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Abstract This paper considers formation control of a group of wheeled mobile
robots with uncertainty. Decentralized cooperative robust controllers are proposed
in two steps. In the first step, cooperative control laws are proposed for multiple
kinematic systems with the aid of results from graph theory such that a group
of robots comes into a desired formation. In the second step, cooperative robust
control laws for multiple uncertain dynamic systems are proposed with the aid of
backstepping techniques and the passivity properties of the dynamic systems such
that multiple robots comes into a desired formation. Since communication delay is
inevitable in cooperative control, its effect on the proposed controllers is analyzed.
Simulation results show the effectiveness of the proposed controllers.
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1 Introduction

Formation control of wheeled mobile robots has been extensively studied in recent
years. Cooperative control laws have been proposed based on different methods.
For example, in [1-4] leader—follower based cooperative controllers were proposed.
The leaders tracked predefined reference trajectories, and the followers tracked
transformed variables of the states of their nearest neighbors. In [5, 6], behavior-
based cooperative controllers were proposed. In this method, different desired
behaviors were prescribed for each vehicle and the cooperative controllers were

W. Dong (X))

Department of Electrical Engineering, The University of Texas—Pan American,
Edinburg, TX 78539, USA

e-mail: dongw@utpa.edu

@ Springer



548 J Intell Robot Syst (2011) 62:547-565

calculated from a weighting of the relative importance of each behavior. In [7-9],
virtual structure based controllers were proposed. In [10], a distributed smooth time-
varying feedback control law was proposed with the analysis based on the averaging
theory for coordinating the motion of multiple nonholonomic mobile robots to
capture/enclose a target. In [11], formation control of several mobile robots was
considered with the aid of the dynamic feedback linearization technique. In [12],
the authors used decentralized control theory to propose and analyze controllers for
multiple cooperating robotic vehicles. In [13], steering control laws were proposed
for mobile robots to achieve both rectilinear and circular formations with the aid of
Lie group. In [14], decentralized control laws were proposed based on non-smooth
Lyapunov theory and graph theory. In [15], cooperative control laws with collision
avoidance were proposed based on Lyapunov-type analysis. In [16], formation
control of multiple mobile robots was considered. Control laws were proposed with
the aid of backstepping techniques and neural networks. For cooperative control
of multiple general nonholonomic kinematic systems, consensus based control laws
were proposed in [17, 18].

In the literature, most of the existing results in formation control of wheeled
mobile robots are based on the kinematics of the systems. The dynamics of wheeled
mobile robots and possible uncertainty in the dynamics were not considered. In
practice, wheeled mobile robots are dynamic systems. The dynamics usually cannot
be neglected in the control when high performance of the closed system is required.
In addition, the control laws which are of the generalized velocities designed based
on the kinematic models cannot be directly used to control the practical dynamic
systems which require generalized forces as their inputs. Considering the practical
applications of the research on the formation control of wheeled mobile dynamic
systems, paper [19] considered the cooperative control of multiple nonholonomic
chained systems and proposed cooperative adaptive control laws such that the
states of a group of systems converge to a desired trajectory. In this paper, we
consider formation control of multiple wheeled mobile robots with dynamics and
uncertainty and propose cooperative robust control laws such that a group of robots
converge to a desired geometric pattern. To solve the formation control problem,
we propose cooperative controllers in two steps. In the first step, decentralized
cooperative control laws are proposed for multiple kinematic systems with the aid
of results from graph theory. In the second step, cooperative robust control laws
are proposed with the aid of backstepping techniques and passivity properties of
dynamic systems. It is shown that the proposed control laws make a group of robots
converge to a desired formation if the communication graph is connected. Since
communication delays are inevitable between neighboring systems, we analyze the
effects of communication delays on the stability of the closed-loop systems with
the proposed cooperative control laws. It is shown that our proposed cooperative
control laws solve the defined problem if the communication delays are constants.
To verify effectiveness of the proposed cooperative control laws, simulation results
are included. The contributions of this paper are that decentralized robust control
laws are proposed for formation control of multiple wheeled mobile robots with
dynamics and uncertainty and the stability of the closed-loop systems with respect
to communication delays are analyzed.

The rest of the paper is organized as follows. In Section 2, we formally state the
control problem. In Section 3, cooperative control laws are proposed for the defined
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control problem. In Section 4, robustness of the proposed control laws with respect to
the communication delays is analyzed. Section 5 includes simulation results. Section 6
concludes this paper.

2 Problem Statement

Consider a group of m wheeled mobile robots. For robot j (see Fig. 1), its motion is
defined in the following form [20, 21]

M (@ )isj + Ci(qujs 4+ )dxj + G(qx)) = Bj(qsj)Tj+ [sin6), —cos6;, 0] x;, (1)
Xjsinf; — y;cosf; =0 (2)
where q.; = [q1}. g2, q3j1" =[x}, y;,0;]" is the state of robot j, M;(q.;) is a 3 x 3
bounded positive-definite symmetric inertia matrix, C;(q.j, «j)q+; presents cen-
tripetal and Coriolis torque, G j(q.) is a gravitational torque vector, B (q,;)isa3 x 2
input transformation matrix, 7, is a vector of control input. A; is the constraint force
on robot j, and the superscript T denotes the transpose.
Equation 1 has the following two properties [21, 22].
Property 1 Matrix (M j — 2C)) is skew-symmetric for a proper definition of C;.
Property 2 For any differentiable vector & € R,

M (@€ + Ci(quj, 4= )DE + G () = Y(qsj 4sjs €, E)a

where a; is an inertia parameter vector, and the regressor matrix Y ;(q.;, §«j, &, £) is
a function of g., 4., £, and &.

Fig.1 Configuration Driving wheel
of robot j Y

(5, )

Driving wheel

Passive wheel
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For each system, we assume that the regressor matrix Y;(q., 4.}, &, é) is a known
function of q.;, g, &, and &. For a;, we assume its estimate is a; and [|a; — a;| < p;
where p; is a known constant.

In the control each robot knows it’s own state and the states of its neighbors by
communication. For simplicity, we assume that the communication between robots
are bidirectional. If each robot is considered as a node, the communication between
robots can be described by a graph G = {V, £}, where V = {1, 2, ..., m} is a node set,
£ is an edge set with element (i, j) which describes the communication from node i
to node j. If the state of robot i is available to robot j, there will be an edge (i, j) in
E. We call robot i a neighbor of robot j if the state of robot i is available to robot
j. Since communication is bidirectional, (i, j) € £ implies (j, i) € £. For robot j, the
indexes of its neighbors form a set which is denoted by ;. Therefore, the available
states to robot j for the control are the state of robot j and the state of robot i for all
i € N;. We call a graph G connected if for any two different nodes i and jin ) there
exist a series of nodes /(= i), L, ..., lx(= j) such that (s, [;1;) e Efor 1 <s <k —1.
For more terminology on graph theory, readers may refer to the references [23-25].

In this paper, we make the following assumption on the communication graph.

Assumption 1 The communication graph G is bidirectional, fixed, and connected.

Given a desired geometric pattern P described by constant vectors (pjx, pjy) (1 <
j < m). The control problem discussed in this article is defined as follows.

Formation Control Problem Design a control law t; for robot j using its own state
(q+j» +j) and its neighbor’s state (q.;, ¢.;) for i e j\/] such that the group of robots
comes into formation P and the centroid of the group of robots is stationary, i.e.,
design control laws for system (1-2) such that

im (15| CO'S Yosinyg || pie— pp _o 3)
=00 Yi—Yyj —siny cos ¥ DPiy — Dijy
lim @ —0) =0, 1<I#j<m 4)

m m m m
tlirgczx/=21’jx, [grgozyj:zpjy )
J=1 j=1 J=1 j=1
where ¢ is a free variable.

Remark 1 In the formation control problem, Eq. 3 means that the group of robots
comes into the desired formation. In Eq. 3, ¢ denotes the rotation angle of the
desired geometric pattern. Equation 4 means that the group of robots has the same
orientation. Equation 5 means that the centroid of the group of robots converges to
the center of the given geometric pattern. Since the inertia parameter vector a; is
unknown, cooperative robust control laws will be proposed in this paper.

To solve the cooperative control problem, we convert Eqgs. 1-2 into a suitable
form. Let the vector fields

g1(qs)) = [cos0;,sin0;, 01", g =1[0,0,1]",
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then, by Eq. 2, there exists v,; = [v}, v2 /]T such that

Gxj = 8(q+j)vsj = 81(q+j)V1j + 8202 (6)

where g(q.)) = [g1(¢+)), g&2] € R***. Differentiating both sides of Eq. 6 and substitut-
ing it into Eq. 1 and multiplying both sides of Eq. 1 by g"(¢.), we have

Mj(qs)iej + Ci(dsj, 4pvej + Gi(as) = Bi(qu)T; ()
where
M(q+) = &' (@) M(q.))8(qx)).
Ci(@sjr 4e) = 8 (@) M(qu)&(qs)) + & (@ )Ci(qnjr 3+ )E(Gs )
Gi(q+) = &' (4:)G(qx))
Bi(q.)) = 8 (@) Bj(q)-

The reduced systems in Eqs. 6-7 describes the motion of the original systems in
Egs. 1-2. Therefore, the formation control problem can be considered based on the
reduced systems in Egs. 6-7 instead of the systems in Eqgs. 1-2.

3 Cooperative Controller Design
In order to solve the defined problem, we introduce the following variables.

21 = =6, — [y wi(s)ds,

225 = (xj— pp)cosB;+ (yj— pjy)sinb; + pw;z3;,

z3j = —(Xj— pj)sinfj+ (y; — pjy) cost; ®
uyj = —vy;

Upj = V1j+ {3502

where constants 8 > 0, w; is a design variable and satisfies the following condition.

Assumption 2 w, is bounded and satisfies the following condition:

+T
/ w,z(s)ds > ¢ forsome T > 0, € > 0, and forallt > 0.
t

The definitions in Eq. 8 yield the following dynamic equations,

21y =uj—w
Z2j = taj + Bwi(=Bz3jwi + wi22)) + Bz3jibn + (U1 — wi)Bwiy; ©)
23) = —Bz3jwi + 22w + (U1 — w1)&;

M (qu it + Ci(q, G s + G(qu)) = Bj(q. )T (10)
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where
Mi(q.p) = §"(q:)M(q+)8(qs)).
Ci(quj. 4+) = 8 (@) Mi(@:)8(q:)) + 8" (@) C (G 44)E(qx)),
Gi(qs+) = §"(q:)G(qx)).
Bj(q+) = 8" (q:)) Bj(qs))
73jc080; cos b
8(q«j)) = | z3jsin6; sin0; |. (11)

—1 0

Based on Properties 1 and 2, the following two properties can be easily proved.
Property 3 Matrix (M; — 2C;) is skew-symmetric.

Property 4 For any differentiable vector £ € R?*?
M](Q*])S + Cj(q*j’ Q*])S + G](‘I*}) = YZ}'(Q*]E Q*ja Sa é)aj

where
- L . d _
Yi(qsj 4+ 6. 6) = ' (q4))Y (q*,-, q+j» 8(q«j)§, E(g(q*j)$)> .

With the aid of the defined variables, we have the following results whose proof is
omitted.

Lemma 1 Under Assumption 2, if lim_oo(24j — 24) =0 for 1 <i# j<m, then
Egs. 3-4 holds, where z..; = 21, 22}, z3,1". Furthermore, if lim,_ o Zxj=0for1 <j<
m, then Eqs. 3-5 hold.

With the aid of the results in Lemma 1, in order to solve the formation control
problem it is sufficient to design cooperative controllers for the systems in Egs. 9-10
such that lim,_, », z;; = 0. Noting the structure of Eq. 9, we have the following results.

Lemma 2 For the systems in Eq. 9, under Assumption 2,
1. if

tlirgc(ulj —w); =0, tlirélc(hj —z0)=0, for 1<l#j<m (12)

then lim,_, oo (z3; — z3) = 0.
2. If

lim(ul]-—wl){zj:O, lim sz=0, for 1< ]§m (13)
t—00 =00

then lim,_, o 3j = 0.
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Proof First, we prove that lim,_, (z3; — z3) = 01if Eq. 12 are satisfied. Let o = z3; —
z3j, for 1 <1 # j < m, we have

6 = —pwio + (zu — z2))wi + (Wi — w1y — (U1 — w1)&a). (14)

Since lim,_, o[ (227 — z2j))w1 + (U — w1)¢y — (U1 — wi)&2;] = 0, noting Assumption 2,
lim;, o, 0 = 0. If Eq. 13 is satisfied, noting Assumption 2, lim,_, z3; = 0. O

Based on the results in Lemma 2, the formation control problem can be solved
by designing cooperative controllers for the systems in Eqs. 9-10 such that the
requirements in Lemma 2 are satisfied. Noting the interconnection between systems
(9) and (10), we apply backstepping techniques in this paper. We first design the
cooperative controllers for the systems in Eq. 9. Then, we propose the cooperative
controllers for the systems in Egs. 9-10.

3.1 Cooperative Control Laws for Eq. 9

Assume that u;; and u; are virtual control inputs of system jin Eq. 9, we design
cooperative control laws u,; and u,;. Before proposing the controllers, we present
some results on the algebraic graph theory.

Given an m x m symmetric constant matrix B = [b;] with b; > 0, let G be the
communication graph among m systems, the Laplacian matrix L = [L ;] of the graph
G with weight matrix B is defined by

—bj, ifi# jandie N
0, ifi # jandi ¢ N;

> by ifi=j

I#£j1eN;

Lﬁ:

Obviously, L is a symmetric matrix and has real eigenvalues. Without loss of
generality, we assume that its eigenvalues 1;(L) (1 <[ < m) are ordered as (L) <
ho(L) < -+ < An(L).

Lemma 3 Given an m x m symmetric constant matrix B = [bj] with b; > 0, under
Assumption 1, the eigenvalues A\(L) (1 <1 <m) of the Laplacian matrix L cor-
responding to the graph G with the weight matrix B satisfy dy,(L) > Ap—1(L) >
<o+ > X (L) > A1 (L) = 0. Furthermore, for any bounded function vector &£ (t) € R", if
lim, oo €T (OLE®D = 0, then lim,. [£(0) — (L1, 42) 1] = 0 where 1={1,.... 1"
and 0 =10, ...,0].

Proof Noting the definition of L, by the Gerschgorin Circle Theorem [26], each
Ai(L) is contained in the union of the m Gerschgorin circles |z — Lj| < Ljjfor 1 <
j < m. Therefore, either A ;(L) > 0 or (L) = 0for 1 < j < m. Since G is connected,
there is only one zero eigenvalue [27]. Therefore, A\ = 0and A, > --- > A3 > A, > 0.
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Since L is symmetric and A; = 0, there exists an orthogonal matrix Q = [Q;;] with
its first column being 1/4/m such that Q7 L Q = diag[0, As, ..., An]. So,

Jim ETLE = tlirglo(QTs)Tdiag[O, Ao, oo An(QTE) = 0.

Let 0 =[01,02,...,0m]" = QTE, then lim,_, o, 0; =0 for 2 <i < m. Noting ¢, =
ﬁ Z;il &,

m 1
Jim (f - (; f,i) 1) = lim (QQ - ﬁ@l)
m m T
= llgg |:ZQ11Q1, RV ZQmIQl:| =0.
=2 =2

Therefore, the lemma is proved. O

Noting the special structure of Eq. 9, we have the following result.

Theorem 1 Consider the systems in Eq. 9, under Assumptions 1-2, the controllers

Uyj = nij (15)
Upj = Mj (16)

for 1 < j <m make Eqs. 3-4 hold, where

iEN]‘
Mmj=— Z bji (22 — z2i) — Bwi (—Bz3jwi + wiz25) — Bzsjirn (18)
iEN/

constants b; = b;; > 0, and
Aj=—22iBwilrj — 2356 (19)
Proof Apply the control laws in Egs. 15-16 to Eq. 9, we have

21 = uj— w

Zyj = —Zb,‘i (sz - Zzi) + (urj — wy)Bwisy; (20)
iENj
Z3j = —Bz3jwi + 2wy + (Mlj - wl) $2j
where
ulj—wlZ—iji(le_Zli+Aj_Ai)- (21)
ieN;
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Let the positive definite Lyapunov function

V=§Z_szj. (22)

Differentiating V' along the solutions of Eq. 20, we have
m
V== puwizd— 23, Lz — 21+ A) Lz + A) <0
j=1

where 2, =[z11, ... 2iml s 22e =221, ... 2om] T, A=[Ay, ..., A,]". Therefore, V is
bounded. Furthermore, z;; are bounded. By Barbalat’s Lemma [28], lim;_, o V' =0. So

lim Bwiz3; =0, 1<j<m (23)
=00

lim z;, Lz2. =0, lim (21 + A) T L(z1s + A) = 0. (24)
—00 [—00

By Lemma 3 and Eq. 24, we have lim,_, o (22:(t) — c2()1) = 0 and lim;—, o (214 (f) +
A(t) — c1(t)1) = 0 where ¢; and ¢, are bounded and defined as

1 m 1 m
)= — , €] = — A)). 25
2 m;ZZZ 1 m;(ml-l- ) (25)

Therefore, lim; o0 (z2j — 2») =0 and lim;,oo(z1j+ Aj— 2y —A) =0 for 1 < j#
[ <m. We see lim;_, o (1t;; — w1)%; = 0 from Eq. 21 for 1 < j <m. By Lemma 2,
lim_, oo(z3; — z31) = Ofor 1 <[ # j < m. By the definition of A, it can be proved that
lim;—, (21— z1) =0for 1 < j## 1 <m. By Lemma 1, Eqs. 3-4 hold. O

Remark 2 In Eqgs. 17-18, the first term is a weighted sum of the relative state
information between system j and its neighbors, and the other terms are used to
cancel the terms induced by the variable transformation. The motion of the systems
is driven by the relative information between neighbors.

Remark 3 In the control laws, the control parameters are by, 8, and w;. w; can be
a sine function or a constant. Generally, increasing 8 will increase the convergence
rate of z3;. The value of b; and the topology of the communication graph determine
A2(L). Large A>(L) means that (z;; — z;) and (z2; — z2) converge to zero fast. The
rate in which (z,; — z.;) converge to zero is called the cohesion rate. The value A,(L)
depends on the topology of the graph G and the weights b;.

Remark 4 The control laws (15-16) are decentralized because for each system the
control laws depend only on its own state and its neighbors’ states.

The controllers in Theorem 1 cannot make Eq. 5 hold. To make Eq. 5 hold, we
introduce damping terms in the controllers and have the following result.
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Theorem 2 Consider the systems in Eq. 9, under Assumptions 1-2, the decentralized
controllers (15-16) make Eqs. 3-5 hold, where

771j=—Zbﬁ(ZU—Zli-i-Aj—Ai)—Mj(le+Aj)+w1 (26)
iEN/'

mj=— Y bji(22) = 22i) — pjzaj — Bwi(—Bzajwi + wiza) — Pzajin  (27)
ieN;

constants b; = b;; > 0, constants u; > 0 and Z;’;l w >0, and A;is defined in Eq. 19.

Proof Let the positive definite Lyapunov function V be defined in Eq. 22.
Differentiate V along the solutions of Eq. 9 with the control laws (15-16), we have

m m
V==Y pwizd, - uiz;+ @i+ A1 — 25, L20 — (1. + A) L(z1. + A) <0
= j=1

Therefore, V' is bounded. Furthermore, z;; are bounded. By Barbalat’s Lemma [28],
lim,—, o, V = 0. So, Egs. 23-24 hold and

m m
Jim > pza =00 lim D iz + A7 =0 (28)

J=1 j=1
By Lemma 3, lim;(22:(t) —c2(H)1) =0 and lim; oo (z1:(®) + A@) —c1(H)1) =0
where ¢ and ¢, are defined in Eq. 25. Since at least one of y; is greater than zero, say
ip > 0, then by Eq. 28 we have lim,_,» 22, = 0 and lim;_. (21, + A,) = 0. Noting
that Zpj converges to ¢, we see ¢; = 0. Since (z; j+ Aj) converges to c|, we see
c; =0.80,lim_(u;1j —wy)gj=0for 1 < j<m. By Lemma 2, lim;_o, 23, =0 (1 <
j < m). Noting the definition of A;, we can prove that lim,,o, z1; =0 (1 < j < m).
By Lemma 1, Eqgs. 3-5 hold. m]

Remark 5 Terms p1j(z;; — Aj) and p;z2; in Egs. 26-27 are called the damping terms
which are used to make 1 j(z1; — Aj) and 1z, converge to zero. Large 11; means that
z1j and z,; converge to zero quickly.

Remark 6 If the communication graph G is connected, z;, and z,, converge to zero
if one of u is greater than zero. In fact, if G is not connected, we can make z;, and
22, converge to zero by choosing some 1 ; to be positive. In the worst case, if there is
no communication between any two systems, we can make z;, and z,, converge to
zero by choosing p; > 0 for all j.

3.2 Cooperative Control Laws for Dynamics (9-10)
With the aid of the controllers for the systems in Eq. 9, we propose decentralized
cooperative controllers for dynamics (10) using backstepping techniques.
With the aid of the results in Theorem 1, we have the following result.
Theorem 3 For the systems in Eqs. 9-10, under Assumptions 1-2, the control laws

7= B} (= Kj(aj = 1)) + Yj(Gujy Cujo Majo 1) (@ — T1j) = A)) (29)
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for1 < j < mmake Eqs. 3-4 hold, where constant matrix K is symmetric and positive
definite, n.; = [mj, n2;17, mjand ny; are defined in Eqs. 17-18, w.; = [u1, uz;1",

Aj=lz1j+ A 22517, (30)
pYJ'T(;*j’ i*/” Nijo N )l 31)
I= 3% : L~ .
”Y;r(;*], ;*ﬁ Nxjs n*j)u*j” +e it
constants y; > 0 and the other control parameters are defined in Theorem 1.
Proof Let it j = u,j — 1.j, with the control laws in Eq. 29, we have
Z1j = Upj— w
Zyj = —Zbﬁ(ZZj—Zzi)-i-ﬁz]'-i- (w1 — wy)Bwily; (32)
iE./\/j
Z3i = —Bzw" ™ + zojwi 4+ (i — wi)éa;

Miit,j+ Cjityj = —Kjit; — Y j(Cujy Cujo Mjs e (@) — @+ T1)) — A (33)
where u;; —w; = — Z]-GNJ bi(z1j — z1i+ Aj— A;) + ity. Let the Lyapunov function

m 3

1 , L
V=2§:(§:%+uHMW”>. (34)

j=1 \i=I

Differentiating V along the solutions of Eqs. 32-33, we have

m
=1
_ Pl Y ] ijl?
~T - j
— u*jY]'(d]' — ﬂj) — _T~—7)/I
1V el + e

<> (_5Z§jw12 - ﬁ*TjKjﬁ*i> — @1+ D) L2+ A) = 23, L22s + e
=1

-
I

I
M=

(—B23w} - alK ;) — 101 + MIT[Q + A)]
1

J
—(022.) " (Qz24) + pe ' (35)

where we use the facts that (M i— 2C ;) are skew symmetric and that L = QT Q where
Q is a symmetric constant matrix. Therefore, V' is bounded. Furthermore, z;; and u,;
are bounded for 1 <i <3 and 1 < j<m. Also, Q(z1« + A) and Qz,, are bounded.
By integrating both sides of Eq. 35, we know w) z3j, ityj, Q(z1+ + A), and Qz,, are
square integrable. Noting Eqs. 32-33, the derivative of w,z3}, ii,j, Q(z1+ + A), and
Qz», are bounded. By Barbalat’s Lemma, w; 23, ilyj, O(z1« + A), and Qz,, converge
to zero. So, Egs. 23-24 hold and

lim ;=0 (1< j<m), (36)
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By Assumptions 1-2, following the proof of Theorem 1, we can prove that
lim;, 00 (24j — 24) = 0for 1 < # j < m. By Lemma 1, Egs. 3-4 hold. ]

Remark 7 The control law t; for system j consists of its own state and the relative
state information with its neighbors. Therefore, it is decentralized. Noting the
structure of Eqs. 32-33, the motion of the closed-loop system is driven by the relative
information between neighbors. The control parameters are b;, K;, yj, 8, and w;.
Increasing K; and g will increase the convergence rate of the closed-loop system.

In Theorem 3, Eq. 5 does not hold. To make Eqgs. 3-5 hold, we introduce damping
terms in 7,.;. With the aid of the results in Theorem 2, we have the following result.

Theorem 4 For the systems in Eqs. 9-10, under Assumptions 1-2, the control laws in
Eq. 29 make Eqs. 3-5 hold, where constant matrix K is symmetric positive definite,
N«j = [mj, 1)2,-]T, n1j and nyj are defined in Eqs. 26-27, u,; = [u;, uzj]T, Ajis defined
in Eq. 30, and the other control parameters are defined in Theorem 2.

Proof Let the Lyapunov function V be defined in Eq. 34. Differentiating it along the
solutions of the closed-loop system, we have

m

V=Y (—ﬂzgjw% — @l Kl — 23, — 1wz + Aj)z) G+ AT Lz + A)
j=1

PIY ] il

T i Yai—a) —
— 2. Lz —u,;Yi(aj—a)) 1Y T il 4 e 7t
J

IA

m
> (—ﬂzgjw% — i) Kjilyj — 11j23; — w21+ A,~>2) — 21+ A L(z1s + A)
j=1

— 23, L3, + pe " (37

where we use the facts that (M i— 2C ;) are skew symmetric and that L is symmetric.
Following the proof of Theorem 3, we can prove that Egs. 23-24, 28, and 36 hold. By
Assumptions 1-2, following the proof of Theorem 2, we can prove that lim,_, o 23; =
0for 1 < j < m.ByLemma 1, Egs. 3-5 holds. O

Remark 8 Cooperative controllers (29) are decentralized and make Egs. 3-5 hold.
The difference between the control laws in Theorems 3 and 4 is that the damping
terms are introduced in the control laws in Theorem 4. For the relationship between
the closed-loop system performance and the control parameters, readers may refer to
the remarks after Theorems 1-3. In this paper, we do not consider collision between
robots. Discussion on this topic is our future work.

4 Closed-loop System Stability With Communication Delays

In the previous controller design, we did not consider communication delays. In
practice, there are always time delays due to communication and other factors. For
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simplicity, in this paper we assume that communication delays only appear in the
neighbor’s states and are constants.
Corresponding to Theorem 2, we have the following result.

Theorem 5 Consider the systems in Eq. 9, under Assumptions 1-2, the controllers
(15-16) make Eqs. 3-5 hold, in Egs. 15-16

() = —pilz1j(0) + AjD)]

- Z bji [z17() — 21i(t = 8;) + Aj(0) — At = 8) ] + wy (©) (38)

iE./\/j
() = —p;z2j(0) — Z bjilz2j(t) — z2i(t — 8)]
ieN;
— B[—Bz3j(Owi () + wi()z2()] — Bz3;(O); (1) (39)

where constants b; = b;; > 0, u; > 0 and Z;’;l w >0, A1) is defined in Eq. 19, and
constants §; > 0 (1 <i < m).
Proof Let the nonnegative function
1 m 3 t
LOEEDM DISCEDS f bii ((z1i(s) + Ai()* + 23(8)) ds | . (40)
-8

2
=1 \i=1 ieN;

Differentiate it along the solutions of Eq. 9 with the control laws (15-16), we have

V() ==Y Bz3,00wi() — > niz1j0) + A0)* = > pjz3;(0)
=1 =1 =1

= = =
1< . .
‘EZ D b [(Aj0) = At = 8))% + (22)(t) — z2st — 8:)*] <0 (41)
j=1ieN;
where we use the fact that the communication graph G is bidirectional, and
A1) = z1(t) + Aj(D).
Therefore, V is bounded. Furthermqre, zjjare bounded for 1 <i<3and1 < j<m.
By Barbalat’s Lemma [28], lim;_, o, V = 0. So, Egs. 23 and 28 hold and
lim (Aj(H) — Ait — 8)) =0, Jim (22(0) = z2i(t = 8)) = 0,0 € Nil<j<m. (42)

Since at least one of wj, say u,, is greater than zero, we see from Eq. 28 that
lim;—oc Ap() = 0 and lim,_, o 22p(t) = 0. Since the graph G is connected, from Eq. 42
we can prove that lim,_, o, A]-(t) = 0 and lim/,» 22;(1) = 0 (1 < j < m). Following the
proof of Theorem 2, we can prove that lim,_,, z1;(t) = 0 and lim,_,  z3;(f) = 0 for
1 < j <m.ByLemma 1, Egs. 3-5 hold. O

Corresponding to Theorem 4, we have the following result.

Theorem 6 For the systems in Eqgs. 9-10, under Assumptions 1-2, the control laws
(29) make Egs. 3-5 hold, where n,; and n,; are defined in Eqgs. 38-39, constants
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bj; = bjj > 0, constants ;> 0 and Z;’;l w; > 0, the communication delays §;(> 0) are
constants, and the other variables and control parameters are defined in Theorem 4.

Proof Let the nonnegative function

1 & (L -
=13 (Z 20 + T, F 00

j=1 \i=l

t
+ / bii ((z1i(s) + Ai(9)* + 23,(8)) ds | . (43)
ieN; =3

differentiating V along the closed-loop system, we have

m

Vo =Y (=2 0w @) — al (0 Kjit0))

=1

— Z izt + Aj0)* — Z Mﬂ%/(t)

j=1 j=1

1 & . -
‘EZ D b [(Aj0) = At = )" + (22,(0) — z2i(t — 5))°]
j=1ieN;
o plY ag)?
T T e
= 2 (BB 0wl O -l Kt =D 1) + A0 =Y 1230

j=1 j=1 j=1

1w . _
=32 2 iR = At = 8))% + (22j() — 22t = 8))°] + pe " (44)
j=1 ieN;

where we use the facts that (M i 2C ;) is skew symmetric and that L is symmetric.
Following the proof of 4, we can prove that Egs. 23, 28, 42, and 36 hold. Since at least
one of i, say u,, is greater than zero, we see from Eq. 28 that lim,_, Ap(t) =0
and lim,_.« 22, () = 0. Since the graph G is connected, from Eq. 42 we can prove
that lim,_ o Aj(t) =0 and lim;, 4 22j(t) =0 (I < j < m). Following the proof of
Theorem 4, we can prove that lim,_, o z;j(f) = 0 and lim;_ o, z3;(t) =0for 1 < j <m.
By Lemma 1, Eqgs. 3-5 hold. u|

Remark 9 In [16], formation control of multiple robots was also considered. Control
laws were proposed with the aid of the leader—follower approach, backstepping
techniques, and neural networks. In this paper, formation control of multiple robots
was solved with the aid of results from algebraic graph theory and backstepping
techniques. For a group of systems in this paper, there is no leader and the control
input for each system is generated based on its own information and its neighbor’s
information. If one or more systems fail the other systems still can maintain desired
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Fig. 2 Desired geometric 6 . : : T -
pattern

'
(o]

distances between the remaining systems if the communication graph of the remain-
ing systems is connected. While for leader—follower based formation control in [16]
if one system fails the remaining systems cannot maintain desired distances between
the remaining system because the followers of the failing system has no information
of its leader. Furthermore, in this paper robustness of the stability of the closed-loop
systems with respect to communication delays is discussed and it is shown that the
proposed control laws in this paper work if the communication delays are constant.
In [16], communication delay was not considered.

Fig. 3 Communication

graph § Robot 1

Robot 2 Robot 5

Robot 3 Robot 4
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Fig. 4 Paths of the five robots
and the final geometric pattern

5 Simulations

y (m)

40

30t

20t
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20

-30
-20

-15

-10

-5 0 5 10 15 20

To verify effectiveness of the proposed control laws, we present some simulation

results.

Let m =5 and the initial conditions of the five robots be (—3.5, —13.8, —2.0),
(18.1, 3.3, 3.0), (13.9, —25.3,2.0), (—14.5,18.7,2.0), and (12.1, 37.0, —2.0). Assume
that the desired formation P is defined by (pix, p1y) = (1.24,3.8), (pax, P2y) =
(—3.24,2.35), (p3x, p3y) = (—3.24, =2.35), (pax, pay) = (1.24, =3.8), and (psy, psy) =
(4,0) (Fig. 2). Assume that the communication graph G is shown in Fig. 3. The

Fig. 5 Responses of 6;
(j=12,3.4,5)
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Fig. 6 Paths of the five robots 40
and the final geometric pattern

with communication delay

8;=02s 30¢

20r,

10t

y (m)

cooperative controllers can be obtained by Theorem 4. In the simulation, we assume
L;=0.5m, R; = 0.2m, and the real inertia parameters m; = 1 and I; = 1. We choose
the control parameters b; =2, § =10, K; =10, w; =05, ;=0.1, uy =4, u; =0
for j# 1, and the estimates /m; = 2 and I j = 2. Figure 4 shows the paths of the five
robots. It can be seen that they come into the desired formation. The geometric
pattern of the formation is stationary. The orientations of the five robots converge
to the same value (see Fig. 5). If there are constant communication delays in the
control, the control laws achieve the same objectives according to Theorem 6. To
simplify the simulation, we assume all the communication delays are the same and

Fig. 7 Responses of 6; 10
(j=1,2,3,4,5) with
communication delay
5]‘ =02s

2 L L L L

0 2 4 6 8 10 12 14 16 18
time (sec)
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8; = 0.1 s. Figure 6 shows the paths of the five robots. It’s shown that the five robots
come into the desired formation. The orientations of the five robots converge to the
same value (see Fig. 7).

6 Conclusion

This paper has considered the formation control of multiple wheeled mobile robots
with uncertainty. Cooperative control laws have been proposed with the aid of results
from graph theory. The robustness of the control laws with respect to communication
delays are also analyzed. Simulation results show effectiveness of the proposed
control laws.
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