were proposed in [20]. Necessary and suffi-
cient conditions for second-order multi-agent systems
with fixed directed topologies and switching undi-
rected topologies to achieve time-varying formations
were derived, respectively, in [21, 22], where the
results were applied to solve the time-varying for-
mation control problems of multiple unmanned aerial
vehicles.

In the aforementioned work on formation control
of multi-agent systems, only formation stabilization
or maintenance problems were considered. In some
practical applications, forming a predefined forma-
tion is only the first step for a multi-agent system,
and there exist higher level tasks for the multi-agent
system, such as tracking the trajectory generated by
an actual/virtual leader or enclosing a moving tar-
get. In these scenarios, formation tracking problems
arise. Consensus based formation control and trajec-
tory tracing problems for multi-agent robot systems
with first-order dynamics were addressed in [23].
Ren and Sorensen [24] studied formation tracking
problems for first-order multi-agent systems with one
virtual leader which provides the desired position
trajectory for a group of followers. For first-order
multi-agent systems with switching topologies, a dis-
tributed strategy was proposed in [25] to solve the
target enclosing problem which can be regarded as a
formation tracking problem with one leader. A dif-
ferential game approach was applied to deal with the

formation tracking problem for first-order multi-agent
systems with collision avoidance in [26]. It should
be pointed out that in [23–26], the dynamics of each
agent is limited to be first-order. However, the dynam-
ics of a broad class of vehicles can only be described
by second-order models as the motion of a practical
vehicle is often controlled by using engines or motors
which provide forces and torques. Although forma-
tion tracking problems for nonholonomic multi-agent
systems were addressed in [27, 28], the formation
tracking strategy is centralized due to that each agent
should track the reference trajectory to achieve the
formation maintenance and tracking control.

Motivated by the aforementioned analysis, dis-
tributed time-varying formation tracking problems for
second-order multi-agent systems with one leader is
studied in this paper. Firstly, a distributed distributed
formation tracking protocol is constructed using local
neighboring information, where both the desired for-
mation and the tracking trajectories of the leader can
be time-varying. Secondly, by constructing a nonsin-
gular transformation matrix utilizing the properties of
the Laplacain matrix, necessary and sufficient condi-
tions for second-order multi-agent systems to achieve
time-varying formation tracking are proposed, which
include the time-varying formation tracking feasibil-
ity constraint. Then an approach to determine the gain
matrix of the formation tracking protocol is given by
solving an algebraic Riccati equation, the solvabil-
ity of which can be guaranteed. It is shown that the
proposed results can be applied to deal with the mov-
ing target enclosing problems and consensus tracking
problems of second-order multi-agent systems with
directed topologies. Finally, a numerical example for a
group of vehicles to enclose a moving target is given.

Compared with the previous works, the contribu-
tions of the current paper are twofold. Firstly, the
states of the followers are not only required to achieve
the predefined time-varying formation but also need
to track the time-varying state of the leader. In [11–
22], only formation control problems were considered,
where there exists no explicit leader and the formation
in [12], [17–19] and [26] is time-invariant. In [29–
32], only consensus control problems or consensus
tracking control problems were addressed. Note that
in many practical applications, there exists a leader
to provide the global reference trajectory, and the
time-varying formation will bring the derivative of the
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formation information to both the analysis and design.
The results in [11–22] and [29–32] cannot be applied
to deal with the time-varying formation tracking con-
trol problems in the current paper directly. Secondly,
the criteria for second-order multi-agent systems with
one leader to achieve time-varying formation track-
ing are both necessary and sufficient. In [27, 28], only
sufficient conditions were obtained and the results
are centralized. The obtained results can be applied
to solve the target enclosing problems and consen-
sus tracking problems for multi-agent systems with
one target/leader. However, in [24–26], the criteria for
first-order multi-agent systems to achieve formation
tracking are only sufficient. In addition, the dynamics
of each agent in [12–16] and [23–26] is limited to be
first-order.

The remainder of this paper is organized as fol-
lows. Preliminaries on graph theory and the problem
formulation are given in Section 2. Time-varying for-
mation tracking analysis and protocol design problems
are dealt with in Section 3. A numerical simulation
example is presented for illustration in Section 4.
Conclusions are drawn in Section 5.

Throughout this paper, for simplicity of notation,
let 0 be the zero matrix of appropriate size with zero
vector and zero number as special cases. Denote by
1N a column vector of size N with 1 as its elements.
Let IN represent an identity matrix with dimension N

and ⊗ denote the Kronecker product.

2 Preliminaries and Problem Description

In this section, basic concepts on graph theory are
introduced and the problem description is presented.

2.1 Basic Concepts on Graph Theory

Aweighted directed graphG = {Q, E, W } consists of
a set of vertices Q = {q1, q2, · · · , qN }, a set of edges
E ⊆ {(qi, qj ) : qi, qj ∈ Q, i �= j} and a weighted
adjacency matrix W = [wij ] ∈ R

N×N with nonnega-
tive elements wij . Denoted by qij = (qi, qj ) the edge
from node qi to node qj , where qij is also named
the incoming edge of node qj and node qi is called
a neighbor of node qj . For any i, j ∈ {1, 2, · · · , N},
wij > 0 if and only if qji ∈ E and wij = 0
otherwise. Ni = {qj ∈ Q : qji ∈ E} denotes

the neighbor set of node qi . The in-degree of node
qi is defined as degin(qi) = ∑N

j=1 wij . Denote by
D = diag{degin(qi), i = 1, 2, · · · , N} the degree
matrix of G. The Laplacian matrix of G is defined as
L = D − W . A directed path from node qi1 to node
qir is a sequence of ordered edges with the form of
(qik , qik+1)where qik ∈ Q (k = 1, 2, · · · , r−1). More
details on graph theory can be found in [33].

2.2 Problem Description

Consider a multi-agent system with N agents. The
interaction topology of the multi-agent system can be
described by a directed graph G with agent i being the
node qi in G. For i, j ∈ {1, 2, · · · , N}, the interac-
tion channel from agent i to agent j is denoted by the
edge qij , and the corresponding interaction strength is
denoted by wji .

Definition 1 An agent is called a leader if its corre-
sponding node in the directed graph does not have the
incoming edge. An agent is called a follower if its cor-
responding node in the directed graph has at least one
incoming edge.

Suppose that there are N − 1 followers and one
leader. Let F = {1, 2, · · · , N−1} be the follower sub-
script set. The dynamics of the follower i (i ∈ F) is
described by

{
ẋi (t) = vi(t),

v̇i(t) = αxxi(t) + αvvi(t) + ui(t),
(1–1)

where xi(t) ∈ R
n, vi(t) ∈ R

n and ui(t) ∈ R
n are

the position, velocity and control input vectors of fol-
lower i, respectively, and αx ∈ R and αv ∈ R are
known damping constants. The dynamics of leader N

is described by

{
ẋN (t) = vN(t),

v̇N (t) = αxxN(t) + αvvN(t),
(1–2)

where xN(t) ∈ R
n and vN(t) ∈ R

n are the position
and velocity vectors of the leader N . For simplicity
of presentation, let n = 1 if not otherwise specified.
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However, all the results hereafter are still valid for the
n-dimensional (n > 1) case by introduction of the
Kronecker product.

Remark 1 From Eq. 1, one sees that αx and αv

are the damping gains corresponding to the position
and velocity, respectively. The dynamics described by
Eq. 1 can be treated as a generalized second-order
model. In the case where αx = 0 and αv = 0, the
dynamics of each agent becomes the double-integrator
ones studied in [11, 17–19, 21, 22, 34].

The time-varying formation for the followers is
specified by hF (t) = [hT

1 (t), hT
2 (t), · · · , hT

M(t)]T ,
where hi(t) = [hix(t), hiv(t)]T (i ∈ F) is the
piecewise continuously differentiable formation vec-
tor for follower i. Let φk(t) = [xk(t), vk(t)]T (k =
1, 2, · · · , N).

Definition 2 Multi-agent system (1) with one leader
is said to achieve time-varying formation tracking if
for any given bounded initial states,

lim
t→∞ (φi(t) − hi(t) − φN(t)) = 0 (i ∈ F). (2)

Remark 2 The formation vector hF (t) is predefined
and each follower knows its formation information
hi(t) (i ∈ F). It is reasonable for the followers to
know the formation information hi(t) (i ∈ F) since
their control object is to realize the predefined forma-
tion specified by hi(t). For any follower i (i ∈ F),
the neighboring formation information hj (t) (j ∈ Ni)

can be transferred to it via the communication net-
work (refer to [21] and [22] for more details on the
implementation in practical application). It should be
pointed out that hi(t) (i ∈ F) is not the trajectory for
each follower to follow. From Definition 2, one sees
that hi(t) (i ∈ F) represents the relative offset vec-
tor of φi(t) with respect to φN(t) and is only used to
specify the desired time-varying formation.

Remark 3 When the formation tracking is achieved,
the state of the leader may lie inside or outside

the time-varying formation hF (t). In the case where
limt→∞

∑N−1
i=1 hi(t) = 0, it follows from Eq. 2

that limt→∞
(∑M

i=1 φi(t)
/
(N − 1) − φN(t)

)
= 0,

which means that φN(t) lies in the center of the
time-varying formation hF (t). Therefore, by choos-
ing limt→∞

∑N−1
i=1 hi(t) = 0. Definition 2 become

the definitions for target enclosing or target pursuing
problems with one target studied in [3] and [16]. It
should be pointed out that choosing hF (t) satisfying
limt→∞

∑M
i=1 hi(t) = 0 will not bring additional con-

servatism as for a given time-varying formation shape,
the time-varying vector hF (t) to characterize the for-
mation shape is not unique. Moreover, from Definition
2, one sees that in the case where hF (t) ≡ 0, the
formation tracking problem becomes the well-known
consensus tracking or leader-follower consensus prob-
lem. Therefore, target enclosing problem and con-
sensus tracking problem can be regarded as special
cases of the time-varying formation tracking problems
discussed in the current paper.

Consider the following distributed time-varying
formation tracking protocol

ui(t) = K
∑

j∈Ni,j �=N

wij (t)
(
(φi(t)−hi(t))−

(
φj (t)−hj (t)

))

+KwiN(t) ((φi(t) − hi(t)) − φN(t))

−αhi(t) + ḣiv(t), (3)

where i ∈ F , Ni represents the neighbor set of agent
i, α = [αx, αv] and K = [k11, k12] is a constant gain
matrix.

From Definition 1, one gets that the Laplacian
matrix L has the following form

L =
[

L1 L2

0 0

]

, (4)

where L1 ∈ R
(N−1)×(N−1) and L2 ∈ R

(N−1)×1.
Let φF (t) = [φT

1 (t), φT
2 (t), · · · , φT

N−1(t)]T , B1 =
[1, 0]T , and B2 = [0, 1]T . Under protocol (3), multi-
agent system (1) can be written in a compact form as
follows

⎧
⎨

⎩

φ̇F (t)=(
IN−1⊗

(
B1B

T
2 +B2α

)+L1⊗B2K
)
φF (t)+(L2⊗B2K) φN(t)+(

IN−1⊗B2B
T
2

)
ḣF (t)

−(L1 ⊗ B2K−IN−1 ⊗ B2α) hF (t),

φ̇N (t)=(
B1B

T
2 + B2α

)
φN(t).

(5)
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Remark 4 From protocol (3), one sees that only the
neighboring relative state and formation information is
required since (φi(t)−hi(t))− (φj (t)−hj (t)) can be
rewritten as (φi(t)−φj (t))− (hi(t)−hj (t)). Protocol
(3) is an extension to the traditional consensus track-
ing protocols (see, e.g., [29]) and can also be named
as the consensus based formation tracking protocol. In
the case where hF (t) ≡ 0, protocol (3) becomes the
consensus tracking protocol in [29]. The traditional
consensus tracking protocols cannot be applied to deal
with the time-varying formation tracking problems in
the current paper due to that all the states of the fol-
lowers in the former reach an agreement with the state
of the leader while all the states of the followers in the
latter should keep time-varying formation with respect
to the state of the leader. From Eq. 5, one sees that
both the formation information hF (t) and its deriva-
tive ḣF (t) have effects on φF (t), which means that the
analysis and design for time-varying formation con-
trol are much complicated than those for consensus
tracking control. In some practical applications, only
partial neighboring information is available. In such
cases, protocol (3) may not be applied directly and
one may construct an observer to estimate the required
information (see, e.g., [16] and [30]).

The current paper mainly focuses on the following
two problems for multi-agent system (1) under proto-
col (3): (i) under what conditions the time-varying for-
mation tracking can be achieved with one leader; and
(ii) how to design protocol (3) to achieve time-varying
formation tracking with one leader.

3 Time-Varying Formation Tracking Analysis
and Protocol Design

In this section, time-varying formation tracking analy-
sis and design problems for multi-agent system (5) with
one leader are studied. Necessary and sufficient con-
ditions for multi-agent system (5) with one leader to
achieve time-varying formation tracking are proposed.
An approach to design protocol (3) is presented.

Assumption 1 For each follower, there exists at least
one directed path from the leader to it.

If Assumption 1 holds, the following lemma can be
obtained.

Lemma 1 ([35]): If the directed interaction topology
G satisfies Assumption 1, then all the eigenvalues of
L1 have positive real parts; each entry of −L−1

1 L2

is nonnegative and each row of −L−1
1 L2 has a sum

equal to one.

Lemma 2 ([36]): The system ϕ̇(t) = Mϕ(t), where
M is a 2× 2 complex matrix with characteristic poly-
nomial f (s) = s2 + a1s + a2, is asymptotically stable
if and only if Re(a1) > 0 and Re(a1)Re(a1ā2) −
Im(a2)

2 > 0.

Theorem 1 Multi-agent system (1) with one leader
achieves time-varying formation tracking under proto-
col (3) if and only if for any i ∈ F , the formation track-
ing feasibility condition limt→∞(hiv(t) − ḣix(t)) = 0
is satisfied and
{

αv + Re(λi)k12 < 0,
(αv + Re(λi)k12) ψi + Im(λi)

2k211 < 0,
(6)

where

ψi = αvαx + Re(λi) (αvk11 + αxk12)

+
(
Re(λi)

2 + Im(λi)
2
)

k11k12.

Proof Let φ(t) = [φT
F , φT

N ]T . Multi-agent system (5)
can be rewritten as

φ̇(t) =
([

IN−1 ⊗ (B1B
T
2 + B2α) 0

0 B1B
T
2 +B2α

]

+ L ⊗ B2K)φ(t)

−
[
L1⊗ B2K + IN−1 ⊗ B2α

0

]

hF (t)

+
[
IN−1 ⊗ B2B

T
2

0

]

ḣF (t). (7)

Define θi(t) = φi(t) − hi(t) (i ∈ F), θF (t) =
[θT

1 (t), θT
2 (t), · · · , θT

N−1(t)]T and ξ(t) = [
θT
F , φT

N

]T
.

Then ξ(t) = φ(t) − [I, 0]T hF (t) and multi-agent
system (7) can be transformed into

ξ̇ (t) =
([

IN−1 ⊗ (
B1B

T
2 + B2α

)
0

0 B1B
T
2 +B2α

]

+L ⊗ B2K

)

ξ(t)

+
[

IN−1 ⊗ B1B
T
2

0

]

hF (t)

−
[

IN−1 ⊗ B1B
T
1

0

]

ḣF (t). (8)
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From Lemma 1, all the eigenvalues of L1 have posi-
tive real parts. Denote by λi (i ∈ F) the eigenvalue of
with 0 < Re(λ1) ≤ Re(λ2) ≤ · · · ≤ Re(λN−1). There
exists a nonsingular matrix UF ∈ R

(N−1)×(N−1) such
that U−1

F L1UF = JF with JF being the Jordan
canonical form of L1. Let

T =
[

UF 1N−1

0 1

]

.

Then one has

T −1 =
[

U−1
F −U−1

F 1N−1

0 1

]

.

From Lemma 1, one has −L−1
1 L2 = 1N−1; that is,

L11N−1 + L2 = 0. (9)

It follows from Eq. 9 that

T −1LT =
[

J 0
0 0

]

. (10)

Define ς(t) = (U−1
F ⊗ I2)θF (t) − (U−1

F 1N−1 ⊗
I2)φN(t) and ξ̄ (t) = [ςH (t), φH

N (t)]H . Then one gets
that
(
T −1 ⊗ I2

)
ξ(t) = ξ̄ (t), (11)

and system (8) can be converted into

ς̇ (t) =
(
IN−1⊗

(
B1B

T
2 +B2α

)
+JF ⊗B2K

)
ς(t)

+
(
U−1

F ⊗ B1B
T
2

)
hF (t)

−
(
U−1

F ⊗ B1B
T
1

)
ḣF (t), (12)

φ̇N (t)=
(
B1B

T
2 +B2α

)
φN(t). (13)

Let

ξf (t) = (T ⊗ I2) [0, φT
N ]T , (14)

ξf̄ (t) = (T ⊗ I2) [ςH (t), 0]H . (15)

Since
[
0, φT

N

]T = eN ⊗ φN(t), where eN ∈ R
N with

1 as its N th entry and 0 elsewhere, it follows from
Eq. 14 that

ξf (t) = T eN ⊗ φN(t) = 1N ⊗ φN(t). (16)

From Eqs. 11, 14 and 15, one has

ξ(t) = ξf (t) + ξf̄ (t). (17)

It holds from Eqs. 14 and 15 that ξf (t) and ξf̄ (t)

are linear independent as T ⊗ I2 is nonsingular. From
Eqs. 16 and 17, it can be obtained that

ξf̄ (t) = φ(t) −
[

I

0

]

hF (t) − 1N ⊗ φN(t), (18)

that is,

ξf̄ (t) =
[

φF (t) − hF (t) − 1N−1 ⊗ φN(t)

0

]

. (19)

It follows from Eq. 19 that multi-agent system (1) with
one leader achieves time-varying formation tracking
under protocol (3) if and only if

lim
t→∞ ξf̄ (t) = 0. (20)

Due to Eq. 15 and the fact that T ⊗ I2 is nonsingular,
it holds that Eq. 20 is equivalent to

lim
t→∞ ς(t) = 0, (21)

which means that ς(t) represents the time-varying for-
mation tracking error. From Eq. 12, the time-varying
formation tracking error ς(t) converge to zero if and
only if IN−1 ⊗ (B1B

T
2 + B2α) + JF ⊗ B2K is

Hurwitz and

lim
t→∞

(
(U−1

F ⊗ B1B
T
2 )hF (t) − (U−1

F ⊗ B1B
T
1 )ḣF (t)

)
= 0.

(22)

From the structure of J̄ , one gets that IN−1⊗(B1B
T
2 +

B2α) + JF ⊗ B2K is Hurwitz if and only if B1B
T
2 +

B2α + λiB2K is Hurwitz. It can be obtained that

B1B
T
2 +B2α+λiB2K =

[
0 1

αx + λik11 αv + λik12

]

.

(23)

The characteristic polynomial of Eq. 23 is

p(s) = s2 − (αv + λik12) s − (αx + λik11) , (24)

where s is a complex variable. Using Lemma 2, one
gets that IN−1⊗(B1B

T
2 +B2α)+JF ⊗B2K is Hurwitz

if and only if condition (6) holds. Because U−1
F ⊗I2 is

nonsingular, pre-multiplying the both sides of Eq. 22
by UF ⊗ I2 gives

lim
t→∞

(
(IN−1 ⊗ B1B

T
2 )hF (t) − (IN−1 ⊗ B1B

T
1 )ḣF (t)

)
= 0.

(25)
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that is, limt→∞(hiv(t) − ḣix(t)) = 0 (i ∈ F),
which means the formation tracking feasibility con-
dition is both necessary and sufficient. Therefore, the
conclusion of Theorem 1 can be obtained.

Remark 5 The formation tracking feasibility condi-
tion reveals that for multi-agent system (1) with one
leader under protocol (3), the derivative of the posi-
tion component of the desired formation vector should
be equal to the velocity component of the desired
formation vector eventually, which is determined by
the second-order dynamics of each agent. In the case
where limt→∞

∑N−1
i=1 hi(t) = 0, necessary and suf-

ficient conditions for linear systems to achieve tar-
get enclosing can be obtained from Theorem 1. In
[16], the dynamics of each agent is first-order and
the criteria are only sufficient. Moreover, in the case
where the time-varying formation hF (t) ≡ 0, Theo-
rem 1 presents necessary and sufficient conditions for
multi-agent system (1) under protocol (3) to achieve
consensus tracking with one leader.

Based on Theorem 1, an approach to determine
the gain matrix in the protocol (3) is proposed in the
following theorem.

Theorem 2 If the time-varying formation tracking
feasibility condition in Theorem 1 holds, multi-agent
system (1) achieves time-varying formation tracking
by protocol (3) with K = −δ[Re(λ1)]−1R−1BT

2 P ,
where δ > 0.5 is a given constant and P is the
positive solution to the following algebraic Riccati
equation

P(B1B
T
2 + B2α) +

(
B1B

T
2 + B2α

)T

P

−PB2R
−1BT

2 P + I = 0, (26)

where R = RT > 0 is any given constant matrix.

Proof Consider the stability of the following
subsystem

˙̄ςi(t) =
(
B1B

T
2 + B2α + λiB2K

)
ς̄i (t) (i ∈ F). (27)

Construct the following Lyapunov candidate function

Vi(t) = ¯ςH
i (t)P ς̄i(t).

Taking the derivative of Vi(t) along the trajectory of
subsystem (27) gives

V̇i(t) = ¯ςH
i (t)

(
P

(
B1B

T
2 + B2α

)

+
(
B1B

T
2 + B2α

)T

P

+λH
i (B2K)T P + λiPB2K

)
ς̄i (t). (28)

Substituting K = −δ[Re(λ1)]−1R−1BT
2 P and

P(B1B
T
2 + B2α) + (B1B

T
2 + B2α)T P = PB2R

−1

BT
2 P − I into Eq. 28 one has

V̇i (t) = − ¯ςH
i (t)ς̄i (t) + (1 − 2δ[Re(λ1)]−1Re(λi))

¯ςH
i (t)

×(PB2R
−1BT

2 P)ς̄i(t).

(29)

Due to that 1 − 2δ[Re(λ1)]−1Re(λi) < 0, it follows
from Eq. 29 that limt→∞ς̄i (t) = 0; which means that
B1B

T
2 + B2α + λiB2K (i ∈ F) is Hurwitz. Since the

time-varying formation tracking feasibility condition
in Theorem 1 is satisfied, it follows from the proof of
Theorem 1 that multi-agent system (1) achieves time-
varying formation tracking by the designed protocol
(3). The proof for Theorem 2 is completed.

Remark 6 From Theorem 2, one gets that the gain
matrix K of protocol (3) can be determined by solving
the algebraic Riccati equation (26), which is simple

Fig. 1 Directed interaction topology G
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(a) Position trajectories within t = 80s (b) Position snapshots at t = 80s

Fig. 2 Position trajectories and snapshots of the seven vehicles

and easy to implement. Due to that (B1B
T
2 , I ) is

stabilizable, the existence of K can be guaranteed.

4 Applications in Target Enclosing of Multiple
Vehilces

In this section, the obtained results are applied to deal
with the moving target enclosing problems of a group
of vehicles. The robustness of the proposed results under
the influence of the stochastic noises in the relative
state and relative desired formation is also shown.

Example 1 Suppose that there are seven vehicles,
where six of them are followers and one is the tar-
get (leader). The six followers are required to maintain
a time-varying circular formation while surround-
ing the moving target in the horizontal XY plane
(n = 2). The directed interaction topology among
the seven vehicles is shown in Fig. 1. For simplic-
ity, it is assumed that G is 0-1 weighted. Suppose
that the dynamics of each vehicle is described by
Eq. 1 with αx = −0.64, αv = 0, φk(t) =
[xkX(t), vkX(t), xkY (t), vkY (t)]T (k = 1, 2, · · · , 7)
and ui(t) = [uiX(t), uiY (t)]T (i ∈ F). The

(a) Velocity trajectories within t = 80s (b) Velocity snapshots at t = 80s

Fig. 3 Velocity trajectories and snapshots of the seven vehicles
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Fig. 4 Curve of the
formation tracking error in
the logarithmic scale

time-varying circular formation for the followers is
specified by

hi(t)=
⎡

⎢
⎣

r sin(ωt+(i−1)π/3)−r cos(ωt+(i−1)π/3)
rω sin(ωt+(i−1)π/3)+rω cos(ωt+(i−1)π/3)

2r sin(ωt + (i − 1)π/3)
2rω cos(ωt + (i − 1)π/3)

⎤

⎥
⎦(i ∈ F),

where r = 10 and ω = 0.5. From hF (t), one gets
that limt→∞

∑6
i=1 hi(t) = 0, which means that when

the desired formation tracking is achieved, the states

of the six followers will keep a time-varying circular
parallel hexagon around the target.

It can be verified that the formation tracking fea-
sibility condition in Theorem 1 is satisfied. Choose
δ = 0.6 and R = I . Using the approach in
Theorem 2, one gets the gain matrix K as K =
I2 ⊗ [−1.7264, −4.5655]. Choose the initial states
of the seven agents as φkj (t) = 10(
 − 0.5) (k =
1, 2, · · · , 7; j = 1, 2, 3, 4). Figures 2 and 3 show the
state trajectories and snapshots of the seven vehicles

(a) Position trajectories within t = 80s (b) Position snapshots at t = 80s

Fig. 5 Position trajectories and snapshots of the seven vehicles under the influence of the stochastic noises in the states and formation
vectors
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(a) Velocity trajectories within t = 80s (b) Velocity snapshots at t = 80s

Fig. 6 Velocity trajectories and snapshots of the seven vehicles under the influence of the stochastic noises in in the states and
formation vectors

within t = 80s, where the initial states are marked
by circles, and the final states of the followers and
the target are denoted by the star, point, x-mark,
square, diamond, triangle and pentagram, respectively.
Figure 4 shows the curve of the time-varying forma-
tion tracking error ς(t) in the logarithmic scale within
t = 80s. From Figs. 2, 3 and 4, one sees that (i) the
states of the six followers form a time-varying cir-
cular parallel hexagon, (ii) the state of the moving
target lies in the center of the hexagon, and (iii) the

moving direction of the leader is time-varying. There-
fore, the desired time-varying formation tracking with
one leader is achieved.

Example 2 To show the robustness of the proposed
results under the influence of the stochastic measure-
ment noises in the relative state and relative desired
formation, consider the time-varying formation track-
ing problem in Example 1. Note that the state of each
vehicle is φk(t) ∈ R

4×1 (k ∈ {1, 2, · · · , 7}) and the

Fig. 7 Curve of the
formation tracking error in
the logarithmic scale under
the influence of the
stochastic noises in the
states and formation vectors
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desired formation for each follower is hi(t) ∈ R
4×1

(i ∈ F). To demonstrate the influence of the stochas-
tic noises in the relative state and relative desired
formation to the formation tracking control, inject
the stochastic noise terms �

φk

noise(t) ∈ R
4×1 and

�
hi

noise(t) ∈ R
4×1 to the states of the seven vehi-

cles and the desired formation vector, respectively,
where each component of �

φk

noise(t) and �
hi

noise(t) is
randomly drawn from the standard uniform distribu-
tion on the open interval (−3, 3). All the parameters
are the same as those in Example 1. Figures 5 and 6
show the state trajectories and snapshots of the seven
vehicles within t = 80s under the influence of the
stochastic noises. Figure 7 shows the curve of the
time-varying formation tracking error ς(t) in the loga-
rithmic scale within t = 80s under the influence of the
stochastic noises. From Figs. 5, 6 and 7, one sees that
under the influence of the stochastic noises in the rel-
ative state and relative desired formation, the desired
time-varying formation tracking can still be realized
with bounded errors. Moreover, by further comparing
Figs. 2 and 3 with Figs. 5 and 6, respectively, one can
see that both the position and velocity trajectories in
Figs. 5 and 6 exhibit bounded stochastic drifts caused
by the noises, and the stochastic noises have a stronger
effects on the velocity trajectories than on the posi-
tion ones due to the differential relationship between
velocity and position. Therefore, the obtained results
can work in the presence of bounded stochastic noises.

5 Conclusions

Distributed time-varying formation tracking control
problems for second-order multi-agent systems with
one leader were studied, where the states of follow-
ers form a predefined time-varying formation while
tracking the state of the leader. A distributed formation
tracking protocol was constructed using only neigh-
boring relative information. Necessary and sufficient
conditions for second-order multi-agent systems with
one leader to achieve time-varying formation tracking
were presented. An approach to design the forma-
tion tracking protocol was proposed by solving an
algebraic Riccati equation. The obtained results can
be applied to deal with the target enclosing prob-
lems and consensus tracking problems for second-
order multi-agent systems with one target/leader.
Based on this result, it is of interest to further study

robust time-varying formation tracking control prob-
lems for multi-agent systems with stochastic dynam-
ics. Another meaningful future research topic is to
study time-varying formation tracking control prob-
lems using observer based protocols in which only
partial neighboring information is available. More-
over, time-varying formation tracking control prob-
lem, where the desired formation can be changed
online to adapt to the different external environments,
is also a practical and interesting topic for the future
study.
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