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Abstract In this paper, a robust tracking control
method for automatic take-off, trajectory track-
ing, and landing of a quadrotor helicopter is
presented. The designed controller includes two
parts: a position controller and an attitude con-
troller. The position controller is designed by the
static feedback control method to track the de-
sired trajectory of the altitude and produce the
desired angles for pitch and roll angles. By com-
bining the proportional-derivative (PD) control
method and the robust compensating technique,
the attitude controller is designed to track the
desired pitch and roll angles and stabilize the yaw
angle. It is proven that the attitude tracking error
of each channel can converge to the given neigh-
borhood of the origin ultimately. Experimental
results demonstrate the effectiveness of the de-
signed control method.
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1 Introduction

In the last decade, unmanned helicopters have
attracted much attention due to their various ap-
plications such as search, rescue, surveillance, in-
terdiction, and transportation. Intensive research
efforts have been devoted to quadrotor heli-
copters because of their advantages over the con-
ventional helicopters: the quadrotors have more
compact structures with four smaller efficient ro-
tors; the attitude angles can be controlled by
varying the angular speeds of the rotors without
swashplates; tail rotors are not needed to com-
pensate the torques produced by main rotors in
conventional helicopters (see, also in [1, 2]).

The unmanned helicopter is one of the most
complex systems and its dynamics involves non-
linearity, uncertainties, and coupling (see, e.g., [3–
6]). Many works have been done on the con-
troller design for the quadrotor helicopter. PD2

feedback control method was employed to sta-
bilize the attitude of a quadrotor aircraft in [7].
By combining model predictive control strategy
and nonlinear H∞ control approach, Raffo et
al. [8] discussed the path following problem. In
[9], a station-keeping and tracking controller was
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designed to deal with underactuation and strong
coupling in pitch-yaw-roll. In [10], the singular
perturbation theory was used to design a hi-
erarchical controller for a miniature helicopter.
Precision hovering and trajectory tracking were
achieved for a multi-vehicle quadrotor helicopter
as shown in [11].

Previous experimental results mainly focused
on the hovering control or trajectory tracking con-
trol problems for quadrotor helicopters (see, e.g.,
[1–4, 7, 10, 11]). Research on the automatic take-
off and landing problems for this kind of heli-
copter remains challenging because of the ground
effect that the helicopter is subject to. The lift
thrusts produced by the rotor blades will change
when the helicopter flies near the ground. Nonlin-
ear feedback controllers were applied for a scale
model helicopter and a conventional helicopter
to achieve the take-off flight and the automatic
landing in [12] and [13], respectively. But, the
effects of uncertainty existing in the take-off and
landing control were not fully discussed in their
papers.

One of the solutions to improving controller
performances in take-off and landing tasks is to
design a controller which is robust against these
disturbances. In this paper, a robust controller is
designed by the time-scale separation approach
with two parts: a position controller and an at-
titude controller. In order to achieve the mo-
tion control of the quadrotor, the position con-
troller is applied to generate the desired pitch
and roll angles from the information of the po-
sition tracking errors and track the desired alti-
tude reference. Furthermore, by combining the
proportional-derivative (PD) control method and
the robust compensating technique, an attitude
controller is designed to track the desired attitude
angles. The parameters of the attitude controller
are firstly tuned: one can tune the PD controller
parameters in hovering condition without the ro-
bust compensator; then, the robust compensator
parameters can be tuned on-line. The parameters
of the position controller are tuned for position
control tasks after the attitude controller parame-
ters are determined in hovering flight. It is proven
that the attitude tracking error of each channel
is ultimately bounded with specified boundary.
Our previous studies focused on the robust con-

trol problem of a reduced-order three degree-of-
freedom (3-DOF) helicopter (see, for example,
[14–16]). However, the quadrotor helicopter has
6-DOF and contains serious coupling between the
angular velocities and the angles in the rotational
dynamics. Furthermore, in this paper, the inequal-
ities of the bounds of the disturbances involve the
quadratic terms of the state in the stability analysis
and the tracking performance of the closed-loop
system can be guaranteed for large-angle tracking
missions.

The following parts of this paper are laid out
as follows. Dynamical model of the quadrotor air-
craft is presented in Section 2. Section 3 describes
the robust controller design procedure. In Section
4, the robust properties of the closed-loop system
are proven. Experimental results on the quadro-
tor aircraft are given in Section 5 and conclusion
remarks are drawn in Section 6.

Notations For y(t) = [yi(t)] ∈ Ln∞ and h(t) =
[hij(t)] ∈ Lm×n

1 , define that

‖y‖∞ = max
i

sup
t≥0

|yi(t)| , ‖H(p)‖1 = ‖h‖1

= max
i

⎛
⎝∑

j

∫ ∞

0

∣∣hij(t)
∣∣ dt

⎞
⎠

where p is the Laplace operator, H(p) = �(h(t)),
and �(·) indicates the Laplace transform.

2 Control Problem Statement

2.1 System Description

The Tsinghua Autonomous Quadrotor System
(TAQS), as depicted in Fig. 1, is developed as
a platform to examine the effectiveness of newly
developed linear or nonlinear control method.
It is based on the mechanical frame of the X-
aircraft X650, which is a remote-control aircraft
for commercial aerial photography. The avionic
electronic system includes an onboard flight con-
trol computer, a sensor system, and four high
speed brushless DC speed controllers. A DSP,
TMS320F28335, is used as a flight control com-
puter to implement the control algorithms. The
sensor system consists of an inertial measurement
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Fig. 1 The Tsinghua
Autonomous Quadrotor
System

unit (IMU) module (which includes a 3-axis digi-
tal output linear accelerometer, three gyroscopes,
and a compass), a sonar sensor, and an onboard
camera. The onboard camera is used for obtaining
the position information and the sonar is applied
to measure the altitude in indoor environments. A
ground station receives flight data from the DSP
by a pair of the Zigbee wireless.

2.2 Dynamical Model of the Quadrotor
Helicopter

As shown in Fig. 2, the four-rotor helicopter has
6-DOF: three translational components and three
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Fig. 2 The schematic of the quadrotor helicopter

rotational components, and has four control in-
puts: four thrusts produced by the four rotors.
The four rotors are divided into two pairs (1, 3)
and (2, 4), where rotors (1, 3) rotate clockwise
and rotors (2, 4) rotate clockwise. Increasing or
decreasing the sum of the thrusts results in the
vertical motion. The pitch movement is obtained
by changing the thrust of rotor (1) while altering
the thrust of rotor (3) conversely. Similarly using
the rotors (2, 4) can result in the roll movement.
The yaw movement results from the difference
between the reactive torques produced by rotors
(1, 3) and (2, 4). An offset in the roll or pitch
angle leads to the lateral or longitudinal motion.
In this section, the model of the six motions of the
quadrotor helicopter corresponding to the four
inputs will be discussed.

Let E = {
xe, ye, ze

}
indicate the earth-fixed ini-

tial frame and B = {
xb , yb , zb

}
the frame rigidly

attached to the rotorcraft body as shown in Fig. 2.
The Euler angles η = [

ϕ θ ψ
]T

, representing the
roll, pitch, and yaw angles respectively, determine
the orientation matrix R from B to E as

R =
⎡
⎣

CθCψ Cψ Sϕ Sθ − Cϕ Sψ Sϕ Sψ + CϕCψ Sθ

Cθ Sψ CϕCψ + Sϕ Sθ Sψ Cϕ Sθ Sψ − Cψ Sϕ

−Sθ Cθ Sϕ CϕCθ

⎤
⎦ ,

where C• = cos(·) and S• = sin(·). Let ξ =[
ξx ξy ξz

]T
denote the position of the center of

the mass of the rotorcraft in the frame E, where
ξx, ξy, and ξz indicate the longitude, lateral, and
height positions respectively. The helicopter
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motion equations can be obtained according to
Newton’s law as

F = mξ̈ ,

τ = dH
dt

,

where F is the external force acting on the quadro-
tor helicopter, τ the external torque of the heli-
copter, H the angular momentum of the rotorcraft
relative to the inertial frame E, and m the mass of
the quadrotor. The helicopter motion equations,
shown in the above equations, can be rewritten as
follows (see, also [3])

ξ̈x = f (cos ϕ sin θ cos ψ + sin ϕ sin ψ)/m,

ξ̈y = − f (sin ϕ cos ψ − cos ϕ sin θ sin ψ)/m,

ξ̈z = f cos ϕ cos θ/m − g,

ϕ̈ = −cϕ(η, η̇)η̇ + aϕ1τϕ,

θ̈ = −cθ (η, η̇)η̇ + aθ1τθ ,

ψ̈ = −cψ(η, η̇)η̇ + aψ1τψ, (1)

where g is the gravity constant, f the sum of
the four thrusts, ai1(i = ϕ, θ, φ) helicopter para-
meters determined by the time-domain based sys-
tem identification approach, τ = [

τφ τθ τψ

]T
the

external body-fixed frame torques about the pitch,
roll, and yaw angles respectively, and ci(η, η̇)(i =
ϕ, θ, φ) the Coriolis terms. The Coriolis terms
include the gyroscopic and centrifugal terms as
shown in [3]. The details of the expressions
of the Coriolis terms are depicted in [8], and
one can see that there exist positive constants
ξηi and ξη̇i(i = ϕ, θ, φ) satisfy that ‖ci(η, η̇)‖∞ ≤
ξηi‖η‖∞+ξη̇i‖η̇‖∞(i = ϕ, θ, φ). τ and f are deter-
mined by

τφ = l f ( f2 − f4), τθ = l f ( f1 − f3),

τψ = k f ( f1 − f2 + f3 − f4), f = f1 + f2 + f3 + f4,

where l f is the distance from each motor to the
center of the mass, k f > 0 denotes the force-
to-moment scaling factor, and fi(i = 1, 2, 3, 4)

are the thrusts produced by the four rotors
respectively. Let bϕ = aϕ1l f , b θ = aθ1l f , and

bψ = aψ1k f . Define the control inputs ui(i = 1, 2,

3, 4) as

u1= f2− f4, u2 = f1− f3, u3= f1− f2 + f3− f4, u4= f.

Assumption 1 The uncertain parameters ai(i =
ϕ, θ, φ) and bi(i = ϕ, θ, φ) are bounded. Their
nominal parameters b N

i (i = ϕ, θ, φ) are positive
and satisfy that

∣∣b N
i − bi

∣∣ < b N
i .

Define ρ1=
∣∣b N

ϕ −bϕ

∣∣ /b N
ϕ , ρ2 = ∣∣b N

θ − b θ

∣∣ /b N
θ ,

and ρ3 =
∣∣∣b N

ψ − bψ

∣∣∣ /b N
ψ .

Remark 1 If the Assumption 1 holds, one can
obtain that ρi< 1(i = 1, 2, 3).

Assumption 2 The roll and pitch angles satisfy
that ϕ ∈ [−π/2 + δϕ, π/2 − δϕ] and θ ∈ [−π/2 +
δθ , π/2 − δθ ] with δϕ and δθ positive constants.

Remark 2 The rotorcraft is required to avoid
overturning during the flight in order to avoid sin-
gularities in the Euler angle representation [17].

Assumption 3 The sum f of the thrusts is
bounded and satisfy that f ≥ δ f , where δ f is a
positive constant.

Remark 3 If descent maneuvers are never faster
than a free fall condition, one can obtain that sum
of the thrusts is strictly positive [18].

In this article, the three positions and the yaw
angle

{
ξx, ξy, ξz, ψ

}
are chosen as the outputs and

their prescribed reference signals are denoted as
id(i = x, y, z, ψ) respectively.

Assumption 4 The prescribed reference signals
and their derivatives i(k)

d (i = x, y, z, ψ; k = 0, 1, 2)

are piecewise uniformly bounded.

3 Robust Controller Design

A classical method to design the motion controller
for aircrafts is based on the time-scale separation
approach. This approach replies on the assump-
tion that the closed-loop attitude dynamics can
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converge much faster than the closed-loop trans-
lational dynamics by applying, e.g., a high-gain at-
titude controller [10]. Thus, the whole closed-loop
system can be stabilized in practical applications.
In this section, a motion controller, consisting a
position controller and a high-gain robust attitude
controller, will be discussed.

Quadrotor helicopter model (1) can be rewrit-
ten as

ξ̈x = f (cos ϕ sin θ cos ψ + sin ϕ sin ψ)/m,

ξ̈y = − f (sin ϕ cos ψ − cos ϕ sin θ sin ψ)/m,

ξ̈z = u4 cos ϕ cos θ/m − g,

ϕ̈ = b N
ϕ u1 + q1,

θ̈ = b N
θ u2 + q2,

ψ̈ = b N
ψ u3 + q3, (2)

where qi(i = 1, 2, 3) are the named equivalent dis-
turbances and take the following forms

q1 = (bϕ − b N
ϕ )u1 − cϕ(η, η̇)η̇,

q2 = (b θ − b N
θ )u2 − cθ (η, η̇)η̇,

q3 = (bψ − b N
ψ )u3 − cψ(η, η̇)η̇. (3)

From Eq. 2, one can see that the robust tracking
control in the longitudinal and lateral directions
can be achieve by controlling the attitude angles
θ and ϕ appropriately, if the three positions and
the yaw angle are chosen as the outputs. The
position controller designed in this section will
produce the desired attitude signals θd and ϕd for
θ and ϕ to track based on the tracking errors
of the longitudinal and lateral positions ξx and
ξy, respectively; the position controller will also
be used to track the height reference zd for the
position ξz. The attitude controller will be applied
to track the references signals θd, ϕd, and ψd for
the three attitude angles.

3.1 Position Controller Design

The position controller generates the desired ref-
erences for the pitch and roll angles and stabilizes
the height of the quadrotor.

Define the saturation function satc(d) =
sgn(d) min{|d| , c} with c a positive constant. Then,
design position feedback control laws in the
longitudinal and lateral directions based on the
static feedback control method as

θd = − arcsin sat1−csat

(
mkp

x (ξx − xd) + mkd
x

(
ξ̇x − ẋd

) − mẍd + f sin ϕ sin ψ

f cos ϕ cos ψ

)
,

ϕd = arcsin sat1−csat

(
mkp

y (ξy − yd) + mkd
y

(
ξ̇y − ẏd

) − mÿd + f cos ϕ sin θ sin ψ

f cos ψ

)
, (4)

where kp
i and kd

i (i = x, y) are positive parameters
to be determined and csat is a positive constant
satisfying csat < 1.

Furthermore, the static feedback controller for
the vertical channel can be designed as

u4 = (−kp
z (ξz − zd) − kd

z

(
ξ̇z − żd

) + z̈d

+mg) / cos ϕ/ cos θ, (5)

with positive parameters kp
z and kd

z to be deter-
mined.

If the closed-loop attitude dynamics can con-
verge much faster than the closed-loop transla-
tional dynamics, one can expect that θ = θd and
ϕ = ϕd when the translational dynamics is con-
sidered. In this case, the position static feedback

control laws (4) are designed to guarantee that the
closed-loop translational systems of the longitudi-
nal and lateral channels have the following forms
by ignoring saturation functions

(
ξ̈i − ïd

) + kd
i

(
ξ̇i − i̇d

) + kp
i (ξi − id) = 0(i = x, y).

(6)

Similarly, from Eqs. 2 and 5, one has that

(
ξ̈z − z̈d

) + kd
z

(
ξ̇z − żd

) + kp
z (ξz − zd) = 0.

The stability of the closed-loop translational sys-
tems can be guaranteed by selecting proper para-
meters kp

i and kd
i (i = x, y, z) so that the roots of



600 J Intell Robot Syst (2014) 75:595–608

the polynomial p2 + kd
i p + kp

i = 0 are all negative
constants.

3.2 Attitude Controller Design

In this subsection, a robust high-gain attitude con-
troller will be designed to follow the references
signals θd, ϕd, and ψd for the three attitude angles.

Define u = [
u1 u2 u3

]T
. The control input u

consists of two parts: the PD control input uPD,
and the signal compensating input uSC; that is, the
control input can be expressed as

u = uPD + uSC. (7)

The elements of u have the corresponding two
parts: ui = uPD

i + uSC
i (i = 1, 2, 3). Furthermore,

define q = [
q1 q2 q3

]T
and x = [xi]6×1, where

x1 = ϕ − ϕd, x2 = θ − θd, x3 = ψ − ψd, and xi+3 =
ẋi(i = 1, 2, 3). Then, one can have that

ẋ = Ax + B(u + 
). (8)

where 
=[
(q1−ϕ̈d)/b N

ϕ (q2−θ̈d)/b N
θ (q3−ψ̈d)/b N

ψ

]T
,

and

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

, B =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 0
0 0 0
0 0 0

b N
ϕ 0 0
0 b N

θ 0
0 0 b N

ψ

⎤
⎥⎥⎥⎥⎥⎥⎦

.

The PD controller is constructed as

uPD
i = −kp

i xi − kd
i xi+3(i = 1, 2, 3). (9)

where kp
i and kd

i (i = 1, 2, 3) are Positive constants.
Define

K =
⎡
⎣

kp
1 0 0 kp

1 0 0
0 kp

2 0 0 kd
2 0

0 0 kp
3 0 0 kd

3

⎤
⎦ .

The PD controller parameters kp
i and kd

i (i =
1, 2, 3) are selected such that AH = A − BK is
Hurwitz.

Remark 4 In practical applications, the position
controller parameters kp

i and kd
i (i = x, y, z) and

the PD attitude controller parameters kp
j and

kd
j ( j = 1, 2, 3) can be determined by the pole

placement method.

From Eqs. 7, 8, and 9, one can obtain that

ẋ = AHx + B
(
uSC + 


)
. (10)

The signal compensating input uSC is designed
as follows in order to restrain the influences of the
uncertainty 
 (see also in [14–16, 19])

uSC(p) = −F(p)
(p), (11)

where Fi(p) = diag(F1(p), F2(p), F3(p)), Fi(p) =
gi1gi2/(p2 + gi1 p + gi2 p + gi1gi2) (i = 1, 2, 3) with
parameters gi1 and gi2 to be determined. If the
parameters gi1 and gi2(i = 1, 2, 3) are sufficiently
large and satisfy gi1 � gi2 > 0(i = 1, 2, 3), one can
expect that the robust filters Fi(p)(i = 1, 2, 3)

would have sufficiently wide frequency band-
widths and within them the filter gains would
approximate 1. However, uncertainties 
(p) in
Eq. 11 cannot be obtained in practical applica-
tions. Therefore, one has to obtain the expressions
of the control inputs uSC(p) which does not de-
pend on 
(p). From Eqs. 8 and 11, the robust
compensator can be realized with states zi1 and
zi2(i = 1, 2, 3) as follows

żi1 = −gi2zi1 − g2
i2xi + b N

i ui,

żi2 = −gi1zi2 + (gi1 + gi2)xi + zi1,

uSC
i = gi1gi2(zi2 − xi)/b N

i , i = 1, 2, 3. (12)

The whole configuration of the robust control
strategy is depicted in Fig. 3.

4 Robust Properties Analysis

This section will prove the robust attitude tracking
properties of the closed-loop system consisting of
Eqs. 2, 7, 9, and 12.
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Fig. 3 The block diagram
of the robust control
system
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Fig. 4 The TAQS in hover

Table 1 Helicopter parameters

Helicopter Value Helicopter Value
parameter parameter

m 1.6 b N
ϕ 9.207

b N
θ 9.700 b N

ψ 15.988

Theorem 1 If Assumptions 1 through 4 hold, for
the given initial state x(0) and the given positive
constant ε, there exist positive constants g∗

1, g∗
2, and

T∗, such that if gi1 ≥ g∗
1, gi2 ≥ g∗

2, and gi1 � gi2(i =
1, 2, 3), then the state x(t) are bounded and satisf ies
maxi |xi(t)| ≤ ε,∀t ≥ T∗.

Proof Combining (10) and (11), one can obtain
that

‖x‖∞ ≤ μx(0) +
∥∥(pI6×6 − AH)−1

B(I3×3 − F)‖1 ‖
‖∞ , (13)

where In×n is an n × n unit matrix, and
μx(0) = maxisupt≥0

∣∣eT
i eAHtx(0)

∣∣ , where ei is
a 6 × 1 vector with one on the ith row and
zeros elsewhere. Define γ = ∥∥(pI6×6 − AH)−1

B(I3×3 − F)‖1. Then from [15], one can obtain
that if gi1 and gi2(i = 1, 2, 3) are sufficiently large
and satisfying that gi1 � gi2 > 0, γ can be made

as small as desired and there exists a positive
constant μγ satisfying γ < μγ /mini{gi2}.

If the attitude reference signals and their deriv-
atives i(k)

d (i = ϕ, θ, ψ; k = 0, 1, 2) are piecewise
uniformly bounded, then from Eqs. 3, 6, 8, and
10, there exist positive constants μx, μx2, and μc

such that

‖
‖∞ ≤ μx‖x‖∞ + μx2 ‖x‖2
∞ + μc. (14)

If x satisfies that

(μx + μx2‖x‖∞)(
√

γ + γ ) ≤ 1, (15)

one can obtain the following equation

‖
‖∞ ≤ (μx(0) + μc/μx)/
√

γ . (16)

From Eqs. 13 and 16, one has that

‖x‖∞ ≤ μx(0) +√
γ (μx(0) + μc/μx).

Then one can see that ‖x‖∞ is bounded.
From Eq. 15, one can have the attractive

region as

{
x : ‖x‖∞ ≤ μ−1

x2 /(
√

γ + γ ) − μ−1
x2 μx

}
. (17)
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Thus, if x(t) starts from the attractive region and
γ is sufficiently small so that

μx(0) + (μx(0) + μc/μx)
√

γ ≤ μ−1
x2 /

(√
γ + γ

)

−μ−1
x2 μx, (18)

then x(t) can remain inside the attractive region.
It follows that if Eq. 18 holds and the initial state
x(0) satisfies

‖x(0)‖∞ < μ−1
x2 /

(√
γ + γ

) − μ−1
x2 μx, (19)

one can obtain (15).

From Eqs. 10, 11, and 16, one has that

max
i

|xi(t)| ≤ max
i

∣∣eT
i eAHtx(0)

∣∣

+√
γ

(
μx(0) + μc/μx

)
. (20)

Therefore if γ is chosen to satisfy that γ <

ε2/(μx(0) + μc/μx)
2/4, then one can obtain a pos-

itive constant T∗ and sufficiently large posi-
tive parameters g∗

1 and g∗
2, such that if gi1 ≥ g∗

1,
gi2 ≥ g∗

2, and gi1 � gi2(i = 1, 2, 3), one has that
maxi |xi(t)| ≤ ε,∀t ≥ T∗. ��

Remark 5 Theoretically, the robust compensator
parameters gi1 and gi2(i = 1, 2, 3) are chosen sat-
isfying that gi1 � gi2(i = 1, 2, 3) and mini{gi2} >

Fig. 5 Free flight
hovering with the PD
control method
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4μγ (μx(0) + μc/μx)
2/ε2. However, in practical

applications, gi1 and gi2(i = 1, 2, 3) can be tuned
on-line. One can set them to some initial positive
values satisfying gi1 ≥ ηgigi2(i = 1, 2, 3), where ηgi

is a large positive constant and is chosen accord-
ing to practical situation. Then, run the attitude
closed-loop system. If the performances of the sys-
tem are unsatisfactory, one can set gi1 and gi2(i =
1, 2, 3) to larger values until the desired attitude
tracking performances are achieved.

5 Experimental Results

As depicted in Fig. 4, an avionic system hangs
below the quadrotor helicopter to implement the
designed robust controller. The attitude loop runs
at 100 Hz, which is the update rate of the IMU
data collection and fusion. An external Kalman

filter (EKF) is used for navigation data fusion.
A low-cost scheme is used to collect the hori-
zontal velocities of the quadrotor. The velocity
measurement is based on an optical mouse sensor-
ADNS2610 with a proper lens system. The flight
computer can obtain the horizontal velocity of
the vehicle from the outputs of ADNS2610. The
altitude of the vehicle is obtained by an ultrasonic
ranger. The position loop is updated with a sam-
pling time 40 ms. Values of helicopter parameters
are shown as in Table 1. In this section, the TAQS
will carry out three tasks in order to demonstrate
the effectiveness of the robust tracking controller
designed in the previous section.

5.1 Case1: Hovering Tests

Attitude control is of crucial importance for a
quadrotor to implement the hover mission. The

Fig. 6 Free flight
hovering with the robust
tracking control method
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Fig. 7 Response of
attitude angles in fixed
position hovering
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Fig. 8 Horizontal
position of the TAQS in
fixed position hovering
test
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parameters of the attitude controller are tuned in
the hovering tests.

Firstly, the PD attitude controller parameters
are tuned. The desired angles are set to be zeros.
By trial and error, the parameters are set to be:
kp

1 = 6, kd
1 = 2, kp

2 = 6, kd
2 = 2, kp

3 = 4, and kd
3 =

2 for good hovering performances. The attitude
angle responses are depicted in Fig. 5.

Secondly, the robust compensator is added to
improve the flight performances. After tuning the
robust compensator parameters on-line monoto-
nously, they are selected as: g11 = 4, g12 = 20,
g21 = 5, g22 = 20, g31 = 8, and g32 = 30. The corre-
sponding responses are presented in Fig. 6. From
Fig. 5, one can see that the steady-state errors
of the roll and pitch angles are achieved with
amplitudes of ±2 deg with the PD controller,
whereas the robust attitude controller achieves
steady-state errors of ±0.6 deg as shown in Fig. 6.
The robust compensating technique improves the
hovering performances.

Fig. 9 Position responses
in Case 2
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Thirdly, the parameters of position controller
are tuned in fixed position hovering test for
the TAQS. The prescribed four references and
their derivatives i(k)

d = 0(i = x, y, z, ψ;k = 0, 1, 2)

are chosen. In this scenario, the desired roll and
pitch angles are generated by the position con-
troller. The position feedback control laws (4) can
be implemented in practical applications. How-
ever, in order to simplify the expressions, the
following approximated position control inputs θd

and ϕd are applied

θd = − arcsin sat1−csat

((
kp

x (ξx − xd)/g

+kd
x

(
ξ̇x − ẋd

)
/g

)
,

ϕd = arcsin sat1−csat

(
kp

y

(
ξy − yd

)
/g

+kd
y

(
ξ̇y − ẏd

)
/g

)
.

The position controller parameters can be
tuned in a similar way after the parameters of
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Table 2 Parameters

Parameter Value Parameter Value Parameter Value

xd0 0 yd0 0 zd0 0.11
xd1 −2 yd1 −2 zd1 0.5
xd2 2 yd2 2 zd2 0.39
ωx1 0.9 ωy1 1 ωz1 1.5
ωx2 1.4 ωy2 1 ωz2 1.5
tx1 37 ty1 21 tz1 8
tx2 71 ty2 54 tz2 80

the attitude controller are determined. Set kp
x =

0.49, kd
x = 4.9, kp

y = 0.49, kd
y = 4.9, kp

z = 2.5, and
kd

z = 45. The corresponding experimental results
are depicted in Fig. 7. From this figure, one can
see that the pitch and roll angles can follow the
desired attitude references well, and the attitude
tracking errors are within ±1 degree. The horizon-
tal tracking performances of the closed-loop sys-
tem are given in Fig. 8. It shows that the quadro-
tor can hover stably over a fixed-point within
±0.2 m.

5.2 Case 2: Trajectory Tracking Mission

In this experiment, the position control perfor-
mances of the TAQS are evaluated. As shown

id(t)=
⎧⎨
⎩

id0, t < ti1
id1 + id2(1 + ωi1(t − ti1))e−ωi1(t−ti1), ti1 ≤ t ≤ ti2
id0 − id2(1 + ωi2(t − ti2))e−ωi2(t−ti2), t > ti2

where corresponding parameters are shown in Ta-
ble 2. Figure 10 indicates that horizontal position
errors during the flight can be controlled within
±0.2 m.

Fig. 10 Horizontal
position of the TAQS in
Case 2
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in Fig. 1, the planner block of the ground station
defines way-points and then generates trajectories
for the quadrotor helicopter to follow. The heli-
copter is required to achieve the square trajectory
tracking, which is defined by four way-points and
corresponding responses of the three positions are
depicted in Fig. 9. The task for the helicopter to
carry out is to climb up to the position with a
0.5 m height from the ground and then follow
the four sides of a square with the length of 2 m
for each side. The distant from sonar sensor to
the bottom of the quadrotor helicopter is 0.11 m,
i.e., ξz= 0.11 m when the helicopter is sitting on
the ground. The references id(i = ψ, x, y, z) are
chosen as ψd(t) = 0 and
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Fig. 11 Altitude response
in Case 3
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5.3 Case 3: Automatic Take-off and Landing
Mission

Experimental results of automatic take-off and
landing are depicted in Fig. 11. In this case, the
TAQS is required to climb up to a position with a
0.5 m height, hover, and then land on the ground.
In the landing part, when zd(t) is less than 0.2 m,

zd(t)=
⎧⎨
⎩

0.11, t < 10
0.5−0.39(1+1.2(t−10))e−1.2(t−10), 10≤ t≤80

0.11 + 0.39(1 + 0.6(t − 80))e−0.6(t−80), t > 80.

Fig. 12 Responses of the
longitude and lateral
position in Case 3
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all of the four rotors will stop rotating and the
helicopter will land on the ground directly. i(k)

d (i =
x, y, ψ;k = 0, 1, 2) are set to be 0. The desired
reference for the height channel is given as
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Figure 11 shows that the helicopter can follow
the vertical references well. The corresponding
responses in the longitude and lateral channels are
depicted in Fig. 12. The tracking error of altitude
channel is within ±0.04 m.

6 Conclusions

A robust controller was proposed based on the
time-scale separation approach to achieve the
automatic take-off, hovering, trajectory tracking,
and landing missions for a quadrotor helicopter.
The designed controller consists of a position con-
troller and an attitude controller. The position
controller generates the desired pitch and roll
angles based on the tracking errors of the longi-
tudinal and lateral positions and is applied to fol-
low the height reference for the vertical position.
Based on the robust compensation technique, the
attitude controller is designed to achieve the de-
sired tracking of the attitude angles. It was proven
that attitude tracking errors are proven to ulti-
mately converge to the given neighborhoods of
the origin. Experimental results on the quadrotor
demonstrated the effectiveness of the proposed
robust control method.
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