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Abstract In this paper, a path planning system is pro-
posed for optimal rendezvous of multiple underwater
gliders in three-dimensional (3D) space. Inspired by
the Dubins Paths consisting of straight lines and circu-
lar arcs, this paper presents the first attempt to extend
the 3D Dubins curve to accommodate the character-
istic glider motions include upwards and downwards
straight glides in a sawtooth pattern and gliding in a
vertical spiral. This modified 3D Dubins scheme is
combined with genetic algorithm (GA), together with
a rendezvous position selection scheme to find ren-
dezvous trajectories for multiple gliders with minimal
energy consumption over all participating vehicles.
The properties and capabilities of the proposed path
planning methodology are illustrated for several ren-
dezvous mission scenarios. First, a simple application
was performed for a single glider to rendezvous with
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a fix dock. Simulation results show the proposed plan-
ner is able to obtain more optimized trajectories when
compared with the typical Dubins trajectory with
nominal velocity. Additional representative simula-
tions were run to analyse the performance of this path
planner for multiple gliders rendezvous. The results
demonstrate that the proposed path planner identi-
fies the optimal rendezvous location and generates
the corresponding rendezvous trajectories for multiple
gliders that ensures they reach their destination with
optimized energy consumption.

Keywords Path planning · 3D Dubins path · Energy
consumption · Rendezvous planning · Multiple
underwater gliders

1 Introduction

Marine scientists have envisioned the use of auto-
nomous underwater vehicles (AUVs) for oceano-
graphic monitoring. However, long-range and long-
duration deployments are limited by the propul-
sion system of conventional AUVs. Buoyancy driven
underwater gliders, are highly efficient winged under-
water vehicles driven by modifying the net buoyancy
and internal shape. In a quintessential configuration,
a buoyancy bladder modulates the glider’s netbuoy-
ancy while a movable and rotatable mass actuator
modulates its center of gravity (CG) relative to the
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center of buoyancy (CB). Underwater gliders are char-
acterized with low energy consumption, low cost, and
long range, such as the commercially available glid-
ers Slocum [1, 2], Spray [3], and Seaglider [4]. For
decades, as novel and efficient underwater vehicles for
ocean exploring and prospecting, underwater gliders
have been widely applied to ocean research.

Multiple cooperative underwater gliders system
holds great promise for use in large scale oceano-
graphic surveys, mine counter-measurement missions
and other similar offshore tasks due to better resource
and task allocation [5]. Simultaneous use of multiple
vehicles, including complementary use of differently-
capable underwater gliders or combined operation of
surface vehicles and underwater gliders, can improve
performance, reduce mission time, provide broader
or more robust data, and increase the likelihood of
mission success. Rendezvous at a specified location
is one of the missions for multiple cooperative vehi-
cle systems [6]. The purpose of rendezvous could be
an initial step in formation creation, data exchange,
vehicle recharging, maintenance, or collection [7]. A
conceptually scenario could be, at the completion of
the mission, the glider surfaces and rendezvous with
the platforms such as marine vehicles and moorings
for recovery. The literature on this topic has been dom-
inated by single vehicle planning [8, 9], considerable
work has still to be done to develop advanced methods
for cooperative path planning for multiple gliders that
explicitly address the problem of rendezvous.

Path planning for rendezvous concept should be
optimized in order to satisfy the objectives of the
operation. One objective of the rendezvous idea is to
accelerate accessing of data collected by the under-
water gliders, it may be desirable to plan trajectories
for underwater glider such that it can complete ren-
dezvous as fast as possible [10, 11]. Recognizing the
energy limitations of underwater gliders, another main
objective is instead to perform each rendezvous using
the minimal possible energy [12, 13]. These energy-
optimal solutions reserve maximal energy for glider
fleet to exchange data after rendezvous. Other opti-
mization objectives may also be desirable. This work
addresses planning optimal trajectories that consumes
minimal amount of energy for multiple underwater
gliders to achieve the rendezvous destination.

A variety of approaches have been developed and
applied to the path planning problem for underwater
vehicle (for details, see Section 2). Although a large

number of methods have been proposed, there is still
considerable work to be done to develop advanced
methods for glider-oriented applications. Conven-
tional path planning approaches project the 3D envi-
ronment to two-dimensional (2D) space. However,
this 2D trajectory cannot embody complete 3D infor-
mation of the trajectory which is essential for ren-
dezvous purpose. Toward planning rendezvous trajec-
tories for underwater gliders, this work expands upon
the typical 2D Dubins Paths consisting of straight
lines and circular arcs, presents a novel 3D Dubins
curve which is able to accommodate the character-
istic glider motions include upwards and downwards
straight glides in a sawtooth pattern and gliding in a
vertical spiral.

Another main limitation of the state of the art
approaches for underwater glider path planning is that
they assume the final heading angle is deterministic
selected [14]. Indeed the destination position is fixed
in advance, which is necessary to evaluate the travel
cost of the vehicle. However, in many applications, the
final heading angle can be flexible. In such situations,
the choice of an appropriate final heading angle is a
critical issue. It should avoid the vehicle arrive at the
destination but making a big turn to match the final
heading angle.

In this study, the extended 3D Dubins curve is
developed and integrated into the GA-based path plan-
ner. The proposed path planner builds upon the steady
state solutions of motion and thorough energy con-
sumption analysis of the glider system. It is also
combined with a novel rendezvous position selection
scheme to find optimal trajectory along with iden-
tified motion configuration (velocity, turning radius,
and path angle), heading, and destination that ensures
the glider travels with minimal energy consumption.
Builds upon the 3D path planning solutions devel-
oped for a single glider rendezvous with a fix dock,
a complete and detailed description of rendezvous
path planning scheme for multiple underwater gliders
is presented in this paper. Moreove, the performance
analyses for the path planner as well as statistical
assessment of performance with various scenarios is
presented.

The rest of this paper is organized as follows. The
problem to be solved in this study is formulated in
Section 3, including the 3D Dubins path problem
for an underwater glider, the steady state solution
of dynamic equilibrium, and the energy consumption
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analysis in the glider system. Section 4 outlines the
system structure of the proposed GA-based path plan-
ner. The simulation studies of single and multiple glid-
ers under various scenarios are presented in Section 5.
The conclusions and future works are then discussed
in Section 6.

2 Related Work

In this section, it is introduced how our work is related
to the vast body of work on planning for robots
that is already present in the literature. Optimization
techniques for robots path planning is a well-studied
problem [15]. A variety of approaches have been
developed and applied to the path planning prob-
lem for underwater vehicles. These include Dijkstra’s
algorithm [16], A* algorithm [17], Field D* algorithm
[18], Fast Marching (FM) algorithm [19], Artificial
Potential Field [20], and rapidly exploring random tree
(RRT) [21]. A brief comparison of these path planning
techniques for underwater vehicles with discussion
of their assumptions and drawbacks is available in
[22]. Evolutionary algorithms are also applied for
generating the optimal trajectory. GA [23, 24] and
the particle swarm optimization (PSO) [25, 26] are
two well-known forms of evolutionary algorithms that
are generally recognized to be effective optimization
techniques for solving path planning problems. Their
computational cost grows linearly with the number of
vehicles and geometrically with spatial dimensions.
Also, GA has the advance performance over PSO
to escape from local minima. Recently, Zheng [22]
applied the imperialist competitive algorithm (ICA)
for path planning and showed that it has superior
performance compared to the standard PSO and GA
algorithms. However, ICA is sensitive to the tuning
of its parameters and research is still in progress to
reduce this sensitivity.

The shape and properties of the path have a direct
influence on the path planning system. In many early
applications, the path is defined as the sum of the
successive straight lines that connect these waypoints.
Due to physical constraints of underwater gliders
though, it is not possible for a vehicle to achieve a
smooth transition between two straight lines because
such a path generally has a discontinuous first deriva-
tive at the locations of the waypoints. Viewing the
glider motion from directly above, the minimum time

control problem is reminiscent of Dubins path [27,
28], a planar vehicle which drives forward at con-
stant speed and which may turn, in either direction,
at any rate up to some maximum value. Variations
of Dubins problem have enjoyed renewed attention
in recent years, in part because of increasing interest
in mobile robotics [29, 30]. Techy and Woolsey [31],
deal with the problem of finding a Dubins path for a
vehicle that moves in a constant drifted (can be wind
or current for aerial or marine vehicles, respectively).
The 3D Dubins path problem for an Unmanned Aerial
Vehicle (UAV) is an attractive study in recent years
[32–34]. Zhu et al. [35, 36] extended the Dubins prob-
lem to underwater space, multi-AUVs are formed into
group to search for a target. However, the Dubins
problem of an underwater glider is distinctive from
other vehicles due to its particular ways of motion.
Most of the existing work is done by Mahmoudian
et al. [37, 38]: the minimal time path is established
where only turn radius is considered, meanwhile the
horizontal and vertical components of velocity remain
constant. The minimal time path is compared with the
suboptimal path [39] in the horizontal plane based on
the approximate solution to steady turning.

3 Problem Definition

This research focus on the recovery of underwater
glider and efficient interception with other marine
platforms. Specifically, a path planner is proposed to
generate the trajectories for underwater gliders that
lead to the energy-efficient pick up by an unmanned
surface vehicle (USV), or intercept with platforms
such as AUVs/gliders (mobile) and moorings (station-
ary). Figure 1 depicts a conceptually simple scenario
where, at the completion of the mission, the glider
surfaces and rendezvous with the USV for recov-
ery. Gliders are commonly equipped with a GPS and
Iridium Satellite communication, after surfacing, the
glider transmits data regarding its profile, position and
status via satellite to the USV. The path planner on the
USV then determines the trajectories on-line based on
this information received from the glider. These tra-
jectories should allow the glider and USV to arrive
at their rendezvous point with minimum energy cost.
It is only after the glider receives the trajectory pro-
file from the USV that the glider can dive down and
accomplishes the rendezvous.
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Fig. 1 3D path planning
with combined sawtooth
and spiral motion

The path planner in this work aims to reduce the
energy consumption of the gliders in the rendezvous
process using a GA-based path planner described in
Section 4. In this section, we will begin with a descrip-
tion of the problem, which aims at minimizing the
energy consumption for multiple gliders to complete
the rendezvous mission with considering the char-
acteristic glider motions. Next, we briefly describe
the modified 3D Dubins curve we use to accommo-
date the combined sawtooth and spiral glider motions.
Finally, we introduce an approximate semi-analytical
solution to compute the steady state inputs of the spi-
ral motionbefore providing a calculation of the energy
consumption we use throughout our paper.

3.1 Problem Formulation

Define the minimum energy consumption path P ∗ =
[s0, ..., sf ] as the optimal path among all feasible

paths P , going from s0 to sf , where s0 is the initial
condition and sf is the final condition,

P ∗ = P ∈
min

P
|P |∑

i=1

energy(si) (1)

where si = (xi, yi)
T is a waypoint along the path

P = [s0, ..., sf ] and energy(si) is the value of energy
consumption at node si .

The measurement of energy consumption varies
with the mechanical actuators inside the vehicle sys-
tem,

energy(si) =
∑

j=1

er(uj ) (2)

where uj is the control input of the atuator, and er(uj )

is the rate of energy consumption of each actuator. For
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an underwater glider, the mechanical acturtors usu-
ally include the buoyancy engine, the linear actuator,
the rotational actuator, and the electronic system; the
details will be thoroughly analyzed in Section 3.4.

A reasonable way to determine the control inputs
is to solve the equations of motions, including both
sawtooth and spiral motion, at equilibrium state. The
motion configurations: turning radius (R), velocity
(V ), and gliding path angle (ξ ) are fundamentals to
describe a trajectory, the solution to this problem
(Eq. 3) will be introduced in Section 3.3.

(u1, ..., uj ) = equilibrium(R, V, ξ) (3)

Besides the motion configurations for a single
glider, more characteristics should be considered in
the situation of rendezvous problem for multiple
underwater gliders, such as the common final heading
and final destination.

3.2 Modified 3D Dubins for Combined Sawtooth
and Spiral Motion

As mentioned before, the 3D motion is distinguished
from an UAV or AUV due to the particular div-
ing mode. The poor maneuvering performance makes
underwater glider operate in a certain angle in the
motion, and the turning radius is limited to a specified
value. Besides, the operating depth is also restricted

Fig. 2 Example of 3D-Dubins path for an underwater glider
(RSL)

due to the tremendous pressure in the deep water
environment. Therefore, the 3D Dubins path of an
underwater glider is consisted of n full-depth diving
cycles (n � 0) and one final regulating period, as
shown in Fig. 2.

According to Boissonnat et al. [40], with given con-
figurations, the optimal Dubins path exists among six
types, which can be divided into two families. The
first family starts with a left (L) or right (R) turning,
follows by a straight segment (S), and ends up with a
left or right turning (denoted by LSR, LSL, RSL, and
RSR, respectively). In the other family, an arc of cir-
cle can be followed with opposite directions instead of
the straight segment (denoted by RLR and LRL) under
certain circumstances.

The existence of each situation is based on the ini-
tial conditions, varies from 4 to 6 types accordingly.
Establishing the earth-frame at the initial point A with
x-axis pointing to the initial heading, and define B =
(xf , yf ), ϕf are the destination and final heading; R

is the turning radius. The centers of the left/right turn
in Dubins motion are denoted by OAL, OAR , OBL,
and OBR . The existences of motion types is shown in
Table 1.

3.3 Steady State Solutions

Although the analytical relationship between glider
motion configurations and control inputs can be found
in the literature [41], we describe the development
of an approximate semi-analytical solution to com-
pute the steady state inputs of the glider motionsfor
completeness. Let mb denotes the ballast mass, rP 1

denotes the linear position of the movable mass, and
γ denotes the rotation angle of the movable mass. The
rest of the definitions of parameters and coefficients
appeared in this study are listed in Table 2.

Table 1 Situations of existing motion types

Motion types Existance condition

LSL, RSR (always exist)

LSR OALOBR > 2R

RSL OAROBL > 2R

LRL OALOBL < 4R

RLR OAROBR < 4R
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Table 2 Definitions of
variables appearing in
glider motion

Title Physical Significance

α, β Angle of attack and slide

D, L Drag and lift force components

MDL1, MDL2, MDL3 Pitching moment components

K Hydrodynamic coefficients

m Vehicle heaviness

mh Vehicle hull mass

m1, m2, m3 Added mass components

m̄ Internal moving mass

g Acceleration due to gravity

Mf 1, Mf 2, Mf 3 Added mass terms

J1, J2, J3 Added moment of inertia

�1, �2, �3 Roll/pitch/yaw rate

rP 1, rP 2, rP 3 Position of moving mass in body coordinates

ω3 Turning angular velocity

	, θ, ϕ Roll/pitch/yaw angle

p, q, r Angular velocities in roll/pitch/yaw

V1, V2, V3 Velocity components in body coordinates

The dynamic model of a glider modulated by a
moving mass in the sawtooth path has been estab-
lished and utilized. Graver and Leonard [42] provided
the thorough derivation process of the 3-degrees-of-
freedom (DOFs) model; Graver [43] provided the
steady state solutions of the sawtooth motion in the
vertical plane,

α = 1

2

KL

KD

tan ξ

×
(

−1 +
√
1 − 4

KD

K2
L

cot ξ(KD0 cot ξ + KL0)

)
(4)

mb = m − m̄ − mh + V 2

g

(
− sin ξ

(
KD0 + KDα2

)

+ cos ξ (KL0 + KLα)) (5)

rP1 = (m3 − m1) V1V3 + (KM0 + KMα)V 2

m̄g cos θ

−rP 3 tan θ (6)

where KL0, KL, KD0, KD , KM0, and KM are hydro-
dynamic coefficients.

However, the glider’s equations of spiral motion
are much more complicated because of the highly
nonlinear and coupled terms triggered by the addi-
tional rotating mechanism. An approximate analyti-
cal solution for steady spiraling motion was derived
by applying perturbation theory [37], where the first

order solution is compared with the actual value, but
the discrepancy between the approximate and actual
values is distinct at low speed. A recursive algorithm
based on the theoretical model has been used to com-
pute the desired control input to produce a circular
helix motion in [44], this algorithm uses the steady
state model which neglects the rotational speed of the
movable mass. Bhatta and Leonard [45] attempt to
find numerical solutions to these equations that govern
the spiral motion. In this study, an approximate semi-
analytical solution method is applied, the derivation
and verification process are sophisticated, this part of
work has been summarized and introduced in [46].

Quite a few reasonable assumptions must be made
to solve these equations:

Assumption 1 Neglect the coupled terms with minute
value V2, V3, p, q, and r . It is because these variables
are usually infinitesimal values at equilibrium, and can
be neglected when coupled together.

Assumption 2 V1 = V , cosα = 1, sinα = V3/V1,
cosβ = 1, sinβ = V2/V1. Because V2 and V3 are
always infinitesimal values compare to V1.

Assumption 3 sinα = α, sinβ = β. The first term
of Taylor expansion is taken which has high degree of
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approximation in this situation because both α and β

are usually small values.
Therefore, the dynamic parameters appeared in the

equations of spiral motion can be represented in the
form of V3:

θ(V3) = ξ + V3/V1 (7)

mb(V3) = m − m̄ − mh + −KD0V1
2 − KDV3

2 + KL0V1V3 + KLV3
2

g sin θ
(8)

φ(V3) = −ε1 arctan[
fφ2

2fφ3 − fφ1

√
fφ2

2
(
fφ1

2 + fφ2
2 − fφ3

2
)

fφ1fφ2fφ3 + fφ2

√
fφ2

2
(
fφ1

2 + fφ2
2 − fφ3

2
) ] (9)

p(V3) = −ω3 cos θ tan θ (10)

q(V3) = ω3 sinφ cos θ (11)

r(V3) = ω3 cosφ cos θ (12)

V2(V3) = rV1(mh + m̄ + Mf 1) − mbg cos θ sinφ

ε2(Kβ − KD0)V1
(13)

γ (V3) = arccos
−fγ 1fγ 4 − sinφfγ 3fγ 4 +

√(
fγ 2 + cosφfγ 3

)2 (
fγ − f 2

γ 4

)

fγ

(14)

rP 1(V3) = MDL2 cosβ + MDL1 sinβ + V1V3(Mf 3 − Mf 1) − gm̄ cos γ sin θRmr

qV1m̄ + gm̄ cos θ cosφ
(15)

where ε1, ε2 are constant correction coefficients, ω3 =
V cos ξ/R , and

fφ1 = −KL0V1
2 − KLV1V3 − KD0V1V3

fφ2 = m̄g cos θ

fφ3 = ω3 cos θV1(mh + m̄ + Mf 1)

fγ = f 2
γ 1 + f 2

γ 2 + 2 sinφfγ 1fγ 3

+2 cosφfγ 2fγ 3 + f 2
γ 3

fγ 1 = rV1m̄Rmr

fγ 2 = −qV1m̄Rmr

fγ 3 = −g cos θm̄Rmr

fγ 4 = KMRV1V2 + KppV1
2 − KM0V1V2

where Kβ , KMR , and Kp, are hydrodynamic coeffi-
cients.

Finally, all of the dynamic parameters have been
presented in the form of V3. Substituting (7)–(15) back
into the equations of spiral motion, the numerical solu-
tion of V3 can be obtained. Substituting the value of V3

back into Eqs. 7–15, every component in the equations
of motion can be solved.

3.4 Energy Consumption Analysis

One significant characteristic and requirement of a
glider’s mission is to make the longest voyage with the
minimal energy consumption. For a buoyancy driven
glider with a pair of fixed wing and tail, whose atti-
tude is modulated by an internal movable and rotatable
mass, the energy can be generally divided into two
parts: the energy used to actuate the mechanisms; and
to the maintain the operation of the electronic system.
In this part, the thorough energy consumption analysis
of each subsystem is presented.

Typically, there are three mechanisms located
inside an underwater glider: the buoyancy engine, the
linear actuator, and the rotational actuator; the energy
consumptions are denoted by Eb, El , and Er , respec-
tively. The energy consumption of the buoyancy
engine Eb is correlated to the change of displacement
and maximum operating depth Dmax , is represented
by:

Eb = 2mb

ηbρ
(nρgDmax + ρgDm + nP0) (16)
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where ηb is a constant value describing the total effi-
ciency of the buoyancy engine; ρ is the density of
ambient water; P0 is the standard atmospheric pres-
sure; n is the times of full-depth operation cycle, and
Dm is the operating depth in the last cycle, which are
denoted by:

n = In(

3∑
i=1

Si tan ξi

2Dmax
) (17)

Dm = Re(

3∑
i=1

Si tan ξi

2Dmax
) · Dmax (18)

here, In(·) and Re(·) represents the value of integral
part and remainder, respectively. Si is the i-th length of
projection of the 3D trajectory in the horizontal plane,
ξi is the gliding path angle in i-th stage.

The energy consumption of the linear actuator El is
related to the acceleration of the movable mass:

El = m̄

ηl

∫ rP1e

rP1s

|r̈x |drx (19)

where rP 1s and rP 1e are the starting and end position
of the moving mass, respectively. For conventional
open-loop control, rx can be represented by a function
of time,

rx = rP 1(1 − e−alrP1t ) (20)

where al is a constant value. Substitution (20) into
Eq. 19, the energy consumption of the linear actuator
is obtained:

El = 2n + 1

ηl

m̄al
2r4P 1 (21)

Likewise, the expression of γ in the rotational
actuator is

γ = −(γ1 − γ0)e
−ar (γ1−γ0)t + γ1 (22)

where γ0 and γ1 are the initial and final angle of rota-
tion, respectively. Therefore the energy consumption
of the rotational actuator is obtained:

Er = 1

2ηr

a2r (γ1 − γ0)
4 (23)

where ar is a constant value.
Distinguish from the energy consumption in the

actuating of each mechanism, the maintenances of the

electronic system will cost energy at a certain rate Es ,
which can be represented by

Es =
∫ tf

t0

asdt =
3∑

i=1

asSi sec ξi

V
(24)

where as is a constant value, t0, and tf are the initial
and final time of motion, respectively.

Finally, the total energy consumption is the collec-
tivity of the above subsystems:

E = Eb + El + Es +
∑

Er (25)

4 GA-based Path Planner

To obtain the optimal solution for the problem formu-
lated in Section 3, an efficient optimization method
should be applied. The optimal solution is concealed
among the six feasible trajectories, and the total
energy consumption function is highly nonlinear and
coupled. Therefore, conventional linear optimization
method has lost its favorable position in this situation.
In this study, a multi-objective optimization based on
GA is proposed in this section.

4.1 Integration of GA for 3D Dubins Path

The definition of parameters are listed in Table 3,
and the pseudo code of the searching strategy for
3D Dubins path is illustrated in Table 4. The genetic
algorithm, which is an iterative process, starts from a
population of randomly generated candidate individu-
als. Each individual is represented in binary strings of

Table 3 Parameters appeared in the searching strategy

Parameters Explanations

A, B starting point and final destination

ϕA, ϕB initial heading and final heading

Dmax maximum operating depth

Z Initial condition space Z = (A, B, ϕA, ϕB, Dmax)

R boundarys of solution space

Sp initial size of population

ln, cn length and number of chromosome

Pc, Pm the probability of crossover and mutant

ni iteration times

nr repetitive computation times
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Table 4 Pseudo-code of
the searching strategy Pseudo-code Explanations

for (i = 1:nr ) repeat the calculation process

pop = round (rand (Sp, ln · cn)); generate the initial binary population

for (j = 1:ni ) one calculation process

Sol= decode((Sp,R); mapping into the solution space

Inp= solve (Sol); solve the steady state equations

E6 = consp(Sol, Inp, Z); energy of all the existing situation

E = optimal(energy6) choose the optimal energy and motion type

fitness = fit(E) calculating the fitness of each individual

pop = selection(pop, fitness); select the best solutions into next generation

pop = crossover(pop, Pc); generate child individuals from mother ones

pop = mutation(pop, Pm); alters one or more gene values

end

end

0s and 1s in the code space, which maps to the solu-
tion space. The components in the solution space are
depend on the optimization situation, take one glider
for example, the solution space is consisted of R, V ,
and ξ .

The analytical and approximate steady state solu-
tions will be applied to obtain the control inputs, there-
fore, the energy consumption of each existing motion
types can be calculated according to Section 3.4. The
one with minimal energy consumption will be chosen
as a candidate solution, which has a set of properties
(its chromosomes or genotype) that can be mutated
and altered.

The fitness of each individual in the population
is evaluated through a measurement criteria of the
objective function, an individual will possess a larger
fitness value if the energy consumption is smaller. The
fitter individuals are stochastically selected from the
current population, and each individual’s genome is
modified (crossed and possibly randomly mutated) to
form a new generation, which is prepared to use in
the next iteration of the algorithm. The fitness pro-
portionate selection (Roulette wheel selection) [47]
method is applied to rate the fitness of each solution
and preferentially select the best solutions:

pi = fi

pop∑
j=1

fj

(26)

where pi is the probability of the individual of being
selected, and fi is the fitness of i-th individual in the
population, which is determined by the energy con-
sumption of each individual and the entire generation:

fj = f ∈
j
F

pop∑

i=1

evaluate(Ei) (27)

where Ei is the energy consumption of i-th individual,
evaluate(Ei) is an evaluating process to every indi-
vidual in the generation aims to establish the fitness
function, and F is the fitness space.

The new individuals after the selection operator
must be regenerated by crossover and mutation to
maintain genetic diversity for the purpose of global
searching in the solution space. Crossover is the
exchange of genetic material between homologous
chromosomes; while in mutation, any single gene has
a certain probability to alter from its initial value (0 to
1, or 1 to 0).

In this way, newborn individuals are generated by
a parent generation through the selection, crossover,
and mutation process. The newborn generation will
in turn become the parent generation in next itera-
tion, this generational process will be repeated until
a termination condition is reached. Considering the
randomness of GA, the convergence of the solution
should be verified through repetitive computation.
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4.2 Rendezvous Planning with Optimized Final
Heading

The proposed path planner of an underwater glider can
be modified and applied to more complicated situa-
tions. For instance, a glider starts from a given initial
point with an initial heading, the destination point is
also specified while the final heading is flexible. On
top of the GA optimization scheme integrated with
3D Dubins curve, the path planner will also involve
one extra optimization module to optimize the final
heading angle for the underwater glider. It is designed
that the final heading angle can be flexible in a given
range. In such situations, the choice of an appropriate
final heading will be optimized based on the objective
function.

4.3 Rendezvous Planning of Multiple Gliders

Versatile path planning system is of crucial impor-
tance to success and efficient rendezvous. This sys-
tem need to capable of incorporating different factors
influencing a given mission, like vehicles’ dynamic
constraints and initial conditions. The generic path
planner can be extended to account for the case of path
planning involving multiple underwater gliders. Each
vehicle generates its trajectory as described above, but
these trajectories will be optimized as an entire fleet
based on the global objective. Various situations can
be discussed in formation optimization: consider mul-
tiple underwater gliders start from given initial points
with given initial headings and move to a given ren-
dezvous point with an undetermined final heading; or
the coordinate of rendezvous point is to be optimized
with minimal energy consumption.

5 Case Study

In this section, we evaluate the performance and illus-
trate the capabilities of our methodology by applica-
tions to glider missions in simulating environments.
Realistic glider rendezvous scenarios are discussed,
including the docking of single glider and the ren-
dezvous of multiple gliders.

Case 1 Path Planning for Docking of a Glider with
FixedFinalHeading.This is themost common scenario

where the glider is instructed to rendezvous with a
stationary USV.

Case 2 Path Planning for Docking of a Glider with
Optimized Final Heading. This considers the scenario
where the glider is instructed to rendezvous with a
intelligent dock with flexible final heading.

Case 3 Path Planning for Docking of a Glider in
Short Range. This scenario aims to compare with Case
1, and indicate the difference in the optimal results
caused by the discrepancy of planning range.

Then the generic GA-based path planner is
extended to account for the case of planning trajec-
tories for rendezvous of multiple underwater gliders.
For simplicity, situations with two gliders are illus-
trated to demonstrate the capability of the proposed
methodology.

Case 4 Path Planning for Rendezvous of Two Glid-
ers with Optimized Final Heading. Two gliders are
planned to move to the rendezvous point with flexible
final heading, picked up by an USV or intercept with
stationary platforms.

Case 5 Path Planning for Rendezvous of Two Glid-
ers with Optimized Destination Position. This scheme
is characterized by allowing the rendezvous posi-
tion flexible to be optimized based on the objective
function.

5.1 Parameter Setting

The model used in the simulation process is the Sea-
wing [44] underwater glider, whose mechanical prop-
erties are: mh = 54.28/kg, m̄ = 11/kg, Rm =
0.014/m, Irb1 = 0.6/(kg · m2), Irb2 = 15.27/(kg ·
m2), Irb3 = 15.32/(kg · m2); and the hydrodynamic
coefficients are listed in Table 5.

The coefficients appeared in Section 3.4 are: ηb =
0.7, ηl = 0.85, ηr = 0.85, al = 0.1, ar = 1, as = 1.5.
In the optimizing process, ni = 10, nr = 100, Pc =
0.7, Pm = 0.05, and the fitness function is

fi =
{

(1 − Ei/Emin)
2E2

min (Ei − Emin < 1000)
0 (Ei − Emin � 1000)

(28)
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Table 5 Hydrodynamic
coefficients of the Seawing
glider

List of symbol Value

Added mass terms MA diag[1.48, 49.58, 65.92]

Added inertia terms IA diag[0.53, 7.88, 10.18]

Added coupling terms CA: 2.57, 3.61

Coefficients of drag force: KD0, KD 7.19, 386.29

Coefficients of lift force: KL0, KL -0.36, 440.99

Coefficients of slide force: Kβ -115.65

Coefficients of MDL1: KMR, Kp -58.27, -19.83

Coefficients of MDL2: KM0, KM, Kq 0.28, -65.84, -205.64

Coefficients of MDL3: KMY , Kr 34.10, -389.30

where Ei is the energy consumption of i-th individual
and Emin is the minimal value among them.

The optimized results are compared with the cor-
responding ones proposed in [38], where the vehicle
travels at a nominal speed of V = 0.4/(m · s−1).
According to [44], the optimal angle of attack is
approximately α = ±7◦, which leading to an optimal
gliding path angle of ξ = ±13.6◦ by applying (5).

The boundary of turning radius is obtained with
nominal travelling speed and gliding path angle, the
relationship between the battery rotation angle γ and
R is shown in [44]. The boundary chosen in this study
is R ∈ [50, 500]/m, and the boundaries of velocity
and diving path angle are V ∈ [0.2, 0.8]/(m · s−1)

and |ξ | ∈ [0.2, 1]/rad , respectively. The maximum
operating depth is Dmax = 100/m.

5.2 Path Planning for a Single Glider

5.2.1 Case 1: Path Planning for Docking of a Glider
with Fixed Final Heading

Problem Setup An underwater glider is moving from
the initial position denoted by A = (0, 0), and the

initial heading is ϕA = 0◦. An USV is used to pick
up the vehicle, which located at B1 = (500, 700)
with heading ϕB1 = 270◦. The GA-based path plan-
ner is applied to generate the trajectory with mini-
mal energy consumption in the motion process. In
this case, the initial size of population is Sp =
[10, 20, 50, 100, 200].

Figure 3 presents the monitoring of energy con-
sumption and standard deviation of best individual in
each iteration. The initial population of Sp = 10 and
Sp = 20 is not converged within 10 iterations, which
implies that the iteration time should be increased to
guarantee the convergence. The curves with Sp = 50
and Sp = 100 perform well and the energy consump-
tion converges fast and the standard deviation can be
barely observed when Sp = 200. Therefore, larger
initial populations will definitely have faster converge
speed while the calculation amount increase rapidly at
the same time.

Figure 4 presents the Dubins trajectory produced by
GA path planner comparing to trajectory with nomi-
nal velocity and gliding path angle in Case 1. In the
control group[38], the vehicle is travelling at a nomi-
nal velocity of Vc = 0.4/(m ·s−1) and the gliding path

Fig. 3 Comparison of
results produced by the GA
path planner for a single
glider (Case 1) with various
population sizes

(a) (b)
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Fig. 4 Dubins trajectory produced by GA path planner versus
trajectory with nominal velocity and gliding path angle (Case 1)

angle is ξc = ±13.6◦, the optimal turning radius is at
the minimal value: Rc = 50/m. Under this circum-
stance, the energy consumption of the motion process
is Ec = 7093/J . In this study, the GA path plan-
ner is applied to optimize R, V , and ξ simultaneously.
The optimal trajectory manners in LSR motion with
one full-depth dive and a final regulating period. The
results are Ro = 50/m, Vo = 0.3824/(m · s−1), and
ξo = ±20.91◦. The time duration of the process seems
to be prolonged, which leads to the increasement of
Es ; on the other hand, the energy consumptions in
actuating mechanisms (El, Er , and Eb) are reduced.
As a consequence, the total energy consumption is
reduced to Eo = 6050/J .

The effect of changing in velocity and gliding path
angle on the total energy consumption when turning
is specified has been studied, and the coupling rela-
tionship is presented in Fig. 5. The minimal energy
consumptionE = 6050/J is located at V = 0.38/(m·
s−1) and ξ = ±20.9◦, which is consist with the
optimal results obtained through the GA path plan-
ner. Much more energy consumption would be cost
if the glider is in large velocity with small gliding
path angle, which is a relatively bad situation in glider
motion.

5.2.2 Case 2: Path Planning for Docking of a Glider
with Optimized Final Heading

Problem Setup Case 2 considers a more complicate
scenario where the glider is instructed to rendezvous

Fig. 5 Energy consumption vs. velocity and gliding path angle
for R = 50/m in Case 1

with an intelligent dock. While the position of the
dock is deterministic, its heading angle is flexible to
be optimized. Let A = (0, 0), ϕA = 0◦, B2 =
(500, 700)/m, and ϕB2 is flexible; comparing with
Case 1, the solution space is extended to R =
(R, V, ξ, ϕB2).

The simulation results of average energy consump-
tion and standard deviation is presented in Fig. 6,
initial size of population is Sp = [100, 200, 400]. The
number of chromosome in each individual increases
when compared to Case 1, therefore, the initial size
of population must be enlarged for the maintaining of
convergence.

The simulation results converge to Ro = 50/m,
Vo = 0.3839/(m · s−1), ξo = ±20.91◦, ϕB2o =
55.54◦, the trajectory starts with a left turn then moves
straight to the destination as shown in Fig. 7. The
optimal trajectory consists of a full-depth dive and a
regulating period, while the corresponding path com-
pletes within one single period. However, the total
energy consumption obtained through GA path plan-
ner is Eo = 5475/J , less than the energy cost in
the nominal velocity path (Ec = 6326/J ). The final
turning stage can be barely observed in the figure,
which suggests that the optimal trajectory in this sce-
nario is a combination of beginning spiral motion and
a sawtooth motion directly to the destination. Mean-
while, the translational velocity and gliding path angle
are still motion configurations need to be optimized.
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Fig. 6 Comparison of
results produced by the GA
path planner for a single
glider (Case 2) with various
population sizes

(a) (b)

5.2.3 Case 3: Path Planning for Docking of a Glider
in Short Range

Problem Setup In both Case 1 and Case 2, the optimal
turning radiuses are converged to Ro = 50/m, which
is the minimal value within the boundary, and con-
sisted with the optimal results in planar Dubins prob-
lem. However, this consistency is not always readily
available for 3D Dubins path of an underwater glider.
Assume a glider starts from initial condition same as
in Case 1, and the docking USV is located at B3 =
(70, 60)/m, which is a shorter distance compared to
B1, the final heading is ϕB3 = 60◦.

The optimization results converges to Ro =
61.6/m, Vo = 0.3172/(m · s−1), ξo = ±25.89◦,
as shown in Fig. 8. The optimal trajectory proposed
in this study costs additional time duration and trav-
els longer than the corresponding one, but the energy

Fig. 7 Dubins trajectory produced by GA path planner versus
trajectory with nominal velocity and gliding path angle (Case 2)

consumption indeed reduced from Ec = 1189/J to
Eo = 811.5/J , as shown in Fig. 9.

An interseting phenomenon is that the optimized
turn radius does not converge to the minimal value as
in the corresponding one. That is because the energy
consumption in the rotation actuator Er might be
more significant than the buoyancy engine Eb and
the electronic system Es in short distance travelling
situation.

5.3 Path Planning for Multiple Gliders

In the second set of simulations, another two case
scenarios were designed to analyse the performance
of this path planner for multiple gliders rendezvous.
These case studies represent the scenario that two

Fig. 8 Dubins trajectory produced by GA path planner (Ro =
61.6/m, Vo = 0.3172/(m · s−1), ξo = ±25.89◦) versus tra-
jectory with nominal velocity and gliding path angle(Rc =
50/m, Vc = 0.4/(m · s−1), ξc = ±13.6◦) for a single glider
(Case 3)
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Fig. 9 Comparison of
results produced by the GA
path planner for a single
glider (Case 3) with various
population sizes of
Sp = [10, 20, 50, 100, 200]

(a) (b)

glider surfaces at the completion of the mission and
would like to rendezvous with the USV for recovery.
After surfacing, the glider transmits its location via
satellite to the USV. The path planner system on the
USV then identifies the optimal rendezvous point and
calculates the trajectories that allow the two gliders to
arrive at the rendezvous point with minimum amount
of energy consumption as possible. In these two cases,
path planner performance with both optimized final
heading and optimized destination position, respec-
tively, is studied.

5.3.1 Case 4: Path Planning for Rendezvous of Two
Gliders with Optimized Final Heading

Problem Setup Assume that two gliders move from
separate initial points A1 = (0, 0) and A2 =
(150, 170), the initial headings are ϕA1 = 0◦ and
ϕA2 = 120◦; the USV is stationary at B = (100, 85).
The path planning strategy is to generate the trajec-
tories of gliders respectively, and to rendezvous at
same destination with optimized heading. Therefore,
the solution space is R = (R1, V1, ξ1, R2, V2, ξ2, ϕB).

Figure 10 presents the monitoring of energy con-
sumption and standard deviation for two gliders in the
simulation process, the size of population is enlarged
to Sp = 800 due to the dimension of the solution
space. The total energy consumption of the two glid-
ers converges toEtot = 1833.2/J . The optimal results
are Ro1 = 50.37/m, Vo1 = 0.3311/(m · s−1), ξo1 =
±26.55◦, Ro2 = 55.54/m, Vo2 = 0.3428/(m ·
s−1), ξo2 = ±25.34◦ and ϕBo = 32.52◦, the trajec-
tories are shown in Fig. 11. The path of A1 performs
in a LSR motion, and the turning radius is converged
to the minimal value; while the path of A2 is in LSL
motion, and the turning radius is Ro2 = 55.54/m. In
addition, the path of A1 is shorter than the path forA2

due to the transient turning stage; while a large radian
is necessary in the path for A2 because point B locates
in the second quadrant relative to A2.

5.3.2 Case 5: Path Planning for Rendezvous of Two
Gliders with Optimized Destination Position

Problem Setup Another application of the proposed
strategy for multiple gliders is the optimization of

Fig. 10 Comparison of
results produced by the GA
path planner for two gliders
(Case 4) with various
population sizes of
Sp = [100, 200, 400, 800]

(a) (b)
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Fig. 11 Dubins trajectory produced by GA path planner for two
gliders glider (Case 4) (Ro1 = 50.37/m, Vo1 = 0.3311/(m ·
s−1), ξo1 = ±26.55◦, Ro2 = 55.54/m, Vo2 = 0.3428/(m ·
s−1), ξo2 = ±25.34◦ and ϕBo = 32.52◦)

the rendezvous position, which is a common sce-
nario happens in the realistic situation. In this case
study, the two gliders surfaces at A1 = (0, 0) and
A3 = (−500, 500), with initial heading of ϕA1 = 0◦
and ϕA3 = 225◦, respectively, and the nominal final
heading is ϕB = 90◦.

Figure 12 presents the monitoring of energy con-
sumption and standard deviation in the simulation
process, the results didn’t converge until the size of
population is enlarged to Sp = 1600, because the
additional coordinates of destination to be optimized
lead to the expansion of solution space. The optimal
results converge to Ro1 = 50/m, Vo1 = 0.5480/(m ·
s−1), ξo1 = ±29.06◦, Ro3 = 50/m, Vo3 =

Fig. 13 Dubins trajectory produced by GA path planner for
two gliders glider (Case 5) (Ro1 = 50/m, Vo1 = 0.5480/(m ·
s−1), ξo1 = ±29.06◦, Ro3 = 50/m, Vo3 = 0.4254/(m ·
s−1), ξo3 = ±18.09◦, Bx = −410.6/m, and By = 451.6/m)

0.4254/(m · s−1), ξo3 = ±18.09◦, Bx = −410.6/m,
and By = 451.6/m. The two gliders move in LSR
and LSL motion respectively, as shown in Fig. 13. The
path of glider starts from A1 travels longer than the
one starts from A3, so that the maximum operating
depth is reached in Path 1.

In general, though only cases with two gliders have
been considered in this study, the proposed strategy is
able to solve the rendezvous problem for multiple glid-
ers. The path planning process for more gliders can be
considered as an amplification in calculation amount.
However, the boundaries of the solution space can
be narrowed through the simulation results of single
glider cases, redundant calculations should be avoid in
the optimization process.

Fig. 12 Comparison of
results produced by the GA
path planner for two gliders
(Case 5) with various
population sizes of
Sp = [200, 400, 800, 1600]

(a) (b)
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6 Conclusion and Future Work

This paper presents a novel path planning system
that incorporates a modified 3D Dubins curve with
GA to generate optimal trajectories for underwater
gliders. Simulation tests have been performed to gen-
erate an optimal trajectory with minimum energy
consumption for rendezvous of single and multiple
underwater gliders in 3D environment. Based on the
results of these tests, the GA-Dubins scheme is shown
to be capable of is shown to be capable of finding
a more optimized trajectory with less energy con-
sumption compared to the nominal velocity Dubins
path. The numerical case studies also suggest that the
turning radius should be maintained at the minimal
value when the distance is long; while the start and
end point is within a short region, the radius might
increases. This path planner is also integrated with
an final heading angle selection scheme and an des-
tination position selection scheme, respectively. The
effectiveness and performance of this novel path plan-
ner is compared to the one with deterministic final
heading and destination position. Experimental results
demonstrate that path planner with optimal final head-
ing and destination position obtains better solution
that improves the performance of energy consump-
tion for underwater gliders to complete the rendezvous
mission.

The next stage in this work is to run the proposed
techniques on a real glider operating in the ocean, and
command it to follow the trajectory found by the path
planner. The effective of the proposed techniques can
be evaluated this way, as well as the accuracy of the
glider motion model. One main limitation of the work
completed so far is that no environmental noises have
been considered, thus, the dynamics are simply evolv-
ing under a sequence of open-loop control instead of
feedback control. A more sophisticated path planner,
which incorporates the proposed method and feedback
controller, is a valuable work in the future. Another
extension of this work is to develop an on-line plan-
ning scheme [48–50] that can be incorporated into a
glider’s guidance system to allow it to regenerate the
trajectory during the course of the mission.
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