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Abstract In this paper, we consider the control prob-
lem of tracking a 3D spatial trajectory for a fully actu-
ated helicopter in static known environment, which
is predefined to avoid obstacles and collisions con-
sidering the distance, fuel consumption and other
related constraints. For this purpose, a nonlinear con-
troller using the radial basis function neural network
(RBFNN) is designed. Based on Lyapunov analysis,
the proposed adaptive neural network control succeeds
in tracking the desired trajectory robustly to a small
neighborhood of zero, and guarantees the bounded-
ness of all the closed-loop signals at the same time.
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1 Introduction

Aerial Vehicles (AVs) have been used more and more
widely in surveillance, search and rescue mission,
aerial mapping, cartography, border patrol, inspection,
agricultural imaging, and other related areas [1-3].
During these flight missions, the AVs usually fly in
low altitudes, which makes them be subject to col-
lision with static obstacles (such as buildings, trees,
mountains, etc.) as well as dynamic obstacles (such
as other AVs, etc.) in their flight zone [1]. To avoid
the potential collisions, static trajectories or real-time
motion plans must be executed for the AVs in static
environments or dynamic environments, respectively.
After that, the AVs can be controlled to follow the
desired trajectories or motion plans to avoid the poten-
tial collisions and achieve its goals [4].

This paper is concerned with the control prob-
lem of tracking a predefined 3D spatial trajectory in
known static environment for a fully actuated heli-
copter, which means enabling the helicopter to move
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from its current location to a new desired location
avoiding collisions with fixed obstacles. This control
problem is challenging due to highly nonlinear and
strongly coupled dynamics of the helicopter, such that
disturbances along a single degree of freedom (DOF)
can easily propagate to the other DOF and lead to loss
of performance or even destabilization [5].

During the past few decades, flight control has
attracted an ever increasing interest to guarantee the
stability of helicopter systems. A large number of con-
trol techniques have been proposed in the literature
for the flight control of helicopters, including sliding
mode control [6], Hy control [7-10], backstepping
control [11, 12], neural network control [13-15], and
so on. In all of these flight control methods, model-
based control, such as Hy, control etc., is susceptible
to uncertainties and disturbances. The authors pro-
posed a robust attitude control of helicopters with
actuator dynamics using neural networks to handle
the model uncertainty and the external disturbance
[15]. The authors developed an approximation-based
techniques using neural networks (NN) to track the
altitude and yaw angle for a scale model helicopter
mounted on an experimental platform in the presence
of model uncertainties [5]. Both of these controllers
were designed to track the states of the helicopter with
limited flight zone. The authors proposed a robust full
degree of freedom tracking control to follow the verti-
cal, lateral, longitudinal and yaw attitude motion of a
helicopter along the desired arbitrary trajectories [16].
However, they have simplified the vector of forces
applied to the helicopter.

The neural network and adaptive control is
designed to track the planned trajectory that is very
common in many areas. For example, robotic sys-
tem, marine system and other nonlinear system [17—
30]. In [31], the authors addressed the problem of
control design for strict-feedback systems with con-
straints on the states via neural network. The authors
presented the neural network control for a rehabili-
tation robot with unknown system dynamics in [32].
For the marine system, the authors investigated the
control problem of tracking a desired trajectory by
adaptive neural network [33]. An adaptive output
feedback control was studied for uncertain nonlinear
systems with unmeasured states in [34]. The authors
proposed an online learning adaptive neural network
for small unmanned aerial vehicle (UAV) to improve
control performance during flight [35]. The authors
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investigated a novel method to solve the mutual syn-
chronization control problem of multiple robot manip-
ulators in the case that the desired trajectory is only
available to a portion of the team members, and the
dynamics and the external disturbances of the manip-
ulators are unknown in [36]. The representative works
on mobile manipulators are [37-41]. In these papers
[37-39, 41], some elegant techniques for mobile
manipulators, such as operation space transformation,
hybrid force/motion, symmetrical and asymmetrical
coordination, can be employed to give rise to the per-
formance of mobile manipulators, evenly other robots,
which were significant improvement in robotic appli-
cations. In addition, fuzzy logic control [42-53] is
also widely used for the nonlinear systems and their
applications with uncertainties.

In this paper, we draw inspiration from the atti-
tude and yaw angle tracking for a scale model
helicopter mounted on an experimental platform in
the presence of nonlinearity, model uncertainty and
external disturbance. The approximated-based NN
control is designed to track the desired 3D spatial
trajectory. RBFNN realizes function approximation
through mapping input-output as a linear combi-
nation of radially symmetric functions [54]. Com-
pared with other neural network structure, RBFNN
illustrates good properties, such as rapid training,
good generalization, simplicity structure, etc.. For
this reason, this article chooses RBFNN in our
controller. The main contributions of this paper
include:

(i) An implementable robust and adaptive RBFNN
controller is designed to track the planned 3D
spatial trajectory in known static environment.

(i) Virtual control input is introduced during the
control design process to make the system sta-
ble.

(iii)) Uniform boundedness and stability are proved
via Lyapunov synthesis.

The rest of this paper is organized as follows.
Section 2 illustrates the dynamics of the fully actu-
ated helicopter and some preliminaries. In Section 3,
the adaptive RBFNN control design via Lyapunov’s
method is discussed for autonomous tracking the
desired 3D trajectory. The numerical simulation is
presented in Section 4 to verify performance of the
proposed controller. The conclusion of this paper is
drawn in Section 5.
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Fig. 1 A helicopter system

2 Problem Formulation and Preliminaries

In the following study, the notations and definitions
are used throughout the whole paper. %" denotes
the n-dimensional Euclidean space. i represents the
positive real number.

Assumption 1 The planned 3D spatial trajectories
[x12(t), X204 (1), x3¢()1T and their derivatives up to
the third order are continuously differentiable and
bounded for all t > 0.

2.1 Dynamic Analysis

As shown in Fig. 1, by fixing an inertial coordi-
nate frame F; in the Euclidean space and a refer-
ence coordinate frame Fj attached to the body of
the helicopter, a mathematical model of the heli-
copter dynamics can be derived from Newton-Euler
equations of motion of a rigid body in the inertial
coordinate frame. The multiple-input-multiple-output
(MIMO) non-linear model of a six degree-of-freedom
(DOFg) helicopter is described as below [8, 16, 55]:

Mp = Rf?,

Jo = =S Jow+ °. 1)
where p = [px, py, p-17 represents the position of
the center of the mass; w = [w1, w2, w3]7 denotes the
angular velocities along the x, y and z axes; M is the
mass of the body; J is the inertia tensor of the body

Main rotor torque

which is a diagonal matrix; f b and 7% are the vector
of forces and torques in the body-fixed coordinate sys-
tem; R is a rotation matrix, and S(w) denotes the 3 x 3
skew-symmetric matrix, shown as Eq. 2.

1 singtan6 cos¢tané
R=]10 cos¢ —sing ,
0 singp/cosf cos¢/cosb

0 —w3 w
Swy=| w3 0 —w |. 2)
—wy w; O

The expressions of f” and t” are in terms of four
control inputs u = [Py, Pr,a, B]7, where Py and
Pr represent the main rotor collective pitch and the
tail rotor collective pitch, o and B denote the longitu-
dinal and lateral inclination of the tip path plane in the
body-fixed coordinate system. From previous work of
Isidori et al. [56], Koo and Sastry [57] and Marconi
[16], fb and 72 can be modeled as:

o= [Xu Yu+Yr Zu] +RT[00 Mg]",

RM YMhm + ZMym + YTht
= My |+ —Xmthm + Zylm G
Ny —Ymln — Yl

where g is the force of gravity; I, ym, h, and
Iy, yt, hy represent the coordinates of the main and
tail rotor shafts with respect to the center of the mass

in Fb; XM = —TMsina, YM = TMSiIl,B, ZM =
—TycosacosB,Yr = —Tr, Ry = c,f,"’,B—QM sin ¢,
My = cMa+Qpsinpand Nyy = —Qpy cosa cos B.
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In these expressions, cg’l and cl’,” are physical parame-
ters modeling the flapping dynamic of the main rotor,
QO is the total torque of the main rotor, Ty and Tt
are the thrusts generated by the main and tail rotor
respectively, which are given by:

where x, x, X represent the state vector, first order
differential state vector, and second order differential
state vector, respectively. The matrix coefficients are
given as follows:

) [ nM 0 0 0007
Tu = Ky e Py, “) 0 LM 0 000
Tr = Kr, o, Pr. Q) Ay — | O MRS _Mcosd 000
where w, is the angular velocity of the main rotor in 0 0 0 000
Fp, K7,, and K7, denote aerodynamic constants of the 0 0 0 000
main and tail rotors’” blades. w, is dominated by the L 0 0 0 000,
engine dynamic model, which is modeled as [58]
- [000 0 0 —Jz3singtané |
Qe = Pe/we, P, = P,T. (6) 000 0 O — J33 cOS ¢
where Q, is the total engine torques, and P, denotes B(x.%) = — 000 0 O 0
engine power which is assumed to be proportional to ’ 000J;; O 0 ’
throttle 7j, with 0 < T}, < 1. 000 O Jy 0
Letx; = px, X2 = py, X3 = pz, X4 = 01, X5 = 02, 000 0 O J33 Joxe
X6 = w3, u; = Py, uy = Pr,u3 = a and ug = B. At
the mean time, considering that the tilt angles o and S (J11 — J22)xaxssing tan6 + [, M. g%
are small, we have sina ~ «, sinf8 ~ 8, cosa ~ 1 (J11 — J22) cos pxaxs — Qp cos @
and cos B & 1. Substitute Egs. 2, 3,4 and 5 into Eq. 1, Clx)=— _Mg% ,
we have the following helicopter system: Eﬁi - f?;;:;z
A(X)X + B(x,x)x + C(x) = D(x, u) @) (Jni — J2)xsaxs — Om 6x1
[ —Ln K7, w2cosgtan® - uy + (I; — L) Kr, w2 singtan6 - uy — Ly Ky, @2 - ujuz |
lmKTMa)z sing -uy + (I — lm)KTTa)z “Up
KTng
D(x,u) = cosg U1
—ymKTng “up — h,KTTwZ ~uy — Qup - us + (thTsz “uq + cé”) - U4
—lmKTMa)f “uq + thTMa)z S U U3 —{-c([f’ug + QOwm - ug
L —lmKTMw§~u1u4+ltKTTa)§-u2 dex1
[ din diz dizu) 0
dy1 0 0 0 u
T | dar dap daz daa(uy) x u3 ®)
dsi1 0 ds3(uy) dsg Uy
L 0 deo O dealuy) |

The control objective is to track an 3D planned
trajectory of helicopter in known environment. There-
fore, the proposed control techniques must render the
helicopter track a desired trajectory [x14, X24, x3417
such that the tracking errors converge to a very
small neighborhood of the desired position, that is,
limy— ¢, [|[x1(2),

@ Springer

x2(1), x3()]" = [x1a(t), X2a (1), X304 (1)1 || < € with
€ > 0 ensuring that the helicopter would not collide
with other obstacles.

Assumption 2 [15, 59] For all t > 0, there exist
liia Ol < 12 1Eia@Ol < & and |5 (O] < i
(i=1,2,3), where {1; > 0, & > 0and &3; > 0.
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2.2 Preliminaries

Assumption 3 [5] On a compact set Q7 C W' the
ideal neural network weights W* satisfy

W < wp C))

where wy, is a positive constant.

Lemma 1 [60-62] For bounded initial conditions, if
there exists a C' continuous and positive definite Lya-
punov function V(x) satisfying yi(||x|]) < V(x) <
yva(llx|), such that V(x) < —pV(&x) 4+ n, where
y1, Y2+ N — N are class K functions, p and n are
positive constants, then the solution x (t) is uniformly
bounded.

Lemma 2 For a,b € R, the following inequality
holds:
ab

a+b

<a (10)

3 Spatial Trajectory Tracking Controller Design

The main control purpose is to design the four
control inputs u = [Py, Pr,c, ,B]T in order to
asymptotically track the planned 3D spatial trajec-
tory [x14(2), x24(1), X34 M]F. The planned 3D spatial
trajectory of each helicopter can be calculated by opti-
mizing an objective function, for example, distance
and fuel consumption, with constraints corresponding
to some special airspace traffic rules. In this paper, the
planned 3D spatial trajectory from the trajectory plan-
ning method is assumed to be known. Motivated by
the the previous work on the approximated-based con-
trol of helicopter [5], we will design adaptive neural
control for each subsystem to follow the planned 3D
spatial trajectory.

3.1 RBFNN-based control

In this section, the RBFNN-based controller designed
by Lyapunov synthesis is developed to track the
planned trajectory. From Eq. 7, we have six subsys-
tems in sequence. With respect to the obtained six
subsystems, the controller is designed step by step as
follows:

1) Design u; based on the 3" subsystem;
2) Design u; based on the 2"¢ subsystem;

3) Design usz based on the 1% subsystem;

4) Design u4 based on the 4 subsystem;

5) Analyze the stability of internal dynamics of 5"
and 6" subsystem.

3.1.1 34 Subsystem

From Eq. 7, we have the 3rd subsystem as:
aszXs + asz¥z +c3 = d3ju) (1D

Define a new virtual state variable x,,.,, = azpxs +
aszx3, then the tracking error and filtered tracking
error can be defined as below:

€new = Xnew — Xnewd (12)
Tnew = €new + A3€new (13)
where Xpewd = a32X2q4 + a33x34, A3 is a designed

positive real constant.
Substituting Egs. 12, 13 into Eq. 11, we have

Fnew = d31uy — Fg (14)
where
Fs1 = Xnewd — A3€new + €3 (15)

is an unknown nonlinear function, which can be
approximated by a RBFNN to arbitrary any accuracy
as

Fs1 = Wil S1(Z)) + e1(Z1) (16)

where Z1 = [¥yewd, énew]’ € Qz, is the input vec-
tor of the NN; S1(Z) is the basis function; W]* is
ideal weight satisfying ||W[| < w1,,, where wiy
is a positive constant; €1(Z1) is the approximation
error satisfying €1(Z1) < €, where €] is a positive
constant.

Let W, approximates W', then the error between
the actual and the ideal RBFNN is as below:

Wl'si(z1) — Wil si1(zy) = W's1(Zy) (17)
where W, = W; — Wi,

Consider the following Lyapunov function candi-
date

2 1 T r—117
Vi= Ernew + EWI 1—‘1 Wi (18)

where I'y = I'] > 0.
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The time derivative of V| is given by

Vl = TnewFnew + Wrrflwl

— Wi S1(Z0) — e1(Z)] + W T W
(19)

Fnewld31uy

Consider the following RBFNN based control law
and weight adaptation law
ruew (W) 81(Z1))?

up = —kirpew — =T , (20)
dz1 (Irnew Wy S1(Z1)| + 31)

W] = —TI"1[S1(ZDrnew +01W1]' 2

where k1 > 0,61 > 0, and o1 > 0.

Remark 1 The above o-modification adaptation term
o1 Wi in Eq. 21 is introduced to improve the robust-
ness in the presence of the RBFNN approxima-
tion error g1 [63-66]. Furthermore, o Wl can easily
be replaced by e-modification adaptation term like
01|rn2w|W1. In this way, the control design in this
paper can be easily extended to the control based on
e-modification adaptation law without difficulty.

Substituting Egs. 17,20 and 21 into Eq. 19, we have

Fnew (W $1(Z1))?
Fnew W S1(Z1)] + 81
~Tnew Wi SU(Z1) = Fnewer (Z1)
—~Tnew Wi S1(Z1) — 01W1TW1
Fnew> (W $1(Z1))?
Fnew W S1(Z1)] + 81
+rnew W S1(Z1)]
Frnewlle1(ZD)] — oy W Wy (22)

y 2
Vi = —kidzirpew” —

2
—k1d31"pew” —

IA

Noting that
e (W] $1(Z1))?
|rnewW1TSl(Zl)| +41
e W S1ZD)I)
Fnew Wi S1(Z1)| + 81

+ 1rnew WES1(Z1))

(23)

According to Lemma 2, Eq. 23 yields

_ rnewz(WlTSI (Zl))2
Fnew W S1(Z1)| + 81

1 raew W SI(Z1)| < 81 (24)
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By completion of squares, we can obtain

—O’1W1TW1 = —UlwlT(Wl +W1*)

o1, 2, 91 *12
< ——||W — |W{Ie. 25
< 2|| 1|I+2|| il (25)
According to the Young’s inequality, we have
2 2 2 =2
r Oie r Oi1e
7 < _new 1< new 1 26
[Frewlle1(Z1)] < 20, + 2 = g, + > (26)
where 6; > 0.
Substituting Egs. 24-26, we have
Vi < —(dsy — ——r2 — T2 4+ 8
1 = 1431 20, Tnew = 5 1 1
01, 01 4
+381 + ?wlm
< ——(2k1d31 — 1/00)r2,
l o - -
e WITT W+ 5
zkmdx(F_ )
61, 2
+? 1 + ) wlm
. g
< —min {2k1d3; — 1/64, —
Amax(I'] )
1 1 01 _
+ 2 Dy
< —p10V1 + n10. (27)

where Apax(-) denotes the largest eigenvalue of a
matrix; pjg = min {2k1d31 1/61, m} nio =

51+ 4el + G,
3.1.2 2" Sybsystem

From Eq. 7, we have the 2"¢ subsystem as below:
anis + by(x, X)xe + c2(x) = dajuy +dnur  (28)

Similar to Section 3.1.1, define the tracking error
and filtered tracking error as below:

e = X3 — X24, (29)
= é+ e (30)

where A, is a designed positive real constant.
Substituting Egs. 29, 30 into x» subsystem, we have

axiy = dpur — Fg. 3D
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where
Fsy = an(X2q — A2é2) + ba(x, X)Xe + c2(x) — daju;

is an unknown nonlinear function, which is approxi-
mated by RBFNN to arbitrary any accuracy as

Fsy = W3 $5(Z2) + £2(Z2) (32)
where Z, = [X4x5,)&6,é2,562d,u1]T € Qgz, is the
input vector of the NN; S>(Z») is the basis function;
W3 is ideal weight satisfying |W]|l < wo,, where
wap, 18 a positive constant; £;(Z») is the approximation
error satisfying €2(Z;) < g, where g; is a positive
constant.

Let W, approximate W, then the error between
the actual and the ideal RBFNN can be expressed as

below:
W $2(Z2) — WiT $2(22) = WI $2(2Z1) (33)

where Wo = W, — w3
Consider the following Lyapunov function candi-
date

viel 2. laoroay
1_§a22r2+§W2 FZ W (34)

where I'; = I'] > 0.
The time derivative of V; is given by

Vz = anryim + WZT F;lWZ
=n [dzzuz - Wg*Tsz(Zz) - 82(22)]
+WI T, Wy (35)

Consider the following NN based control law and
weight adaptation law

(W) $5(Z5))?
uy = —kory — = ; , (36)
dn(IrWy S2(Z2)| + 82)
Wy = —T [Sz(Zz)rz + szz] . 37

where ky > 0,6, > 0, and o > 0.
Substituting Egs. 33, 36 and 37 into Eq. 35, we have

sz(Vi’zTSz(Zz))2
W] $2(Z2)| + 8
—raW3T $2(Z2) — r262(Z2) — 12 W3 $2(Z2)
—nWW,

Vo = —kadaory® —

722("i’2T~92(Zz))2
W) $2(Z2)| + 8
+raWT $2(Z2) | +1r2l12(Z2) | — 2 W W».(38)

2
—kodypry” —

IA

Similar to Egs. 24, 25 and 26, the following
inequalities hold

(W] $a(Z2))?
W] $:(Z2)| + &
~ A oy  ~ o)
—o Wl Wy < —7||W2||2 + Enwz*nz. (40)

+ W $2(Z2) <8 (39)

2 =2
r bre

7o) < =2 + =2 (41

[r2lle2(Z2)] < 20, + 5 41

where 6, > 0.
Substituting Eqs. 3941 into Eq. 38, we have

. 1 2 02 -~ 1
Vo < —(kady — —)r5 — —IWa|” + &2
6> 2

0r_, o2
+58+ S on,

2 2
1 2kydy — 1/65 4
= —gan—— ———n
2 ann
1 o ~ ~
2 WIT'Wh + 5
2)Lmax(rz )
0r_, 02 ,
TS e T SO,
.| 2kadn — 1/62 o)
< —min , —
az Amax(I'y )
1 1.~ ~
X [§a22r22 + EWzTFz_le} + 82
0r_, 02 ,
TS T SO,
< —p20V2 + nio. 42)
where py9 = min { 2k2d222;1/02’ ; g(?_]) }’ 120 = &2+
max (1 o

02, 0o 2
7‘92 + 2 Wy

3.1.3 1% Subsystem

From Eq. 7, we have the 1°" subsystem as below:

anxi + biexe + c1(x) = dpuy +dipuz
+ Lp K7y, wluius (43)

Similar to Section 3.1.2, define the tracking error
and filtered tracking error as below:

el = X| — X4, (44)
ry = é1 + Aiey 45)

where )1 is a designed positive real constant.
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Similar to Sections 3.1.1 and 3.1.2, substituting
Egs. 44, 45 into x| subsystem, we have

anr =dizuiuz — Fs3 (46)

where

Fs3 = a11(k1g — Mé1) + breXe + c1(x) — diyiuy — dipus

is an unknown nonlinear function, which is approxi-
mated by RBFNN to arbitrary any accuracy as

Fs3 = Wi 83(Z3) + €3(Z3) (47)

where Z3 = [x4x5, €1, X14, X6, U1, MQ]T € Qgz, is the
input vector of the RBFNN; S3(Z3) is the basis func-
tions; W5 is ideal weight satisfying W5 < w3,
where w3, is a positive constant; £3(Z3) is the approx-
imation error satisfying €3(Z3) < €3, where €3 is a
positive constant.

Let W3 approximate Wy, then the error between
the actual and the ideal RBFNN can be expressed as
below:

WI'S3(Z3) — Wi S3(23) = W 83(Z3) (48)

where W3 = W5 — Wi
Consider the following Lyapunov function candi-
date

V _ 1 2 1 ~T1—*—l T
3 = 5(1117‘1 + §W3 3 W3 (49)

where I'; = F3T > 0.
The time derivative of V3 is given by

Vs = anriit + Wy Ty Ws
=r [d13u1u3 — Wi s3(Z3) — 83(23)]
+WJ T Ws (50)

Suppose that u; = wuyus3 is a virtual control input.
Then, consider the following RBFNN based control
law and weight adaptation law

r1 (W1 S3(Z3))2
Wy = —kary — 1(A; 3(Z3)) ’ 51)
di3(IriWy3 S3(Z3)| + 83)
Ws = =3[ $3(Za)rs + 03 W3 (52)

where k3 > 0, 83 > 0, d,5 is a positive real constant
such that 0 < dy3 < |d13(u1)|, and 03 > 0.

@ Springer

Furthermore, the real control input u3 can be
defined as

uy, ifu;p =0
Uz =9 uj (53)

, Otherwise
ui

Substituting Eqs. 48, 51 and 52 into Eq. 50, we have

r(Wl's3(Z3))?
I WY S3(Z3)| + 83
—n Wil 83(Z3) — rie3(Z3)
—r1 Wy $3(Z3) — o3 Wy W3
r2(WT $3(23))?
I WY S3(Z3)| + 83
+Hr Wy S3(Z3)| + Irlles(Z3)] —
a3 Wl Ws (54)

Vi = —ksdizri® —

2
—k3di3r1” —

IA

Similar to Egs. 24, 25 and 26, the following
inequalities hold

(W s3(23)°
Iri Wi S3(Z3)| + 83

ST R 03 5 03
—o3 Wi W; < —7||W3||2 + 3||W3*||2. (56)

+ 1 WTS3(Z3) <85 (55)

szl < 4 B8 (s
rille3(Z3 = 25 7

where 63 > 0.
Substituting Eqs. 55-57, we have

Vi < —(ksdi3 — L)712 — 0—3||W3||2 + 83
= 205 2 :

+ES3 + ?a)3m
1 2k3diz —1/65 ,
—Trj

IA

2 an
1 o3

2 max(T3 1)
03_, 03 ,

+383 + ?w3m

.| 2k3di3 —1/63 03
— min , —
arn )‘«max(rg )

WIT;'Ws + 83

IA

X la 2 1Vl/~Tl"_1W~ 8
E 11"1"‘5 313 3|+ 03
93_2 03 o
+383+7w3m

—p30V3 + 130. (58)

IA
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2k3di3—1/63 03
a7 Amax(Ty !

where p39 = min { 5 } n30 = 83+

03 03 2
763+ 503,

3.1.4 4™ Subsystem

From Eq. 7, we have the 4" subsystem as below:
baaxg + c4(x) = daruy + dapur + dazus

+ (hmKrywiui + CMyuy (59)

To design u4, we define an error variable e4 = x4 —
7, where T € N is a virtual control law. Differentiating
e4 with respect to time yields

4 = X4 —T. (60)
The virtual control law t is chosen as
T = bys(—kre1 + x14). (61)

where k; > 0.
Substituting Eq. 60 into Eq. 59, we have

basés = daa(uy)ug — Fsq. (62)
where
Fs4 = baat + ca(x) — daquy — dapur — dazus3

is an unknown nonlinear function, which is approxi-
mated by RBFNN to arbitrary any accuracy as

Fsy = W;" S4(Za) + £4(Z4) (63)

where Z4 = [xs5x¢, T, u1, uz, u3]? € Q7z, is the input
vector of the RBFNN; S4(Z4) are the basis functions;
W are ideal weights satisfying |W;|| < w4, where
w4 18 a positive constant; £4(Z4) is the approximation
error satisfying €4(Z4) < &4, where g4 is a positive
constant.

Let W4 approximate W, then the error between
the actual and the ideal RBFNN can be expressed as
below:

WY S4(Za) — W;T S4(Z4) = W Su(Za) (64)

where Wy = Wy — Wy
Consider the following Lyapunov function candi-
date

_ LR S (- A
Va=V3+ §b44€4 + §W4 L, Wy (65)

where 'y = FZ > 0.

The time derivative of V; is given by
Vi = V3 + bagesés + W] F;‘ Vi’4
= V3 + e4 I:(thTszul + Céu)m
—WiTSu(Z) — ea(Z0) |+ WIT e (66)
Choose (thTMa)gul + Céw)u4 as a new virtual

control input u}, and consider the following RBFNN
based control law and weight adaptation law

WY S4(Z4))?
Uy = —kgey — — T NENT (67)
(leaWy Sa(Z4)| + 84)
Wy =Ty [5'4(24)64 +o4 W4] . (68)

where k4 > 0, 64 > 0, dy, is a positive constant such
that 0 < dyy < |d44(u1)|, and o4 > 0.
For the real control input u4, it can be defined as

/
M4, ,
ug = iy

hn Ky 3ur +CY°

if by K7y 0u1 + CM =0

Otherwise (69)

Substituting Eqs. 64, 67 and 68 into Eq. 66, we have

. ) WTS4(Z4))?
V4:V3+e4[_k4e4_ (W] S4(Z4)) ]

(leaW, Sa(Za)] + 84)
—eaWiT S4(Zs) — eaea(Za)
-wr [54(24)64 - 64W4]

A (W] 54(Z4))?
|€4W4TS4(Z4)| + 44
Hlea W, Sa(Z)| + leallea(Za)|
—U4W4T W4. (70)

V3 — k4€42 -

IA

Similar to Egs. 24, 25 and 26, the following
inequalities hold

6’42(W4T S4(Z4))?

- +leaWy Sa(Za)l <84 (71)
leaW, S4(Z4)| + 64

~ 7 oA o4~ 04
—oy Wl 'Wy < —7||W4||2 + 7||W:||2. (72)

2 =2

e 048
Zy)| < 2 + —4 73
leallea(Z4)| < 20 5 (73)

where 64 > 0.
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Substituting Eqs. 71-73, we have

. 2k3diz — L 2ky — L
V4<—min{ 3d13 — 5, 03 4~ 5 o4

an A (@D ba T A (T

X (la“rlz—le;TF_lVf@)
2 2733

1 1 -p )~ 04 _ o4
+(5b44eﬁ + §W4Tl“4 1W4):| +m30 + 84 + 582 + 7&)},,,

—p40Va + 140. (74)

IA

2k3d13—1/63 o3 2ky—1/64 o4
a3 b @y h |

04 =2 o4 2
M40 = N30 + 84 + &5 + Fwy,.

where py = min{

3.1.5 5" Subsystem

Using the designed control laws expressed by Egs. 20,
36, 51 and 67, the 5 subsystem can be written as

£ =1v(0& ). (75)

where & = x5, 0 = [x4, %617, v = [uy, uz, us]”.
The zero-dynamics can be addressed as [5]

£ =y (0,£v%0,&)) (76)

Assumption 4 [5] System (7) is hyperbolically
minimum-phase. As such, zero-dynamics (76) is expo-
nentially stable. Furthermore, noting that the control
input v is a function of (¢, 0) and the reference sig-
nal satisfying Assumption 2, the function (€, o, v) is
Lipschitz in g, i.e. there exist constants L, and Ly, for
v (&, o, v) such that

IV, 0. v) —¥(0,& ve)ll < Lollell + Ly (77
where vg = v*(0, ).
According to Assumption 4 and the Converse The-

orem of Lyapunov [5], there exists a Lyapunov func-
tion V5(&) which satisfies

YallEN? < Vs(&) <yl (78)
aV:
B—;wm,s, %) < —vall& |2 (79)
125 < e (80)
g ' =

where y,, b, V4 and v, are positive constants.

@ Springer

Lemma 3 [5] For the internal dynamics é} =
Y (o, &, v) of the system, if Assumption 4 is satisfied,
and the states o are bounded by a positive constant
lollmax, i-e. llell < llollmax, then there exist positive
constants Lg and Ty such that

1@ = Ly, V1 >To (81)

Proof According to Assumption 4, there exists a Lya-
punov function V5(&). Differentiating Vs (&), we have

. Vo . aVs
Vs(§) = Eé = EW(Q’?U)
Vs 0
- EW( 75':’ US)
aVs
+—[V(0,§,v) —¥(0,§&, ve)] (82)

9§
Noting that Egs. 77-80, 82 can be written as

Vs(&) < —vallEN? + vpllENI(Lolloll + Ly)
< —vallEIF + vpllEN(LolloNmax + Ly)

Therefore, V5 (¢§) < 0 whenever
Vb
g > U_(LQ”Q”max + Ll//)
a

Let L§ = Vb/(rva)(LQ ”Q”max“rlq/;), it can be con-
cluded that there exists a positive constant 7y, such
that Eq. 81 holds. O

3.1.6 6" Subsystem

Similar to Section 3.1.5, the 6t subsystem can be
written as

£ =, &) (83)

where &' = x¢, 0’ = [x4, x517, V' = [u1, uz, us]”.
The zero-dynamics is as below:

£ = 9(0,&,0™(0,&)) (84)

Similar to Assumption 4, there exist constant L,
and L such that

@’ o', v') = 90,8, vl < Lyllo'll + Ly (85)

where Ué, = v"*(0, &").
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Furthermore, according to Assumption 4 and the
Converse Theorem of Lyapunov [5], there exists a
Lyapunov function Vg (&') which satisfies

VAIE'I? < Ve(&") < v 11? (86)

Ve

a;wms vl < —vj €12 (87)
1260 < e (88)
gg | =V

where y,, y,, v, and v, are positive constants.

Lemma 4 [S] For the internal dynamics é I =
(o', &', V") of the system, if Assumption 4 is satisfied,
and the states o' are bounded by a positive constant
lo lmaxs i-e. |0l < @ lmax, then there exist positive
constants Lg and TO’ such that

IE" Il < Lgr, Vi > Ty (89)

Proof The proof of Lemma 4 is the same to that of
Lemma 3. It is omitted here for clarity and concise-
ness. U

3.2 Stability Analysis

The following theorem shows the stability and control
performance of the control system.

Theorem 1 Consider the system (7), the control laws
(20), (36), (51), (67) and the adaptive laws (21),

Table 1 Parameters of the helicopter system

Parameter Value Unit

J diag(0.18,0.34,0.28) Kg m?

I 0 m

Vm 0 m

I 0.24 m

I 0.9 m

hy 0.1 m

27 52 N-m/rad
M, 52 N-m/rad
K7, 58 mN-s?/rad’
K7, 1 mN-s?/rad?
M 8 Kg

P, 2000 w

T 0.2 mN-m/rad?
We 16 rad/s

(37), (52), (68). Under Assumptions 2—4, the overall
closed-loop adaptive neural network control system is
SGUUB in the sense that all of the variables in the
system are bounded, the tracking errors and neural
weights converge to the following regions

1] < le1 @) + — | 22
€1l = lep Y
A\ dn
22
lea] < |e2(0)] + —
day
1 2711
les| < |€3(0)|+— -
Wil <
mln(r )
W2 < _1 + wom
mln F )
W3l <
)\mln(r )
. 214
[Wall = | ————7 + wam. (90)
)\min(r4 )
where
o= M0 V), o=+ Tl = 1,2,3,4
Pi0 2 2
2k1bz1 —1/cy ol
P10 = min ) _
d31 Amax (T 1)
.| 2kabay — 1/c2 02
£20 = min ) —
da1 Amax (I 1)
.| 2k3byz —1/c3 03
£30 = min p , =
11 Amax (I3 7)
_ | 2ksbyz —1/c3 03 2kabyy — 1/c4 04
S N S )

(@ = 1,2,3) and V;(0)@ = 1,2,3,4) are
respectively the initial values of e; (t) and V;(t).

Proof From previous analysis, the closed-loop stabil-
ity analysis of the 3¢ subsystem (11) with the control
law u; (20) and the adaptive law (21) is made by
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Fig. 2 Comparison 100

between the desired
trajectory and the simulated
trajectory (solid line-the
desired trajectory, dash
line-the simulated

trajectory)

Lyapunov synthesis. Then, similar closed-loop stabil-
ity will be achieved on the subsystems (28), (43) and
(59) with the control laws (36), (51), (67) and the
adaptive laws (37), (52), (68). At last, the stability
analysis of internal dynamics of the 5% and 6" sub-
systems are made based on the stability of the previous
four subsystems.

The 3¢ subsystem Solving the inequality (27), we
have 0 < Vi(r) < n1 with n1 = (n10/p10) + V1(0).

Then, from the definition of V;(¢) (18), we have

2n = 2m1
I3l < | Wl s [ —— 1)
d31 Amin(rl )

From Eq. 13, we have é,cy = —A3€new + Tnew-
Thus, e,y can be solved as the following:

t
Cnew = e_)%tenew (0) +/ e_h(t_r)rnewdt (92)
0

Fig. 3 Absolute error 20
between the desired e
trajectory and the simulated < 0 W
trajector =
i) y T ool : )
>
-40 : :
5 10 15
10
£
e
S0 i
=
-10 : :
0 5 10 15
5
£
o
S 0f b
Ky
_5 1 1
0 5 10 15
t/s
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Combining Egs. 91 and 92, we obtain

1 2m
lenew! < lenew (0] + o (93)
d3;
Noting Xpew = €new + Xpewd» W1 = Wi + W,
Wl < wim, and Assumption 2, we have
1 [2m
[Xnew| < lenew| + [Xnewd| < lenew(0)| + — [ —— + [x34] € Loo
23\ dn
; = * 2m
IWill = IWill + 1W< | ————- + @im € Leo.
)‘-min(rl )

Since the control law # is a function of r3 and Wl,
its boundedness is also guaranteed.

The 2" subsystem Similar to the stability analysis of
the 374 subsystem, we have

2m2 ~ 2m2
Il < |22, Wl < | —2
21 )\min(rz )
L [2m
lea] < lex(O) + —,[——
A\ da

and thus the boundedness of the control law up is
guaranteed.

The 15" subsystem Similar to the stability analysis of
the 374 and 2"¢ subsystems, we have

23 = 23
i< 2R Wl s |2
d“ )hmin(r3 )
1 [2n3
ler] < le1(0)] + 7‘/7
lx1] < leil + |x14l < |€1(0)|+*‘/ +IX1d| € Lo
IWsl < W3]l + W5 < 7+w3m € Lo
min(rg )

and thus the boundedness of the control law u3 is
guaranteed.

The 4" subsystem Solve the inequality (74), we have
0 < Va(t) < n4 with ng = (n40/p40) + V4(0).
According to the definition of V4 (65), the following
inequalities hold

2n4 - 2n4
leal < | T2, | Wall < [——2 (94)
dai )\min(r4 )

L2
Ix2| < leal + |x2q] = le2(0)| + — [ —— + |x24] € Loo
A2\ da
2. T * 2’72
IWall < IWall + W3] < | —— 2 + wom € Lo
)\min(rz )
Fig. 4 Norm of neural 0.02
weights using —
RBFNN-based control = 001f

LAl
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From Eq. 61, the virtual control law is bounded as
the following

7] < |dsrkeller] + |x14]

1 [2n3
< ldatke| [ ler O] + —,/ = | + Ix1al-  (95)
A\ du

Noting that x4 = e + 1, Wy = Wa+ W}, | W} <
wam, and Assumption 2, we obtain

2
al < leal + 7] < |52
dai
Hdakel ler©)] + — [ 2P
e — R
41Kt 1 )Ll dll

+lx14] € Loo
[Wall < [Wall + WSl

2
< |t oum € Lo

B )\min(r‘4_1)

The 5" and 6" subsystems From the previous sta-
bility analysis about the 15/-4" subsystems, it can be
found that x1, x2, x3, x4, X1, X2, X3, X4 are all bounded.
According to Lemma 3, we know that the internal
dynamics is stable, i.e. x5, x¢, X5 and x¢ are also
bounded. All the variables in the closed-loop system

4 Numerical Simulation

In this section, numerical simulations are given to
demonstrate the feasibility and effectiveness of the
proposed 3D spatial trajectory tracking control tech-
niques. We choose the desired trajectories as follows:

va(t) = [y1(t), y2(), y3(t)], where

y1(t) = 30sin(wt/40) + 60 sin(wt/10);
y2(t) = 21 sin(wt/40) — 10sin(wzt/10); (96)
y3(t) = 30sin(wt/40) + 52 sin(wt/10);

Detailed parameters of the helicopter system [16]
are given in Table 1:

The control parameters for the RBFNN control
laws (20), (36), (53), (69) and adaptation laws (21),
(37), (52), (68) are chosen as follows: k; = 2.925 x
10748, =1x 10710, T} =3.165 x 107, 01 = 0.5,
M o= 25k = 05x 10,8 = 1 x 10710,
I =6x1073,00 =08, 4 =2,k3 = 1.2 x 1075,
83 = 1 x 10710 '3 = 1.5 x 1072, 03 = 1.4,
A o= 2.893, ks = 1.01 x 1074, 84 = 1 x 10719,
[y =34x10"" 04 = 1.8, and k; = 1.05.

Figure 2 shows the comparison between the desired
trajectory and the actual trajectory, from which, it
can be seen that the actual trajectory can track the
desired trajectory successfully along the x and z
axes, the actual trajectory track the desired trajectory
with fairly great error at the beginning along the y
axis, but finally approaches to very small error. In

are bounded. [
Fig. 5 Control inputs 0.05
3‘_ 0
-0.05
x107°

2
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Fig. 6 Comparison 100
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trajectory with different =
scenario (solid line-the 100 ‘ ;
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summary, the trajectory following ability in the 3D
space is acceptable.

Figure 3 shows the tracking errors along the x, y
and z axes. From Fig. 3, we can obtain the tracking
errors converge to a relative small neighborhood after
a short time about 12s using the RBFNN-based con-
trol method. The oscillations during the beginning 12s
may be induced by the uncertainty learning process
of RBFNN. After this oscillation period, the robust-
ness to uncertainties is improved and the good tracking
performance is achieved.

Figure 4 shows the corresponding norm of neu-
ral weights, and the control inputs are proposed by
Fig. 5. From these two figures, we can see that both
the norm of neural weights and the four control inputs
are all bounded. From this perspective, the proposed
RBFNN-based tracking control method for a fully
actuated helicopter in known static environment is
feasible.

To further verify the feasibility and effectiveness
of the designed controller, another desired trajectories
are used as follows:

y1(t) = —50sin(mwt/150) 4+ 50sin(zwz/10);
y2(t) = 21 sin(wt/20) — 10sin(rwt/10); 97)
y3(t) = 30cos(rt/40) + 52 cos(rrt/10);

Then we obtain Fig. 6, from which, it can be seen
that the helicopter can successful track the desired
trajectory too.

According to the above simulation results, we can
conclude that the helicopter can tracking the prede-
fined trajectory within the acceptable range of error by
using our proposed control.

5 Conclusion

In this paper, a RBFNN-based control method has
been proposed to track arbitrary lateral, longitudi-
nal and vertical reference trajectory in the pres-
ence of model uncertainties. The reference trajec-
tory is planned for helicopter to avoid obstacles and
collisions in known environment. Considering the
unknown disturbances and uncertainties, the robust
RBFNN-based controller has been investigated for
the helicopter step by step. Finally, simulation results
demonstrated that the helicopter is able to track the
planned 3D spatial trajectory satisfactorily, with all
other closed-loop signals bounded.

The presented method can also be extended to fur-
ther trajectory tracking considering the posture of the
helicopter in known or unknown environment. Fur-
thermore, the proposed method can be extended by
considering state, control and output constraints.
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